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Abstract TheM-shaped tool influence function (TIF) usually
comes out when adopting a large tool offset at the high-
efficiency polishing stage in bonnet polishing. Its modeling
is as important as the Gaussian-like TIF for the polishing
process. However, the existing reports on the TIF of bonnet
polishing are mostly about the Gaussian-like TIF model, or
the model which cannot accurately simulate the M-shaped
TIF. Viewing this, an optimized TIF model about the semirig-
id (SR) bonnet tool is presented based on the finite element
analysis method which can be used to model both M-shaped
and Gaussian-like TIFs. The verification experiments show
that the simulated TIFs based on this model are in good agree-
ment with the actual measured TIF. The relative deviation
between them is about only 5 % in terms of root mean square
value of the residual error.
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1 Introduction

By virtue of high polishing efficiency and conformability to
the freeform surfaces, bonnet polishing (BP) technology has
become more and more popular in polishing aspheric surfaces
used for large telescopes [1–5], artificial joints [6], etc. As a
member of the sub-aperture deterministic polishing technolo-
gy, modeling of the tool influence function (TIF) plays an
important role in the manufacturing process. With the TIF
model, the process generation and measurement of a real
TIF on a test part can be omitted, which shortens the produc-
tion cycle. Besides, it is usually inconvenient to measure
large-size TIF [7]. Hence, TIF of the deterministic sub-
aperture polishing is usually modeled when studying this tech-
nology, such as pitch tool polishing [8], ion beam finishing
[9], magnetorheological finishing [10, 11], fluid jet polishing
[12, 13], rigid conformal lap polishing [14], etc.

For bonnet polishing, measured TIF was adopted at the
early development stage of this process [3]. Then, Kim et al.
[15] presented the theoretical model to simulate TIF, but the
pressure distribution in this model needs to be estimated based
on the measured TIF. Furthermore, Li et al. [16] built the TIF
model based on the finite element analysis (FEA) method.
However, the solid rubber spherical part was adopted in this
simulation model, which cannot truly represent the membrane
bonnet and cannot simulate the bonnet under a different inner
pressure. To solve this problem, Wang et al. [17] rebuilt the
simulation model whose structure is more close to that of the
real bonnet tool. The final contact pressure was generated
based on the contact pressure along the section line fitted
adopting the Gaussian-like function. However, this model
can only be effective when the TIF shape is Gaussian like.
When high-efficiency polishing is needed at the early stage,
large tool offset is usually adopted which makes the TIF be-
come M shaped.
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Lately, we demonstrated a semirigid (SR) bonnet tool
which can implement much higher material removal rate
than the flexible bonnet [18]. Here, we introduce a TIF
model of the optimized SR bonnet tool, which can ac-
curately simulate both Gaussian-like and M-shaped
TIFs. Section 2 introduces the theoretical background
including the material removal principle and comparison
of the surface form error uniform removed by the
Gaussian-like TIF and M-shaped TIF. Section 3 demon-
strates the simulation model of the contact pressure.
Section 4 simulates the TIF model, and experimental
verifications are conducted in Section 5, leading to the
conclusions in Section 6.

2 Theoretical background

In bonnet polishing, the amount of the removedmaterialH(x, y)
is equal to the two-dimensional convolution between the TIF
per unit time R(x, y) and the dwell time function D(x, y), along
with the motion track [5]:

H x; yð Þ ¼ R x; yð Þ**D x; yð Þ ð1Þ

IfH0(x, y) is the amount of material needed to be removed,
then the surface residual error E(x, y) would be expressed as

E x; yð Þ ¼ H0 x; yð Þ−R x; yð Þ**D x; yð Þ ð2Þ

It is well known that Gaussian-like TIF is conducive to the
convergence of the surface form error in corrective polishing.
As for bonnet polishing, its TIF shape depends on the tool
offset used in the polishing process. (Tool offset is the distance
of the tool compressed to the workpiece). Figure 1 schemati-
cally demonstrates the situations with small tool offset and
large tool offset. Small tool offset is usually adopted in cor-
rective polishing to generate Gaussian-like TIF. But in the pre-
polishing stage, polishing efficiency is prior to the surface
accuracy. M-shaped TIFs induced by large tool offset are usu-
ally adopted in this stage to implement a higher material re-
moval rate. Gaussian-like TIF and M-shaped TIF generated
by the bonnet tool have been presented in Fig. 2. Both of them

Fig. 1 Schematic explanation about small and large tool offset

Fig. 2 TIF profiles. a Gaussian-
like TIF, b M-shaped TIF
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have been processed to have the same peak material removal
rate which is −10μm/min, and the diameter of them is 15mm.
The left part of Fig. 2 is the top view of the three-dimensional
TIF and the right part is the sectional profile of them.

The uniform removal processes adopting these two
TIFs were simulated according to Eq. (2). The size of
the removal area is 50×50 mm2 and distances between
each dwell point in x and y directions are both 2 mm.
Dwell time at each point is 0.2 s. Figure 3 demonstrates
the surface residual error of their central 10×10 mm2

zone. Figure 3a shows the surface residual error gener-
ated adopting the Gaussian-like TIF. The peak-to-valley
(PV) value is 3 nm and the root mean square (RMS)
value is 0.5 nm. The surface residual error generated
adopting M-shaped TIF is larger than that generated
adopting Gaussian-like TIF as shown in Fig. 3b, whose
PV is 22.2 nm. But the form error at this accuracy is
high enough to meet the requirement of pre-polishing.

Hence, the M-shaped TIF can be used to achieve high
polishing efficiency in the pre-polishing process, leading
to the TIF model being as important as the Gaussian-
like TIF.

BP is one of the loose abrasive polishing processes whose
material removal mechanism also can be expressed by the
well-known Preston equation

dz=dt ¼ kpv ð3Þ
where dt is the dwell time, dz is the material removal amount
during the dwell time, k is the removal coefficient, p is the

Fig. 4 a Uniaxial tension test equipment, b tested stress–strain curve of
the rubber material, c Mooney–Rivlin plot based on the stress strain test
data

Fig. 5 Contact force simulation model of the pure rubber bonnet
Fig. 3 Simulated surface residual error after uniform removal adopting
different TIFs. a Adopt Gaussian-like TIF, b adopt M-shaped TIF
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polishing pressure, and v is the relative velocity between the
tool and the workpiece. Then, TIF in the unit time TR(x, y) can
be expressed as

R x; yð Þ ¼ 1

T

Z T

0
k⋅p x; yð Þ⋅v x; yð Þ⋅dt ð4Þ

Hence, TIF can be determined through Eq. (4) if the
polishing pressure distribution p(x, y) and the relative velocity
distribution v(x, y) can be obtained.

3 Simulation of the contact pressure

Measurement of the contact pressure is still not that easy and it
is usually simulated through FEA [14–17]. Material charac-
teristics used in the simulation can critically influence the
simulation results. Hence, accurate characteristics of them
should be determined firstly.

3.1 Determination of the rubber material coefficients

Rubber material is one of the hyperelastic materials, and its
characteristic usually varies with its components. Uniaxial
tension test [19] was conducted to obtain the stress–strain data
of the rubber material. Figure 4a shows the testing equipment
and the stress–strain test curve has been fitted in Fig. 4b.
According to the Mooney–Rivlin method, two coefficients

Fig. 6 a Texscan thin-film
pressure sensor, b testing
photograph

Fig. 7 Comparison between the tested contact force and simulated force

Fig. 8 Contact pressure simulation model of the SR bonnet

Table 1 Material parameters

Materials Parameters Values

Rubber C10 0.3773

C01 2.0674

Density (kg/m3) 1.4×103

Stainless steel Elastic modulus (MPa) 1.93×105

Poisson ratio 0.29

Density (kg/m3) 8.0×103

Tangent modulus (MPa) 7.7×104

BK7 Elastic modulus (MPa) 8.1×104

Poisson ratio 0.206

Density (kg/m3) 2.51×103

Table 2 Simulation
conditions Conditions Values

Bonnet radius (mm) 80

Precession angle (deg) 23

Tool offset (mm) 0.5, 1.6, 2.0

Inflated pressure (MPa) 0.25
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Fig. 9 Simulation results of the
contact pressure under different
tool offsets. a Tool offset=
0.5 mm, b tool offset=1.6 mm, c
tool offset=2.0 mm
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C10 and C01 of the rubber material can be determined through
combining the following equation [20]:

σ

2 λ−λ−2� � ¼ C10 þ C01

λ
ð5Þ

where σ is the engineering stress and λ is the strain ratio.
Equation (5) indicates that the plot of σ/[2(λ−λ−2)] against
λ−1 (so-called Mooney–Rivlin plot) gives a linear relation.
Hence, C10 and C01 can be obtained from the intercept and
slope, respectively. TheMooney–Rivlin plot has been present-
ed in Fig. 4c and the obtainedC10 is 0.3773 and C01 is 2.0674.

To verify the material coefficients of the rubber material,
the simulation of the contact pressure using pure rubber was
conducted and its calculated contact force was compared to
the tested results of the real contact force. Figure 5 shows the
simulation model. Noninflated pressure was loaded on the
bonnet to exclude the influence of the deformation. A series
of simulations with the tool offsets varying from 0.5 to 3 mm
were conducted. Then, the contact forces under different tool
offsets were tested using TexscanTM thin-film pressure sensor
as shown in Fig. 6a. The pure rubber bonnet tool without the
polishing pad was used in this test corresponding to the

simulation as shown in Fig. 6b. Comparison of the simulation
and testing results of the contact force has been presented in
Fig. 7.

According to the results in Fig. 7, the simulated con-
tact forces under different tool offsets are almost the
same with the actual contact force, which proves that
the acquired material coefficients of the rubber material
are correct.

3.2 Simulation model

Figure 8 shows the simulation model of the contact pressure
for the SR bonnet. Half of the model was analyzed to simplify
the calculation process, and the polishing pad was not consid-
ered as usual [17]. All DOFs of the fringe areas of all layers
were set to zero to fix the bonnet. The distance of the work-
piece compressed to the bonnet was defined through control-
ling the tool offset value. The inflated pressure is loaded on the
inner rubber layer. Table 1 shows the material parameters uti-
lized in this simulation, and simulation conditions are listed in
Table 2.

3.3 Simulation results of the contact pressure

Figure 9 shows the contact pressure results of situations
under three different tool offsets. It is noted that the
contact pressure is rotational symmetric and Gaussian
like when the tool offset is small. And its shape be-
comes asymmetric under a larger tool offset due to the
larger impact of the fixed fringe. Zeng and Blunt [21]
pointed out that the aluminum framework of the bonnet
tool can influence the width of TIF. From this result,
we can see that it also influences the pressure distribu-
tion. Besides, the pressure distribution shape turns into
the tilted M shape when adopting larger tool offsets.

Fig. 10 Schematic diagram of the precession bonnet tool [17]

Fig. 11 Three different
movement styles of bonnet
polishing
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4 Modeling of TIF

4.1 Velocity distribution model

In order to determine polishing velocity in the contact area, the
schematic diagram of the precession bonnet tool is built in
Fig. 10. Q is a point in the contact area, vr is the velocity of
point Q derived from the rotation of the H-axis, vp is the
velocity of point Q derived from the rotation of the A-axis,
ω1 is the rotation speed of the H-axis, ω2 is the rotation speed
of the A-axis, O1 is the center of the bonnet tool, O2 is the

center of the contact area, l is the tool offset of the bonnet, and
α is the precession angle [17].

Figure 11 demonstrates three different movement styles of
bonnet polishing. Continuous precession polishing can gener-
ate Gaussian-like TIF and disordered surface texture to re-
strain mid-spatial frequency error, but it cannot be commonly
used due to its high requirements for the polishing machine
[22, 23]. Hence, in the real polishing process, it is usually
replaced by discrete precession polishing which integrates
several times of tilted polishing as shown in Fig. 11. The
middle part of Fig. 11 shows the 4-discrete precession

Fig. 12 Velocity distribution
in four directions (tool offset=
1.6 mm)

Fig. 13 Contact pressure
distribution in four directions
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polishing, which includes four times tilted polishing in four
different directions.

According to the movement model in Fig. 10, the velocity
of point Q(x, y) in the contact area of tilted polishing can be
expressed as

vQ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω1

2 R−lð Þsinα−ycosα½ �2 þ ω1
2x2cos2α

q
ð5Þ

Then, the velocity distribution in the contact area of four
directions can be simulated in MATLAB as shown in Fig. 12.
The calculated velocity distribution result is actually a two-
dimensional matrix mapping to the x–y plain. From Fig. 12,
we can see that the contact zone further from the rotation axis
has a larger velocity value.

4.2 TIF simulation

The contact pressure with tool offset 1.6 mm has been extract-
ed from the simulation results shown in Fig. 8b, and processed

Fig. 14 Normalized TIF of tilted
polishing in four directions

Fig. 15 Normalized 4-discrete
precession polishing TIF. a Top
view, b isometric view

Fig. 16 Experimental device
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Fig. 17 Measured polishing spots. a TIF 1: tool offset=1.6 mm, b TIF 2: tool offset=0.5 mm

Fig. 18 Comparison of the
sectional profiles between
simulated TIF and measured TIF.
a TIF 1, b TIF 2

Fig. 19 Residual error between
the simulation TIFs and measured
TIFs. a TIF 1, b TIF 2
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to be a two-dimensional matrix which has the same elements
with the velocity distribution matrix in MATLAB. Figure 13
shows the contact pressure distribution in four directions cor-
responding to Fig. 12.

Combining the contact pressure matrixes and velocity dis-
tribution matrixes, normalized TIF can be obtained as shown
in Fig. 14. Shapes of these TIFs are similar to their contact
pressure distribution. Then, the 4-discrete precession
polishing TIF can be simulated through the superposition of
these four tilted polishing TIFs, which has been presented in
Fig. 15. Through the superposition, the velocity and contact
pressure can be averaged in the contact area, leading to the
shape of 4-discrete precession polishing TIF being a rotational
symmetric M shape.

5 Experimental verifications

To verify the accuracy of the TIF model, experiments gener-
ating two polishing spots under different tool offsets were
conducted. Figure 16 shows the experimental device. A-axis
and H-axis are corresponding to Fig. 10. B-axis controls the
precession angle α. Spots are generated on BK7 parts using
~1.5 wt% CeO2 polishing slurry. Tool offsets of these two
spots are 0.5 and 1.6 mm, respectively. Other experimental
conditions are the same as the simulation conditions as shown
in Table 2. The dwell time of each spot is 8 s. Figure 17 shows
the measurement results of these two spots. The shape of the
spot when tool offset is 1.6 mm is M shaped, which is the
same as the simulation results. And the shape of the spot when
tool offset is 0.5 mm is Gaussian like. To compare the simu-
lation results and the experimental results quantitatively, both
the x/y sectional profiles of the simulated and experimental
results have been extracted out and normalized as shown in
Fig. 18.

As demonstrated in Fig. 18, both of these two simulated
TIFs are in good agreement with the measured TIFs. Their
residual errors have been presented in Fig. 19. The relative
deviation between the simulated and experimental results of
TIF 1 is 5.93% in the x direction and 5.69% in the y direction,
and 5.84 % in the x direction and 5.89 % in the y direction for
TIF 2 in terms of root mean square of the residual error. The
deviation may be induced by the effect of the polishing pad
and the polishing slurry.

6 Conclusions

For BP, M-shaped TIF is as important as Gaussian-like TIF. A
TIF model is presented based on the optimized finite element
simulation model for contact pressure. The pressure distribu-
tion used in this model is generated directly based on the
simulation result rather than fitting the simulated data using

an equation. Hence, it can not only be used to model the M-
shaped TIF used in high-efficiency polishing stage but also
can be used to model the Gaussian-like TIF. The verification
experiments show that the simulated TIFs based on this model
are in good agreement with the actual measured TIF, which
proves the effectiveness of this model.
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