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An analytical force model for ball-end milling based
on a predictive machining theory considering cutter runout

Zhongtao Fu1
& Wenyu Yang1 & Xuelin Wang1 & Jürgen Leopold1,2

Abstract The work is motivated by the fact that cutting
forces are commonly calculated by the mechanistic or numer-
ical models which are considered time-consuming and im-
practical for various cutting conditions and workpiece-tool
pair, and the irregular distribution of cutting forces is generat-
ed due to the uneven redistribution of the instantaneous uncut
chip thickness (IUCT) caused by the cutter runout in ball-end
milling process. Therefore, this paper presents an analytical
force model considering the cutter runout for ball-end milling
based on a predictive machining theory, which regards the
workpiece material properties, tool geometry, cutting condi-
tions, and types of milling as the input data. In this model, the
shear flow stress is estimated by introducing a modified
Johnson-Cook constitutive law which considers the phenom-
enon of the work hardening, temperature softening, and ma-
terial size-effect. Each cutting edge of the ball-end cutter is
discretized into a series of infinitesimal elements along the
cutter axis and the cutting action of which is equivalent to
the classical oblique cutting process. Thus, the cutting force
components applied on each element can be calculated using a
predictive oblique cutting model and the total instantaneous
cutting forces are obtained by summing up the forces contrib-
uted by all cutting edges. What is more, this model takes into

account the effect of the edge radius, varying sliding friction
coefficient and cutter runout on the cutting forces. Finally, the
proposed analytical model of cutting forces is verified by the
published results and experimental data. Good agreement
shows the effectiveness of the proposed analytical model
and highlights the importance of the cutter runout on the
forces.
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1 Introduction

Ball-end milling is extensively used in the manufacturing of
sculptured free-form surfaces, such as propellers, turbines, and
dies/molds. Modeling of cutting forces is the basis for the
prediction of tool wear and breakage, machine-tool vibration,
cutting parameters optimization, and surface quality [1, 2]. It
is also well known that the amplitude and distribution of cut-
ting forces are greatly influenced by cutter runout which is a
common phenomenon in multi-fluted milling process [3].
Therefore, establishing a reliable force model is an important
research topic to ensure the prediction accuracy of cutting
forces.

Literature review shows that there have been many force
models developed to predict the cutting forces in milling pro-
cesses. The mechanistic models are commonly available to
predict cutting forces, in which the cutting coefficients are
calibrated using the empirical curve fit from a set of milling
experiments [4–8] or orthogonal/oblique cutting data [9–12]
for a given tool-workpiece pair. Despite the increased sophis-
tication and usefulness of the developed mechanistic models
for studying the cutter deflection and runout, surface errors,
chatter vibrations, and federate optimization [13–16], the
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models are only valid for a certain workpiece-tool material
pair and the cutting coefficients calibration done by numerous
experiments is fastidious due to high cost and hardware setup
complexity. To avoid such limitations, extensive research ef-
fort has been sacrificed to develop the analytical models for
the prediction of cutting forces.

Merchant et al. [17] and Armarego et al. [18] are the initial
contributors to the analytical models for predicting cutting
forces by the orthogonal and oblique cutting mechanics,
which was independent of the experimental calibration and
can be applied to the complex milling process. Based on the
slip-line field analysis, Oxley [19] developed a predictive ma-
chining theory that considers the work hardening and thermal
softening of workpiece material and the cutting forces can be
determined by the flow stress of the workpiece material.
Application of the Oxley’s theory and its extended form [20]
has achieved success to the simulation of end milling and face
milling in the work of Young et al. [21], Li et al. [22, 23],
Zheng et al. [24], and Pang [25]. Furthermore, through intro-
ducing the thermo-mechanical behavior of the workpiece ma-
terial and the tool-chip interface friction characteristics,
Moufki et al. [26], Li et al. [27], and Fu et al. [28] also pre-
sented a predictive force model for helical end milling process
using the oblique cutting approach. These analytical models
provide a simple and efficient approach to predict the cutting
forces based on the predictive machining theory, which are
also valid for various cutting conditions and workpiece-tool
pair with avoidance of laborious experimental works.

As mentioned above, compared to other force models, the
analytical force models present major advantages and may be
dominated in future advances of metal cutting modeling
reviewed by Arrazola et al. [29]. In a recent work by the
authors’ group [28], an analytical force model for predicting
cutting forces in helical end milling was proposed. However,
this model used the simplified Johnson-Cook constitutive law
and expression of shear angle and did not consider the effect
of cutter runout, which could affect the prediction accuracy of
the cutting forces. What is more, the chip geometry, through
the ball-end milling process, is not constant due to the contin-
ually changing and highly complicated cutter geometry of
ball-end milling compared with helical end milling, which
thereby making the force analysis much more complex.
Therefore, the purpose of this paper is to develop an analytical
force model with cutter runout for ball-end milling using the
classic oblique cutting approach based on the non-equidistant
shear zone mode proposed by Li et al. [30]. In this model, the
shear flow stress is estimated by introducing a modified
Johnson-Cook constitutive law which considers the phenom-
enon of the work hardening, temperature softening, and ma-
terial strengthening. Furthermore, a generalized algorithm is
presented to calculate instantaneous uncut chip thickness
(IUCT) with cutter runout. The cutting edge of ball-end mill-
ing is discretized into a series of infinitesimal elements, and

the corresponding differential forces applied on each infinites-
imal element are predicted analytically using the oblique cut-
ting approach. Besides, the investigation of the material
strengthening and varying sliding friction coefficient on cut-
ting forces is also carried out to provide better understanding
for ball-end milling.

The organization of this paper is as follows: After introduc-
ing the geometry of the cutter and the expression of the related
parameters in ball-end milling process in Section 2, an analyt-
ical force model for ball-end milling is proposed by regarding
the cutting action of each slice on the cutting edge as the
classical oblique cutting process in which the force compo-
nents can be calculated based on the predictive machining
theory. Moreover, the cutter runout is also investigated in
Section 3. The model validation is implemented and discussed
in Section 4 by the published results available in the literature
and the experimental data. Finally, conclusions of this study
are drawn in Section 5.

2 Geometry of ball-end milling

The global geometry of the ball-end mill is derived from the
generalized mill model by assigning special values to seven
parameters, D, R, Rr, Rz, α, β, and H, defined in a generalized
cutter [6], which is shown in Fig. 1a. The related parameters
are defined in TCS (tool coordinate system) {O−XYZ} linked
to the cutter tip. The helical cutting edges are wrapped around
the cutter envelope surface which consists of two separated
zones: the spherical surface OS with variable helix angle and
cylindrical surface SN with constant lead and radius R0.

In Fig. 1a, the point P on the j-th cutting edge with eleva-
tion z is located by the periphery radius R(z), the radial im-
mersion angle ϕj(z), and the axial immersion angle κ(z). And
these three parameters are evaluated as follows:

The periphery radius R(z) is obtained by:

R zð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R0

2− R0−zð Þ2
q

0≤z < R0

R0 z ≥ R0

(
ð1Þ

The radial immersion angle ϕj(z) is measured clockwise
from the positive Y-axis to a reference cutting edge j=1 and
defined by:

ϕ j zð Þ ¼ ϕþ j−1ð Þ 2π
Nt

−ψ zð Þ ð2Þ

where Nt is the number of cutting edges, ϕ is the tool rotation
angle, and ψ(z) is the radial lag angle and expressed as:

ψ zð Þ ¼
z

R zð Þ tani zð Þ 0≤z < R0

z
R0

tani0 z ≥ R0

8><
>: ð3Þ
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The axial immersion angle κ(z) is defined as the angle
between the cutter axis and normal of cutting edge at point
P and can be written as:

κ zð Þ ¼ cos−1
R0−z
R0

� �
0≤z < R0

π=2 z ≥ R0

8<
: ð4Þ

For the helix angle i(z), it varies along the cutting edge due
to the change of periphery radius and is defined by:

i zð Þ ¼ tan−1
R zð Þ
R0

tani0

� �
ð5Þ

where i0 is the constant helix angle on the cylindrical part of
the ball-end mill.

From the previous works [1], the cutting edges of ball-end
cutter can be decomposed into a series of infinitesimal oblique
cutting elements corresponding to the axial increment dz, and
the calculation of cutting forces acting on each cutting edge
requires the identification of cutting velocity, infinitesimal

cutting edge geometry, chip load, and IUCT. For the infinites-
imal element of point P on the j-th cutting edge with elevation
z shown in Fig. 1b, the IUCT h(ϕj,κ) changes with both radial
ϕj and axial immersion κ and is given by:

h ϕ j; κ
� � ¼ f t; jsinϕ jsinκ ð6Þ

where ft,j is the feed per tooth.
The width of cut dbj is the projected length of the infinites-

imal element along the direction of cutting velocity V and
expressed as:

db j ¼ dz=sin κð Þ ð7Þ

The infinitesimal arc length dsj is given as [6]:

ds j ¼ dz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R zð Þψ0

zð Þ� �2 þ R
0
zð Þ� �2 þ 1

q
ð8Þ

where ’ denotes the derivation with respect to z.
As shown in Fig. 1c, the three cutting forces (dFt, dFr, dFa)

of the infinitesimal element at point P can be derived from the
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Fig. 1 Geometry of the ball-end mill and oblique cutting model of the infinitesimal element
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oblique cutting model. In this model, the related parameters
and planes are defined in LCS (local coordinate system) {P,
xI,yI,zI}. Ps is the cutting plane, Pn is the normal plane, and αn
is the normal rake angle measured in Pn and defined as [10]:

αn ¼ tan−1 tanαrcosið Þ ð9Þ
where αr is the radial rake angle.

The inclination angle λs is measured between the cutting
edge and the normal direction to the cutting velocity in Ps and
defined as:

λs ¼ tan−1 tani sinκð Þ ð10Þ

In addition, the local cutting velocity V=2πnr⋅R(z), where
nr is the spindle speed.

3 Modeling of milling forces

3.1 Oblique cutting model

For application to cutting forces modeling of ball-end milling,
the cutting action of each infinitesimal element can be repre-
sented as the oblique cutting process. And the relevant equa-
tions derived from the oblique cutting model [27] (Fig. 2) are
established and summarized.

To study this process, an equivalent plane Pe, which is
determined by the cutting velocity V and chip velocity Vc, is
introduced in this model so that the mechanism of oblique
cutting is regarded as a two dimensional cutting process (plane
plastic flow state) [19]. According to the coordinate transform
and oblique geometric relation in Fig. 2a, three essential pa-
rameters are summarized as follows:

The equivalent plane angle ηe, which determines the equiv-
alent plane Pe, is [27]:

ηe ¼ tan−1
tanηccosηsh þ sin ϕn−αnð Þsinηsh

cos ϕn−αnð Þ
� �

ð11Þ

The shear flow angle ηsh which characterizes the shear
direction in primary shear zone are given by [26, 28]:

ηsh ¼ tan−1
tanλscos ϕn−αnð Þ−tanηcsinϕn

cosαn

� �
ð12Þ

The chip flow angle ηc on the rake face Aγ, assuming that
the chip velocity and the friction are collinear, is calculated
from the following implicit equation [26]:

tanλstanβncos ϕn−αnð Þsin ϕn−αnð Þcos2ηc−tanλscos2 ϕn−αnð Þ
þtanηcsinϕncos ϕn−αnð Þ þ cosαn−sinϕnsin ϕn−αnð Þð Þsinηctanβn ¼ 0

ð13Þ

In Fig. 2b, the primary shear zone is modeled as a parallel
and non-equidistant shear band of thickness ℏ which consists
of two non-equidistant thickness 1−ƛð Þℏ and ƛℏ, character-
ized by the portion ∈ 0; 1½ � The governing equations for the

shear strain rate γ
�
, the shear strain γ, the temperature T, and

the maximum shear strain rate γ
�

m in the primary shear zone
are detailed in [28] and are given as:

γ
� ¼

γ
�

m

1−ƛð Þℏ½ �q ze þ 1−ƛð Þℏ½ �q ze∈ − 1−ƛð Þℏ; 0½ �
γ
�

m

ℏð Þq ƛℏ−zeð Þq ze∈ 0; ƛℏ½ �

8>><
>>: ð14Þ

γ ¼
cosηeγ

�

m

Vcosλssinϕn qþ 1ð Þ 1−ƛð Þℏ½ �q ze þ 1−ƛð Þℏ½ �qþ1 ze∈ − 1−ƛð Þℏ; 0½ �

−
cosηeγ

�

m ƛℏ−zeð Þqþ1

Vcosλssinϕn qþ 1ð Þ ƛℏð Þq þ cosηecosαn
sinϕncosηscos ϕn−αnð Þ ze∈ 0; ƛℏ½ �

8>><
>>:

ð15Þ
∂T
∂ze

¼ cosηe

ρmCpVcosλssinϕn
χτ γ

� ð16Þ
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Fig. 2 Oblique cutting model and chip formation of infinitesimal cutting edge
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γ
�

m ¼ qþ 1ð ÞVcosλscosαn
ℏcosηshcos ϕn−αnð Þ ¼ qþ 1ð ÞVs

ℏ
ð17Þ

ƛ ¼ 1−
cosηshcos ϕn−αnð Þ cosϕncosηsh þ tanλssinηshð Þ

cosαn
ð18Þ

Vc ¼ Vcosλssinϕn

cosηccos ϕn−αnð Þ ; Vs ¼ Vcosλscosαn
cosηscos ϕn−αnð Þ ð19Þ

where ρm is the material density, Cp is the heat capacity, and χ
is the Taylor-Quinney coefficient.

The normal friction angle βn was analyzed and extended to
the oblique cutting by Budak et al. [31] who presented an
analytical dual-zone model of the tool-chip interface. And
the formula of βn can be derived as follows:

μ f ¼ tanβn ¼
τs
P0

1þ ξ 1−
τs

μsP0

� �1=ξ
 ! !

ð20Þ

where P0 ¼ 4 ξþ1
ξþ2

cos2βncosηsh
sin 2 ϕnþβn−αnð Þ½ � τs is the normal pressure

at tool tip; ξ is the exponent for pressure distribution tak-
en as 3; μf and μs are the mean friction coefficient and the
sliding friction coefficient, respectively, on the tool-chip
interface. However, μs may be not constant due to the
variation of the chip velocity in ball-end milling, and it
decreased drastically as the chip velocity increased report-
ed in [32].

Normal shear angle ϕn, as a key parameter to calculate the
shear force, is determined by a modified Merchant equation
[17]:

ϕn ¼ C1−C2 βn−αnð Þ ð21Þ

where C1 (in rad) and C2 are constant depending on the
workpiece-tool material. And the special values C1 ¼
π=4; C2 ¼ 0:5 have been obtained based on the minimum
energy principle for mild steel work and carbide tool.

The workpiece material is supposed to be isotropic and
viscoplastic-rigid, and its shear flow stress τJC is described
by the Johnson-Cook constitutive law as follows:

τ JC ¼ 1ffiffiffi
3

p Aþ B
γffiffiffi
3

p
� �n� �

1þ Cln
γ
�

γ
�

0

� �� �
1−

T−Tr

Tm−Tr

� �m� �
ð22Þ

where γ
�

0; Tr; Tm represent reference shear strain rate, room
temperature, and melting temperature, respectively. The
characteristics of material behavior are strain hardening
exponent n, strain rate sensitivity coefficient C, thermal
softening coefficient m, yield strength A, and strength co-
efficient B.

Considering the material size-effect caused by the varying
IUCT in ball-end milling, a modified Johnson-Cook constitu-
tive law is derived by introducing the strain gradient plasticity

based on the Taylor’s dislocation principle [33], which can be
given as:

τs ¼ τ JC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2cG

2bgsinϕn

τ2JCt1

� �u
s

ð23Þ

where αc is a constant, G is the shear modulus, bg is the
magnitude of the Burgers vector, and u is the exponential
factor. It is evident from Eq. (23) that the shear stress in the
primary shear zone is inversely proportional to the IUCT for a
constant shear angle.

Furthermore, the shear force dFs, which is proportional to
the shear stress τs in primary shear plane, along with the nor-
mal force dNs can be expressed as:

dFs ¼ τs
dz⋅t1

cosλssinϕn
ð24Þ

dNs ¼ tan ϕn−αnð Þ þ tanβncosηcð Þcosηsh

1−tanβncosηctan ϕn−αnð Þ dFs ð25Þ

In addition, it is well known that there exists an edge
radius inevitably on the cutting edge, which can cause an
effect of plough forces and contribute to the three differ-
ential cutting force components. The plough forces (dPc,
dPf) can be determined from the slip-line field developed
by Waldorf et al. [34]. In this model, the normal rake
angle αn is replaced by effective rake angle αref depending
on the relation between IUCT and edge radius as given
below:

αre f ¼ sin−1 t1=re−1ð Þ; t1≤ tlim
αn; t1 > tlim

�
ð26Þ

where tlim=re(1+sinαn) is the limiting value of the IUCT
and re is the edge radius of the cutter.

In short, for the infinitesimal element of the j-th cut-
ting edge, the three differential force components dFt,j,
dFr,j, and dFa,j (tangential, radial, and axial), applied to
point P in Fig. 2a, are evaluated from the following
matrix form.

dFt; j

d Fr; j

dFa; j

8<
:

9=
; ¼

cosλscosϕncosηsh þ sinλssinηsh cosλssinϕn

− sinϕncosηsh cosϕn

sinλscosϕncosηsh− cosλssinηsh sinλssinϕn

2
4

3
5 dFs

dNs

� �

þ
cosλs 0
0 1
sinλs 0

2
4

3
5 dPc

dP f

� �

ð27Þ

For the infinitesimal element of the j-th cutting edge, the
three differential cutting force components dFt,j, dFr,j, and
dFa,j (tangential, radial, and axial) in LCS, applied to point P
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in Fig. 1b, are transformed into TCS using the following ma-
trix relations:

dFx; j

d Fy; j

d Fz; j

8<
:

9=
; ¼

−cosϕ j −sinϕ jsinκ −sinϕ jcosκ
sinϕ j −cosϕ jsinκ −cosϕ jcosκ
0 cosκ − sinκ

2
4

3
5 dFt; j

d Fr; j

d Fa; j

8<
:

9=
;

ðð28Þ

The differential cutting forces are integrated along the in-
cut portion of the j-th cutting edge, and the total cutting forces
produced by this cutting edge can be obtained as:

Fq ϕ j zð Þ	 
 ¼ Z z2 ϕ jð Þ
z1 ϕ jð Þ

dFq ϕ j zð Þ	 

dz; q ¼ x; y; z ð29Þ

where z1(ϕj) and z2(ϕj) are the lower and upper axial engage-
ment limits of the in-cut portion.

Finally, the cutting forces contributed by all cutting edges
are summed to obtain the total instantaneous forces on the
cutter as:

Fx ϕð Þ ¼
X
j¼1

Nt

Fx; j ϕ zð Þ½ �; Fy ϕð Þ

¼
X
j¼1

Nt

Fy; j ϕ zð Þ½ �; Fz ϕð Þ ¼
X
j¼1

Nt

Fz; j ϕ zð Þ½ � ð30Þ

3.2 IUCTwith cutter runout

The cutter runout is a common phenomenon in multi-fluted
milling operations [35]; the detailed procedure to calculate the
IUCT is illustrated in Fig. 3.Ok andO

′
k are the ideal cutter axis

center and the spindle rotational center of the element k, and
their distance ‖OkO

′
k‖ is the runout amplitude ρ. The runout

angle λ is defined to be the angle between the direction OkO
0
k

���!
and the negative Y-axis direction. When the cutter runout ex-
ists, each point of the cutting edge experiences a different
IUCTas predicted in Eq. (6). The IUCT generated by a cutting
point depends on the effective radius of the cutting edge and
the effective radius of the other cutting edges as well.

From the geometrical relation in Fig. 3, the effective radius
of the infinitesimal element k of the i-th cutting edge at eleva-
tion z can be given as:

Ri;k zð Þ ¼ R zð Þ þ ρcos λ−ψ zð Þ− i−1ð Þϕp

	 
 ð31Þ

where Ri,k(z) and R(z) are the actual and ideal cutting radius of
the element k, respectively.

The actual cutting radius changes in Eq. (31) due to the
cutter runout, and redistributes the IUCT. Therefore, from
the right picture of Fig. 3, the IUCT of the infinitesimal ele-
ment k on the i-th cutting edge at elevation z can be calculated
as [35]:

hci;k ϕð Þ ¼ mi f tsinθi;k ϕð Þ þ Ri;k zð Þ−Ri−mi;k zð Þ ð32Þ

where mi is the i-th cutting edge is removing the material left
by the mi -th cutting edge.

For a Nt -flute ball-end cutter, Nt candidates of the IUCT
can be calculated using Eq. (32). The correct IUCT is the small
positive one of the Nt candidates, i.e.,

h0i;k ϕð Þ ¼ min hc1;k ϕð Þ; hc2;k ϕð Þ; ::::; hcNt ;k ϕð Þ
� 


ð33Þ

However, all the candidates are negative due to the cutter
runout and the correct IUCT can be considered as zero.

In addition, the local cutting velocity is then calculated as:

V ¼ 2πnr⋅Ri;k zð Þ ð34Þ
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Fig. 3 Cutter runout and tooth path trajectories
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Table 1 Properties of workpiece material Ti6Al4V [37]

(1) Johnson-Cook parameters

A B C n m γ0 Tm Tr

862.5 MPa 331.2 MPa 0.0120 0.34 0.8 1 s−1 1933 K 293 K

(2) Thermo-physical properties

Density ρm Heat capacity Cp Thermal conductivity kp Taylor-Quinney coefficient χ

4430 kg/m3 526 J/(kgK) 7 W/(mK) 0.85

(3) Mechanical properties

Shear modulus G αc bg u

44 GPa 0.5 0.304 1

Fig. 4 The flow chart of cutting
forces calculation
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From Eqs. (31) and (32), the variation of the cutting radius
causes the cutting velocity to change, and the normal rake
angle αn and the edge inclination angle λs slightly change.
All these angle variations have no significant effect on the
cutting forces and then are neglected in this proposed model.

Finally, due to the relatively large number of equations
associated with the proposed analytical force model of ball-
endmilling, a solving procedure is given as shown in Fig. 4. In
addition, when the cutter runout is considered, the IUCT and
cutting velocity are modified according to Eqs. (32) and (34).

yF

xF

zF

yF

xF

zF

(a) Case 1 (b) Case 2

yF

xF

zF
yF

xF

zF

(c) Case 3 (d) Case 4

yF

xF

zF

yF

xF

zF

(e) Case 5 (f) Case 6

Fig. 5 Comparison of cutting forces between the analytical model and the published results

Table 2 Cutting conditions and tool geometry used in [11]

Case Spindle
speed
nr (rpm)

Feed per
teeth ft
(mm/z)

Depth of
cut ap
(mm)

Tool
diameter
D (mm)

Rake
angle αr
(deg)

Type

1 269 0.0508 1.27 19.05 0 Slot

2 269 0.0508 6.35 19.05 0 Slot

3 269 0.1016 3.81 19.05 5 Slot

4 269 0.0762 3.048 12.7 10 Slot

5 269 0.0508 6.35 19.05 0 Half-immersion

6 269 0.102 6.35 19.05 0 Half-immersion
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4 Model validation

In order to validate the effectiveness of the proposed analytical
model of cutting forces for ball-end milling, we firstly com-
pare with the published results obtained by Lee et al. [11] and
then demonstrate that the model is suitable for various cutting
conditions. Furthermore, a series of the ball-end milling ex-
periments are carried out with the aim to verify the proposed
model. And the corresponding computer programs in
MATALAB 7.9 are developed to implement on the analysis
of cutting force model.

4.1 Comparison with the published results

In this section, the published results obtained from the mech-
anistic model and experimental data [11] are selected for com-
parison, in which two types of milling tests, i.e., slot milling
and half radial immersion milling, are carried out. The behav-
ior of the usedworkpiece material Ti6Al4Vis described by the
modified Johnson-Cook constitutive law in Eqs. (22) and
(23). Table 1 gives the properties of workpiece material.

The carbide ball-end cutters used have single-flute cutting
edge, 300 nominal helix angle, and two different diameters
(12.7 and 19.05 mm), in which the rake angles range from
00 to 150. The other tool geometry and cutting conditions are
listed in Table 2.

The proposed analytical model utilizes the same constants
of the workpiece material, cutting conditions, and tool geom-
etry. The involvedmean friction angle βn can be obtained from
Eq. (20), where the sliding friction coefficient μs=0.326+
1.1×10−3Vc(m/min) for this tool-workpiece pair [31]. The ma-
terial constant in Eq. (21) is C1=0.785 rad, C2=0.5 [26]. The
edge force coefficients are determined from the orthogonal
experiments and their values are Kte=24 N/mm, Kre=43 N/
mm. In addition, the cutter runout is not considered in this
comparison for the single-flute milling.

Figure 5a–f show the comparison of cutting forces obtained
by the proposed analytical model and the published results. It

can be observed that the cutting forces calculated in this work
are in good agreement with the published results obtained by
the mechanistic model and experimental data [11]. However,
there exists a small deviation on the amplitude of the maxi-
mum cutting forces between the proposed analytical model
and the published results. This deviation might be attributed
to the cutter deflection which is not considered in the proposed
model.

Furthermore, the mean shear flow stress τJC predicted with
the proposed model in the primary shear zone is about
592 MPa and very close to the value 613 MPa of the orthog-
onal cutting database in [11]. Due to this low spindle speed,
the sliding friction coefficient can be taken as 0.33 here. The
mean friction is also in agreement with the experimental
values [11], βn=19.1+0.29αn(deg), as shown in Fig. 6.

4.2 Experimental validation

In order to further verify the proposed force model, a series of
ball-end milling tests have been performed on a vertical 5-axis
machining center without cutting fluid and the experimental
setup is shown as in Fig. 7. The workpiece is mounted on a
three-component Kistler table dynamometer (model 9523B)
which is used to measure cutting forces. A carbide ball-end
mill (reference 1B230-1200-XA 1630) with two flutes, 12-
mm diameter, 300 helix angle, 50 normal rake angle, and
0.02-mm edge radius is used in these tests. The pre-finished
workpiece is NAB (nickel aluminum bronze) material and its
chemical composition is listed in Table 3.

Table 3 The chemical composition of NAB

Element Cu Al Fe Ni Mn Others

wt% 80.3 9.28 4.45 4.24 1.42 ≤0.03

Workpiece

Ball-end mill

Kistler dynamometer

Fig. 7 Experimental setup

Fig. 6 Comparison of mean friction angles between predicted and
experimental values
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In addition, the flow behavior of the material NAB is de-
scribed by the modified Johnson-Cook constitutive law and its
involved parameters are given as:

A=295 MPa, B=759.5 MPa, C=0.011, n =0.405, m=1.09,
γ0=0.001, Tm=1311 K, Tr=298 K
G=117 GPa; αc=0.5; bg=0.414; u=1.2;

And the material density ρ is 7530 kg/m3, the heat capacity
Cp is 419 J/(kgK), and Taylor-Quinney coefficient χ=0.85.

More than 40milling tests are conducted, and three types of
milling, i.e., up, down, and slot, are selected at different feed
rates and axial depths of cut. Four types of cutting conditions
for the tests and simulations are summarized in Table 4.

The mean friction angle βn is obtained from Eq. (20), where
the sliding friction coefficient μs=0.654Vc

−0.208 for this calcula-
tion. Thematerial constant in Eq. (18) isC1=0.698 rad,C2=0.5.

The instantaneous milling forces for one revolution of the
cutter can be obtained by taking the average values of cutting
forces measured in the neighboring 10 periods, and then com-
pare with the ones predicted from the proposed analytical
force model. The results of comparison are shown in
Fig. 8a–d.

It can be seen from Fig. 8 that the cutter runout phenome-
non exists in the multi-fluted milling process. The unknown
runout parameters can be calculated by the one-dimensional
search method, in which then the minimum variance is obtain-
ed from comparing the corresponding instantaneous cutting
forces by changing the runout amplitude and angle with the
experimental values. The detailed method can be referred to

Table 5 The runout parameters in proposed analytical model

Case Runout amplitude ρ (mm) Runout angle λ (deg)

1 0.0013 1.5

2 0.0025 30

3 0.0034 60

4 0.0032 30

xF

yF

zF yF

zF

xF

(a) Case 1 (b) Case 2

yF
zF

xF

yF

zF
xF

(c) Case 3 (d) Case 4

Fig. 8 Comparison of proposed analytical model and experimental results

Table 4 Cutting conditions used for ball-end milling tests

Case Spindle
speed nr
(rpm)

Feed per
teeth ft
(mm/z)

Radial width
of cut ae (mm)

Axial depth
of cut ap
(mm)

Type

1 800 0.12 4 2 Down

2 800 0.16 – 1.2 Slot

3 1500 0.04 6 1.2 Up

4 1500 0.08 – 1 Slot
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the literature [36]. Table 5 gives the identified runout
parameters.

What is more, Fig. 8 also shows that under these cutting
conditions, the experimental values of milling forces have a
good agreement with the proposed analytical model on the
waveform, amplitude, and phase. And the average and peak
errors are less than 16 and 22 %, respectively. The main rea-
sons for this deviation may be attributed to: (1) although the
cutter runout is considered in the proposed analytical model,
the cutter deflection is caused by the peak forces due to the
stiffness in actual ball-end milling process. In addition, the
plough forces are introduced at the tool-workpiece interface
zone due to the little flank wear of the cutter. (2) In the pro-
posed model, the predicted results are influenced due to the
errors caused by the some measured or identified parameters.

5 Conclusions

In this paper, an analytical force model considering cutter
runout for ball-end milling has been developed and discussed
based on a predictive machining theory, which is verified the
effectiveness by the published results and experimental data.
The contributions of the proposed analytical model are drawn
as follows:

(1) The analytical model puts the workpiece material prop-
erties, tool geometry, cutting conditions, and the type of
milling as the input data and regards the cutting action of
each infinitesimal element on the cutting edge as the
classical oblique cutting process in which the cutting
force components are calculated using the predictive
oblique cutting model.

(2) Amodified Johnson-Cook constitutive law is introduced
to calculate the shear flow stress, which considers not
only the strain hardening and thermal softening but also
the material size-effect, i.e., strain gradient effect.

(3) The chip geometry of ball-end cutter is analyzed, and the
account has been taken into the effect of the edge radius,
varying sliding friction coefficient, and cutter runout on
the cutting forces in the proposed analytical model.

(4) The predicted results for cutting forces are in good agree-
ment with the published results and experimental data,
which shows that the proposed analytical model is effi-
cient and suitable. In addition, the proposed model is
easy to implement, as a priority to the mechanistic mod-
el, and can easily be extended to other workpiece mate-
rials and machining operations such as turning and
drilling.

However, the effect of deflection and plough forces are
caused by the stiffness and flank wear of the cutter,

respectively, in actual ball-end milling process need to be
studied in future work for more accurate prediction of cutting
forces.
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