
ORIGINAL ARTICLE

A novel approach to determination of wheel position
and orientation for five-axis CNC flute grinding of end mills

Liming Wang1,2 & Zezhong Chevy Chen3
& Jianfeng Li1,2 & Jie Sun1,2

Received: 25 March 2015 /Accepted: 13 September 2015
# Springer-Verlag London 2015

Abstract In practice, the flutes of end mills are ground
using CNC grinding machines via controlling the grinding
wheel’s position and orientation to guarantee the designed
flute parameters including rake angle, flute angle, helix
angle, and core radius. However, for the previous re-
searches, the designed flute profile was ground via build-
ing a specific grinding wheel with a free-form profile using
two-axis CNC grinder. And, the free-form grinding wheel
will greatly increase the manufacturing cost, which is too
complicated to implement in practice. In this research, the
flute-grinding processes were developed with a standard
grinding wheel via five-axis CNC grinding operations.
The mathematical representation of machined flute param-
eters was deduced in terms of the grinding wheel’s position
and orientation. The geometrical constraints to avoid inter-
ference and abnormal flute profile for the five-axis CNC
fluting were first developed in this work. Finally, the dif-
ference between the designed flute parameters and the ma-
chined flute parameters were formulated as a constrained
optimization problem so as to determine the wheel’s posi-
tion and orientation. The set of effective initial points for
this optimization model was found mainly distributed the
first quadrant of the contact area. The fminsearch function

in Matlab toolbox was recommended to solve the optimi-
zation model due to its capability of handling discontinuity
problem. The solution obtained in optimization model and
the corresponding machined flute parameter were verified
and compared with Boolean simulation in CATIA to con-
firm the validity and efficiency of the proposed approach.
The results showed that the accuracy of machined flute
parameters could achieve 1e-3 mm and 1e-2°, which satis-
fied the machining tolerance. This study provides a general
solution for the CNC fluting operations and could be ex-
tended to grind complex surface of end mills in the future
study.

Keywords Endmill . Flute grinding . Five-axis CNC
grinding . Grinding wheel

1 Introduction

Flutes make up the main part of the solid end mill, which can
significantly affect the tool’s life and machining quality in
milling processes. In practice, the flute is machined by the
grinding wheel moving with a helix motion using CNC grind-
ing machines [1, 2]. Figure 1a shows a general setting of
grinding end mills. The grinding wheel is mounted above
the tool bar with a specific position and orientation relative
to the grinding wheel in the machine coordinate system. With
the intersection between the grinding wheel and the tool bar,
the flute profile of end mills is formed and the flute parameters
are also guaranteed through setting the grinding wheel with a
specific position and orientation in the grinding processes.
The generated flute profile is described by three flute param-
eters: rake angel γ, core diameter rc, and flute angle ϕ shown
in Fig. 1b.
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Geometrically, the flute profile is determined by two issues:
(1) the grinding wheel profile and (2) the grinding operations.
To establish the geometrical relation between the profile of
grinding wheel and flute shape, Kaldor [3] first defined two
basic geometric problems in the flute-grinding processes, that
is, the direct problem and the inverse problem. The direct
problem refers to modeling the generated flute profile for a
given grinding wheel, while the inverse problem is to deter-
mine the wheel profile for a designed flute profile. Ehmann
et al. [4] calculated the contact line between the grinding
wheel and tool bar using conjugate theory, that is, the common
normal at the contact point between the wheel surface and
flute surface should intersect with the central axis of the tool
bar. Based on the conjugate theory, the general analytical rep-
resentation of the generated flute profile and determination of
wheel profile were discussed by the following researchers
[5–9]. However, the methods introduced above with conju-
gate theory can only be available while the wheel surface is
C1 continual. However, in practical, the wheel surface is C0

continual at the wheel edge point. It was found that the flute
profile was partly generated by the envelope of the wheel
profiles and partly by sweeping the wheel edge, which would
result in interference or abnormal profile of flutes in the five-
axis CNC grinding processes. For this case, the contact line
method cannot be used to predict the machined flutes.
Boolean operation [10–12] would be a solution to cope with
this problem, but more iteration steps are required to achieve a
high accuracy.

Besides, the basic idea for inverse problem is to grind the
designed flute profile by dressing the grinding wheel with a
specific profile (free-form) and also configured the wheel with
a fixed position and orientation [13–15]. There are only two
motions that can be controlled in the grinding processes, that
is, translation and rotation about the tool axis. Due to the

limitation of two-axis configuration, the grinding wheel is
required predressed with specific profile [16–18] and the
dressed grinding wheel can only be used for the specific flute
shape, which will increase the cost of manufacturing end mill.
Actually, in engineering, the grinding wheel is generally stan-
dardized [19], whichmeans that the shape of grindingwheel is
fixed before grinding and the designed flute parameters are
guaranteed with controlling the grinding operations. Until
now, to the author’s knowledge, there have been very few
literatures on modeling the flute parameters through con-
trolling the wheel’s position and orientation. Hereto, in
this research, a five-axis CNC grinding algorithm was
proposed to grind the designed flute parameters precisely
with standard grinding wheel. The flute profile and corre-
sponding parameters were directly deduced in the cross
section using the envelope theory. The geometrical con-
straints were first developed in this work to avoid inter-
ference and abnormal flute profile for the five-axis CNC
fluting. Determination of the wheel position and orienta-
tion for the designed flute parameters were converted to a
constrained optimization problem based on the kinematics
of five-axis CNC flute-grinding model, and it finally
proved to be solved efficiently and precisely with several
examples.

For the following sections, this paper was organized as
follows. Section 2 developed the kinematics of five-axis
flute-grinding processes and expressed the generated flute pa-
rameters from the flute profile. Section 3 discussed the effect
of wheel’s position and orientation on the flute profile in the
grinding processes so as to find the condition to avoid inter-
ference and abnormal profile of flutes. In Sect. 4, an optimi-
zation model was proposed to determine the wheel position
and orientation for the designed flute parameters. Conclusions
were given in Sect. 5.
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Fig. 1 Illustration of flute-
grinding processes: a CNC
grindingmachine and b generated
flute profile and flute parameters
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2 Flute profile modeling with five-axis CNC grinding

2.1 Grinding wheel modeling

The helix flute is generated with intersection between the
grinding wheel and the cutter with a helix motion. The work-
ing area of grinding wheel occurs at the wheel edge and wheel
surface shown in Fig. 2. A standard cylindrical grinding wheel
is applied in this research, which consists of two functional
parts: the peripheral surface and the wheel edge. The wheel
model is governed by the parameters wheel radius R and
wheel width H. A wheel coordinate system noted as Og is
fixed at the center of wheel edge. As described in Fig. 2, Zg

axis is pointing from the left plane to the end plane, Yg axis is
in the vertical direction, and Xg axis is horizontal. A parame-
terized representation of the grinding wheel referencing to Og

is deduced regarding to the variable h and θ in Eq. (1). The
wheel edge can be represented by setting h=0, that isWg(0,θ).

W g h; θð Þ ¼
R ⋅ cosθ
R ⋅ sinθ

h

2
4

3
5; ð1Þ

where R is the wheel radius, h and θ are the wheel parametric
variables with h∈[0,H] and θ∈[0,2π].

2.2 Five-axis flute-grinding processes

In order to describe the flute-grinding processes, a tool coor-
dinate system noted as OT is established and illustrated in
Fig. 3, of which the origin OT is located at the center of left
end of the tool bar. As described in Fig. 3, ZT axis is the tool
axis pointing from the left to the end plane, YT axis is in the
vertical direction, and XT axis is horizontal.

The five-axis flute-grinding processes can be implemented
with two operations: (1) machine configuration (also called
wheel setting) and (2) the relative helix motion between the tool

bar and grinding wheel. Initially, the grinding wheel is config-
ured with a specified position and orientation represented by the
wheel center coordinated value dx dy dz½ � and setup angle
β shown in Fig. 3. The configuration processes can be resolved
into several motions reference toOT: rotating about Yaxis by β;
translation along X, Y, and Z axis by dx, dy, and dz, respectively.
The configuration operation is expressed in OT using the ho-
mogeneous coordinate transformation in Eq. (2). The transla-
tion in Z axis will not affect the final flute profile and flute
parameters; therefore, dx, dy, and β (three parameters) are wheel
position and orientation parameters which are required to be
determined in the flute-grinding processes. For simplification,
in the following calculation, dz is set as zero.

M1 ¼ trans ZT; dzð Þ ⋅ trans YT; dyð Þ ⋅ trans XT; dxð Þ ⋅ rot YT;βð Þ

¼
cosβ 0 sinβ dx
0 1 0 dy

−sinβ 0 cosβ dz
0 0 0 1

2
664

3
775

ð2Þ
After machine configuration, the grinding wheel moves along

ZTaxis with a translation velocity v, while the cutter rotate with a
specific angular velocity ω to generate the helix flute surface
shown in Fig. 3. This operation can be represented in the tool
coordinate system using another homogeneous matrix in Eq. (3):

M2 ¼ rot z;ω⋅tð Þ ⋅ trans z; v⋅tð Þ

¼
cos ω⋅tð Þ −sin ω⋅tð Þ 0 0
sin ω⋅tð Þ cos ω⋅tð Þ 0 0

0 0 1 0
0 0 0 1

2
664

3
775⋅

1 0 0 0
0 1 0 0
0 0 1 v⋅t
0 0 0 1

2
664

3
775

¼
cos ω⋅tð Þ −sin ω⋅tð Þ 0 0
sin ω⋅tð Þ cos ω⋅tð Þ 0 0

0 0 v⋅t 0
0 0 0 1

2
664

3
775

ð3Þ
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Integrating Eqs. (1), (2), and (3), the representation of
grinding wheel in the five-axis flute-grinding processes at

any instant is obtained in the tool coordinate system shown
in Eq. (4):

WT h; θ; tð Þ
1

� �
¼ M2⋅M1⋅W g ¼

dx⋅cos ωtð Þ−dy⋅sin ωtð Þ þ h⋅sinβ⋅cos ωtð Þ−R⋅sin θ⋅sin ωtð Þ þ R⋅cosβcos θ⋅cos ωtð Þ
dx⋅sin ωtð Þ þ dy⋅cos ωtð Þ þ h⋅sinβ⋅sin ωtð Þ þ R⋅sin θ⋅cos ωtð Þ þ R⋅cosβ⋅cos θ⋅sin ωtð Þ

h⋅cosβ þ vt−R⋅sinβ⋅cos θ
1

2
664

3
775 ð4Þ

And also, the rotation velocity and translation velocity are
governed by the helix angle λ using the following equation:

tanλ ¼ rT ⋅ω
v

ð5Þ

where rT is the tool radius and λ is the helix angle.
As aforementioned, geometrically, the flute is generated

between intersection of the grinding wheel and cutter in 3D
space. For previous researches [2, 5], the intersection is
expressed as the contact line deduced with the conjugate the-
ory. And then, the 3D flute surface is obtained through sweep-
ing the contact curve with a helix motion. However, in this

research, the Eq. (4) is first truncated within the cross section
to obtain the flute profile by setting Z element as a constant
shown in Eq. (6).

h⋅cosβ þ vt−R⋅sinβ⋅cos θþ dz ¼ C ð6Þ

where C∈ [0,L] and L is the flute length along the ZT

direction.

Solving Eq. (6), get the expression t* ¼ R⋅sinβ⋅cosθþC−h⋅cosβ−dz
v .

And, the flute profile generated by the intersection grinding
wheel within tool’s cross section is expressed in terms of t* in
Eq. (7).

FT h; θð Þ ¼ dx⋅cos t−dy⋅sin t* þ h⋅sinβ⋅cos t*−R⋅sin θ⋅sin t* þ R⋅cosβ⋅cos θ⋅cos t*
dx⋅sin t þ dy⋅cos t* þ h⋅sinβ⋅sin t* þ R⋅sin θ⋅cos t* þ R⋅cosβ⋅cos θ⋅sin t*

� �
ð7Þ

As shown in Fig. 4, the flute profile denoted by FT is
generated by a family of curves, which can be regarded as
discretizing the grinding wheel into a group of disks and
each disk is swept and intersected with the cross section.
Consequently, the flute profile in the cross section is
enveloped by the family curves. The result flute profile
consists of two parts: (1) the curve generated by swept
wheel edge and (2) the curve generated by envelope curves.
The first part can be calculated through setting h=0 in
Eq. (8).

FT 0; θð Þ ¼ dx⋅cos t*−dy⋅sin t*−R⋅sin θ⋅sin t* þ R⋅cosβ⋅cos θ⋅cos t*
dx⋅sin t* þ dy⋅cos t* þ R⋅sin θ⋅cos t* þ R⋅cosβ⋅cos θ⋅sin t*

� �

ð8Þ
According to the envelope theory, the enveloped part of

flute profile is obtained by Eq. (7) with the condition in
Eq. (9). Equation (9) is solved easily via numerical methods
(golden search method) and verified in Fig. 4 with the enve-
lope points which located in the envelope curve.

∂x
∂θ

∂y
∂θ

∂x
∂h

∂y
∂h

�������
������� ¼ 0: ð9Þ

Mathematically, we can represent the relationship between
θ* and hfor the envelope points with a general solution denot-
ed as θ*=fenvelope(h).

2.3 Flute parameters formulation within the cross section

Generally, the flute parameters including rake angle, core ra-
dius, and flute angle are defined within the cross section. As
shown in Fig. 4, the flute profile is described in the reference
of the tool coordinate system OT. In order to define the flute
parameters, two key points is illustrated as the following: The
start point PS and end point PE are the intersection of flute
profile with the tool boundary (tool circle), which are located
in the flute profile curve with the geometric relation
|OTPS|= |OTPE|=rT. Here, the point PS and point PE can be

Int J Adv Manuf Technol (2016) 84:2499–25142502



expressed by recalling Eqs. (7) and (8) using the following
equation:

PS 0; θ*S
� � ¼ dx⋅cos t*−dy⋅sin t*−R⋅sin θ*S⋅sin t

* þ R⋅cosβ⋅cos θ*S⋅cos t
*

dx⋅sin t* þ dy⋅cos t* þ R⋅sin θ*S⋅cos t
* þ R⋅cosβ⋅cos θ*S⋅sin t

*

� �
:

ð10Þ

And, θS
* satisfy the following condition:

R2 þ dx2 þ dy2 þ 2R⋅dy⋅sin θ*S þ 2R⋅dx⋅cosβ⋅cos θ*S−R
2⋅sin2β⋅cos2θ*S ¼ r2T ð11Þ

The solution for θS
* will be introduced in the following

section.

PE θ*E h*E
� � ¼ dx⋅cos t*−dy⋅sin t* þ h*E⋅sinβ⋅cos t

*−R⋅sin θ*E⋅sin t
* þ R⋅cosβ⋅cos θ*E⋅cos t

*

dx⋅sin t* þ dy⋅cos t* þ h*E⋅sinβ⋅sin t
* þ R⋅sin θ*E⋅cos t

* þ R⋅cosβ⋅cos θ*E⋅sin t
*

� �
ð12Þ

Similarly, θE
* is governed by the following equation:

R2 þ dx2 þ dy2 þ 2R⋅dy⋅sin θ*E þ 2R⋅dx⋅cosβ⋅cos θ*E þ h*2E ⋅sin2β−R2⋅sin2β⋅cos2 θ*E ¼ r2T
θ*E ¼ f envelope h*E

� � ;

(
ð13Þ

where h*E∈ 0 H½ �. And also, golden search method was used

to solve Eqs. (11) and (13) within the search range: θ*s∈
0 2π½ � and h*E∈ 0 H½ �.
Since the two points PS and PE were deduced with the

above equations, the flute angle ϕ refers to the open angle ∠

PSOTPE between the start point PS and end point PE, which
can be expressed using the vector form in Eq. (14).

ϕ ¼ a cos
OTPS ⋅OTPE

OTPSj j ⋅ OTPEj j
� �

ð14Þ
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Fig. 4 Flute profile generated by
envelope grinding wheel
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The core radius rc is the minimum distance from the flute
curve to origin OT, which can be calculated using the follow-
ing expression in Eq. (15).

rc ¼ min sqrt x2 þ y2
� �� �

; where x; y½ �∈FT: ð15Þ

Besides, the rake angle γ is also calculated as the angle
between the tangent TPS shown in Eq. (16) and radius direc-
tion PEOT at point PS.

TPS ¼
dFs 0; θ*S

� �
dθ

¼

−dx⋅sin t*⋅
dt*

dθ
θ*S
� �

−dy⋅cos t*⋅
dt*

dθ
θ*S
� �

−R⋅cos θ*S⋅sin t
*−R⋅sin θ*S⋅cos t

*⋅
dt*

dθ
θ*S
� �

−R⋅cosβ⋅sin θ*S⋅cos t
*−R⋅cosβ⋅cos θ*S⋅sin t

*⋅
dt*

dθ
θ*S
� �

dx⋅cos t*⋅
dt*

dθ
θ*S
� �

−dy⋅sin t*⋅
dt*

dθ
θ*S
� �þ R⋅cos θ*S⋅cos t

*−R⋅cos θ*S⋅sin t
*⋅
dt*

dθ
θ*S
� �

−R⋅cosβ⋅sin θ*S⋅sin t
* þ R⋅cosβ⋅cos θ*S⋅cos t

*⋅
dt*

dθ
θ*S
� �

2
6666666664

3
7777777775

ð16Þ

where dt*

dθ ¼ − R⋅sin β⋅sin θ
v .

Hereto, the expression of rake angle γ is obtained with the
vector angle with the following expression Eq. (17):

γ ¼ a cos
TPS ⋅PEOT

TPSj j ⋅ PEOTj j
� �

ð17Þ

With the above deduction, the flute parameters are related
with the grinding wheel shape, wheel positions, and orienta-
tion. As mentioned, in practice, the grinding wheel is scandal-
ized with a fixed shape, which means that the grinding wheel
parameters are constant. Therefore, in this research, for a giv-
en cylindrical grinding wheel, the flute parameters are
expressed in a general function in terms of wheel position
dx dy½ � and orientation β in Eq. (18):

γ ¼ f rake dx dy βð Þ
ϕ ¼ f flute dx dy βð Þ
rc ¼ f core dx dy βð Þ

8<
: ð18Þ

where rc, ϕ, and γ represent the flute parameters core radius,
flute angle, and rake angle, respectively.

3 Investigation of wheel’s position and orientation
on flute profile

Based on the above flute-grinding model with envelope theo-
ry, the flute profile is closely related with the setting of grind-
ing wheel’s position and orientation. With different combina-
tion setting parameters, there will be various flute shapes gen-
erated. A proper initial wheel setting parameters are required
to guarantee the flute shape. Otherwise, interference or abnor-
mal flute profile will happen as shown in the following fig-
ures. In this section, the geometrical relation between the
grinding wheel and the cutter is investigated considering the

engineering practice based on proposed envelope flute profile
within the cross section to avoid the flute interference and
abnormal flute profile.

3.1 Contact area for the grinding wheel and cutter

Physically, the flute is machined by intersection between
grinding wheel and cutter. Therefore, in the flute-grinding
processes, the grinding wheel should always contact with
the cutter in space. Besides, in order to avoid overcut of core
radius, the intersection part should not exceed the boundary of
core radius. This condition can be modeled through projecting
the profiles of cutter and grinding wheel edge in the cross
section (XTYT plane) shown in Fig. 5.
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YT

Pc
rc

rT

a

bGrinding

wheel

Cutter

dy

dx

re

Ps

Ps’

OT

rc

Fig. 5 Projection of cutter profile and wheel edge within cross section
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In Fig. 5, the cutter profile is simplified by a circle with a
tool radius rT and core radiusrc. And, the grinding wheel edge
is represented by an ellipse which is the projection of wheel
edge in the cross section. And, Og is the center of ellipse with
the wheel location dx dy½ � in the tool coordinate system.
The ellipse of grinding wheel projection can be determined
by wheel’s position and orientation expressed in Eq. (19):

re ¼ dxþ a ⋅ cos θe
dyþ b ⋅ sin θe

� �
; ð19Þ

where a and b are the radius on the x and y axes respectively,
and θe is the parameter range θe∈[0,2π]. a=R⋅cosβ and b=R.

In addition, the contact point Pc (see Fig. 5) with coordinate
value xc yc½ � is the minimum distance from the wheel ellip-
se to point OT. In order to keep that the wheel ellipse is
intersecting with the cutter circle while not exceeding the core
circle, the point Pc should be located inside of annulus area
which is bounded between the core and tool radius denoted by
a set S in Eq. (20).

S ¼ rc θcð Þ
���rc0≤rc≤rTn o

ð20Þ

The area S is feasible set for wheel and cutter to guarantee
intersection with each other. As shown in Fig. 5, the ellipse is
tangent with a specific circle at the contact point Pc. The
geometrical equation between contact point Pc and Og is de-
duced as the following:

rc ⋅ re0 ¼ 0 ð21Þ
where rc is the vectorOTPc, re′ is the derivative of re expressed
in Eq. (21) at point Pc.

Solving Eq. (21), we get the expression θe
*=arctan(b⋅yc,a⋅xc),

where rc ¼ xc
yc

� �
and xc yc½ �∈S.

Substituting θe
* into Eq. (19), the expression of wheel posi-

tion Og in terms of the contact point Pc referring to tool coor-
dinate system is obtained in Eq. (22):

Og ¼ xc −a ⋅ cos θ*e
yc −b ⋅ sin θ

*
e

� �
ð22Þ

Through the above geometrical relation between wheel lo-
cation Og and contact point Pc, the intersection area S can be
mapping to a feasible set as the constraint of the wheel setting
parameters. In practice, the cutter and grinding wheel are only
contact in the upper area of S, that is θc∈ 0 π½ �. Therefore, in
this research, various initial wheel position points in the upper
area of S are investigated to test the flute shape.

3.2 Interference of flute profile

In the flute-grinding processes, the wheel trajectory is typical-
ly defined with a helix motion related with the helix angle and

wheel configuration parameters. Improper wheel position and
orientation in the grinding processes would result in the inter-
ference between the grinding wheel and machined flute sur-
face. In practice, interference generally happened in the rake
face of flute, which is ground by the wheel edge. As shown in
Fig. 6, an example is given to demonstrate the interference of
flute-grinding processes. The cylindrical grinding wheel with
parameters width 20 mm and radius 75 mm is employed in
this case. The wheel position and orientation parameter are
described as the following: dx=8.766, dy=79.426, and
β=60.00, and the cutter is modeled with a radius 10 mm
and helix angle 45°. The machined flute is shown in the fol-
lowing figure. The dotted line in the cross section is the rake
face of designed flute profile, and the solid line is the ma-
chined flute profile. It is observed that interference happened
on the rake face of designed flute. The rake face profile is
destroyed by the succeeding grinding of wheel edge in the
grinding processes, which generally caused by a larger setup
angle. In practice, the value of wheel setup angle is a recom-
mended setting around the helix angle λ to avoid interference.

In this section, in order to avoid the interference, for a given
wheel position, a limit range for wheel orientation β was in-
vestigated throughmodeling the rake face profile generated by
the wheel edge grinding. Recalling the flute envelope model-
ing in above section, a group of flute profiles are generated
and plotted in Fig. 7. It is observed that the interference hap-
pened in the last two plots with wheel setup angle: 56° and
60°, which is coinciding with the fact that the larger setup
angle tends to result in interference.

As shown in Fig. 8, the red twist curve shows the envelope
curve generated by the wheel edge. Point PS and PS

′ in the
figure are the intersections between the twist curve and the
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Flute

curve
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Flute curve

Grinding

Wheel

Cutter

Wheel

edge

Wheel

surface

Flute

surface

Cross-section

Fig. 6 Simulation for the interference in the flute-grinding processes
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cutter profile. The point PS has been introduced in above
section, and the point PS′also satisfy the following geometrical
condition: |OTPS′|=rT. Recalling Eq. (10), the corresponding
solution for point PSand PS′ is denoted as θS

* and θSS
* . Golden

search method is used to search the solutions for Eq. (10), and

the searching range for θ is set as θ*S∈ 0 θ*c
	 


for point PS
and θ*SS∈ θ*c 2π

	 

for point PS′

where, θc
* is the parameter for point Pc and can be calculat-

ed byminimizing the distance from pointOT to the twist curve
PSPS′, which will be explained in the following section.

Hereto, the solution for the corresponding points PSand PS′

is denoted as the following:θ*S ¼ θS dx dy βð Þ and θ*SS ¼
θSS dx dy βð Þ.

Substituting θS
* and θSS

* into Eq. (10), the point PSand PS′
can be expressed as

PS θ*S
� � ¼ dx⋅cost*−dy⋅sint−R⋅sinθ*S⋅sint þ R⋅cosβ⋅cosθ*S⋅cost

*

dx⋅sint* þ dy⋅cost þ R⋅sinθ*S⋅cost þ R⋅cosβ⋅cosθ*S⋅sint
*

� �
ð23Þ

P
0
S θ*SS
� � ¼ dx⋅cost*−dy⋅sint−R⋅sinθ*SS⋅sint þ R⋅cosβ⋅cosθ*SS⋅cost

*

dx⋅sint* þ dy⋅cost þ R⋅sinθ*SS⋅cost þ R⋅cosβ⋅cosθ*SS⋅sint
*

� �
ð24Þ

In Fig. 8, the rake flute curve of segment PcPS is intersected
by the other part of the segment PcPS′. It can be explained that
the flute profile generated by wheel edge PcPS is ground by
wheel edge PcPS′ in the segment succeeding grinding process-
es. In order to avoid the interference, the curve PcPS′ should
not cross the curve PcPS′. From the geometrical point of view,
it should satisfy the following condition:

OTPS � OTP
0
S

� �
⋅ZT < 0 ð25Þ

where OTPS
′ and OTPS are the vectors shown in Fig. 8.

As shown in Fig. 9, the inequality for point Ps
′ and

Ps can be applied to check interference. (OTPs×OTPs
′ ) ⋅

ZT=0 is the critical condition for the interference. For
the given wheel position dx dy½ �, the critical setup an-
gle β* can be calculated with the critical interference
condition. And, the setup angle should satisfy the con-
dition: β<β*. Figure 9 shows an example for the avoid-
ance of interference with the proposed condition:

1. Figure 9a is the normal condition for the enveloping flute
with the condition: (OTPs×OTPs

′ ) ⋅ZT<0
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OT

Envelope curve

by the wheel

edge (h=0)Pc
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0

6 4 2 0 -2 -4 -6

Fig. 8 Interference for flute profile in cross section
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2. Figure 9b is the critical condition for the enveloping flute
with the condition: (OTPs×OTPs

′ ) ⋅ZT=0
3. Figure 9c is the interference condition for the enveloping

flute with the condition: (OTPs×OTPs
′ ) ⋅ZT>0

3.3 Flute profile generated by wheel edge exclusively

As aforementioned, in the flute-grinding processes, the flute
surface is ground via two parts of the grinding wheel: one
section grinding by the wheel edges and the other section is
generated by envelope of the wheel surface. However, if the
wheel is mounted with a larger setup angle β and the wheel
location with a larger dx than dy, the flute curve will be gen-
erated by the wheel edge exclusively. As shown in Fig. 10, the
red line is the flute profile whose final shape is determined by
the wheel edge exclusively. Since wheel edge is the weak part
of the grinding wheel, it will accelerate the wear of the grind
wheel or even the breakage. Besides, the flute profile gener-
ated by the wheel edge exclusively with a larger negative
value will result in great cutting forces in the milling process-
es. Therefore, such kind of flute profile is not acceptable in
engineering.

Similarly with the above section, another geometrical con-
dition for the wheel setting parameters is introduced to avoid
the wheel edge grinding exclusively. As described in Fig. 11,
the flute curve was exclusively generated by the wheel edge
and the envelope part exceeds the cutter profile. Po is the start
point of the envelope flute curve, and it is also the connect
point between the wheel edge and wheel surface while grind-
ing the flute. Setting h=0 for Eq. (15), for the given wheel

setting parameters, we can get the solution for θ*o ¼ θo
dx dy βð Þ which is a parameter for point Po.
Recalling Eq. (10), the expressions of point Po can be ob-

tained:
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Po ¼ dx⋅cost−dy⋅sint−R⋅sinθ*o⋅sint þ R⋅cosβ⋅cosθ*o⋅cost
dx⋅sint þ dy⋅cost þ R⋅sinθ*o⋅cost þ R⋅cosβ⋅cosθ*o⋅sint

� �

Figure 12 shows a generalized flute profile with the wheel
edge grinding and wheel surface envelope grinding. From
geometrical point of view, point Po should be inside of the
cutter profile, while keeping outside of the core area to avoid

interference of the core radius, that is rc<|OTPo|<rT. From
above analysis, the point Po can be considering as an implicit
function of wheel setting parameters. Thus, the inequality for
Po can be applied to check the wheel setting parameters to
avoid the wheel edge exclusively grinding.

An example is given with two sets of wheel setting to
demonstrate the application of the constraints for point Po.
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Figure 13b shows a generalized flute profile with the con-
straint: rc< |OTPo| < rT, while the flute in Fig. 13a is
ground by the wheel edge exclusively with the constraint:
|OTPo|>rT.

4 Determination of the wheel’s position
and orientation

4.1 Modeling the optimization problem

In the flute-grinding processes, we always hope that the ma-
chined flute parameters approximates to the designed flute
parameters as close as possible. Based on the proposed five-
axis CNC grinding model, the machined flute parameters can
be regarded as a function in terms of the wheel’s position and
orientation. Mathematically, the problem now is restated as:
given the designed flute parameters to calculate the wheel’s
position and orientation expressed in Eq. (26)

f rake dx dy βð Þ ¼ γ0
f flute dx dy βð Þ ¼ ϕ0

f core dx dy βð Þ ¼ rc0

8<
: ð26Þ

where γ0 ϕ0 rc0f g is the designed flute parameters and

dx dy βf g is the unknown wheel position and orientation
which are required to be calculated.

In this research, the solutions for the equations are
transferred into an optimization problem through the two
steps:

Step I. Normalize the flute parameters:
Physically, the flute parameters are measured

with different units and scale. In order to evaluate
the calculated results in the same level, a normali-
zation processes is used in this research shown in
Eq. (27). fnorm(x) is a normalized function, which
can be used to define the flute parameters in the
unit level so as to eliminate the effect of units and
scales mentioned above.

f norm xð Þ ¼ x−xmin

xmax−xmin
ð27Þ

We define the minima (xmin) and maxima (xmax) for
the flute parameters based on the engineering prac-
tice: rc∈ 0; rT½ �, γ∈ −20; 30½ � and ϕ∈ 0; 180½ �.

Step II. Calculate the difference between the normalized
designed flute parameters and machined flute
parameters:

After normalizing the flute parameters,
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the solution for Eq. (26) can be transferred in to solv ing the equivalen t equation in
Eq. (28).

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f norm f rake dx dy βð Þð Þ− f norm γ0ð Þð Þ2 þ f norm f flute dx dy βð Þ

� �
− f norm ϕ0ð Þ

� �2

þ f norm f core dx dy βð Þð Þ− f norm rc0ð Þð Þ2

vuut ¼ 0 ð28Þ

If the solution exists, it can be reformulated as a minimizing
problem with the objective function in Eq. (29):

min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f norm f rake dx dy βð Þð Þ− f norm γ0ð Þð Þ2 þ f norm f flute dx dy βð Þ

� �
− f norm ϕ0ð Þ

� �2

þ f norm f core dx dy βð Þð Þ− f norm rc0ð Þð Þ2

vuut
0
@

1
A ð29Þ

And also, in order to avoid the interference mentioned above,
the possible solution of Eq. (29) should satisfy the following
constraint conditions:

Pcj dx dy β
� �∈S

OTPS � OTP
0
S

� �
⋅ZT

���
dx dy β

� � < 0

rc < OTPoj j dx dy β
� � < rT

8>>><
>>>:

ð30Þ

It is obvious that the solution for Eq. (28) is equivalent to
the minimized result of Eq. (29) if the objective function could
be infinitesimal. A Matlab program was developed to repre-
sent Eq. (29) with the constraint conditions in Eq. (30). The
optimization model is summarized in the following flowchart
shown in Fig. 14: First, an initial point Pc in terms of θc and
wheel orientation β are given, which can be used to calculate
the wheel’s location dx dy½ � through the contact constraint.
Afterwards, the inequality constraints in Eq. (30) are used to
check the validity of the initial value; if invalid, a NaN value
will be returned. Then, the flute parameters can be calculated
based on the provided wheel’s position and orientation
through the proposed envelope theory within cross section.
After normalizing the flute parameters, the value of Eq. (30)

Table 1 Parameters for flute-grinding process

Parameters for flute grinding Value

Tool parameters Tool radius rT (mm) 10

Core radius rc0 (mm) 7

Rake angle γ0 (°) 8

Flute angle ϕ0 (°) 75

Helix angle λ (°) 45

Wheel parameters Wheel width H (mm) 30

Wheel radius R (mm) 75

Start

According to |OTPc|=rc0

Caculating wheel location

x0, y0

Check if

(OTPS× OTPS')· ZT<0

or

rc<|OTP0|<rT

Given:

1) designed tool parameters

( rc )

2) wheel orientation

3) Initial point PC

Calculating for

the point PS , PS'

and point P0

Calculating for the tool

parameters: rc

return the difference Between normalized

machined flute parameters and normalized

designed flute parameters.

Normalize the calculated and

designed flute parameters :

fnorm()

Stop Program return

dis=NAN

Fig. 14 Flowchart of optimization model for flute grinding
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is easily calculated so as to evaluate the difference. It is noted
that the optimization model is programmed with a series of
complicated numerical calculation which brings in the fluctu-
ation of objective function while the solution approaches to
high accuracy. Fminsearch is a common search function in

Matlab toolbox used for nonlinear optimization technique
based on the “Nelder-Mead simplex direct search” algorithm.
This method often handle discontinuity problem without pro-
viding any derivative information. Hereto, fminsearch is used
to solve the optimization model.

21.578 21.58 21.582 21.584 21.586 21.588 21.59 21.592 21.594
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0
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y 0
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0
=43.4433-43.4333

Fig. 16 Solution for the wheel
position and orientation

Effective initial

points sets

Fig. 15 Initial points for the
optimization model
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4.2 Verification

In the above two steps, the five-axis flute-grinding processes
was converted to an equivalent optimization model. An exam-
ple was given in this research. The designed flute parameters
and grinding wheel specification are provided in Table 1.
Based on the engineering experience, the initial value for ori-
entation parameter β was generally setting 45° the same value
as helix angle λ. And also, a group of initial points for the
optimization model were investigated in the contacting area
(Pc∈S) to test the validity and efficiency of solution shown in
Fig. 15. The optimized results with various initial points were
described with different markers: The circle marks represent
that the optimized results can satisfy the solution with accept-
able tolerance (1e-4), while the star makers mean not. It was
observed that the solutions existed while the initial points were
set in the first quadrant of contact area S which was shaded as
effective initial points set in Figs. 15 and 16 that showed that
the solutions with various initial points converge within a

tolerance area, which means that the objective function in this
example was convex with only one solution existing in the
feasible area. In this example, suppose the grinding speed is
1500 RPM, the feed rate is 10 mm/s, and rotation speed is
1 rad/s calculated by Eq. (8), the solution of wheel’s position
and orientation were obtained using the developed Matlab
program with the values 21.585, 76.823, and 43.437. The
machined flute parameters and generated flute profile were
calculated and plotted in Fig. 17 which closely approximated
to the designed flute parameters in Table 1. Besides, the elapse
time of running the optimization program was also obtained
with 0.293 s 51 iterations which were quite efficient compared
with the Boolean operation method [11, 12] which took
around 5.3 min for only one iteration of grinding simulation
in this case.

To demonstrate the validity and versatility of the proposed
method, we designed several various flute shapes with a large
range of flute parameters and tool parameters in Table 2. The
grinding speed and feed rate in this grinding process was

Table 2 Verification of optimized model (length unit: mm, angle unit: °)

No. Tool parameters
(λ, rT)

Designed flute parameters
(γ0, ϕ0, rc0)

Solution of wheel’s pos. and orient.
(dx, dy, β)

Machined flute parameters
(frake, fflute, fcore)

1 45, 10 (8, 75, 6) (29.984, 69.913, 44.859) (7.994, 74.999, 6.000)

2 45, 10 (15, 80, 7) (16.978, 78.629, 45.598) (15.001, 8.001, 7.000)

3 45, 10 (15, 160, 7) (4.806, 81.760, 42.177) (15.002, 159.996, 7.000)

4 38, 5 (10, 80, 3) (5.875, 78.476, 51.490) (10.008 79.992, 4.000)

5 35, 5 (5, 170, 3.5) (2.743, 78.406, 45.630) (5.002 170.001, 3.500)

6 38, 5 (−5, 50, 4) (6.485, 78.125, 58.729) (−5.000, 50.001, 4.000)
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Fig. 17 The machined flute
parameters and flute profile
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suggested as 1500 RMP and 10 m/s, respectively. The wheel
position and orientation were determined with the proposed
method listed (Table 2). For illustrative purpose, the flute
grinding was simulated in the CAD/CAM software CATIA
via Boolean operation and the solid flute model was obtained
in Fig. 18. To verify the flute parameters, the rake angle, flute
angle, and core radius were measured with CAITA “measure”
function illustrated in Fig. 18, which also showed an accurate
agreement with the designed flute parameters.

Overall, with the above verification and simulation, the
flute parameters can be accurately and efficiently guaranteed
with the proposed method through determination of wheel’s
position and orientation in the CNC grinding processes. The
results showed that the accuracy of machined flute parameters
could achieve 1e-3 mm and 1e-2°, which satisfied the machin-
ing tolerance. Although, this method mainly focused on the
flute-grinding processes, it provides a general model and

solution for research on how to determine the wheel position
and orientation for grinding operations, which could be ex-
tended to grind more complex designed surface in the future
study. However, it is also noted that implementation of this
method in practice still needmore work to be considered, such
as generating Gcode for the CNC grinding machine with the
post-processing, planning of grinding speed and feed rate of
the grinding wheel, strategy of online measurement for the
machined part, and dynamic of CNC grinding machine.

5 Conclusions

In this paper, a novel approach for five-axis CNC flute grind-
ing model was developed to machine the designed flute pa-
rameters. The machined flute profile and flute parameters
were deduced through envelope of the grinding wheel in the

Flute1
Flute2

Flute3

Flute5

Flute4

Flute6

Fig. 18 The solid flute model
generated by CATIA
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cross section. On the basis of kinematics of five-axis CNC
grinding algorithm, the geometrical constraints to avoid inter-
ference and abnormal flute profile were first developed in this
work. The wheel’s position and orientation were determined
by an optimization model through minimizing the difference
between machined flute parameters and designed require-
ments. The major contribution of this work was to develop
the constraint optimization model for the five-axis flute-grind-
ing processes. It was noted that, comparing with inverse meth-
od, the presented method was to grind the designed flute pa-
rameters with the standard grinding wheel rather than modi-
fying the grinding wheel shape, which could facilitate the
fluting operations. The simulation results showed that this
approach could achieve a high accuracy and efficiency than
the Boolean operation. Besides, controlling the grinding
wheel to guarantee the designed parameters is a common
problem in CNC grinding processes of end mills; thus, this
method could be extended to other grinding operations, such
as grinding relief surface.
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