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Abstract To determine the error compensation for cutting
forces with a machine tool, this paper proposes a comprehen-
sive error compensation method that determines an equivalent
cutting force. The loading system that applies this equivalent
cutting force was designed to load a constant force that imi-
tates the actual cutting force of a machine tool. The equivalent
cutting force, when applied to the working table of the ma-
chine tool, induces an error that can be directly measured by a
laser interferometer. Moreover, a stable measurement environ-
ment suitable for laser interferometer is configured. A com-
prehensive error compensation model of a three-axis comput-
er numerical control (CNC) machine tool was developed
using multi-body systems theory and homogeneous transfor-
mation matrices. Solutions for the error compensation model
and parametric equation were automatically found using
MATLAB, based on this model. The effectiveness of this
compensation method has been confirmed by machining ex-
periments. The experimental results show that this compre-
hensive error compensation of the equivalent cutting force
can greatly improve machining accuracy.

Keywords Equivalent cutting force . Cutting-force-induced
error . Comprehensive error measurement . Software error
compensation

1 Introduction

The demand onmodernmanufacturing industries is for greater
accuracy in product fabrication and higher stability in quality.
The most important factor of the precision components is the
accuracy of the machine tools. Mainly, position errors are
originated from geometric, thermal, cutting force, dynamic
loading, etc. [1, 2]. Many researchers have developed the geo-
metric error thermal error measurement methods and models.
Ramesh et al. [1] analyzed various sources of geometric errors
that were usually encountered on machine tools. Liu et al. [3]
investigated the various characteristics of geometric errors,
such as position dependence, relative positioning, synthesis,
and continuity; a relay method was proposed by which the
geometric error can be measured over the whole workspace.
To determine the geometric errors relevant for the manufactur-
ing and installation of machine tool parts, Tian et al. [4] pro-
posed a general error modeling approach. Zhu et al. [5] used
rigid-body kinematics to complete error modeling for comput-
er numerical control (CNC) machine tools, using laser inter-
ferometers and ball-bars to successfully identify the
geometric-error parameters. Srivastava et al. [6] proposed a
universal comprehensive compensation scheme to offset geo-
metric and thermal errors by analyzing the structure of kine-
matic machine tools, which are mainly used in specific types
of machine tools; the universality of this method needs to be
further improved. Aha et al. [7] included backlash error to a
volumetric error model. Lin [8] proposed a new matrix sum-
mation method for geometric-error compensation, but inte-
grating this compensation method in applications is cumber-
some. Belforte et al. [9] developed a self-calibration model
that depends on 18 error parameters. The reduced-order Le-
gendre polynomials are used to model and identify these 18
functions, but this method cannot accurately compensate per-
pendicularity errors. Using the Jacobian–Torsor theory, Zuo
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et al. [10] determined the geometric-error parameters of each
rigid body; manufacturing product errors were accurately pre-
dicted and compensated. Jung et al. [11] used a parameterized
error model to analyze machine tool errors within the
workspace and the methodology of on-machine measurement
for improving the machining accuracy. Based on the rigid-
body kinematics, positioning errors derived using the homo-
geneous transformation matrices are parameterized by ap-
proximating error components with polynomial functions.

The other major cause of inaccuracy in CNCmachine tools
is error due to cutting force because the hard cutting and hard
cutting material are used widely recently. Engin et al. [12]
developed a general error compensation model; this method
uses a piezoelectric dynamometer to measure the average cut-
ting forces. Raksiri et al. [13] proposed the off-line error com-
pensation scheme on a three-axis CNC machine tool that im-
plements an evaluation of the cutting-force-induced errors
using the BP neural network. For machining thin-walled work
pieces, Ratchev et al. [14] developed a multiple error compen-
sation algorithm. Applying gene expression programming,
Yang et al. [15] performed numerical calculations of milling
forces, showing that when compared with other methods, the
degree of measurement data fitting obtained by this method is
highly correlated with experimental measurement data.
Schmitz et al. [16] performed a series of studies on milling
force error by comparing milling errors of the work piece and
the measurement results of a plane grating. For end-milling
machined work pieces with concave and convex curved sur-
faces, Ikua et al. [17] proposed a theoretical model to predict
the cutting force and machining error. Chen et al. [18]
modeled cutting-force-induced errors based on the theory of
fuzzy neural network systems and current signals, using Hall
current sensors to indirectly measure cutting forces. A real-
time compensation system for the cutting-force-induced error
was proposed.

Previous researches on comprehensive compensation
of both geometric and cutting-force-induced errors have
mainly been on obtaining separate compensations for
the two types of errors. The corresponding relationship
between force and error is then indirectly established
using certain technical methods. This paper is organized
into four sections. The first section mainly discusses the
measurement method of the equivalent cutting-force-
induced error by the laser interferometer. Using the
equivalent cutting force to simulate the actual cutting
force in machine tool, the setup has been established
to identify the error parameters along the X and Y-axes.
The second section discusses the combination of geo-
metric model under the condition of equivalent cutting
force. This comprehensive error model is developed by
multi-body systems theory and homogeneous transfor-
mation metrics, which include a total of 18 error com-
ponents. It is used to compensate both geometric and

cutting-force-induced errors simultaneously. The third
section discusses the compensation results. A special
designed experimental test is carried out in order to
validate the performance under three different errors
compensation. The conclusions are given in the final
section.

2 Mechanism of equivalent cutting

2.1 Measurement of equivalent cutting force

The equivalent cutting force is determined from the measure-
ment of actual cutting forces, which simulate the actual cutting
force along the X- and Y-axes of the machine tool in a partic-
ular manner. Considering the limitations in the current exper-
imental setup, the cutting-force-induced error along the Z-axis
will not be studied. The error associated with the equivalent
cutting force is called the equivalent cutting-force-induced
error.

To measure the magnitude of the milling force under dif-
ferent processing conditions, a carbide tool CYT ME550, 45
steel, a XH714 CNC milling machine, and a SDC-C4F uni-
versal dynamometer were used in the tests. This paper adopts
the orthogonal test to perform datameasurements. The orthog-
onal test can acquire comprehensive test information when the
limited experimental data is used. The main factors affecting
the cutting force are cutting width, cutting depth, spindle
speed, and feed. This study sets up four groups of different
cutting parameters. These are listed in Table 1.

The measurement device of the actual milling force is
shown in Fig. 1. The SDC-C4F universal dynamometer has
different data sampling frequency, so different sampling fre-
quency was taken according to the cutting speed. The mea-
surement results of the cutting force are shown in Table 2.

Considering actual cutting parameter for the validity exper-
imental tests (in section 4), the seventh group of experimental
data in Table 2 is chosen as the reference standard of the
equivalent cutting force. Hence, it avoids the negative effects
on the compensation results that derive from an unreasonable
choice of an equivalent cutting force. The equivalent cutting
forces along the X- and Y-axes were set to 110 and 180 N.

Table 1 Cutting parameters

Cutting parameters 1# 2# 3# 4#

Speed n (rpm) 1240 3350 4480 6270

Cutting depth ap (mm) 0.4 0.6 0.8 1

Cutting width ae(mm) 1 3 5 7

Feed f (mm) 0.2 0.4 0.6 0.8
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2.2 Errormeasuring system of the equivalent milling force

After the equivalent milling force is selected, this force is then
applied to the work table of the machine tool using a pulley
mechanism, wire rope, and tripod (Fig. 2). Hence, the weight
moves vertically around the pulley as the work table of the
machine tool moves horizontally finally, and the actual mill-
ing force will be simulated by this way. The feed speed (not
too fast or too slow) should be properly selected which should
not be caused vibration of the machine table. The error mea-
suring system of the equivalent milling force can be stabilized.
This setup provides ideal conditions to use laser interferome-
ter under the stress state of machine tool. The schematic illus-
trating equivalent cutting-force loading is shown in Fig. 2, and
the setup for field measurements of the error parameters is
shown in Fig. 3.

3 Error model under the condition of equivalent
cutting force

A mathematical model determining comprehensive error
compensation has been developed that uses homogeneous co-
ordinate transformations and rigid-body kinematics. During
the application of the equivalent cutting force, the measure-
ment results for the X- and Y-axis directions from laser inter-
ferometer are the coupling value about the geometrical and
cutting-force-induced error. The coupled parameters are re-
ferred to as the comprehensive error parameters (Table 3).
There are in total 21 error components for three-axis milling
machine, which is supposed that the angle errors between the
axes are small, so 18 errors components have been considered.
Here, subscript e refers to the equivalent cutting force, and
subscripts x, y, and z refer to the error direction or the rotation
axis of the error direction. The X, Y, and Z in parentheses
represent the direction of motion.

Fig. 1 the setup of milling force measuring experiment

Table 2 Measurement results for the milling force using the orthogonal test

Test
group

Cutting depth
ap (mm)

Amount of feed
per tooth fz (mm)

Cutting width
ae (mm/min)

Feed speed
F (mm/min)

Sampling
frequency fs

Fxmax
Fxmax (N)

Fymax
Fxmax (N)

1# 0.4 0.2 1 205 3270 65.03 81.35

2# 0.4 0.4 3 750 7340 78.35 189.64

3# 0.4 0.6 5 1408 11530 161.25 194.65

4# 0.4 0.8 7 2496 14930 154.69 153.64

5# 0.6 0.6 3 415 3270 103.97 306.54

6# 0.6 0.8 1 1270 7340 123.35 182.49

7# 0.6 0.2 7 750 11530 102.00 186.32

8# 0.6 0.4 5 1530 14930 154.50 179.39

9# 0.8 0.8 5 540 3270 138.67 310.56

10# 0.8 0.6 7 1200 7340 320.30 411.58

11# 0.8 0.4 1 1080 11530 253.21 151.36

12# 0.8 0.2 3 960 14930 152.62 203.65

13# 1.0 0.4 7 310 3270 148.60 349.54

14# 1.0 0.2 5 540 7340 330.10 336.89

15# 1.0 0.8 3 1810 11530 346.62 302.53

16# 1.0 0.6 1 2030 14930 226.50 206.67

Fig. 2 Schematic illustrating equivalent cutting force loading
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Because of limitations in the experimental setup, the
equivalent cutting force is unloaded along the Z-axis;
the error component caused by the force to Z-axis will
be ignored. The error parameter along the Z-axis is
retaining generality. The measurement results comprise
the geometric error and equivalent cutting-force error
along the X- and Y-axis. However, the measurement
results from laser interferometer will still be called
the comprehensive error parameters. The error parame-
ters of the machine tool spindle, work table, and Y-axis
are depicted in Fig. 4.

3.1 Establishment of the coordinate system

The machine tool structure is divided into tool and
work-piece branches under the action of the equivalent
cutting force. To perform the equivalent transformation
for the pose error of all the moving parts in each com-
ponent, a series of coordinate systems needs to be
established for each of the moving parts. The base co-
ordinate system provides a reference for all other coor-
dinate systems. To simplify such transformations, the
base coordinate system is fixed on the machine tool
bed. The X- and Y-axes of the base coordinate system
are set parallel to the X and Y direction of the machine
tool, respectively; the X-axes is located in the plane
which is made up by the translation-pairs of reference
axis along the X direction of machine tool and the Y-

axis of the base coordinates. The right-hand screw rule
determines the Z-axis, which forms a Cartesian coordi-
nate system with the X- and Y-axes of the base coordi-
nate system.

For the tool and work-piece branches, the actual moving
reference coordinate system of the slide plate is superimposed
with the ideal moving reference coordinate system. The actual
motion reference coordinate system of the work table produces
a perpendicularity error εexy relative to the body coordinate
system of the Y-axis direction slide plate. The position vector
of the work-piece body coordinate system is denoted Pew=(-
Pewx,Pewy,Pewz,1)

T relative to the body coordinate system of the
work table. For the bed-tool branch chain, the position vector of
the ideal motion reference coordinate system of the spindle box
is Pet=(Petx,Pety,Petz,1)

T with respect to the bed-body coordi-
nate system. The actual moving reference coordinate system
produces perpendicularity errors εeyz and εexz relative to the
ideal kinematic reference coordinate system. Because there is
no relative motion between the cutting tool and the spindle box,
the error component is assumed to be zero.

3.2 Description of the characteristic matrix

The equivalent position error characteristic matrix Tebs.pe, the
equivalent position feature matrix Tebs.p, the equivalent error
motion characteristic matrix Tebs. se, and the actual total

Table 3 Comprehensive error parameters

Error in linear displacement Error in angular displacement

X-axis error parameters δex(X), δey(X), δez(X) εex(X), εey(X), εez(X)

Y-axis error parameters δey(Y), δex(Y), δez(Y) εey(Y), εex(Y), εez(Y)

Z-axis error parameters δez(Z), δex(Z), δey(Z) εez(Z), εex(Z), εey(Z)

Fig. 4 Distribution of error parameters

Fig. 3 The measurements setup of error parameters
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equivalent characteristic matrix Tebs between the machine tool
bed and the slide plate of Y-axis direction are given as follows:

Tebs:pe ¼ Tebs:p ¼
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775; Tebs:s ¼

1 0 0 0
0 1 0 y
0 0 1 0
0 0 0 1

2
664

3
775

Tebs:se ¼
1 −εes:sz εes:sy

es:sy δes:sx
εes:sz 1 −εes:sx δes:sy
−εes:sy εes:sx 1 δes:sz
0 0 0 1

2
664

3
775

Tebs ¼ Tebs:p:Tebs:pe:Tebs:s:Tebs:se:

ð1Þ

Similarly, the equivalent position error characteristic
matrix Test.pe, the equivalent position feature matrix Test.
p, the equivalent displacement error characteristic matrix
Test.se, the equivalent displacement characteristics matrix
Test.s, and the actual total equivalent characteristic ma-
trix Test between the working table and the Y-axis di-
rection slide plate are as follows:

Test:se ¼
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775; Test:pe ¼

1 −εexy 0 0
εexy 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775; Test:s ¼

1 0 0 x
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775;

Test:se ¼
1 −εew:sz εew:sy

ew:sy δew:sx
εew:sz 1 −εew:sx δew:sy
−εew:sy εew:sx 1 δew:sz

0 0 0 1

2
664

3
775

Test ¼ Test:pe:Test:pe:Test:pe:Test:se:

ð2Þ

Also, the equivalent position error characteristic ma-
trix Tetw.pe, the equivalent position feature matrix Tetw.p,
the equivalent displacement error characteristic matrix
Tetw.se, the equivalent displacement characteristics matrix
Tetw.s, and the actual total equivalent characteristic ma-
trix Tetw between the working table and the work-piece
are as follows:

Tetw:p ¼
1 0 0 pewx
0 1 0 pewy
0 0 1 pewz
0 0 0 1

2
664

3
775;

Tetw:pe ¼ Tetw:s ¼ Tetw:se ¼
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775

Tetw ¼ Tetw:p:Tetw:pe:Tetw:s:Tetw:se :

ð3Þ

Next, the equivalent position error characteristic matrix T-

ebb.pe, the equivalent position feature matrix Tebb.p, the equiv-
alent displacement error characteristic matrix Tebb.se, the
equivalent displacement characteristics matrix Tebb.s, and the

actual total equivalent characteristic matrix Tebb between the
machine tool bed and the spindle box are as follows:

Tebb:p ¼
1 0 0 pesx
0 1 0 pesy
0 0 1 pesz
0 0 0 1

2
664

3
775; Tebb:pe ¼

1 0 εexz 0
0 1 −εeyz 0

−εexz εeyz 1 0
0 0 0 1

2
664

3
775

Tebb:s ¼
1 0 0 0
0 1 0 0
0 0 1 z
0 0 0 1

2
664

3
775

Tebb:se ¼
1 −εeb:sz εeb:sy

eb:sy δeb:sx
εeb:sz 1 −εeb:sx δeb:sy
−εeb:sy εeb:sx 1 δeb:sz
0 0 0 1

2
664

3
775

Tebb ¼ Tebb:p:Tebb:pe:Tebb:sTebb:se

ð4Þ

Finally, the equivalent position error characteristic matrix
Tebt.pe, the equivalent position feature matrix Tebt.p, the equiv-
alent displacement error characteristic matrix Tebt.se, the equiv-
alent displacement characteristics matrix Tebt.s, and the actual
total equivalent characteristic matrix Tebt between the machine
tool cutter and the spindle box are as follows:

Tebt ¼ Tebt:p:Tebt:pe:Tebt:s:Tebt:se ¼ I ð5Þ

3.3 Derivation of the comprehensive error compensate
model

The coordinate value for the tool-tip point should coincide
with the coordinate value from the processed point of the
work-piece when these two points are transformed to the base
coordinate system in the ideal case. However, in actuality,
these coordinate values of two points are not same, and the
difference between the two points is the machining error of the
machine tool. It can be assumed that the coordinate value of
the center point of the tool is Petc=(xet,yet,,zet,1)

T in the tool
coordinate system. Moreover, the coordinate value of the
point to be processed on the work-piece is assumed to be
Pewp= (xewp,yewp,zewp,1)

T in the work-piece coordinate

Fig. 5 Milled work pieces under different error compensation scheme
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system. The equivalent position vectors of the tool-tip point
and the point to be processed are Petb and Pewb, respectively.

Petb ¼ Tebb:p:Tebb:pe:Tebb:s:Tebb:se;
:Tebt:p:Tebt:pe:Tebt:s:Tebt:se:Petc

ð6Þ

Pewb ¼ Tebs:p:Tebs:pe:Tebs:sT ebs:seTest:p:Test:pe:
Test:s:Test:se:Tetw:p:Tetw:pe:Tetw:s:Tetw:se:Pewp

: ð7Þ

The equivalent pose error Ee between the tool-tip point and
the point to be processed in the work-piece is shown as fol-
lows:

Ee ¼ Petb−Pewb ð8Þ

Equation (8) represents the comprehensive error compen-
sation model for the three-axis CNC machine tool. The com-
prehensive error parameters are identified by laser interferom-
eter and the nine-line method. Because the equivalent cutting
force acts along both the X- and Y-axis directions, the com-
prehensive error value will be the algebraic sum of the geo-
metric error and force error. Hence, this method does not re-
quire an independent measurement of both.

3.4 Implementation of error compensation

The value of the error for the different machined points on the
tool path is determined based on the developed error model
and the measured error data. The G-code compensation is
completed after modifying the X, Y, and Z values of the ideal
case using the NC program. Because the number of compen-
sated points is large, and therefore a large number of matrices
need to be calculated, it is impractical to apply only the artifi-
cial calculation. Considering the powerful data processing ca-
pability of MATLAB and the interface editing function C#,
and then by combining the correlation function of MATLAB
and C#, the developed model is generated by the dynamic-link
library (DLL) by MATLAB. The DLL can be called directly
by Visual Studio 2010. Finally, the comprehensive error com-
pensation is then achieved by using the error compensation
software.

Fig. 9 Precision of profile using comprehensive error compensation

Fig. 8 Precision of profile using only geometric error compensation

Fig. 7 Precision of profile with no compensation

Fig. 6 Measurement experiment
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4 Experiments and results

Three groups of experiments were performed to verify the
validity of the compensation method. They were used to test
the precision of the work-piece profiles, the error compensa-
tion protocol of each group being (i) without performing any
compensation, (ii) only performing geometric-error compen-
sation, and (iii) performing comprehensive error compensa-
tion. The effective validation of geometric error compensation
is performed in the no-load state for machine tool and that
comprehensive error compensation is performed under condi-
tions where the equivalent cutting force is loaded along the X-
and Y-axes. The processed material is 45 steel. The cutting
parameter, cutter type, and other experimental factors are mu-
tually consistent.

The work-piece to be processed is shown in Fig. 5. The left
slot was milled with no compensation, the center slot while
performing only geometric error compensation, and the right
slot using comprehensive error compensation. The spatial
contour error of the milled slots was measured by the coordi-
nate measuring machine. The measurement test and measure-
ment results are given in Figs. 6, 7, 8, and 9.

Figures 7, 8, and 9 show that the contour error de-
creases significantly with increasing compensation pa-
rameters. The average value of the contour error is
56 μm with no compensation. When geometric-error
compensation was used, the profile error is reduced to
34 μm. The precision of the profile has increased 39 %
compared with that without compensation. When com-
prehensive error compensation is implemented, the pro-
file error further decreases to 23 μm. Compared with
the other two compensation procedures, the machining
accuracy has increased by 59 and 32 %, respectively.

5 Conclusions

A new equivalent cutting-force load-on scheme was
established in this paper. The loading scheme of the equivalent
cutting force ensures a stable measurement environment for
applying laser interferometer. The identification of the com-
prehensive error parameter becomes much more convenient,
and the corresponding relationship between force and error
can be directly established using laser interferometer under
such conditions. This avoids indirect conversion process when
the cutting force error is compensated. This direct measure-
ment method of equivalent-cutting-force induced error pro-
vides a novel technical means for studying comprehensive
error compensation.

A comprehensive error compensation model was devel-
oped based on the theory of multi-body systems and the use
of homogeneous coordinate transformations. The unique
model was used to compensate both geometric and cutting-

force-induced errors simultaneously by a single model. Com-
prehensive error compensation regarding the geometric and
cutting-force-induced errors was performed. To further high-
light the usefulness of the compensation method, the compre-
hensive error compensation was achieved by admixture pro-
gramming using MATLAB and C#. In practical applications
of error compensation, this adds much more flexibility and
reliability in industrial production.

The experimental results showed that the precision from
the machine tool after performing comprehensive error com-
pensation improved by 59%with respect to that without com-
pensation. The effectiveness and feasibility of the compensa-
tion method were verified in this compensation test. The ma-
chine accuracy was improved significantly. Comprehensive
error compensation using an equivalent cutting force provides
a good theoretical basis to implement a more complete study.
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