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Abstract This work describes a new top-down design meth-
od for the stiffness of precision machine tools that considers
the entire machine stiffness to guarantee the stiffness require-
ments in the initial design stage. A stiffness modelling method
and a stiffness matching design method are presented to
achieve the top-down design of the stiffness. A new stiffness
characterisation using the stiffness coefficients for
characterising the stiffness of the structural parts and the func-
tional units is proposed. The deformation model of the entire
machine is established based on multi-body system theory,
and the equations of the stiffness coefficients for the deforma-
tions of the components are established based on the simulta-
neous equations of the static equilibrium equations, the defor-
mation compatibility equations and the physical equations.
The three-direction (3D) stiffness model is obtained by
substituting the equations into the deformation model that
reflects the stiffness characteristics of the machine tool. Thus,
the reliability of the stiffness model is verified by experiments.
Next, the stiffness matching design is performed to confirm
the reasonable stiffness values of the parts based on the stiff-
ness model. The finite element method (FEM) is used to val-

idate the proposed method. The contribution rate of the stiff-
ness of the parts to the stiffness of the entire machine is
analysed.
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Abbreviations
ksx,ksy,ksz Stiffness coefficients of the spindle in the X,

Y and Z directions
khx,khy,khz Stiffness coefficients of the head stock in

the X, Y and Z directions
k f 1x; k f 2x;

k f 3x; k f 4x

Stiffness coefficients of the moving frame
in the X direction

k f 1z; k f 2z;

k f 3z; k f 4z

Stiffness coefficients of the moving frame
in the Z direction

kc1y; kc2y;
kc3y; kc4y

Stiffness coefficients of the column in the Y
direction

kc1z; kc2z;
kc3z; kc4z

Stiffness coefficients of the column in the Z
direction

kpx; kpy; kpz Stiffness coefficients of the workpiece in
the X, Y and Z directions

krx; kry; krz Stiffness coefficients of the worktable in
the X, Y and Z directions

kb1x; kb1y;
kb1z

Stiffness coefficients of the bed in the X, Y
and Z directions

kxgn; kygn;
kzgn

Normal stiffness coefficients of the X-, Y-
and Z-axis guide way

kxgt; kygt;
kzgt

Tangential stiffness coefficients of the X-,
Y- and Z-axis guide way

kbsx; kbsx;
kbsz

Stiffness coefficients of the X-, Y- and Z-
axis ball screw

By Distance from the tool tip to the top surface
of the bed
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Bz Distance from the tool tip to the centre of
four guide blocks on the bed

Dc Distance between the guide blocks on the
front surface of the column in the X
direction

Df Distance between the guide blocks on the
front surface of the moving frame in the X
direction

Lc Distance between the guide blocks on the
front surface of the column in the Y
direction

Lf Distance between the guide blocks on
front surface of moving frame in the Y
direction

Lx Distance between the guide blocks on the
bed in the X direction

Lz Distance between the guide blocks on the
bed in the Z direction

Rc Distance from the column to the tool tip
Rf Distance from the moving frame to the tool

tip
Δx01;Δy01;
Δz01

Deformations of the bed in the X, Y and Z
directions

Δα01;Δβ01;

Δγ01

Deformations of the bed around the X-, Y-
and Z-axis

Δx12;Δy12
Δz12

Deformations of the worktable in the X, Y
and Z directions

Δx23;Δy23;
Δz23

Deformations of the workpiece in the X, Y
and Z directions

Δx45,Δz45 Deformations of the X-axis moving com-
ponent in the X and Z directions

Δα45,Δβ45 Deformations of the X-axis moving com-
ponent around the X- and Y-axis

Δy04,Δz04 Deformations of the column in the X and Z
directions

Δα04,Δβ04 Deformations of the column around the X-
and Y-axis

Δx56;Δy56;
Δz56

Deformations of the Y-axis moving com-
ponent in the X, Y and Z directions

Δx67;Δy67;
Δz67

Deformations of the spindle in the X, Y and
Z directions

Li(j) i=0,1,2,3,
4

Lower body operator

Nx1;Nx2;

Nx3;Nx4

Normal forces applied on the moving frame
from the force in the X direction

Ny1;Ny2;

Ny3;Ny4

Normal forces applied on the moving frame
from the force in the Y direction

Nz1;Nz2;

Nz3; Nz4

Normal forces applied on the moving frame
from the force in the Y direction

Qx1;Qx2;

Qx2; Qx4

Tangential forces applied on the moving
frame from the force in the X direction

1/nb, 1/tb Influence factors for the normal and tan-
gential stiffness values of the bed

1/nc, 1/tc Influence factors for the normal and tan-
gential stiffness values of the column

1/nf, 1/tf Influence factors for the normal and tan-
gential stiffness values of the moving frame

1 Introduction

Due to the increasing high requirements of the performance of
precision machine tools, more stringent demands in terms of
the design are proposed. The increase of the stiffness, one of
the important targets of machine tools design, will help im-
prove the efficiency, machining accuracy and surface finish
[1]. Studies on the stiffness of machine tools by scholars from
various countries are gradually deepening: Dow et al. [2] and
Miyaguchi et al. [3] determined the stiffness of small ball end
mill using theoretical and experimental methods, as well as its
impact on processing quality, the experimental results by
Tlusty et al. [4] illustrated the weak stiffness of a spindle-
cutting tool system, Ratchev et al. [5, 6] analysed the machin-
ing errors caused by the weak stiffness of a workpiece and a
cutting tool, Altintas et al. [7] verified that the stiffness of
functional units, such as guide ways and ball screws, should
not be ignored, and the research results of Salgado et al. [8, 9]
indicated that the deformation error calculated using a stiff-
ness model only considers the stiffness of the cutters and the
clamping system accounts for 55 % of the experimentally
measured error of the entire machine, indicating that the de-
formation of each component of the machines should be duly
considered.

A good stiffness design must use a stiffness model of the
entire machine. In view of the aforementioned factors, the
existing methods for establishing the stiffness models of entire
machines are as follows: Yan et al. [10–12] proposed a semi-
analytic method based on a multi-axis system closed-chain
stiffness model, which can be utilised to describe the integrat-
ed stiffness performance of the entire machining system;
Wang et al. [13, 14] established a stiffness matrix of machine
tools based on the theory of element stiffness matrix such that
the stiffness distribution of the machine tool within a certain
work space can be obtained. Huang et al. [15] analysed the
stiffness of machine tools using a FEM, from which the im-
pacts of the various components on the stiffness of the entire
machine were determined. Portman et al. [16] established the
stiffness model of multi-axis machines using the form-shaping
function approach.

Those methods involve the modelling and simulation after
the construction of a three-dimensional model and focus on
the static stiffness analysis of the existing machine tools. Note
that stiffness modelling and analysis are performed after the
structure design in those methods. They fail to consider the
user requirements of the stiffness of the entire machine as the
goal and consider the stiffness in the initial design stage.
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Given that, once the requirements cannot be reached, structur-
al modifications must be undertaken repeatedly and passively
to achieve the desired goals.

The top-down design method for the stiffness proposed in
this paper is a new solution to the above-mentioned problems.
The top-down design method is essentially the breaking down
of a system to elucidate its compositional sub-systems [17],
which mainly includes the conceptual design stage, the skel-
eton model stage and the detailed design stage [18]. In this
study, the skeleton is a vague and incomplete shape of a
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Fig. 1 Schematic diagram of a precision horizontal machining centre of
box-in-box construction and the coordinate systems of its components
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Fig. 2 Stiffness coefficients of the moving frame

Fig. 3 Stiffness coefficients of the Z-axis guide way

Fig. 4 Stiffness coefficient of the Z-axis ball screw
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component, which is similar to the concept ‘design space’ or
‘base shape’. The skeleton is often used as an envelope, which
constrains the spatial dimension and rough shape of a compo-
nent [19]. Based on this concept, the process of the top-down
design method of stiffness is as follows. First, the stiffness
model of the entire machine is established in the skeleton
model stage. Next, based on the stiffness model, the stiffness
of the entire machine is taken as a target to determine the
stiffness of each component reasonably, which can guide the
detailed design of each structural part and the model selection
of the functional units. According to this design method, the
machine tool can meet the stiffness requirements, in the case
of only the basic layout dimensions being provided. In addi-
tion, the stiffness of each component is allotted precisely,
thereby avoiding excessive or insufficient stiffness values of
a component.

This paper presents a modelling method of the stiffness of
the entire machine and a stiffness matching design method in
the skeleton model stage. The structure of the paper is as

follows: (1) the abstraction of the stiffness coefficient of each
component (could be a part or a sub-assembly), (2) the estab-
lishment of the functional relationship between the deforma-
tions of the components and the relative deformation of the
cutting tool and workpiece according to the multi-body sys-
tem theory, (3) the force analysis of the structural parts, (4) the
establishment of a relationship between the deformation of the
components and the stiffness coefficients of the structural
parts and the functional units, (5) the stiffness model of the
entire machine obtained using the simultaneous equations of
the two relationships above, (6) the validation of the stiffness
model using an experimental method, (7) the stiffness
matching design based on the stiffness model, (8) the valida-
tion of the stiffness design method using FEM, and (9) the
analysis of contribution rate of the stiffness values of the parts
to the stiffness of the entire machine.

2 The compositions of the machine tool and their
coordinate systems

In the skeleton model stage, the elements of point, line and
face are only defined to construct the overall structure place-
ment. In this paper, to illustrate the detailed modelling
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Fig. 6 Topology structure of the machine tool

Table 1 Lower body array of the machine tool

Typical bodies (j) 1 2 3 4 5 6 7

L0(j) 1 2 3 4 5 6 7

L1(j) 0 1 2 0 4 5 6

L2(j) 0 0 1 0 0 4 5

L3(j) 0 0 0 0 0 0 4

L4(j) 0 0 0 0 0 0 0
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approach clearly, the machine tool is shown using a solid
model. A precision horizontal machining centre of box-in-
box construction is used as an example in this paper; its sche-
matic diagram is shown in Fig. 1. The machine tool is com-
posed of the components of bed, column, X-axis moving com-
ponent, Y-axis moving component, spindle, Z-axis moving
component, worktable and workpiece. The X-axis moving
component consists of a moving frame and an X-axis ball
screw, the Y-axis moving component consists of a head stock
and a Y-axis ball screw, and the Z-axis moving component
consists of a slide and a Z-axis ball screw. The cutting tool
and spindle are considered together. Ball screws of three di-
rections are not presented in the figure. The deformation due
to self-weight is not considered here.

The coordinate systems of the components are defined
by the right hand rule, as shown in Fig. 1. CS0, CS1, CS2,
CS3, CS4, CS5, CS6 and CS7 denote the coordinate sys-
tems fixed with the bed, Z-axis moving component,

worktable, workpiece, column, X-axis moving compo-
nent, Y-axis moving component and spindle, respectively.
The origins of CS4, CS5, CS6 and CS7 are on the
centreline of the spindle. Taking the column as an exam-
ple, the origin of its coordinate system is the cross point
of the spindle centreline and the rectangular region with
the X-axis guide way’s four guide blocks as the four cor-
ners. Similarly, the origins of CS1, CS2 and CS3 are on
the centreline of the worktable. The origin of CS0 is at the
intersection of CS4’s Y-axis and CS1’s Z-axis.

3 Concept of the stiffness coefficients

In structural mechanics, the stiffness coefficient is a physical
quantity used to describe the elastic deformation of a structure
under external force. The stiffness values of structures, such as
bar, beam, shell and plate, can be characterised by the stiffness

Table 2 Characteristic matrices of the machine tool.

Adjacent bodies Ideal characteristic matrix Deformation characteristic matrix

0–1

T01 ¼
1 0 0 0
0 1 0 0
0 0 1 Z01

0 0 0 1

0
BB@

1
CCA ΔT01 ¼

1 −Δγ01 Δβ01 Δx01
Δγ01 1 −Δα01 Δy01
−Δβ01 Δα01 1 Δz01

0 0 0 1

0
BB@

1
CCA

1–2

T12 ¼
1 0 0 0
0 1 0 Y 12

0 0 1 0
0 0 0 1

0
BB@

1
CCA ΔT12 ¼

1 0 0 Δx12
0 1 0 Δy12
0 0 1 Δz12
0 0 0 1

0
BB@

1
CCA

2–3

T23 ¼
1 0 0 0
0 1 0 Y 23

0 0 1 0
0 0 0 1

0
BB@

1
CCA ΔT23 ¼

1 0 0 Δx23
0 1 0 Δy23
0 0 1 Δz23
0 0 0 1

0
BB@

1
CCA

0–4

T04 ¼
1 0 0 0
0 1 0 Y 04

0 0 1 0
0 0 0 1

0
BB@

1
CCA ΔT04 ¼

1 0 Δβ04 0
0 1 −Δα04 Δy04

−Δβ04 Δα04 1 Δz04
0 0 0 1

0
BB@

1
CCA

4–5

T45 ¼
1 0 0 0
0 1 0 0
0 0 1 Z45

0 0 0 1

0
BB@

1
CCA ΔT45 ¼

1 0 Δβ45 Δx45
0 1 −Δα45 0

−Δβ45 Δα45 1 Δz45
0 0 0 1

0
BB@

1
CCA

5–6

T56 ¼
1 0 0 0
0 1 0 0
0 0 1 Z56

0 0 0 1

0
BB@

1
CCA ΔT56 ¼

1 0 0 Δx56
0 1 0 Δy56
0 0 1 Δz56
0 0 0 1

0
BB@

1
CCA

6–7

T67 ¼
1 0 0 0
0 1 0 0
0 0 1 Z67

0 0 0 1

0
BB@

1
CCA ΔT67 ¼

1 0 0 Δx67
0 1 0 Δy67
0 0 1 Δz67
0 0 0 1

0
BB@

1
CCA
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coefficients of several nodes of these structures. Similarly, the
stiffness coefficients of structural parts are used to represent
the stiffness of the parts when only their basic dimensions are

designed to establish a mathematical model of the entire ma-
chine stiffness. The physical meaning of these stiffness coef-
ficients is the stiffness values of several points of structural
parts. Deformations of these points should have a direct effect
on the relative deformation of the cutting tool and workpiece,
and the different magnitudes of deformations of the points
should characterise the deformations of the structural parts,
such as torsional deformation and bending deformation. In
addition, the points can be confirmed in the skeleton model
stage. For structures such as column and moving frame, their
points are the four points where the four guide blocks are
located. Similarly, the point of the head stock is the connection
point between the spindle and the head stock. This method has
multiple benefits. In early stage of top-down design, the mag-
nitudes of the stiffness coefficients of the structural parts are
assigned by the stiffness matching design, and the clarity of
the stiffness coefficients makes them become the target for
further detailed design of parts. After a concrete model of
the structural parts is designed, the magnitudes of the stiffness
coefficients are the stiffness values of the corresponding
points of the structural parts.

Considering the moving frame as an example, its stiff-
ness coefficients are kf1x,kf1z,kf2x,kf2z,kf3x,kf3z,kf4xandkf4z,
which are shown in Fig. 2. Because the Y-axis ball screw
will withstand a force in the Y direction, the moving frame
deformation in the Y direction is very small. Therefore,
the Y direction stiffness coefficient of the moving frame
cannot be defined. For other structural parts, such as
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column and headstock, their stiffness coefficients are de-
fined in the same manner.

In the process of stiffness modelling, the functional
units are regarded as independent wholes. The stiffness
coefficients of these functional units refer to the stiffness
of the points where the external force acts and the external
force is transmitted from the tool tip [20]. Similar to the
structures, the deformations of these points have a direct
effect on the relative deformation of the cutting tool and
the workpiece. For a spindle, its stiffness coefficients refer
to three directions of stiffness of the front of spindle. For
guide ways, their stiffness coefficients refer to the normal
stiffness and the tangential stiffness of their joints. For
example, the stiffness coefficients of the Z-axis guide
way are shown in Fig. 3. For ball screws, their stiffness
coefficients refer to their axial stiffness of the joint of nut
and the other parts. For example, the stiffness coefficient
of the Z-axis ball screw is shown in Fig. 4.

Using the concept of the stiffness coefficient, the stiffness
model of the entire machine is established. Illustration of the
modelling method is shown in Fig. 5

4 Stiffness modelling

4.1 Deformation modelling

Deformation modelling aims to establish a functional re-
lationship among the deformations of the components and
the relative deformations of the cutting tool and work-
piece. The theory of a multi-body system is used to de-
scribe the topological structure of the machine tool
[21–23]. The homogeneous coordinate transformation is
used to describe the deformation of the components. The
characteristic matrices are established to depict the
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Fig. 9 a 3-D view of the torsional
deformation of the moving frame.
b Top view of the torsional
deformation of the moving frame

Fig. 10 Deformation curves under the different force conditions
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coordinate transformation between adjacent bodies. Final-
ly, as the deviation between the actual position and the
theoretical position of a point is analysed, the function
relationship will be obtained.

4.1.1 Characteristic matrices of the machine tool

The machine tool can be abstracted into a multi-body system
based on its topology structure. On the basis of the theory of a
multi-body system, the components of the machine tool are
abstracted into some typical bodies, the association of which is
described by a topological structure and a lower body array.
Figure 6 presents the topology structure, and Table 1 presents
the lower body array [24].

The positional relationship between the bodies can be de-
scribed by the transform of the position matrix of the corre-
sponding coordinate systems in a multi-body system [25].
Therefore, for convenience of analysis, the coordinate systems
of components must be determined, as shown in Fig. 1.

Without the cutting force, all components of the machine
tool are assumed to be in a relatively static state. In this ideal

static situation (no force applied), the homogeneous transfor-
mation matrix between a typical body and its adjacent lower
body is called the ideal characteristic matrix. When suffering
from cutting forces, all the components of the machine tool
generate tiny deformations. The homogeneous transformation
matrix used to describe the actual deformation of a component
is called the deformation characteristic matrix. The ideal and
deformation characteristic matrices between the adjacent bod-
ies are presented in Table 2. The moving frame is taken as an
example. Z45, which is in its ideal characteristic matrix T45,
refers to the distance from the column coordinate system ori-
gin to moving frame coordinate system origin. Δx45, Δz45,
Δα45 and Δβ45, which are in the deformation characteristic
matrix of the moving frame, refer to the deformations of the X-
axis moving component in the X and Z directions and around
the X- and Y-axis.

4.1.2 Deformation model

Qt(xt,yt,zt) is the coordinates of a point in the spindle coordi-
nate system. Using a series of homogeneous coordinate
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Fig. 12 Experimental setup for the force-displacement measure
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transformation operations of the component coordinate sys-
tems, the coordinates can be transformed into the correspond-
ing coordinates in the workpiece coordinate system [26]. If
deformation of the components does not occur, then the cor-
responding coordinate is in a theoretical position Qw(xw,yw,
zw). Thus, the coordinate calculation formula of the theoretical
position is obtained as follows:

xw; yw; zw; 1½ �T ¼ T37 xt; yt; zt; 1½ �T ð1Þ
T37 ¼ T67T56T45T04T10T21T32 ð2Þ

However, if the components deform due to the cutting
force, then the coordinate deviates from the theoretical posi-
tion to the actual positionQw

′ (xw
′ ,yw

′ ,zw
′ ). As a result, the actual

position can be calculated:

x
0
w; y

0
w; z

0
w; 1

h iT
¼ T

0
37 xt; yt; zt; 1½ �T ð3Þ

T
0
37 ¼ T

0
67T

0
56T

0
45T

0
04T

0
10T

0
21T

0
32 ð4Þ

where Tij
′ is an actual characteristic matrix. i and j are the

serial numbers of the adjacent bodies. The relationship be-
tween Tij

′ and Tij can be expressed as

T
0
i j ¼ T i jΔT i j ð5Þ

The deviation between the actual position Qw
′ (xw

′ ,yw
′ ,zw

′ )
and the theoretical position Qw(xw,yw,zw) correspond to the
relative deformations of the cutting tool and the workpiece.
The deviations Δx, Δy and Δz can be expressed as

Δx
Δy
Δz

0
@

1
A ¼

BzΔβ01 þ ByΔγ01−Δx01−Δx12−Δx23 þΔx45 þΔx56 þ RfΔβ45 þΔx67 þ RcΔβ04

Δy56−RcΔα04−Δy01−Δy12−Δy23−RfΔα45−BzΔα01 þΔy67 þΔy04
Δz04 þΔz45−Δz01−Δz12−Δz23−ByΔα01 þΔz67 þΔz56

0
@

1
A ð6Þ

where

Bz ¼ Z01−Z45−Z56−Z67;Rc ¼ Z45 þ Z56 þ Z67;By

¼ Y 04;Rf ¼ Z56 þ Z67:

4.2 Force analysis of the structural parts

By conducting force analysis, the force conditions of the struc-
tural parts are obtained when the cutting forces are applied at
the tool tip; the results of such an analysis are beneficial for
establishing the relationships between the deformations and
the stiffness coefficients.

4.2.1 Analysis of the force in the X direction

When a +X direction unit force acts on the tool tip, it is

equivalent to a force, þFx i
!
, and a moment, þM f y k

!
, on

the moving frame [15]. The moment is equal to a cross

product of the distance þRf k
!

and the force þFx i
!
, and

the moment can be represented by a pair of couples, �
M f y=Df

� �
k
!
. Next, the equivalent forces act on areas 1–

4 are shown in Fig. 7. Areas 1 and 3 are subjected to a

tangential force, þ Fx=4ð Þ i
!
, and a tensile force, þ

FxRf =2Df

� �
k
!
. Similarly, areas 2 and 4 are subjected

to a tangential force, þ Fx=4ð Þ i
!
, and a compressive

Table 3 Stiffness coefficients of the parts and the functional units

Stiffness coefficients Values Stiffness coefficients Values

ksx (N/μm) 113 kf1z (N/μm) 519

ksy (N/μm) 108 kygn (N/μm) 2429

ksz (N/μm) 530 kygt (N/μm) 1395

khx (N/μm) 1403 kbsx (N/μm) 280

khy (N/μm) 1525 kc1y (N/μm) 306

khz (N/μm) 4825 kc1z (N/μm) 201

kbsy (N/μm) 310 kxgn (N/μm) 1875

kf1x (N/μm) 362 kxgt (N/μm) 1286

kbsz (N/μm) 430 krx (N/μm) 2467

kb1x (N/μm) 550 kry (N/μm) 14740

kzgn (N/μm) 1875 krz (N/μm) 2467

kb1y (N/μm) 1030 kzgt (N/μm) 1286

Table 4 Dimensions of the machine tool

Dimensions Rf (m) Lf (m) Df (m) Rc (m) Lc (m) Dc (m) Bz (m) Lz (m) By (m) Lx (m)

Values 0.51 0.6 0.68 0.73 1.54 0.84 0.3 0.63 1.19 0.93
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force, − FxRf =2Df

� �
k
!
. The equivalent forces are ob-

tained as follows:

M f y j
!¼ Rf k

!� Fx i
! ð7Þ

M f y j
!¼ Df i

!� −
M f y

Df

� �
k
!� �

ð8Þ

Df i
!� −

M f y

Df

� �
k
!� �

¼ Df i
!� 2 −

FxRf

2Df

� �
k
!� �

ð9Þ

Nx1 k
!¼ Nx3 k

!¼ þ FxRf

2Df

� �
k
! ð10Þ

Qx1 i
!¼ Qx3 i

!¼ þFx

4
i
! ð11Þ

Nx2 k
!¼ Nx4 k

!¼ −
FxRf

2Df

� �
k
! ð12Þ

Qx2 i
!¼ Qx4 i

!¼ þFx

4
i
! ð13Þ

4.2.2 Analysis of the force in the Y direction

When a +Y direction unit force acts on the tool tip, it generates

a force, þFy i
!
, which is endured by the Y-axis feeding de-

vice, and a moment, −M f x i
!
, with respect to the moving

frame. Because the analysis method is similar to that of the
X direction, the equivalent forces of the Y direction are
expressed as follows:

−M f x i
!¼ Rf k

!� Fy j
! ð14Þ

−M f x i
!¼ −Lf j

!� M f x

L f

� �
k
! ð15Þ

−Lf j
!� M f x

L f

� �
k
!¼ −Lf j

!� 2
FyRf

2Lf

� �
k
! ð16Þ

Ny1 k
!¼ Ny2 k

!¼ −
FyRf

2Lf

� �
k
! ð17Þ

Ny3 k
!¼ Ny4 k

!¼ þ FyRf

2Lf

� �
k
! ð18Þ

4.2.3 Analysis of the force in the Z direction

When a −Z direction unit force acts on the tool tip, it is
decomposed into four forces of the same magnitude applied
on areas 1–4. Therefore, each of the four areas is subjected to a

compressive force, − Fz=4ð Þ k
!
.

Nz1 k
!¼ Nz2 k

!¼ Nz3 k
!¼ Nz4 k

!¼ −
Fz

4

� �
k
! ð19Þ

4.3 Equations of the stiffness coefficient for deformation

4.3.1 Deformation compatibility and physical equations

As shown in Fig. 8, the moving frame suffers bending defor-
mation under the force in the X direction. Considering the
headstock in the middle position, the deformation of the mov-
ing frame on each location of the guide block is almost same
in the X direction. In other words, kf1z, kf2z, kf3z and kf4z are
nearly equal. According to the linear theory of small deforma-
tions, the deformations of structural parts can be represented
by an offset and rotation of their coordinate systems. There-
fore, the deformation of a rectangular region with four guide
blocks as four corners can be considered to be rigid body
translation, and the amount of the deformation is equal to
the coordinate translation of the rigid body. The deformation
can be expressed as the ratio of the force exerted on the area to

Table 5 Factors of influence for the machine tool

Factors of influence 1/nf 1/tf 1/nc 1/tc 1/nb 1/tb

Values 0.6 0.52 0.778 0.54 0.67 0.24

Table 6 Experimental results and theoretical results of the stiffness of
the machine tool

Stiffness of the
machine tool

Experimental
results

Theoretical
results

Difference
rate

kx (N/μm) 35 43 18.6 %

ky (N/μm) 42 52 19.2 %

kz (N/μm) 128 112 14.3 %

Table 7 Basic layout dimensions of the cutting tool loop

Dimensions Rf (m) Lf (m) Df (m) Rc (m) Lc (m) Dc (m)

Values 0.65 0.56 0.72 0.96 1.42 0.72

Table 8 Ranges of stiffness coefficients of the parts via linear
programming

Stiffness coefficients Range Stiffness coefficients Range

ksx (N/μm) 250–370 kf1z (N/μm) 3000–3704

ksy (N/μm) 250–370 kygn (N/μm) 2000–2439

ksz (N/μm) 1000–1490 kygt (N/μm) 1300–1724

khx (N/μm) 3000–4347 kbsx (N/μm) 250–312

khy (N/μm) 3000–4545 kc1y (N/μm) 2700–3225

khz (N/μm) 10000–12048 kc1z (N/μm) 1000–1300

kbsy (N/μm) 250–476 kxgn (N/μm) 1200–1639

kf1x (N/μm) 1500–1886 kxgt (N/μm) 1000–1315
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the stiffness coefficient of the area:

Δx ¼ Fx

4k f 1x
ð20Þ

As shown in Fig. 9, the moving frame suffers torsional
deformation under the torque around the Y-axis. As a result,
the upper side of the moving frame is subjected to a compres-
sive force, and the underside of the moving frame is subjected
to a tensile force. Thus, the middle position of the upper side
produces a deformation in the −Z direction, and the middle
position of the underside produces a deformation in the +Z
direction, because in the middle position, the deformations of
the upper side and the underside can be considered as equal
and opposite. Based on the above observations, the deforma-
tion of the region can be presented as rigid body rotation, with
the amount of the deformation being equal to the coordinate
system rotation of the rigid body. Based on the theory of small
deformations, the rotation can be expressed as the ratio of the
deformation of a guide block area to half of L, which is given
as follows:

Δβ ¼
My

2L
⋅

1

k f 1z

L

2

¼ My

k f 1zL2
ð21Þ

4.3.2 Deformation synthesis

Based on the basic deformation analysis, the relationship be-
tween the deformations of components and the stiffness coef-
ficients of parts can be established.

Taking as an example the X-axis moving component,
deformations of the X-axis moving component contain
translations in the X direction and Z direction and rota-
tions around the X- and Y-axis. Translation in the X direc-
tion consists of X-axial deformations of the Y-axis guide
way, X axis feed system and the moving frame. Due to the
headstock being located in a central position, the defor-
mations of the areas of the four guide blocks are nearly
identical. As a result, the translation can be expressed
using a deformation of one guide block area. The transla-
tion is expressed as follows:

Δx45 ¼ Fx

2kbsx
þ Fx

4k f 1x
þ Fx

4kygt
ð22Þ

Translation in the Z direction consists of Z-axial deforma-
tions of the Y-axis guide way and the moving frame. In the
same manner as in the X direction, the translation in the Z
direction can be expressed using a deformation of a guide
block area as follows:

Δz45 ¼ −Fz

4kygn
þ −Fz

4k f 1z
ð23Þ

Rotation around X-axis is caused by the moment

−M f x i
!
. From the above force analysis, it is known that

areas 1 and 2 are subjected to a compressive force, −
FyRf =2Lf

� �
k
!
, while areas 3 and 4 are subjected to a

tensile force, þ FyRf =2Lf

� �
k
!
. The rotation can be

expressed as follows:

Δα45 ¼
−
FyRf

2Lf

1

k f 1z
þ 1

kygn

� �

Lf

2

¼ −
FyRf

L2f

1

k f 1z
þ 1

kygn

� �
ð24Þ

Rotation around the Y-axis is caused by the moment

þM f y k
!
. In the same manner as the rotation around the X-

axis, the rotation around the Y-axis can be expressed as fol-
lows:

Table 9 Factors of influence for the column and moving frame

Factors of influnence 1/nf 1/tf 1/nc 1/tc

Values 0.4 0.306 0.867 0.73

Table 10 Matched stiffness of the stiffness coefficients of the parts and
functional units

Stiffness
coefficients

Matched
results

Stiffness
coefficients

Matched
results

ksx (N/μm) 355 kf1z (N/μm) 3516

ksy (N/μm) 367 kygn (N/μm) 2350

ksz (N/μm) 1489 kygt (N/μm) 1488

khx (N/μm) 3591 kbsx (N/μm) 310

khy (N/μm) 4297 kc1y (N/μm) 3048

khz (N/μm) 11850 kc1z (N/μm) 1120

kbsy (N/μm) 471 kxgn (N/μm) 1601

kf1x (N/μm) 1676 kxgt (N/μm) 1247

Table 11 Stiffness coefficients of the structural parts and functional
units in the cutting tool loop

Stiffness coefficients Values Stiffness coefficients Values

ksx (N/μm) 362 kf1z (N/μm) 3571

ksy (N/μm) 362 kygn (N/μm) 2410

ksz (N/μm) 1481 kygt (N/μm) 1720

khx (N/μm) 4310 kbsx (N/μm) 310

khy (N/μm) 4444 kc1y (N/μm) 3181

khz (N/μm) 11,904 kc1z (N/μm) 1106

kbsy (N/μm) 470 kxgn (N/μm) 1620

kf1x (N/μm) 1865 kxgt (N/μm) 1310
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Δβ45 ¼
Rf Fx

2Df

1

k f 1z
þ 1

kygn

� �

Df

2

¼ FxRf

D2
f

1

k f 1z
þ 1

kygn

� �
ð25Þ

4.3.3 Model correction

In the above analysis, deformations of the structural parts,
such as the moving frame, are considered as rigid body trans-
lations of the rectangular region with four guide blocks as four
corners, and the deformations of the points on the structural
parts where the guide blocks located are considered to be
independent deformations. However, when two forces are ap-
plied on one side of a structural part, which can be considered
as a flexible body, the deformations of the adjacent locations
affect each other. This phenomenon can be illustrated by the
two curves shown in Fig. 10. The blue curve represents the
deformation of one side of the moving frame as one guide
block location suffers a directional force. The red curve rep-
resents the deformation of one side of moving frame as two
guide block locations suffer the same directional forces con-
currently.Δd1 andΔd2 are the maximum deformation values
of the two cases represented by the blue and red curves, re-
spectively. From Fig. 8,Δd2 is smaller than twice the value of
Δd1. Therefore, considering the effect of the force acting upon
one area on the deformation of another area, a factor of influ-
ence can be added into the formula to represent the effect. For
example, the modified expression for Δβ45 is as follows:

Δβ
0
45 ¼

FxRf

D2
f

1

k f 1z
þ 1

kygn

� �
þ δ f ¼ 1þ 1

nf

� �
FxRf

D2
f

1

k f 1z
þ 1

kygn

� �

ð26Þ

where

δ f ¼ 1

n f

FxRf

D2
f

1

k f 1z
þ 1

kygn

� �
:

1/nf is the factor of influence about the normal stiffness of
the moving frame. The factor of influence is equal to the ratio
of the deformation of one guide block location caused by the
force acting on another guide block to the deformation caused
by the force acting on this guide block directly. The factor of
influence is primarily related to the associated dimension. Ac-
cording to the same principle, the modified formulas of all of
the deformations of the components can be obtained.

4.4 Stiffness models

The modified formulas are substituted into the functional re-
lationship between the deformations of components and the
relative deformations of the cutting tool and the workpiece to
obtain the stiffness models. For clarity, the machine tool is
divided into the cutting tool loop and the workpiece loop.
The cutting tool loop is from the bed to the cutting tool, and
the workpiece loop is from the bed to the workpiece. The 3D
stiffness models are expressed as follows.

1. Stiffness model of the cutting tool loop:

1
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1

kty
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0
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þ 1
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Bushing element

Mean element

Guide block

(Shell element)

Guide rail

(Beam element)Node element

Fig. 16 The finite element model
of the guide way

Mean element

Bearing

(Bearing element)

Bearing housing

(Shell element)

Screw

(Beam element)

Nut

(Shell element)
Bushing element

Fig. 17 The finite element model
of the ball screw
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where
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2. Stiffness model of the workpiece loop:
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The stiffness model describes the quantitative relationship
of the entire machine stiffness to the stiffness values of the
parts and the basic layout dimensions. For example, the X
direction stiffness at the tool tip is proportional to the square
of the distance between the two guide rails in the same direc-
tion and is inversely proportional to the distance between the
tool tip and the guide way. Similarly, the Y direction stiffness
at the tool tip is proportional to the square of the distance
between the two guide blocks on the same guide rail and is

inversely proportional to the distance between the tool tip and
the guide way.

5 Experimental verifications

To validate the stiffness model, several experimental studies
on the stiffness of a horizontal machining centre of box-in-box
construction were conducted.
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5.1 Experimental procedure

The experimental setup of a force loading system is depicted in
Fig. 11. A cylinder and lifting system is used to apply the load.
A force sensor, which is installed on the end of the cylinder, is
used for collecting force signals. The force signals are conveyed
by a D/A converter (NI USB6353) to the host computer.

Experimental principle is shown in Fig. 12. A check bar
applied the forces in X, Yand Z directions by the force loading
system respectively, and the displacements are measured by
the eddy current sensors. The forces and displacements of
different directions can be obtained by changing the positions
and the installations of the holders. The curves of the loading
forces and the deformations are obtained by fitting the mea-
sured data, which are shown in Figs. 13, 14 and 15.

5.2 Comparisons between experimental data
and theoretical results

To validate the stiffness model, the stiffness coefficients, the
factors of influence and the dimensions of the machine tool are
substituted into the model. Thus, the stiffness values of the
machine tool in X, Yand Z directions can be calculated, which
are shown in Table 6. The material of the structural parts is
HT250 (elastic modulus E=1.16×1011N/m2, Poisson’s ratio
μ=0.23 and density ρ=7300kg/m3). These stiffness coeffi-
cients (determined using FEM) are presented in Table 3. Since
the functional units are standard units, their stiffness coeffi-
cients can be obtained in manuals, which are also presented in
Table 3. The dimensions involved are presented in Table 4,
and the factors of influence are presented in Table 5. It can be

Fig. 19 FEM simulation diagram
of the deformation of the cutting
tool loop when a 1000-N force in
Y direction is applied on the tool
tip

Fig. 18 FEM simulation diagram
of the deformation of the cutting
tool loop when a 1000-N force in
X direction is applied on the tool
tip
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clarified by Table 6 that the theoretical results are in agreement
with the experimental data in the three directions.

6 Stiffness matching design

To achieve the top-down design of the stiffness, the stiffness
of the parts should be confirmed as the stiffness of the entire
machine determined in the skeleton model stage. Stiffness
matching design can be performed based on the stiffness mod-
el. The linear programming method is used to realise the stiff-
ness matching design. First, the stiffness model is converted
into linear equations, which are considered as constraint equa-
tions. Next, reasonable stiffness ranges and the objective func-
tion must be selected. Finally, the stiffness of the parts can be
obtained using the linear programming method.

Taking the cutting tool loop as an example, the stiffness
values in the three directions at the tool tip are given as 125,
135 and 735 N/μm, and the basic dimensions involved are
presented in Table 7; these parameters are the given initial
conditions. In the stiffness model, the reciprocal of the part

stiffness coefficient is set as xi(i=1,2,3⋯), and the reciprocal
of the stiffness at the tool tip is set as yi(i=1,2,3). Equation
(29) shows the conversion linear equations, which are used as
linear constraints in the linear programming. The ranges of
stiffness coefficients of the parts are presented in Table 8,
and the factors of influence of the column and moving frame
are presented in Table 9. These data are obtained from a data-
base that was built based on simulations of similar machines.
From Eq. (29), the Z direction stiffness of the column has
influence on the stiffness values in all three directions at the
tool tip. In general, the coefficients of reciprocal of the stiff-
ness are smaller in Eq. (29). As a result, the objective function
is to maximise the Z direction stiffness of column. Using

Fig. 20 FEM simulation diagram
of the deformation of the cutting
tool loop when a 1000-N force in
Z direction is applied on the tool
tip

Table 12 Given stiffness and FEM results of the stiffness at the tool tip

Stiffness at tool tip Given stiffness FEM results Difference rate

ktx (N/μm) 125 114 8.8 %

kty (N/μm) 135 122 9.6 %

ktz (N/μm) 735 797 8.4 % Fig. 21 Contributions of the stiffness of the parts to the X direction
stiffness at the tool tip
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MATLAB™ software, all of the stiffness coefficients of the
parts are calculated; the results are presented in Table 10.
Thus, aiming at the stiffness of the entire machine, reasonable

stiffness values of the parts can be obtained through the stiff-
ness matching design.

y1 ¼ x1 þ x4 þ 1:1375x7 þ 0:3265x8 þ 0:2467x10 þ x11 þ 1:1375x13 þ 0:3265x14 þ 0:2467x16
y2 ¼ x2 þ x5 þ 0:797x7 þ 0:4325x9 þ 0:852x10 þ x12 þ 0:797x13 þ 0:4325x15 þ 0:852x16
y3 ¼ x3 þ x6 þ 0:35x7 þ 0:2338x10 þ 0:35x13 þ 0:2338x16

8<
: ð29Þ

where

x1 ¼ 1
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ksy
; x3 ¼ 1
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; x9 ¼ 1
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;

x10 ¼ 1
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; x11 ¼ 1
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; x12 ¼ 1
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; x13 ¼ 1
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; x14 ¼ 1

kygt
x15 ¼ 1

kxgt
x16 ¼ 1

kxgn
:

7 Numerical simulation

7.1 Method validation

Based on the matched stiffness of the parts, the initial 3D
model of the machine tool can be designed. Consider the
cutting tool loop as an illustration. The structural parts are
basic-shaped solid bodies, the material of which is ductile iron
(elastic modulus E=1.73×1011N/m2, Poisson’s ratio μ=0.3
and density ρ=7300kg/m3). These stiffness coefficients (de-
termined using FEM) are presented in Table 11. Because the
functional units are standard units, their stiffness coefficients
can be obtained in manuals. For example, the stiffness coeffi-
cients of the guide ways and ball screws are found in the NSK
handbook; these values are listed in Table 11. Regarded as an
assembly, a finite element model of the designed machine tool
is built by using SAMCEF™ software. In this finite element
model, the guide way model and the ball screw model are
created in the manner shown in Figs. 16 and 17. In these
models, the node elements come in pairs, and their locations

are overlapping. The mean elements are flexible connection
elements. Both the bushing elements and the bearing elements
can be set using six-dimensional stiffness. The stiffness of the
three directions at the tool tip can be calculated using FEM.
Figures 18, 19 and 20 show the FEM simulation diagrams of
the deformations when a 1000-N force is applied on the tool
tip in the X, Y, and Z direction, respectively. The FEM results,
the given stiffness and the difference between them are pre-
sented in Table 12.

As found in Table 12, the difference rates are limited to
10 %, i.e., the 3D stiffness model and the stiffness design
method are credible. In addition, obtaining the stiffness of
the parts as the target for structural design, the resulting ma-
chine tool is able tomeet the requirement of the entire machine
stiffness.

7.2 Result analysis

The stiffness model can be used to analyse the contributions of
the stiffness values of the parts to stiffness of the entire ma-
chine. Such an analysis can enhance the understanding of
which stiffness of the parts has more influence on the stiffness
on the tool tip. Based upon the data above, the contribution

Fig. 22 Contributions of the stiffness of the parts to the Y direction
stiffness at the tool tip

Fig. 23 Contributions of the stiffness of the parts to the Z direction
stiffness at the tool tip
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analysis of the stiffness of parts in the cutting tool loop to the
stiffness at the tool tip can be performed.

In this paper, a Design of Experiment (DoE)method, which
is a scientific method in studying and treating the relationship
between multiple factors and the response variable, is used to
analyse the contributions of the parts. In this DoE, the factors
and responses are the stiffness coefficients of the parts and the
three direction stiffness at the tool tip, respectively. The Opti-
mal Latin Hypercube method is used to establish a design
matrix. The number of levers is set to 50. Using the ISIGHT™
software, Pareto Graphs of the three directions can be created.
A Pareto Graph shows the effect of a set of factors on a re-
sponse by plotting the relationship as determined by regres-
sion analysis of the data set. The contributions of the stiffness
values of the parts to stiffness in the X, Yand Z directions at the
tool tip are shown in Figs. 21, 22 and 23, respectively.

The functional units, such as the spindle and the ball
screws, are found to have a greater influence on the stiffness
in the three directions of the entire machine. Among the stiff-
ness values of the structural parts, the Z direction stiffness of
the column has a greater impact on the stiffness of the entire
machine, especially in the Y direction and the Z direction. The
contributions of other stiffness values of the structural parts
are minor.

The contribution analysis synthesises the sensitivity of the
stiffness values of the parts to the stiffness of the entire ma-
chine. The analysis reveals the effect of the stiffness values of
the parts on the stiffness at the tool tip and reflects the stiffness
characteristics of the box-in-box construction horizontal ma-
chining centre both qualitatively and quantitatively. In addi-
tion, the analysis also provides a basis for the detailed design
and part structure optimisation.

8 Conclusions

This paper presented a 3D stiffness modelling method and a
stiffness matching design for top-down design of the stiffness
of precision machine tools in the initial design stage. The
following conclusions can be drawn.

1. A new characterisation method for the stiffness of struc-
tural parts is proposed. The stiffness coefficients are the
stiffness of several points of structural parts, which can be
used to represent the stiffness of the parts, and the points
are where the four guide blocks located. This method is
able to adapt to the design phase in which the machine
tool has only the basic layout dimensions. In addition, this
method can also abstract the physical model to a mathe-
matical model, which lays the foundation for establishing
the entire machine stiffness model.

2. Considering the material flexibility of the parts, the factor
of influence is imposed to describe the effect of the force

acting upon one point on the deformation of another point.
In previous modelling approaches, the deformations of
the parts are considered as rigid body translations. The
use of an impact factor to modify the stiffness model is
more realistic.

3. A 3D stiffness model of a machine tool during the skele-
ton model stage is established by considering the structur-
al parts and the functional units. The skeleton reflects the
stiffness characteristics of the horizontal machining centre
with box-in-box construction both qualitatively and quan-
titatively. The skeleton also shows the effect of the basic
dimensions of the machine tool on the entire machine
stiffness.

4. Based on the stiffness model, the stiffness matching de-
sign is performed. Aiming at stiffness of the entire ma-
chine, reasonable stiffness values of the parts can be ob-
tained via the stiffness matching design during the skele-
ton model stage, which provides a basis for the detailed
design of the structural parts and selection of the function-
al units.

5. Analysis of the contributions of the stiffness values of the
parts to the entire machine stiffness is accomplished by
using the DoE method. The contribution analysis results
revealed the effects of the stiffness values of the structural
parts on the stiffness at the tool tip.

This proposed design method has good generality and can
be extended to other machines with similar topological
structures.
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