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Abstract In hot strip rolling process, rolling schedule setup,
geometrical accuracy (thickness and profile), and even the
final product homogeneity of mechanical properties are affect-
ed by the automatic control, and the rolling force and torque
are the prerequisite in the control process. A new cosine ve-
locity field is firstly proposed in this paper to get the values of
the required minimum rolling force and torque. The field and
equal area (EA) yield criterion are used to integrate the inter-
nal plastic deformation power. Using the co-line vector inner
product method, the friction power is analyzed. Finally, the
analytical expressions of rolling force, rolling torque, and
stress effective factor are obtained. The theoretical predictions
of rolling forces are compared with on-line measured ones in a
hot strip rolling plant and other researchers’ models. Results
show that the calculated rolling forces are in fair agreement
with the actual measured ones, and the proposed solution is
considered to be applicable for solving hot strip finish rolling.

Keywords Cosine velocity field - EAyield criterion - Co-line
vector inner product - Analytical solution

1 Introduction

Automatic control system has become significant for the mass
manufacturing due to production cost and flexibility, manipulat-
ing security and requirement of skilled workers under the increas-
ing global competition in the steel plant circumstance. Accurate
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prediction of the rolling force and torque is a major issue for
obtaining better automation control of production line in hot strip
rolling. There have been many researchers developing some ap-
proximate methods to predict the rolling force and torque. These
can be divided into two groups: numerical solution based on
finite element method (FEM) and analytical solution.

Analytical solution is one of the methods to predict the
rolling force. Hill [1] proposed a theoretical approach about
the stress/strain analysis of processes for mechanical working
or forming metals. A kinematically admissible velocity field
based on the concept suggested by Hill has been proposed by
Oh and Kobayashi [2] to investigate the side spread in flat
rolling. An approach for analyzing plane strain rolling is pre-
sented by Martins PAF [3] combining upper-bound method and
weighted residual method. The dual-stream function velocity
field was derived by Sezek et al. [4] to analyze cold and hot
plate rolling.

To study complex deformation, FEM is one of the best ways.
Kobayashi [5] used FEM to investigate metal forming in flat
rolling, and this is an early research work. Mori and Osakada
[6] used rigid-plastic FEM to analyze changes of the strip appear-
ance and rolling force in rolling deformation. Kwak et al. [7]
developed an approximate model predicting rolling force and
torque applicable to finishing stand of tandem hot strip mill using
rigid-viscoplastic FEM. Mori et al. [8] established the formula-
tion of rigid-plastic FEM using diagonal matrix and developed a
parallel processing for the large-scale simulation of metal
forming processes. The influence of rolling force on the plate
shape and final profile was studied by Zhang and Cui [9] using
3D thermo-mechanical coupled elastoplastic FEM. However,
FEM is not suitable for on-line control due to large number of
computation times and huge memory capacities, so an analytical
method is also necessary for actual production.

Narayanasamy [10] used a cosine velocity field to research
extrusion and received the upper-bound solution. But, cosine
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velocity field has not been reported to be applied to rolling yet.
In this paper, a successful method has been presented to com-
pute the analytical solution of rolling force and torque in hot
strip finish rolling on the basis of a cosine velocity and strain
rate fields which are firstly proposed. The validity of the cal-
culated results is discussed through comparing those with oth-
er models’ results and on-line measured ones in a hot strip
rolling plant.

2 Cosine velocity field

As shown in Fig. 1, the thickness is reduced from 24, to 2/,
(absolute reduction Ah=hy h;) while the workpiece is rolled
through a pair of cylindrical work rolls with radius of R consid-
ering the effect of roll flattening. The horizontal projected length
of the roll-workpiece contact arc is given by /, and bite angle is
given by @ (f=sin"'(//R)). Cartesian coordinates x, y, and z are
defined as length, width, and thickness directions of the work-
piece, respectively. The deformation zone of the workpiece is
assumed rigid-plastic material [11]. On account of the symmetry
of deformation zone, only a quarter is considered, as shown in
Fig. 2. The precise equation of contact arc is
hy = R 4 hy—/ R*—(I—x)*
tionis h, = ———=2
o R (1)’
Note that the shape factor of the workpiece satisfies that the
ratio of width/thickness is greater than 10 and //(24,,)>1 (h,, is
the mean half thickness) in finishing zone of hot strip
rolling, and then, deformation in the width direction is
neglected [4]. The width b can be taken as a constant;
hence, by=b,=b;=b. Moreover, it is assumed that
rolling cross sections remain plane and vertical lines
remain straight. Using those assumptions, a new cosine
velocity field is proposed:

Ve =V 1+%c0s mhy

0 s 2h0

v, = voh ! —sin mhy 1+—cos mhy 1

y— 0 X'y h() 2]’!() hx 2/’!0 ( )
voh,z 2

™ [ Heos (2h0)}

Fig.1 Deformation of workpiece

, and the first-order derivative equa-

= —tana.

According to the Cauchy equation, the strain rate compo-
nents from Eq. (1) are as follows:

s ovy voh sin mhy

T 8x h() 2h0

L I ! sin ) _ 1 1+ —cos mhy
Ty T e M 2k ) e 2"

. ov, vohl

= Wy 2 2
=% hx{+c<h0)] @)

In Egs. (1) and (2), & + &, + & = 0; vy=0=V0; W|p=0=0;
Volo=0=0; v;| .—p, = —w,tance. So, they are kinematically ad-
missible velocity and strain rate fields[12]. The flow volume
per second is U=vohob=v,h,b=vrcosx,b(R+h;—Rcos,),
where «, is a neutral angle.

3 EAyield criterion

Equal area (EA) yield criterion is a linear criterion, which
covers equal projected area to that of Mises circle on the
m-plane. The geometric figure of EA yield criterion on
the 7m-plane is equilateral, but non-equiangular dodeca-
gon intersected with Mises circle locus as shown in
Fig. 3.

The formula of the EA yield criterion and the power per
unit volume were given by Zhao et al. [13]. The equations of
EAyield criterion in the Haigh-Westergaard stress space are as
follows (o1>0,>03):

01*(2*%) (\/_7(*1)03 = oy, if@f%(m + 03)

%71)01 + (Z*E) %(01 +a3) (3)
V3

D(Ey) = =5~ 0x(Emni)

oy=03 = 05, if 03>

where oy is the material yield stress and D(a’,—_ ,-) is the plastic
power per unit volume.

The EA yield criterion had been used in metal rolling [13],
calculation of'the crack tip plastic zone dimension [14], and so
on.

2b,

o 2h,

Entrance
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Fig. 2 Definition sketch of the
bite zone

Entrance

4 Total power functional
4.1 Internal plastic deformation power
According to Eq. (2), €max = €x, €min = €, and substituting

these into the Eq. (3), the internal plastic deformation power
W; then becomes

. 43 Lopb o
Wi = / D(&)dV = f”as / / / (& max—Cmin) dxdydz
, 9 o ot o

_ M%SU {s + % [1—008(%5)] + 2(17;5) Sin(%g) }

(4)

2h s the reduction.

where € = %
0

4.2 Friction power

The friction power acts on the interface between the roll and
workpiece, as shown in Fig. 2. The roll surface equation is

Mises

Tresca
EA

Fig. 3 Locus on the 7-plane

z=hy = R+ h—\/R*—(I-x)* (5)

The tangential velocity discontinuity Avyand friction stress
T/~mk are always co-linear vector on the interface. The co-
line vector inner product [15] is used to integrate the friction
power Wy as follows:

1 b ! b
Vf/f = 4/ / Tf‘AVf‘dF = 4/ / ‘l'fAVde
? g 0 0

= 4/ / (foAvx + 7 Ay, + szsz)dF
o/ o
I ;b
= dmk / / (Av,cosar + AvycosB + Av.cosy)dF (6)
o/ o

where k = o,/ V3 is the yield shear stress, «, 3, v are the
angles between Av, and the directions of x, y, and z axes,
respectively. Differential element area of the roll surface from

Eq. (5)isdF = /1 + (K.) dxdy = sec adxdy. And then, the

values of direction cosines are as follows

R>—(I—x)*
R

(i)

cosar = + cosy =+ == =sina cosf =0 (7)

The components of tangential velocity discontinuity Aw,
along roll surface from Eq. (1) are respectively:

2 N
Av, = vreosa— {1 + —cos (Wh )}
s

2hy
/ 1 7h 1 2 Th
Ay, = — —si Tl——14+= al
vy vohxy{ho sm<2h0) . [ +ﬂcos<2h0)]}
. 2 7hy
sz|2:hx = ypsina—vptana {1 + ;cos (Zhg)] (8)
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Substituting Egs. (7) and (8) into Eq. (6) and integrating,
then obtains

1
W= 4mkb</ {chosa Vo [1 +gco <72TZ )] }dx+/
0

= 4mkb(111 -‘r]/fz)

2 wh,
{vRsma yotanay [1 + —cos <2h0>] }tanadx> 9)

X 2 ! 2
In = / {chosa Vo {1 —+——cos<ﬂ-h )] }dx—/ {chosa Vo [1 —|——cos(7rh )} }dx
0 2h0 Xn 2h0 (10)

R 0 +sin29751n2an
TR\ T Ty 2

n 2 hy
I = / {vRsinatana—votanzoz [1 + —cos (W )} }dx—/
) 0 T 2h0

tan 77/4+a,,/2

sin2qy,, sin26

) + gyvoRsinay, + g,voR(sincy,—sinf)

2 hy
vrsinatana—votan®a | 1 + —co T dx
2hy

+ sinf—sinay, (11)

0
_VRR(z_O‘”+ 2 4

+ gfvoR [lntan (7‘(‘/4 + ay /2) —sinan}

) +at " an(n 4+ 0/2)

where g, and g, are the parameters, g, = 1 + Zcos (g”—ﬂ)

Th

andg, =1+ %cos( ) Mean thickness of workpiece be-

tween entry and neutral plane is /,,;, =

v (/i)
b\ an(x Ja 02

Toth,
%,, and mean

Wy = 4mkbR | vg(0-20,) +

thickness of workpiece between exit and neutral plane is

hl“rh“,,
mf =
Substltutlng Egs. (10) and (11) into Eq. (9), then
gives
+ gflntan<7r/4 + 04,,/2) (12)

4.3 Shear power

In the exit section (x=/) of deformation zone according to
Eq. (1), there is h,—;=h,—o=0, v.|,_/=1,],—;=0. Therefore,
there is no shear power in the exit section. But, on the entry
section (x=0)

B votan92 (13)
ho

Vy|x:0 = 07 vz|x:0 =

Then, the shear power 7 is [16]

X ho bo h() bO
W, :4k/ / \Avt|dydz:4k/ / V2 + v2dydz
0 0 0 0

b ho t 0
— 4k / / Yo han 2dydz = 2kbhgvotand = 2k Utan
0 0
(14)
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4.4 Total deformation power and its minimization

Substituting Eqs. (4), (12), and (14) into & = W; + Wy + W,
an analytical solution of total deformation power functional &
is

= 4ﬂ;rosU {5 + % [lfcos (%)] + 2(1;5) sin (%) }+2kUtam9

vr(0-2ay,) + % (ghlnw + g/lntan(ﬂ'/4 + a,,/2)):|
(15)

+ 4mkbR

The total power of Eq. (15) is minimized with re-
spect to the arbitrary variable «,, and then, the value
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closest to the actual power required is got. The follow-  where
ing equation can be obtained )
dW;  4\3mo,N +i [1_ (w_&)} N 2(1—¢) 7r5)
do B dWi dWS de B (16) dox, —79 € ) Ccos 5 p sm( 5
doy,  de, do,  do, (17)
dw. N tan(w/4+oz,,/ ) U(gb+g )
L — 4mkbR —2vg +— | gIn + g Intan (7T/4 + a,,/z) _\* ¥
Xy hob tan( /4 + 9/2) : hobCOSOé,,
(18)
Rsina, h tan( /4+a,,/2)
v 512noz1 ; (7r ’”") —|—s1n( )lntan( /4—&—04,,/2)
2hyb Zho tan( /4 + 9/2) Zho
dw; aw . .
— 2kNtanf (19) where N = g+ = vgbRsin2c,—,Rb(R + hy) sincy,.
dox, The friction factor can be deduced as follows:
3mo,N 8 2(1— kNtanf
\[7;0 {s +—= [1 cos(ﬂ;)} + (1% sin(%s)} + 2an
m= T (20)
tan( /4+an/2) U(gb—i—gf)
kbR{ 2vp——— | gyln + g;Intan (7r / 44 an / 2) = 2
h b tan( /4 n 9/2) ‘ hobcosay,
URsina, | . (mhy tan( / A+ / 2)
+ 5 sin + sin lntan( /4+an/2>
2hghb Zho tan( /4 + 0/2) 2h0
. . . . . R-Ros |
The optimal values of a, in various production conditions  radius is convergent. The condition of convergence is %

are obtained by solving Eq. (16). The minimum of total power
Pin can be obtained by substituting «, into Eq. (15) [17].
Then, the corresponding minimum values of rolling torque
M in, Tolling force Fi,;n, and stress effective factor n, (x is
the arm factor) can be determined, respectively [18]:

Rémin Mmin Fmin
Mmin: min = Ny = 21
2vg x-V2RAh 4bl k (21)

Considering the effect of roll flattening on the rolling force,
the roll flattening model used in calculation is determined by
Sun [19]

R:Ro<l+22><10 (22)

bAh>

where R, is the original radius of work roll. The computing
flow chart is shown in Fig. 4, and the process ends when the

<0.01 in this paper.
5 Calculation and discussion

Practical data of rolling force measured in a factory are
used to verify the analytical result calculated in this paper.
Taking the material of Q235B steel product, for example,
the workpiece thickness is reduced from 50 to 5.7 mm in
the seven finishing stands; the width is 510 mm. Table 1
gives the roll circumferential velocity v; and temperature ¢
of no. 1 to no. 7 stands in finishing mill. The regression
model of deformation resistance for the Q235B steel used
in the calculation is determined by the formula in Ref.
[19], and it can be expressed as follows:

E', (a3T+as) E as E
oy = ogel@T+®) (E) |:a6 (m) —(ag—1) 0_:|
(23)
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Property and geometrical
inputs
S

Calculate cosine velocity field
Vi Vyand v,

Calculate total deformation
power

D =W +W AW,

Minimize total power @

:

Calculate rolling torque My,
and rolling force Fin

n

Calculate roll flattening radius
R;

convergence

Y

End

Fig. 4 Flow chart of the calculation

where 0¢p=139.8MPa, a;=—-2.861, a,=3.642, a;=0.254,
a4=-0.1993, a5=0.4349, ac=1.51, T =528 and ¢ is
the deformation temperature. Equation (23) shows that de-
formation resistance is a function of rolling temperature ¢,
true strain £, and strain rate E

The rolling forces of analytical result are calculated by
Eq. (21) and then compared with measured ones and the an-
alytical results of Sims [20] and Ford-Alexander [21] ones as
shown in Fig. 5.

According to Fig. 5, due to the nature of the upper-
bound method, the calculated rolling forces are slightly
higher than the measured ones. However, the errors are

5500
.
5000 |- Measured
—&— Present model

4500 - —&A— Sims model
E —w— Ford-Alexander model
& 4000 -
8 3500}
—
£
sn 3000
.5
= 2500
~

2000 -

1500

1000

1 1 1 1 1 1 1
1 2 3 4 5 6 7
Pass No.

Fig. 5 Comparison rolling force predicted by present model with other
researchers’ and measured results

less than 9.51 %. The results of the present model are
in a good agreement with Sims and Ford-Alexander ones
within 8.5 % error. The model of deformation resistance is
chosen from the reference which was regressed the data
from laboratory experiment. The comparison errors may
be made large by this model. The model of deformation
resistance may be regressed from the data in the actual
production, which is to be left as a future work. Results
show that the proposed cosine velocity field is reliable and
adequate enough to be applied in the process control of
hot strip finish rolling.

Figure 6 illustrates that the rolling torque and force increase
linearly with the increasing of reduction . While A/ in-
creases, the length of deformation zone and the volume of
compressed metal increase, and then, the rolling force in-
creases subsequently.

Figure 7 shows that the shear power W, is smaller
than the internal plastic deformation power W; and fric-
tion power ;. Since the workpiece used in the present
paper is thin, then friction power increases with the
increasing of reduction e.

It can be seen from Fig. 8 that the location of neutral
point x,/l is affected by the reduction € and friction
factor m. When ¢ increases or m decreases, the neutral
point moves toward the exit plane. Besides, the neutral

Table 1 Rolling conditions in a

factory Pass No. 1 2 3 4 5 6 7
ve(ms™) 0.94 1.32 1.9 2.8 3.8 5.12 6.02
t(°C) 1040.94 1032.23 1023.37 1015.41 1008.03 998.44 992.67
E=In(ho/hy) 0.352 0.343 0.357 0.394 0.294 0.293 0.125
o, (MPa) 108.58 119.07 136.94 153.43 155.14 167.42 130.66
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Fig. 6 Rolling force and torque with different reduction ¢
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Fig. 7 Ratio of W;, Wy, and W; to ®pyin, with different reduction e

i
“M{\\\\
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SRR R
Pttt
e
<< ]

Fig. 8 Effect of m and € on location of neutral points

Fig. 9 Effect of ¢ and m on n,

point location changes obviously with a small change in
friction for m<0.3.

It can be seen from Fig. 9 that the reduction ¢ and friction
factor m influence the stress state coefficient n, obviously.
And, the n,, increases with the increasing of € or m. In addi-
tion, the effect of m on the n, is obvious, which is consistent
with the result shown in Fig. 7.

Figure 10 displays the effect of deformation factors //(24,,)
and R/hg on stress state coefficient 7. It can be seen that n,,
increases as //(2h,,) or R/hq increases.

/ ' 22
/ (Zﬁm )

Fig. 10 Effect //(2h,,) of and R/hy on n,,
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6 Conclusions

1. The cosine velocity field satisfying kinematically admis-
sible condition is firstly proposed to be applied in hot strip
finish rolling process. The analytical solutions of rolling
torque, rolling force, and stress effective factor are obtain-
ed using the field and EA yield criterion.

2. The error of calculated required optimum rolling forces is
within 9.51 % compared with measured ones and less
than 8.5 % compared with Sims and Ford-Alexander’s
results. The analytical solutions are reliable and adequate
enough to research finish rolling process.

3. While friction factor m decreases or reduction ¢ increases,
the neutral point moves toward the exit. Both rolling force
and torque increase with the increasing of reduction ¢.

4. The stress factor n, increases while the shape factor //
(2h,,), €, R/hy, or friction factor m increases.
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