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Abstract As a representation of free-form surface, triangle
mesh model (commonly with the stereo lithography format)
has gained wide application in CAD and CAM recently be-
cause of its simple geometric computation, superior robust-
ness, and high efficiency in tool path generation. However,
conventional tool-path generation methods for NURBS sur-
face are incapable of direct application to mesh models. De-
velopment of a tool-path generation method based on mesh
model with high machining precision is becoming a key prob-
lem for NC machining. In this paper, a spiral tool-path gener-
ation method in finish-cut process is developed based on the
offset-surface method (also called cutter location method). A
novel local subdivision method is proposed firstly to guaran-
tee edges of the offset-mesh within the required tool-path in-
terval, and then gouge-free tool-path is generated by organiz-
ing path through vertex of the offset-mesh. Therefore, all the
path intervals are under precise control by the local subdivi-
sion, allowing the mesh surface with both steeper and flatter
areas to be machined with high-precision. Besides, tool-path
naturally runs along the boundary of the triangle mesh model,
ensuring continuous cut for reducing the fluctuation of cutting
load. At last, tool-paths with multiple connective areas are
generated for several complex mesh surfaces to clarify effi-
ciency and robust of proposed method.

Keywords NCmachine . Local subdivision .Machining
simulation . Tool interference . High precision

1 Introduction

Free-form surface is widely used in CAD and CAM [1], which
are generally represented in two formats, algebraic surface
(such as NURBS surface and B-spline surface), and polygon
mesh. Triangle meshmodel (commonly with the stereo lithog-
raphy (STL) format) has gained wide application in CAD and
CAM field recently because of its simple geometric computa-
tion, superior robustness, and high efficiency in surface inter-
section. However, conventional tool-path generation methods
for algebraic surfaces are incapable of direct application to
mesh models. Especially in reverse engineering, it is difficult
to obtain perfect modeling data for complex surfaces using
parametric surfaces [2] because construction of surface model
withmulti-patches sometimes can cause gaps between patches
and the trimming operation is time consuming. Although Park
[3] proposed methods for free-form surface with defects, the
machining precision significantly decreases due to filling
gaps. On the other hand, high quality triangular mesh can be
easily obtained with high-efficiency and high-accuracy from
the point cloud [4]. As triangle mesh becomes more and more
popular in CAD and CAM, it can be provided by most CAD
systems, and numerous algorithms for converting surface into
triangular approximations have been proposed [5].

NC machining is a common manufacture method for free-
form surface in mechanics, aeronautics, and even orthopedic
surgery [6]. Various algorithms have been proposed and de-
veloped for NC tool-path generation on free-form surface,
such as iso-parametric method [5], drive surface method [7],
guide surface method [8, 9], G-buffer method [10], and curve-
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based approach. Although triangular mesh model is superior
to the parametric surface in terms of gouge checking [11],
almost all existing algorithms are proposed for conventional
algebraic surface (B-spline, BURBS surface, etc.) and are in-
capable of direct application to mesh models. Excellent and
robust NC path generation algorithm for triangle mesh is still
insufficient for industrial application.

Iso-plane method [12] and iso-parameter method [5] are
prevalent in NC tool-path generation, which are based on a
constant tool-path interval or parameter in u or v direction of
algebraic surface. In both methods, the tool-path interval can-
not be adjusted according to the curvature of the local surface,
leading to low machining precision of the work piece. Un-
evenly tool-path generation methods [13, 14] are proposed
to overcome the problem by taking the curvature near cutter
contact position (CL position) into consideration, but robust
are still insufficient for complicated models with multiple
connected areas.

Kim [15, 16] proposed the 2.5D contour parallel milling
method for incomplete mesh model, which cannot be used for
free-form surfaces. Jun and Dai developed [17, 18] the parallel
tool path generation methods for polygon mesh model with
free-form surface, which gained application in manufactory
industry for their robust and simplicity. Xu [19] proposed a
dual drive curve tool path planning method to guarantee the
first-order continuity of machined surface. Lee [20] developed
a tool-path generation method with a single setup change for
propellers to improve the machining accuracy. However, in
[17–20], the cutter runs in the Zigzag route resulting in un-
continuous tool-path, and the fluctuation of cutting load in-
creases at the starting and ending position of a row. Lee [21]
also proposed a Zig-Zag tool-path generation method for
constant-scallop height based on mesh, which is applicable
for the symmetry model. But it will become invalid for asym-
metry model because tool-path interval varies with location;
the last several row of tool-path will be irregular, leaving some
blank areas cannot be planned.

Reversely, spiral tool path [14] runs continuously along the
surface boundary, which can reduce the cutter retractions, tool
wear, and machining time. Short tool life is still one bottle-
neck to widen HSM application [22] due to fluctuation of
cutting load. Fortunately spiral tool-path can extend tool life
to some extend by continuous cutting and minimizing the
fluctuation of cutting load. However, robust spiral tool-path
planning method for mesh surface is still insufficient, and
existing methods for mesh model are also unable in control
of tool-path interval according to surface curvature to get high
precision.

In this paper, a spiral topology tool-path generation method
is proposed to minimize cutting load fluctuation and improve
machining precision for triangular mesh surfaces, based on the
concept of controlling tool-path interval by a novel local sub-
division method. The proposed method belongs to the cutter

location (CL)-based method, and the offset mesh is calculated
firstly as the cutter location surface. Offset mesh is adjusted by
a novel local Loop subdivision method to ensure every edge
within the required tool-path interval. Then gouge-free NC
tool-path is generated by organizing path through vertices of
the offset mesh to make all path intervals under precise con-
trol, which allows the sculptured surface incorporating both
steeper and flatter areas to be machined with high-precision.
Besides, tool-path runs naturally along the boundary of the
triangle mesh model, thus tool path with the minimum tool
retraction can be generated, resulting in substantial reduction
of tool wear and machining time. Examination and tool-
planning for blank areas are also proposed to make sure all
mesh can be planned precisely.

In Section 2, loop subdivision method is introduced prior to
illustration of the proposed novel local subdivision method. In
Section 3, the novel spiral tool-path generation method is de-
scribed in detail. To illustrate robust and efficiency of the
proposed method, various complex mesh surfaces with multi-
ple connective areas are conducted in Section 4, and compared
to the Iso-plane method [12]. In Section 5, conclusion and
future work of this research are discussed.

2 Local loop subdivision method

This section provides a preparation for path generation by
locally subdividing offset surface of the triangular mesh recur-
sively to guarantee all the edges of offset surface shorter than
calculated path interval. Thus the scallop height between the
adjacent two tool-paths is insured to meet the specified ma-
chining precision. In this section, loop subdivision surface is
firstly introduced in brief prior to introduction of the novel
local subdivision method. And the calculation method of de-
sirable tool-path interval (which guarantee machining preci-
sion) based on local surface curvature and cutter parameter is
given. The offset surface of the mesh surface model is gener-
ated by offset each vertex of the mesh model along the normal
vector of the vertex, which is locally subdivided to ensure
every edge within the required path interval.

2.1 Loop subdivision surface

Loop subdivision surface is defined as the limit of vertices of
finer and finer controlled triangles generated by such a recur-
sive way that old vertices are updated and new vertices are
introduced in each step according to subdivision rules [23]. In
each step of loop subdivision, two kinds of points should be
considered: even vertices which are in the original triangular
mesh surface, and odd vertices which are newly generated and
inserted into original edges. Explicate formulas are provided
to get new positions for both odd and even vertices. If loop
subdivision is applied infinitely times, the control-mesh is
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prone to a smooth surface called limit surface with C2-
continuity almost everywhere on the surface [24] except ex-
traordinary vertices (whose adjacent vertices number is not
six). Every vertex on the control mesh approaches to a corre-
sponding point in the limit surface gradually, coordinate of
which can be calculated by formula without any subdivision
[25]. The significant advantage of the subdivision surface is to
represent smooth surface of complex arbitrary topology in just
one “single” patch without trimming and sewing operation
(which is commonly necessary for NURBS surface construc-
tion). It also inherits many nice properties of its underlying B-
spline [26].

2.2 Path interval

Tool-path interval is defined as the shortest distance between
two adjacent NC tool paths, indicated by L in Fig. 2, which is
of great importance to control the scallop height (the maxi-
mum thickness of the uncut volume) and affects the machin-
ing precision. Control of the tool-path interval is necessary for
high machining precision.

The curvature of a specified point Vi of the mesh surface is
calculated by Eq. 1, where A presents the sum area of triangles
with the common convex of Vi; αj and βj are two angles
corresponding to edge Eij, shown in Fig. 1.

k ¼ 1

4A

Xn

j¼1

cotα j þ cotβ j

� �
V j−Vi

�� �� ð1Þ

Calculation of path interval can be presented as Eq. 2 by
scallop height (h), cutter radius (r), and radius of surface cur-
vature on the cutter contact (CC) position (R in Fig. 2), where
R is positive if the surface is convex and negative if the surface
is concave.

L ¼
Rj j
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Equation 2 can be simplified to Eq. 3 when radius of cur-
vature R is much large than cutter radius r, and simplified to
Eq. 4 when cutter radius r is much larger than scallop
height h, so as to improve the calculation efficiency of
proposed algorithm.
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2.3 Local subdivision of offset surface

The CL-based approach is applied for tool-path generation in
the proposed algorithm. CL surface, which is also called guide
surface in some literature, is a surface on which the cutter
positions are limited on. Vertex of the mesh surface model is
offset one by one along the normal vector of the vertex for a
distance of mill radius r. These offset vertices are then con-
nected according to their original topological relationships to
form the offset mesh surface. The offset surface of a human
face model is shown in Fig. 3. Local subdivision is applied on
the offset mesh surface to adjust the length ofmesh edges so as
to control the tool-path interval and the scallop height.

All the triangles of the mesh model are saved in a triangle
list in a certain order. From the beginning of the list, triangles
are checked one by one until the edges of a triangle is found
longer than the required tool-path interval. And the triangle
should be subdivided according to the proposed local subdi-
vision method shown in Fig. 4. The proposed method deals
with three situations (Fig. 4) according to the number of edges
larger than required tool-path interval.

In Fig. 4a, edge ab of triangle abc is longer than required
tool-path interval, so additional vertexO is added between theFig. 1 Illustration of αj and βj

l 

Fig. 2 Tool-path interval on free-form surface
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vertex a and b. Coordinate of the additional vertex O is de-
fined by the weighted combination of local adjacent points of
the mesh surface by Eq. 5, and weight of adjacent points is
shown in Fig. 5a. Then coordinate of the even vertices (verti-
ces of the mesh surface adjacent to the additional vertex) a, b,
c, and d are updated by the weighted combination of local
adjacent points. The weight of each adjacent vertex is calcu-
lated by Eq. 6 with n expressing number of vertices and O, a,
b, c, and d expressing vertices coordination, shown in Fig. 5b
[13].

O
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(a)   

 (b) 

R 

Fig. 3 Surface model of a human face and offset surface. a Face surface.
b Triangular mesh of face model and its offset surface

(a) (b)

(c) 

Fig. 4 Three types for local subdivision method according to number of
edges longer than calculated interval. a Local subdivision method for
triangles with one long edge. b Local subdivision method for triangles
with two long edges. c Local subdivision method for triangles with three
long edges

(a) 

(b)    

Fig. 5 Weights distribution for odd and even vertices. a Weights
distribution for new vertex. b Weights for updating even vertices
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Thus, the edge longer than the required tool-path interval is
subdivided into two shorter edges, and two triangles abc and
abd which contains edge ab are subdivided into four triangles
aoc, aod, boc, and bod. To update the triangle list, the original
two triangles abc and abd are deleted and newly generated
four triangles aoc, aod, boc, and bod are inserted at the end of
the triangle list.

In Fig. 4b, two edges of the triangle abc are longer than
required tool-path interval, and additional vertices O1 and O2

are added on edge ab and ac. To update the triangle list, the
original three triangles abc, abe, and acd are deleted and new-
ly generated seven triangles are inserted at the end of the
triangle list. In Fig. 4c, three edges of the triangle abc are all
longer than the required tool-path interval, so three additional
verticesO1,O2, andO3 are added and ten smaller triangles are
generated and inserted at the end of the triangle list.

After a triangle is subdivided, the next triangle in the trian-
gle list is then checked to decide whether it should be
subdivided or not. Local subdivision is applied recursively
until all the edges of all triangles in the triangle list are within
the calculated path interval. In Fig. 6, a convexmesh surface is
local subdivided as an example, for which ball-end tool with
radius of 8 is applied and the scallop height for are 0.05
(Fig. 6b), 0.04 (Fig. 6c), and 0.03 mm (Fig. 6d), respectively.
From these examples, we can see that the higher machining
precision is required, the shorter the interval should be and
more edges are subdivided.

Tool-path interval and step length over the mesh surface are
guaranteed to be under precise control by local subdivision
method, so that the scallop height of work piece will satisfy
the specified machining precision. In the proposed method,
the direction L (Fig. 2) through CL positions O1 and O2 is
exploited to adjust path interval, more precise than the dis-
tance l between adjacent drive planes which is used by most
drive plane method [12]. This also contributes to higher ma-
chining precision, indicated by the simulation result in
Section 4.

3 Spiral tool-path planning

Edges of built offset surface via local subdivision method are
elaborately selected to construct tool-path according to pro-
posed algorithm in this section. The following definitions are
made firstly to facilitate the expatiation of the proposed
algorithm.

Former Point: In the proposed method, vertices of offset
surface are used as CL positions of the tool-path. The
latest CL position of offset surface vertex is defined as
Former Point indicated in Fig. 7b while searching a new
cutter location (CL) position. In other words, once a ver-
tex on the offset mesh is selected as a CL position, it
becomes the Former Point for the next CL position.

(a) (b) 

(c) 
 (d) 

Fig. 6 Locally subdivided offset
surface with different scallop
height. a Convex surface. b
Scallop height 0.05mm. c Scallop
height 0.04 mm. d Scallop height
0.03 mm
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Former Row: The latest row of CL path is taken as For-
mer Row to find a new cutter location (CL) position,
shown in Fig. 7a.

Vertex of the offset surface in the proposed method con-
tains two kinds of information, i.e., the coordinates of the
point and an indicator to record whether this vertex has al-
ready been used as a CL point or not. The algorithm is realized
in the C++ language, and the structure of vertex is designed
with the following data format:

class vertex
{public:
double x, y, z; //Coordinates
bool used; //Whether this vertex has

already been used as a CL point or not.
}
The first step of tool-path planning is to generate the

boundary tool-path by connecting boundary edges of offset
surface in sequence, which mainly consists of three sub-steps.

1. Edge list of offset surface are judged until one edge is
found as the boundary edge which only exists in one
triangle of the offset surface. Then the two end points of
the edge are labeled with used (used=true), saved to the

Former Row list. One of the two end points is also saved
to Former Point to search the next CL position.

2. Edges of offset surface are judged until the boundary
edge, whose one end point is Former Point and the other
is unused (the indicator of the vertex structure
“used”==false), is found. The unused end point of the
boundary edge is labeled with used (used=true) and saved
as Former Point and Former Row list.

3. Sub-step 2 is repeated until the boundary edge with For-
mer Point and an unused vertex can not be found. The
boundary of offset surface is set as the first row of tool-
path, and both Former Row list and Former point are also
filled for the next row of tool-path.

The generated boundary tool path, with Former Point and
Former Row indicating the latest selected vertex on boundary
and boundary vertices of offset surface, respectively, is ap-
plied to form the next row. As the beginning CL position of
next row, proper vertex will be elaborately chosen according
to the following rule: If one end of offset surface edge is the
Former Point, and the other end is unused and can connect to
Former Row through only one edge, the unused vertex should
be selected to form the second row of tool-path. The brief
procedure is shown as follows:

1. Vertex list of the offset surface are searched until a vertex,
which is not used and can connect to Former Point only
through one edge, is found as the starting location of the
next row of tool-path. This vertex is labeled with used
(used=true) and saved to Former Point.

2. Edges of offset surface are searched until one edge satis-
fying two requirements, i.e., (1) one end point of the edge
is Former Point, and (2) the other end is unused
(used=false) and connects to a vertex in the Former Row
only through one edge. The unused vertex of the edge is
selected as a new CL position, labeled with used
(used=true), and saved into Former Point.

3. Repeat step 2 until no edge satisfying these two require-
ments exist. Then all the newly calculated CL positions
are connected with each other to generate the second row
of tool path, which is saved to Former Row overlaying the
previous Former Row data, preparing for subsequent row.

Reviewing the method for calculating the second row, it is
obvious that two requirements are necessary for calculation of
new row of tool-path: a starting position (vertex) of the new
row of tool-path and the Former Row. If these two require-
ments can be satisfied, tool-path can be planed row after row
by the same method to generating the second row, until the
these two requirements in step 2 can not be satisfied, which
means all vertices which can connect to Former Point through
only one edge are already used. In this case there are two
possible situations: (1) tool-path has passed through all offset

(a)        

 (b) 

Former Row 

Former Point 

Fig. 7 Corner situation of tool-path for the face model. a Spiral tool-path
with corner prevention. b Former Point
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surface vertices and NC path generation is successfully fin-
ished and (2) the Former Point is arrested in a corner and
cannot go out of the circle, shown in Fig. 7a, where the last
vertex used for CL position is expressed in red in Fig. 7b.

Although unused vertices still exist in the surface in Fig. 7,
all vertices which can connect to Former Point through only
one edge are all used. Therefore, starting position (vertex) for
a new row can not be found and tool-path generation cannot
be continued by the same method to generate the next row of
tool-path. So new method is proposed for founding the
starting position and Former Row for this situation:

For calculating Former Row: The edge list of the offset
surface is searched until find one edge consisting one
used end point and one unused end point. The used end
point is saved into Former Row overlaying previous data
and the unused end point is saved to another data list
called the Present Row, preparing for the next step.
For calculating staring position of the new row of tool-
path: The Present Row is searched and if a vertex in
Present Row is located in a corner (only one unused

vertex can connect to it through only one edge), it is
selected as the starting position of the new row of tool-
path. If such vertex does not exist in the Present Row,
then vertex in Present Row nearest to Former Point is
used for starting position (vertex) and saved to Former
Point overlaying the previous data.

Thus, the starting position and Former Row are both pre-
pared, and the new row of tool-path can be generated using the
same way as the second row of tool-path. However, in this
case, distance between the starting position of the new row
and the last CL position of the previous row of tool-path may
be larger than calculated interval, and can not be regarded as
one step length (Fig. 8). In order to solve the problem, two
extra CL positions are added to lead tool-path ascend to a safe
height in the z axis direction and connect to starting position of
the new row, shown in Fig. 8. Then tool-paths are generated
using the same way as the second row. If tool-path is trapped
in a corner again, new starting position and Former Row
should be searched until tool-path has passed through
all vertices of offset surface.

(a) 

 (b) 

Extra CL positions Fig. 8 Tool-path for multiple
connected areas. a Left view. b
Top view
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In Fig. 9, NC tool-paths for the “face”model with different
cutter radius and scallop height are provided as illustration
examples. In Fig. 9d, starting position has been searched twice
because locally subdivided surface is much more complicated
than the original mesh.

After tool-path generation is finished, machining precision
can be estimated in simulation (Section 4) by comparing the
machined surface and the original mesh surface model. If
over-cut is not within required precision, machining tool is
changed and tool-path is calculated again, until available
tool-path is obtained. The flowchart of the proposed method
is shown in Fig. 10.

Machining precision of the proposed method is theoretical-
ly much higher than the parallel tool-path generation method
[18], which is commonly used in NC machining. In the ma-
chining process on triangular mesh, largest under-cut appears
in the bottom of the concave area probably, expressed by h in
Fig. 11a. If the proposed method is applied, because the CL
(cutter location) points are selected from the vertices of the
offset surface, CC (cutter contact) points always pass the ver-
tices of triangular mesh. Thus machining error is divided into

(a)   (b) 

(c)  (d) 

Fig. 9 Tool-path with different
scallop height (cutter radius
2 mm). a Triangular mesh of face
model. b Face surface model. c
Tool-path with large scallop
height (0.5 mm). d Tool-path with
high scallop height (0.2 mm)

Fig. 10 Procedure of spiral tool-path generation
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under-cut (removed too little material) and over-cut (removed
too much material), and the maximum scallop height is min-
imized (Fig. 11b), which will be clarified in the machining
simulation in Section 4. However, maximum over-cut also
appears in the bottom vertex of concave area, and when ap-
plying the proposed method CC (cutter contact) route passes
all vertices of mesh model, thus the possibility of over-cut is
increased substantially. Fortunately, this problem can be
solved by applying cutters with smaller radius.

4 Machining simulation

Z-map method [12] is a widely used for machining simulation
method to estimate the machining precision and the quality of
NC tool-path, by comparing the machined surface and origi-
nal mesh surface model. In this section, tool-paths are gener-
ated for three models (the concave model, convex model, and
the “Face”model) by the proposed spiral tool-path generation
method, and its efficiency and robust are verified by simula-
tion of the machining process and machining results based on

Z-map method. Tool-paths are also generated by parallel tool-
path generation method [18] for the same three models and are

 (a)   

(b) 

Fig. 11 CL position of the proposed method and drive-plane method. a
CL position of drive plane method. b CL position of proposed method

(a)

 (b)  

Fig. 12 Result of error analysis for concave surface. a Machining result
of parallel tool-path generation with under-cut. b Machining result of
spiral tool-path generation

(a)

 (b)  

Fig. 13 Result of error analysis for convex surface. aMachining result of
parallel tool-path generation. b Machining result of spiral tool-path
generation
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simulated in the same PC for comparison with the proposed
method, shown in Figs. 11, 12, and 13.

In Figs. 12, 13, and 14, machining error is calculated as the
distance between the machined work piece and the original
mesh surface [12], and compared with the user specified al-
lowance. If the machining error of some part of the machined
work piece is larger than the specified allowance, this part of

the work piece is expressed in yellow color, otherwise, is
expressed in green color. The machining parameters for
Figs. 12, 13, and 14 are listed in Table 1.

Figures 12a, 13a, and 14a are machining simulation results
by the parallel tool-path generation method, and Figs. 12b,
13b, and 14b are result by the proposed spiral tool-path gen-
eration method. It is clear that with the same cutter and the
same machining time, the machining precision of proposed
spiral tool-path generation method is much higher than the
parallel tool-path generation method [18]. Although two kinds
of tool-path length is nearly same, the result of machining
simulation by proposed method can satisfy specified precision
and shown in all green color in Figs. 12b, 13b, and 14b, large
area of under-cut (cutter too little shown in yellow color) has
already appeared on the machining result by parallel tool-path
generation method in Figs. 12a, 13a, and 14a.

The actual machining experiment was done in SIEMENS
802D machining tool using wax as experiment material. The
machining result of mesh-based face shown in Fig. 15 perfect-
ly agrees with the simulation results in machining accuracy
and smoothness of cutting route, which indicate the robust and
efficiency of proposed method. The whole surface is ma-
chined efficiently without blank areas, and the gouge free

(a)

 (b)  

Fig. 14 Result of error analysis for face surface (cutter R1 mm). a
Machining result of parallel tool-path generation. b Machining result of
spiral tool-path generation

Table 1 Parameter of tool-path and simulation result (mm)

Method Cutter radius Scallop height Length of tool-path Required precision Under-cut and over-cut

Concave surface Drive plane 4 0.0019 2,112.19 0.08 0∼0.208
Proposed 0.05 2,098.12 –

Convex surface Drive plane 4 0.0035 2,010.45 0.019 0∼0.601
Proposed 0.01 2,007.69 –

Face surface (cutter R1) Drive plane 1 0.027 6,609.86 0.2 0∼0.449
Proposed 0.2 6,591.49 –

Fig. 15 Machining result of Face model
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machining is also illustrated by the smooth machining exper-
iment result.

5 Conclusions

In this paper, a spiral topology tool-path in finish-cut process
was developed to improve machining precision and decrease
fluctuation of cutting load by continuous machining. Offset-
mesh of the designedmodel was optimized firstly based on the
novel local subdivision method to ensure every edge within
the required interval, and spiral gouge-free tool-path was gen-
erated by organizing path through vertices of the offset-mesh.

(1) All path intervals were under precise control to make
high-precision machine of complex mesh surface with
steeper and flatter areas possible.

(2) Tool-path runs naturally along the boundary of the trian-
gular mesh model, thus, tool path with the minimum tool
retraction is generated to remarkably reduce tool wear
and machining time.

(3) The proposed method is also robust for complex mesh
surfaces in which CL path with multiple connected areas.

(4) High efficiency and machining precision of the proposed
algorithm were clarified in manner of machining simu-
lation and cutting experiment by comparison with paral-
lel tool-path generation method. However, the proposed
method is limited in 3-axis machining tools, and algo-
rithms for 4-axis and 5-axis machining tool will also be
developed in the future.
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