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Abstract Assembly sequence planning is one of the well-
known combinatorial optimization problems in manufactur-
ing. An assembly is often represented as an assembly relation
graph or precedence graph. The traditional methods are used
to generate a large number of feasible assembly sequences and
then find the optimal sequence through evaluation. A lot of
computation resources are needed. To reduce the complexity
of assembly sequence planning, the assembly is converted
into a weighted assembly precedence graph considering mul-
tiple assembly constraints, i.e., the qualitative and quantitative
constraints. The vertices in the weighted precedence graph are
the parts or components. The qualitative constraints including
the topological and geometrical assembly constraints guaran-
tee to derive the feasible assembly sequences. Some process
constraints are also taken as the qualitative constraints. They
are represented as the directed edges in the weighted assembly
precedence graph. The other assembly constraints, such as the
stable support, connector strength, changes of assembly direc-
tions, and tools and so forth, are quantified as indices to com-
pute the cost of assembly relations with the fuzzy analytical
hierarchy process. The costs are taken as the heuristic infor-
mation to find the optimal or near-optimal assembly se-
quences. With the weighted assembly precedence graph, the
search space of the optimal assembly sequence will be re-
duced. We design a minimum spanning tree-based algorithm
to detect the optimal assembly sequence based on the weight-
ed assembly precedence graph. The optimal assembly

sequences are found in O(n3) computation time, where n is
the number of the discrete parts.

Keywords Assemblysequenceplanning .Weightedassembly
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1 Introduction

The research and development of complex products advocate
the advanced design methods and the manufacturing technol-
ogies as well. Assembly technologies play an important role to
connect the discrete parts into a whole product. Different from
the automatic machining, assembly process is generally costly
and time-consuming for most mechanical products. It is re-
ported that the assembly occupies 20–50% of the manufactur-
ing time and approximately above 40% of manufacturing cost
are used for assembly [1]. For the special micro-electro-
mechanical systems, it reaches 90% of the manufacturing cost
[2]. To improve the assembly efficiency and reduce the assem-
bly cost, assembly planning is critical to produce the good
assembly plans. It generally includes the demanding assembly
sequences, the particular ways that each part or component is
assembled [3]. The assembly plans heavily affect the assign-
ments of assembly tasks and the related production resources
including the engineers, energy and power, materials, work
stations, tools, etc. [4]. Assembly sequence planning (ASP)
generates the competitive assembly sequences as an important
part of assembly plans [5], which bridges the product design
and manufacturing. The assembly sequences indicate a series
of assembly operations to assemble the independent parts or-
derly. The properties of products (relations between parts, ge-
ometry of parts, parts’ materials and tolerance, etc.) and as-
sembly resources (assembly line, equipments, tools, etc.) are
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comprehensively considered to generate the optimal assembly
sequence. The optimal assembly sequence is able to improve
the assembly efficiency and reduce the assembly cost by ra-
tionally assigning the assembly resources considering assem-
bly structures.

ASP is so important that it is regarded by many scholars in
the fields of manufacturing [6–11]. However, it is not simple
to tackle for complex products. In theory, ASP is one NP-
complete problem [10, 12] under assembly constraints. The
number of assembly sequences increase exponentially in pro-
portion to the scale of assembly (the number of parts and
assembly relationships). It is impossible to find the optimal
assembly sequence by evaluating all of them. Once the assem-
bly becomes complex, the current methods and algorithms are
usually used to detect the near-optimal assembly sequences
[12, 13]. In practice, the assembly process of the whole prod-
uct is much more complex [14] than that of the single part
machining. All assembly resources under multiple constraints
are considered to find the optimal assembly sequence to lower
the assembly cost and improve assembly efficiency.

Due to its theoretical and practical values, assembly se-
quence planning becomes one of the most active research
topics in the CAAPP. Today, the optimal assembly sequence
is usually generated with the computers (CAAPP). The sub-
jects on ASP mainly focus on the assembly representation for
ASP, the methodologies to generate the assembly sequences,
and the evaluation of assembly sequences. The three aspects
coordinate with each other to acquire the optimal assembly
sequence. For example, the necessary assembly constraints
are used to build the assembly representation models. Based
on the assembly representationmodels, the reasoningmethods
and algorithms are selected to search the optimal assembly
sequence meeting the demands of evaluation criteria. The ef-
ficiency of the reasoning methods and algorithms are various
according to different assembly representation models. Once
the assembly representation models and criteria are changed,
the optimal or near-optimal assembly sequence will also be
different.

ASP is a typical of discrete optimization problem in math-
ematics. The discrete topological structures are used to repre-
sent the assembly for ASP. The graphs, trees, and their varia-
tions are extensively used as assembly representation models
[15, 16]. In the early stages, Bourjault [6] introduces the as-
sembly liaison graph (actually an undirected graph) to denote
the assembly. The “ask-answer” method is utilized to distin-
guish the assembly precedence between parts. The feasible
assembly sequences are produced and represented as a direct-
ed assembly state graph. In the following, the ask-answer
method is improved [17, 18] to reduce the times of ask and
answer. The minimum number of questions proposed by en-
gineers is reduced to 2n for an assembly with n parts or com-
ponents. The assembly liaison graph only includes the con-
tacts or connections between each pair of parts. The

fundamental geometrical and process information are ignored.
To generate the valid assembly sequences, the assembly pre-
cedence between parts must be pointed out by engineers. Oth-
erwise, the machine is hard to deduce the feasible assembly
sequences. In addition, the ask-answer method needs much
labor for large scale of assembly. Recently, the assembly liai-
son graph is utilized for subassembly identification [19] to
reduce the complexity of ASP. The sub-sequences of subas-
semblies are searched with the graph search algorithms and
the nested partitions (NP) method is used to merge the sub-
sequences into the whole assembly sequence. To support the
automatic ASP, the geometrical mates and physical connec-
tions are added to the assembly relation (or liaison) graph [20].
Based on the assembly relation graph with geometrical con-
straints, the “cut-sets” method generates all of the feasible
assembly sequences which are illustrated as an “And/Or”
graph. The optimal assembly sequence is selected from these
feasible sequences by evaluation. In theory, the number of cut-
sets is the exponential function of the number of parts for the
strong connected assembly (each part is connected to every
other part). In practice, the strong connected assembly is the
worst case. It seldom happens for most of the assemblies. The
assembly process constraints are not taken into account in the
assembly relation graph. Otherwise, the number of feasible
assembly sequences will be reduced further. It is convenient
to represent the assembly with an assembly relation graph.
The topological structure of the assembly is clearly demon-
strated. On the other hand, many other assembly constraints,
such as the geometrical and process constraints [21], are sel-
dom incorporated into the simple assembly relation graphs.
With the simple graph model, the search space of the optimal
assembly sequence is so large that the current methods are
hard to accomplish the ASP of complex products.

To reduce the complexity of ASP, the assembly precedence
is added to the undirected assembly relation graph model.
Assembly precedence is taken as the strong qualitative assem-
bly constraints to denote the assembly orders between parts.
Several examples of qualitative assembly constraints in as-
sembly process are the geometrical interference, assembly sta-
bility, accessibility, invisibility, etc. The assembly process will
become impossible or difficult if it violates these qualitative
assembly constraints. The assembly precedence between each
pair of parts is usually represented as a directed edge [22]. The
assembly precedence graph replaces the assembly relation
graph to represent the assembly for ASP. In the disassembly
precedence graphs [23, 24], the disassembly precedence is
noted as an arrowed edge (or arc) which points from the dis-
mantled parts to the non-dismantled parts. The assembly pre-
cedence considering the geometrical interference can be ob-
tained by “yes-no” queries [6, 17, 18], from CAD draft [21,
25, 26] and 3D CAD models [14, 27]. The assembly prece-
dence denoting the other qualitative assembly constraints will
be derived from the CAD models or added by designers to
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reduce the assembly difficulty or cost. In general, the prece-
dence graph is represented as BOOL matrices [25, 26, 28, 29]
for algorithms to deduce the assembly sequences. With the
assembly precedence graph, the search space of the optimal
assembly sequence is decreased to some extent. Although the
assembly precedence graph includes the qualitative con-
straints, the number of the feasible assembly sequences is still
very large [30]. Given an assembly precedence graph with n
parts, R is the number of ancestor parts, and ri is the number of
precedent edges leaving the ith ancestor part, the number of
feasible assembly sequences N is computed as formula (1)
[10].

N ¼ n!

∏
R

i¼1
ri þ 1ð Þ

ð1Þ

If N is big and the number of directed edges ri is small, the
number of assembly sequences will be very large. It is time-
consuming to find the optimal assembly sequence by evaluat-
ing them one by one.

Besides the popular assembly relation graph, And/Or
graph, and assembly precedence graph, there are other assem-
bly models for ASP. Zhou et al. [31] integrate the assembly
relation graph and assembly process model together to support
automatic ASP. Gu et al. [32] introduce the ordered binary
decision diagram (OBDD) to substitute the And/Or graph
and precedence graph. The storage of the assembly sequences
is reduced. Banerjee et al. [33] improve the scene graph struc-
ture (a multiple hierarchy structure) into the behavior scene
graph for virtual assembly sequence planning. The geometry,
location, material properties, precedence rules between parts,
motion parameters, etc. are described as a 4-tuples to prohibit
the infeasible execution operations. Zhu et al. [13] formulate a
transformed network flow model to represent the assembly
process. The factors determining the assembly complexity,
such as the selection of parts, tools, fixtures, and assembly
procedures, are considered comprehensively. The entropy of
choice is defined to measure the process complexity. Based on
the network flow model, a dynamic programming method is
designed to find the optimal assembly sequence. In the disas-
sembly area, Lambert [23] uses the disassembly precedence
graph to represent the disassembly process. The profits to
dismantle the assembly liaisons are given first to evaluate
the disassembly process. A greedy heuristics and an exact
branch and bound algorithm are developed to search the opti-
mal disassembly sequence. In literatures [13, 23], the time
complexity of the two exact algorithms is the exponential
function of the scale of the assembly. In the above research
on automatic ASP, the methods usually include three stages.
Firstly, the assembly is represented as an undirected or direct-
ed graph (or trees) or their variations. Secondly, the reasoning
methods or algorithms are used to generate the feasible

assembly sequences under the qualitative assembly con-
straints, such as the topological and geometrical constraints.
Finally, these assembly sequences are evaluated in view of the
assembly criteria to find the optimal assembly sequence [34,
35]. The assembly criteria to evaluate the assembly sequences
are relevant to the assembly process constraints and usually
represented as the assembly cost [36–38], time [34, 39], or
complexity [13]. These methods of the three stages have an
obvious shortcoming. The optimal assembly sequence is hard-
ly found until all of the assembly sequences are traversed. If
the parts are assembled one by one, the directed or undirected
graph model cannot provide the heuristic information to detect
the optimal sub-sequences. To find the optimal sub-sequences,
the quantitative criteria must be used in the search process
before a whole assembly sequence is obtained. In reference
[13], the authors assign the entropy of assembly complexity to
every operation. The optimal assembly sequence is found by
evaluating the edges’ entropy. Lambert [23] also attaches the
profit to the assembly relations to select the next part with the
maximum profit for disassembly. In the virtual disassembly,
Behdad et al. [40] use the risk aversion to evaluate the disas-
sembly operations. The disassembly sequence with the max-
imal value of the risk aversion is taken as the optimal disas-
sembly sequence. These quantitative criteria play an important
role to find the optimal sub-sequences until the optimal as-
sembly sequence is acquired. Furthermore, a lot of non-
optimal subsequences are neglected in the computation pro-
cess so that the efficient of algorithms will be enhanced.

In this paper, we introduce a weighted assembly prece-
dence graph model for ASP. Most of the assembly constraints
for ASP can be integrated into the model. With the weighted
assembly precedence graph, the optimal assembly sequence
can be searched automatically with the algorithms. The as-
sembly constraints are classified into the qualitative and quan-
titative constraints. The qualitative assembly constraints in-
clude the topological assembly relations among parts (or com-
ponents) and geometrical interference between adjacent parts
(or components). A portion of process constraints are also
taken as the qualitative constraints to reduce the assembly cost
or complexity, such as the constraints to facilitate the invisi-
bility, accessibility, etc. The qualitative assembly constraints
are represented as the directed (or undirected) edges in the
weighted graph to denote the assembly precedence (or rela-
tions). The qualitative assembly constraints guarantee to pro-
duce the feasible assembly sequences. Most of them are not
the optimal or near-optimal sequences. The other assembly
process constraints are considered as the quantitative con-
straints, such as the stable support, reorientations and assem-
bly equipment or tools, etc. They conclude the assembly effi-
ciency, cost, or complexity of the assembly process. These
quantitative constraints are defined with indices. The indices
are used to compute the cost of assembly relations with the
fuzzy analytical hierarchy process methods (FAHP), which
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represent the cost of assembly operations to complete the as-
sembly relations. The costs are attached to the edges in the
weighted assembly precedence graph. The edges’ costs are
taken as a kind of heuristic information to find the optimal
assembly sub-sequences and sequence for algorithms.

After the qualitative and quantitative assembly constraints
are integrated into the weighted assembly precedence graph
model, the ASP becomes an asymmetrical TSP. The current
efficient methods, e.g., the graph search algorithms, branch
and bound, cutting planning and dynamic programming,
etc., are able to resolve the ASP [41]. Comparing with the
other assembly models, the weighted assembly precedence
graph model has three merits: (1) Most of the assembly qual-
itative and quantitative constraints are able to integrate into the
weighted assembly precedence graph. The quality of the as-
sembly sequences is guaranteed due to the consideration of
multiple constraints. (2) The weighted graph model is flexible
to meet various assembly environments. The costs of assem-
bly relations are computed according to multiple quantitative
assembly constraints. The importance of the quantitative con-
straints can be adjusted by the engineers with the FAHP meth-
od. Once the assembly requirements are changed, a different
weighted assembly precedence graph model will be comput-
ed. (3) The complexity of ASP will be reduced based on the
weighted graph model. With the heuristic information on the
edges, the algorithms do not need to check all of the feasible
assembly sequences to find the optimal sequence. In addition,
some formulae or inequalities can be constructed based on the
edges’ costs as constraints to reduce the search space. Most
feasible sub-sequences and sequences will be neglected in the
search process if they violate the formulae or inequalities [42].
The computation time of the efficient algorithms for ASP will
be reduced.

The merit of the research is to present a weighted assembly
precedence graph model for ASP. The necessary qualitative
and quantitative assembly constraints are integrated into the
graph model. Based on the comprehensive model, the ASP
can be resolved with the current efficient methods. The struc-
ture of the paper is listed as below. In Section 1, the weighted
assembly precedence graph model is briefly introduced. Sec-
tion 2 focuses on the qualitative assembly constraints and their
representation in the weighted assembly precedence graph.
The quantitative assembly constraints to evaluate the opera-
tions to complete the assembly relations are summarized in
Section 3. The indices of the qualitative constraints are de-
fined and computed. The cost of assembly relations are com-
puted with the FAHP methods and attach to the edges in the
weighted assembly precedence graph. In Section 4, a mini-
mum spanning tree-based (MST-based) algorithm is designed
to search the optimal assembly sequence. Based on the
weighted assembly precedence graph, the time complexity
of the algorithm is O(n3). Two examples are demonstrated to
show the advantage of the weighted assembly precedence

graph in Section 5. The efficiency of theMST-based algorithm
is analyzed and the experimental results are compared with
those generated by the other methods. Finally, the method is
concluded and the possible future work is given.

2 The weighted assembly precedence graph

Graph is often used to represent the topological structure of
discrete objects, especially for the objects composed of many
independent instances. For a weighted graph G with n verti-
ces, it is often noted asG=<V, E,W>, where V={v1, v2,…, vn}
are the vertex sets and E=[eij]n×n are the edges matrix, vi (1≤
i≤n) is the vertex, and eij(1≤i, j≤n) is the edge linking the
vertices vi and vj. The weights matrix noted asW=[wij]n×n are
assigned to the corresponding edges [eij]n×n. For the directed
graph, wij is generally unequal to wji. The directed weighted
graph has many applications in science and engineering prob-
lems. For example, it is often used to represent the internet and
transportation networks. The weights on the edges are the
cost, distance, etc. between each pair of vertices. An assembly
is just this kind of topological structure. It is connected with a
group of discrete parts to reach the product function. It is
convenient to represent an assembly as an undirected graph
without weights. However, the search space of the optimal
assembly sequence is so large that all of the exact algorithms
cannot complete ASP within an acceptable compute time for
complex assemblies. To reduce the complexity of ASP, it is
advocated to utilize the weighted assembly precedence graph
to represent the assembly. Due to the complexity of the assem-
bly structure and assembly process, it is not an easy task to
change an assembly into a weighted assembly precedence
graph. Many assembly constraints must be handled properly
and merged into the weighted assembly precedence graph.
Therefore, it is rarely to see the weighted assembly graph
model for ASP in the previous literatures.

Given an assembly with six parts, the weighted assembly
precedence graph is shown in Fig. 1. The vertices noted with
numbers are the parts or components and the edges (or arcs)
between them are the qualitative assembly constraints, such as
the assembly relations or assembly precedence. The assembly
relations include the contacts, connections, or functional de-
pendence between parts. The assembly relations note the

Fig. 1 The weighted assembly precedence graph of an assembly
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topological assembly structure, and they do not represent the
assembly orders of parts. They are represented as the real lines
in the weighted assembly precedence graph. Assembly prece-
dence is another kind of comprehensive qualitative assembly
constraints. It concludes the assembly orders of parts. It is
represented as an arrowed edge between two parts. The arrow
point from the successor parts to the ancestor parts, which
means the successor parts are assembled after the ancestor
part. When the two parts have an assembly relation and one
assembly precedence, the assembly precedence is noted as a
real directed edge, such as edges e12 and e14 in Fig. 1. If the
two parts do not have any assembly relations but only the
assembly precedence, the assembly precedence is noted as a
dashed directed edge, for example the dashed edge e25 in
Fig. 1. The assembly precedence graph is intuitive for human
whereas it is difficult to handle on computers. They are usually
converted into the matrix for computer process. The weights
on the edges indicate the costs of the assembly operations to
accomplish the assembly relations. Considering multiple
quantitative assembly constraints, the cost of assembly rela-
tions is computed with the FAHP method.

3 Qualitative assembly constraints
and their representation

In this section, we concern the qualitative assembly con-
straints and merge them into the weighted assembly prece-
dence graph for ASP. For mechanical assembly, the following
four rules are useful to reduce the complexity and cost of
assembly process. (1) The inside parts (or components) of
products are assembled before the outside parts. This rule
facilitates the invisibility and accessibility of assembly opera-
tions. (2) The underneath parts (or components) are assembled
before the upper parts. The support of the lower parts to the
upper parts is regarded to reduce the brackets or fixtures. (3)
The heavy parts or components are assembled ahead of the
light parts. (4) The functional parts are assembled first and
then the connectors are later. To make the assembly process
successive, the other two rules are also important. (5) The
successor part or component has at least one assembly relation
with one of the ancestor parts or components. Otherwise, the
auxiliary jigs or brackets will be necessary. (6) The ancestor
parts or components cannot prevent the successor parts, or the
following assembly process will be prohibited by the ancestor
parts. The above six rules are used to extract the qualitative
assembly constraints for ASP.

Given an assembly, each part or component contact the
others with its outer geometrical features, such as dots, lines,
and surfaces. The contacts between parts are the simplest as-
sembly relation as qualitative assembly constraints. Several
types of contacts between parts are summarized in Fig. 2. In
general, every part has contacts with its adjacent parts and has

no contacts with the further parts. Some contacts may realize
the mechanical functions, such as the clearance fit. Before
they are activated, there is no physical force on the contacts
except the gravity. We call this kind of contacts as loose con-
tact. Support contact is another kind of loose contact. The
simple geometrical mates without force are also loose. On
the other hand, most of contacts are the tight contacts. If the
contacts are enforced with connectors, a big force will emerge
on these contacts. The connectors are an important way to
fasten the discrete parts together with the physical force. The
connectors are classified into the dismountable and non-
dismountable. The dismountable connectors include screw
joint, key joint, pin joint, etc. The weld joint, rivet joint, glue
joint, interference fit, etc. belong to the non-dismountable
connectors.

Provided that the assembly precedence is not included, the
assemblies are usually represented as an assembly relation
graph or liaison diagram. An assembly relation denotes a con-
tact between each pair of parts. For computer process, the
assembly relation graph is usually changed into a contact ma-
trix [43]. The BOOL elements in the matrix imply the contacts
between each pair of two parts. If parts pi and pj are assembled
with a kind of contact, the BOOL variable lij=1 (i≠j). Other-
wise, lij=0. Obviously, the contact matrix is symmetrical. Two
parts may have several contacts on different positions. For
ASP, all these contacts between two parts are simplified into
one integrative contact. If an assembly includes n parts, the
contract matrix is represented as LM=[lij]n×n. For example, the
simple transmission [4] with the 11 parts is given in Fig. 3a
and its assembly relation graph is shown in Fig. 3b. The as-
sembly relation graph is apt to construct with respect to the
assembly model as well as the LM. However, it only includes
the contact information between parts and the other assembly
constraints, such as the geometrical and process constraints,
are neglected. Without the other qualitative assembly con-
straints, the number of assembly sequences is huge and a lot
of them are invalid. For example, in Fig. 3b, if part 1 is taken
as the base part, the number of whole assembly sequences is

Fig. 2 The classification of contacts

Int J Adv Manuf Technol (2016) 83:99–115 103



more than 90,000. For complex products, it is difficult to
search the optimal assembly sequence based on the assembly
relation graph. To reduce the complexity, the other qualitative
assembly constraints must be considered.

The assembly relation graph conforms to rule (5), and the
other fundamental rules are not considered. The assembly in-
terference will happen for most of the infeasible assembly
sequences. The geometrical constraints will often result in
assembly interference if they are not handled properly. Owing
to the assembly structures and geometrical shapes of parts,
some parts must be assembled prior to the other parts to avoid
the assembly interference. For example, in Fig. 3a, parts 4
cannot be assembled to part 2 if parts 2 and 5 are assembled
first. To prevent the assembly interference, the geometrical
constraints are certainly taken into account in the assembly
process. The geometrical constraints have various representa-
tions, such as the interference matrix [12], assembly prece-
dence [14], disassembly precedence [10], etc. The assembly
precedence directly indicates the assembly orders of parts. In
addition, they are apt to be derived from the 3D assembly
model [44]. It is convenient to represent as an arrowed edge
in the directed graph and BOOL variables used to deduce the
assembly sequences automatically. Therefore, we transform
the geometrical constraints into the assembly precedence
which is represented as an arrowed edge in the weighted as-
sembly precedence graph. The arrow points from the succes-
sor parts to the ancestor parts. For example, in Fig. 1, the part 1
is assembled first and the parts 2, 3, and 4 are assembled to the
part 1 in the next steps.

It notes that the parts without contacts may have assembly
precedence due to the restrictions of assembly structures and
assembly processes. For example, in Fig. 3a, part 4 must be
assembled before part 5 if part 1 is assembled first. This kind
of assembly precedence between parts without contacts
should be added to the weighted assembly precedence graph.
Such assembly precedence between the parts without contacts
is noted as the dashed lines. The arrows also point from the
successor parts to the ancestor parts. For instance, in Fig. 3, the
directed graph model with the geometrical constraints is given
in Fig. 4, where part 1 is viewed as the base part. Referring to
Fig. 4, we find a part may have many ancestor parts. To prove
the safety of the assembly process, we make the seventh rule.

(7) A part cannot be assembled until all its ancestor parts have
been assembled. This rule may be a little mandatory, but it has
advantages in actual assembly process. Firstly, it will generate
the optimal assembly sequence under the consideration of the
actual assembly constraints. Secondly, the rule (7) will omit
many non-optimal assembly sequences and the search space
of the optimal assembly sequence is decreased greatly.

The geometrical constraints have been merged into the di-
rected graph model. To generate the feasible assembly se-
quences automatically, the assembly precedence between
parts pi and pj is represented as another BOOL variables prij.
For two parts pi and pj, if part pi must be assembled after part
pj, prij=1 (i≠j). Otherwise, prij=0. Given an assembly with n
parts, the precedence matrix is represented as PM=[prij]n×n. In
the ith line, the part pi cannot be assembled until all the ele-
ments prij=0. Different from the contact information, the as-
sembly precedence is asymmetrical, which proves some parts
have to be assembled before the other parts. With the geomet-
rical constraints in Fig. 4, the number of feasible assembly
sequences of the simple transmission becomes 140. It is clear
that geometrical constraints play an important role to reduce
the complexity of ASP.

It notes that assembly precedence is a kind of comprehen-
sive assembly constraints. Besides the geometrical con-
straints, the designers can add the other qualitative constraints
according to the above rules or delete some redundant

Fig. 3 A simple transmission
assembly (a) and its assembly
relation graph (b)

Fig. 4 The assembly precedence graph with geometrical constraints

104 Int J Adv Manuf Technol (2016) 83:99–115



qualitative constraints to generate the favorite assembly se-
quences. For example, the process constraints of assembly line
layout, the special assembly operations, and the invisibility
and inaccessibility of operations will increase the number of
assembly precedence. If necessary, these qualitative assembly
constraints will be added according to the assembly structures
and assembly environments.

Before we execute the assembly process, we first appoint a
base part with respect to its characteristics. The base part owns
the assembly baselines. It is usually heavy, big, and assembled
at the first step. Then, the other discrete parts or components
are assembled to the base part or subassemblies one after
another until they compose the whole product. Generally, a
global coordinate system is attached to the base part (or com-
ponent). The positions of every part or component are deter-
mined in the coordinate system. The outer and inner parts are
visible in view of their solid models and the coordinate sys-
tem. The geometrical interference between parts is also able to
discern. After the qualitative assembly constraints are ac-
quired, they are represented as the directed edges in the
weighted assembly precedence graph model to ensure the as-
sembly precedence between parts.

4 Quantitative assembly constraints
and their representation

Considering the qualitative assembly constraints, the valid
assembly sequences will be generated. The goal of ASP is
not only to generate the feasible assembly sequences, but also
to obtain the optimal assembly sequence according to assem-
bly criteria. Given a fitness function of the assembly se-
quences, the optimal assembly sequence has the minimum
(or maximum) fitness value. For complex products, the num-
ber of feasible assembly sequences is still very large in the
assembly precedence graph. It is impossible to generate all of
the assembly sequences due to the limitation of the computa-
tion resources. Furthermore, the optimal sub-sequences are
not generated due to the lack of local heuristic information.
The efficient methods, such as the graph search algorithms,
branch and bound method, cutting planning method, dynamic
programming method, etc., cannot find the optimal sub-
sequences based on the assembly precedence graph. There-
fore, the heuristic information is necessary to add to the as-
sembly precedence graph. When we select the next part to
assemble, the heuristic information will show us which part
is the most appropriate. Provided that each operation assem-
bles one part, the assembly is assembled by a set of ordered
assembly operations. In each operation process, the successor
part is added to its ancestor parts through setting up their
assembly relations. The costs or time of the assembly opera-
tions to accomplish the assembly relations is naturally taken as
the heuristic information to choose the proper part to

assemble. Referring to Fig. 4, the costs of assembly operations
can be attached to the edges representing the assembly rela-
tions as their costs. In this case, the assembly precedence
graph becomes a weighted precedence graph. Comparing with
the unweighted graph, the weighted assembly precedence
graph has the following merits. (1) It is an integrative assem-
bly model for ASP.Most of the assembly constraints including
the qualitative and quantitative assembly constraints are inte-
grated into the model together. The model can adapt the var-
ious demands of assembly structures and assembly back-
grounds. (2) The complexity of ASP will be reduced much
after multiple assembly constraints are taken into consider-
ation. In addition, the heuristic information will lead the algo-
rithms and methods to find the optimal sub-sequences and
sequence. A lot of non-optimal sub-sequences and non-
optimal sequences will be neglected in the search process.
(3) It is a simple graph model and apt to be converted into
the matrix for computer process. Most of the algorithms and
reasoning methods can resolve ASP based upon the graph
model.

There are many criteria to evaluate the assembly opera-
tions. An assembly relation will be accomplished in each as-
sembly operation. The parts and their assembly relations real-
ize the total or a portion of the product functions. The assem-
bly relations to realize the product functions are designed as
the special contacts on the important parts. Each contact is
composed of one or more pairs of particular features [45] on
different parts. These parts are functional parts, and they are
usually assembled prior to the other parts. Secondly, the ac-
complished assembly relations are desired to maintain the sta-
bility of subassembly. Otherwise, the auxiliary brackets or jigs
must be provided. Thirdly, the successor part in the next op-
eration should have the same assembly directions as that of the
adjacent ancestor part to reduce the number of reorientations.
Additionally, it is best assembled with the identical tools as
those used by the adjacent ancestor part to reduce the changes
of assembly tools. In literature [46], Wang et al. gave an eval-
uation model to compute the decision graph for assembly unit
partition. Here, the similar assembly constraints are summa-
rized as the quantitative constraints to compute the costs of the
assembly relations for ASP.

The quantitative assembly constraints are shown in Fig. 5.
The quantitative assembly constraints are classified into three
types: functional, structural, and process constraints. The sta-
ble support and transmission belong to the functional con-
straints, which realize the design intent of products. The stable
support and transmission contacts are designed as the special
features on the important parts. Regardless of loose or tight
contacts, the parts are fastened together to form the product
structures. The parts are gathered by all kinds of connectors
and mates. Some parts are fastened with connectors or joints.
The other parts mate with each other with particular structures
[47]. No matter whatever the assembly structure is, the degree
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of freedom (DOF) of the assembled parts will be reduced. The
DOF of parts is taken as the second structure constraints to
evaluate the stability of assembly relations. At last, the assem-
bly process related to the assembly complexity is regarded.
The frequent changes of assembly directions and tools will
lengthen the assembly time and improve the assembly cost
through raising the assembly complexity. The two factors
are considered as the process constraints to evaluate the as-
sembly relations. We will compute the costs of assembly re-
lations in view of these quantitative constraints. The costs are
assigned to the edges in the weighted assembly precedence
graph. The smaller the weight of one edge is, the less the cost
to accomplish the assembly relation is. In the assembly pro-
cess, we will select the successor part with the minimum as-
sembly relation cost to assemble. If all the parts are assembled
with their minimum costs, the assembly sequence will be op-
timal. Two steps are necessary to obtain the cost of the assem-
bly relations. In the first step, the assembly constraints in
Fig. 5 will be quantified as their indices. Secondly, the weights
to hint the importance of the assembly constraints are given by
engineers and the cost of assembly relations are computed
with the FAHP method.

4.1 Quantization of assembly constraints

The indices of the quantitative assembly constraints in Fig. 5
are defined or given by the designers to compute the cost of
assembly relations.

4.1.1 The indices of functional constraints

Two functional constraints, i.e., the stable support and trans-
mission, are considered here. The two constrains are generally
determined in the design process to realize the product func-
tion. The parts to achieve the product functions are important.
In the assembly process, the important parts are usually as-
sembled prior to the other parts.

Given two parts pi and pj, the part pj is on the part pi. If the
support force of pi to pj is equal to or bigger than the gravita-
tion of part pj, we name part pi as a stable support of part pj. It
notes that the support forces are vectors. The direction of the
support forces is coincident with that of the gravity of the
supported parts. If part pi is a stable support of part pj, the
index of the stable support is defined as SIij=0. Otherwise,
SIij=1. The unstable support will need the extra auxiliary
brackets to secure the assembly process. We advise to reduce
the unstable supports in the products as few as possible to
decrease the complexity of assembly process. The stable sup-
port indices SIij between parts will constitute a stable matrix
SM and it is asymmetrical.

Transmission is another important function of mechanical
products. The movements and driving forces are transferred
by various kinematic pairs. Besides the materials and shapes,
the tolerances are specially designed on the kinematic pairs
[48]. If pi and pj are assembled to realize the transmission
function, the index of pi and pj is given as TMIij=0. Other-
wise, TMIij=1. Similarly, the transmission matrix TMM is
filled by the indices TMIij between each pair of two parts.
Obviously, it is symmetrical.

The two indices denote the functional dependence between
parts pi and pj. They are merged into the functional index as
formula (2).

FI i j ¼ w1 � SI i j þ 1−w1ð Þ � TMI i j ð2Þ

Where FIij is the functional constraint index of assembly
relation lij formed with parts pi and pj, w1 is the weight of
stable support, which illustrates its importance, 0≤w1≤1, 0≤
i, j≤n, and n is the number of parts in the assembly.

4.1.2 The indices of structural constraints

The structural constraints of products keep every static part
staying at their right locations and the dynamic parts moving
in their working space. Some parts are fastened with various
connectors, such as weld, rivets, screw, etc. in Fig. 2, to from
the steady assembly structures. Some parts only mate with
each other and there is no force on their contacts. In the as-
sembly process, the parts fastened with connectors or joints
are preferred. The connectors are apt to keep the steady struc-
ture of the subassemblies. The unsteady states of the assembly
structure will be avoided to reduce the complexity of assembly
procedures. For different types of connectors, the strength
they provide has distinctions. Referring to Lee’s work [49],
the strength of the connectors is classified into eight catego-
ries. The weld strength is the strongest and the loose mate
(attachment) is the weakest. In this research, a small connec-
tion index is assigned to the strong connectors to compute the
small costs of assembly relations. The strength indices of the
connectors are shown in Table 1. If two parts pi and pj are

Constraints

Function

Stable
support

T
ransm

ission

Structure

C
onnection/M

ate

D
O
F

Process

D
irection-related

T
ool-related

Fig. 5 The quantitative assembly constraints to evaluate assembly
relations
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fastened with a connector, the strength index of the assembly
relation is represented as CIij. The connectors are used to fas-
ten the functional parts and they are not taken into account in
the ASP. The strength indices CIij between parts compose the
connection strength matrix CM and it is symmetrical.

The connectors join the pair of parts with forces. The other
parts have relative motions after they are assembled with ki-
nematic pairs. Although these parts can move in their working
area, their DOFs are restricted by the kinematic pairs. A part
has 6 DOFs in an open space. The DOF becomes less than 6
after some of its assembly relations are realized. Each assem-
bly relation on the part will constraint one or more of its
degrees. The DOF of parts hint the second assembly structure
constraint determined by the assembly relations. Given part pi
is the ancestor part, part pj is assembled to the part pi. The
DOF of part pj is noted as DOFij after they are assembled. The
index of DOF of part pj is computed as DOFIij=DOFij/6. The
smaller the index DOFIij, the steadier the subassembly struc-
ture is after part pj is assembled. The DOF indices between
parts compose the DOFmatrix (DOFM)which illustrates their
structure stability when two parts are assembled. The DOFM
is also symmetrical.

The two indices imply the structure constraints to prove the
assembly structure stability in the assembly process. They are
combined together as formula (3).

AIi j ¼ w2 � CIi j þ 1−w2ð Þ � DOFIi j ð3Þ

Where AIij represents the structure constraint index of as-
sembly relation lij when part pj is assembled to part pi,w2 is the
weight of connection strength, 0≤w2≤1, 0≤i, j≤n, n is the
number of parts in the assembly.

4.1.3 The indices of process constraints

For an assembly sequence, the frequent changes of assembly
directions and tools will increase the assembly time and cost.
We expect the parts to be assembled in a few directions and
with a small number of tools so that the assembly time and
cost will be saved. Given an ancestor part or component, the
possible parts to be assembled in the next stepwill bemultiple.
We prefer to select the successor parts with the same assembly
direction and tools used by the adjacent ancestor part. A part
may have many assembly relations with the ancestor parts.
The assembly directions and tools to complete these assembly

relations are different in most cases. We give the following
assumptions to simplify the ASP. (1) In the 3D coordinate
system, the assembly directions are strictly along±X, ±Y,
and±Z directions. This hypothesis is suitable for most of the
assembly processes. (2) If one assembly relation between two
parts pi and pj is accomplished, the pair of two parts is assem-
bled together. (3) Given the ancestor part or component, the
successor part is assembled to it with one assembly tool along
one assembly direction. Based on these assumptions, we as-
sign the assembly directions and tools to each part with respect
to the assembly relations. For each assembly relation lij, it
connects two parts pi and pj. In the coordinate system, the
assembly direction of part pi or pj is fixed in view of the
assembly relation lij. If part pj is assembled to pi in the X
direction, the part pi will be assembled to pj in the reverse
direction. To derive the assembly directions of parts, we build
the direction matrix DM=[dij]n×n. For the element dij in the
matrix, it means the assembly direction of part pi if part pj is
the ancestor part. dij∈{X, −X, Y, −Y, Z, −Z} and dij=−dji.

For two parts pi and pj with an lij and pi is the ancestor part,
if the assembly direction of the successor part pj is the same as
that of the adjacent assembled part pk in the assembly process,
the index of the assembly direction constraint between the
parts pi and pj is noted as DIij=0. Otherwise, DIij=1. It notes
that part pk may be identical to or different from part pi.

As the direction constraint, we would like to assemble the
successor part pj with the same tool as that used by the adja-
cent assembled part pk. However, the confirmation of the as-
sembly tools is more complex than that of the assembly direc-
tions. Given an assembly relation lij, it can be accomplished by
different tools. On the other hand, every assembly tool is able
to assemble several similar types of assembly relations. To
select the proper tools, the types of assembly relations be-
tween parts are given first. For example, there are m kinds of
assembly relations in an assembly. These assembly relations
are noted as a relation set R={r1, r2,…,rm}. For each type of
assembly relation ri, s kinds of tools T={t1, t2,…,ts} are able to
accomplish it in one particular assembly environment. There-
fore, a tool matrix TOM will be suggested with respect to the
assembly relations. In the assembly process, the identical or
similar tools are selected to realize the following uninstalled
assembly relations. For two parts pi and pj with an lij and pi is
the ancestor part, if part pj is assembled closely after part pk
with the tools which are the same as those used by the part pk,
the index of assembly tool constraint between parts pi and pj is
represented as TOIij=0. Otherwise, TOIij=1. The part pk may
be identical to or different from part pi.

These two indices represent the assembly complexity de-
termined by the assembly process. They are the base to com-
pute the index of assembly process constraint as formula (4).

PI i j ¼ w3 � DI i j þ 1−w3ð Þ � TOI i j ð4Þ

Table 1 The strength indices of the connectors

Connectors Weld Rivet Screw Push

Index/CI 0.1 0.2 0.3 0.4

Connectors Interference fit Sticking Clearance fit Loose mate

Index/CI 0.5 0.6 0.8 1.0
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Where PIij is the process constraint index of assembly re-
lation lij when part pj is assembled to part pi, w3 is the weight
of assembly directions, 0≤w3≤1, 0≤i, j≤n, and n is the num-
ber of parts in the assembly. Different from the indices of
functional and structural constraints, the indices of assembly
process constraints are computed in the assembly process. The
PIij between parts pi and pj relies on the middle part pk (pk may
be different from part pi). Therefore, the PIij between parts pi
and pj varies for different assembly sequences.

It notes that the stable support, direction-related and
tool-related constraints are asymmetrical for each pair of
two parts with an assembly relation lij. The other three
constraints are symmetrical for two assembled parts.
The weights w1, w2, and w3 are assigned by the de-
signers to denote the importance of the assembly con-
straints. In the following section, the assembly cost of
the assembly relations are computed with the FAHP
method based upon these indices.

4.2 Computation of the assembly cost of assembly
relations

FAHP method [50] originates from the analytical hierarchy
process (AHP) introduced by Satty [51]. It has a lot of appli-
cations to the fuzzy making-decision problems in the engi-
neering fields. The evaluation of costs of the assembly rela-
tions is just this kind of multiple criteria decision making
(MCDM) problems. In view of Fig. 5, the functional, struc-
tural, and process constrains are considered to evaluate the
costs of assembly relations for ASP. The indices of these con-
straints are computed in previous section. They are used to
compute the cost of assembly relations with the FAHP meth-
od. There are four main steps to compute the cost of assembly
relations.

Step 1 Give the evaluation model of the assembly relations
for ASP. The evaluation model of the assembly rela-
tions is illustrated in Fig. 6. The top level is the cost of
assembly relations to compute. The second level is

the important criteria (the functional, structural, and
process constraints). The bottom level is the assem-
bly relations. In the hierarchical model, the assembly
relations are evaluated according to the three kinds of
assembly constraints. The smaller the cost of an as-
sembly relation, the less the cost is to accomplish it.

Step 2 Compute the fuzzy judgment matrix of the quantita-
tive assembly constraints. The elements of judgment
matrix are computed with formulae (2)–(4). To add
the fuzziness of judgment, the elements in the judg-
ment matrix are changed into the triangle fuzzy num-
bers. The reflection between the real numbers and the
fuzzy numbers is given in Table 2. With the mapping
rules, each real number is converted into a triangle
fuzzy number. If the assembly includes n assembly
relations and m indices are considered, the fuzzy

judgment matrix is noted as ~B ¼ ~Bi j

� �
n�m

(1≤i≤n,
0≤j≤m). ~bi j is a triangle fuzzy number and it is noted

as ~bi j ¼ u; v;wð Þ. u, v, and w are integer numbers
between 1 and 9.

Step 3 Appoint the fuzzy weight vector. Three kinds of quan-
titative constrains are regarded for ASP. The impor-
tance of them is distinctive for different assembly
structures and various assembly environments. The
weights wF, wS, and wP of the functional, structural,
and process constrains are assigned by engineers and
wF+wS+wP=1. The suggestions of the experts are
merged into the FAHP method. After the three
weights are given, they are changed into the fuzzy
numbers according to Table 2. If m quantitative as-
sembly constraints are considered, the fuzzy weight

vector is represented as ~W ¼ ~wi½ �m�1 (1≤i≤m). Each
element ~wi is a triangle fuzzy number.

If the AHP method is used, the weight judgment
matrix of the assembly constraints is given by the en-
gineers. The weights are computed as the feature vec-
tors of the weight judgment matrix. Due to the sim-
plicity of the weight judgment matrix (just a 3×3 ma-
trix), the weights wF, wS, and wP are assigned by ex-
perts according to the actual assembly process. The
experiences of the engineers are merged into the FAHP
method to generate the practical assembly sequences.

Step 4 Calculate the cost of assembly relations. The fuzzy
cost of assembly relations is equal to the product of
fuzzy judgment matrix and fuzzy weight vectors. It is
the formula (5), where⊗ is the times sign for triangle
fuzzy numbers, the superscript T denotes the trans-
position of matrix.

~Cn�1 ¼ ~bi j
h i

n�m
⊗ ~wi

� �T
� �

m�1

ð5Þ
Fig. 6 The evaluation model of assembly relations
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In the assembly process, the fuzzy cost of each assembly
relation is computed. In the next, they are converted into the
cost of assembly relations for ASP. The cost of assembly re-
lation is the average value of the triangle fuzzy numbers. For
example, if ~c ¼ u; v;wð Þ, the cost c of the assembly relation is
computed as formula (6).

c ¼ uþ vþ w

3
ð6Þ

The cost is attached to the edges representing the assembly
relations in the assembly precedence graph. Then we will
obtain a weighted assembly precedence graph model for
ASP. The efficient methods and algorithms can resolve the
ASP based on the weighted assembly precedence graph.

5 A MST-based algorithm based on the model

With the weighted assembly precedence graph, the ASP turns
into a variation of asymmetrical TSP under the qualitative
assembly constraints. Given an assembly with n parts or com-
ponents, the integer program of ASP is shown as model (7)
with four formulae (a)–(d).

min
Xn

i¼1

Xn

j¼1; j≠i
ci jxi j að Þ

s:t
Xn

i¼1;i≠ j
xi j ¼ 1;∀1≤ i≤n bð Þ

Xn

j¼1; j≠k
pr jk ¼ 0;∀1≤k ≤n cð Þ

xi j∈ 0; 1f g∀1≤ i≠ j≤n dð Þ

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð7Þ

In formula (a), cij means the cost of assembly relation lij
between parts pi and pj, where part pi is the ancestor part of
part pj. For each successor part pj to be assembled, it may have
many assembly relations with the ancestor parts pi. Only one
assembly relation is considered to assemble the part pj in one
operation, this is the function of the formula (b). This formula
also guarantees that at least one assembly relation exists be-
tween the part pj and the ancestor parts pi. Formula (c) is the
precedence constraints between part pj and the other parts. It
means that part pj can be assembled after all its ancestor parts
pk are assembled. Formula (4) proves n-1 assembly relations
are accomplished in one assembly sequence.

Although ASP is represented as a variation of TSP, it has
the following obvious distinctions from the asymmetrical
TSP. (1) Generally, the weighted assembly precedence graph
is not complete. For a concrete assembly, each part usually has
assembly relations with its several adjacent parts. The average
degree of the weighted assembly precedence graph will be
much less than n-1 provided that the assembly includes n parts
or components. (2) The assembly precedence is unilateral. For
example, if part pi must be assembled before part pj, part pj
cannot be as the ancestor of part pi. (3) In an assembly se-
quence, the subsequent parts at least have one assembly rela-
tion with one of their ancestor parts. (4) All the assembly
relations are accomplished after the parts are assembled to-
gether. In formula (7), the n-1 assembly relations to join the
n parts together are considered to generate the optimal assem-
bly sequence. The optimal assembly sequence has the mini-
mum assembly cost.

Except for the four distinctions, the ASP can be taken as an
asymmetrical TSP under the qualitative assembly constraints.
In the weighted assembly precedence graph, one part may
have several assembly relations with the other parts. How
can we select the proper assembly relation to assemble? In
the assembly process, the parts are divided into two groups.
Given the first group of parts has been assembled and the
second group of parts is not, the costs of the assembly relations
between the two groups of parts are computed first. Then the
assembly relation with the minimal cost is selected to assem-
ble. Meanwhile, the part with the assembly relation in the
second group is assembly to the first group. The assembly
relation with the minimum cost meets the demands of the
multiple assembly constraints and it is preferred to assemble.
If the assembly relation with the minimal cost is realized, the
two parts linked by the assembly relation is assembled
together.

Given a base part, the costs of the assembly relations linked
to it are computed first. The next part connected by the assem-
bly relation with the minimum cost is selected and assembled
to the based part. They compose the ancestor subassembly.
The costs of the assembly relations between the ancestor sub-
assembly and the other discrete parts are computed to select
the third part based on the minimum assembly cost. The com-
putation process is executed until all the parts are traversed. It
is obvious that we generate a minimum spanning tree (MST)
of the weighted assembly precedence graph. Given an assem-
bly with n parts or components, the MST-based algorithm to
search the optimal assembly sequence is given in Fig. 7, where
n1 is the number of assembled parts.

Table 2 The reflection between
the real numbers and the triangle
fuzzy numbers

Real number 0 (0, 0.2] (0.2, 0.4] (0.4, 0.6] (0.6, 0.8] (0.8, 1.0]

Triangle fuzzy number (0,0,0) (1,1,3) (1,3,5) (3,5,7) (5,7,9) (7,7,9)
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The previous 4 steps input the necessary assembly con-
straints to construct the weighted assembly precedence graph
for ASP. After the weighted assembly precedence graph is
built, the MST-based algorithm is adopted to search the
MST under the qualitative assembly constraints. The costs
of the assembly relations are computed with the FAHP meth-
od in the 10th step. Among the assembly relations between the
assembled parts and the uninstalled parts, the uninstalled part
linked by the assembly relation with the minimum cost is
taken as the next part to assemble and added to the optimal
assembly sub-sequence. Simultaneously, the assembly direc-
tions and tools for assembling the part are also recorded. After
the part is assembled to the subassembly, it cannot prohibit the
other uninstalled parts any more. The precedence matrix is
updated in the 16th step. The discrete parts are added into
the optimal sub-sequence one by one until all of them are
assembled together. Steps 5–17 execute the computation to
generate the optimal assembly sequence. In the 18th step,
the results are output. They include the optimal assembly se-
quence, the assembly cost, the assembly directions and tools
to assemble each part.

The time complexity of the algorithm is mainly concluded
by the 5th–17th steps. Given an assembly with n parts, the
maximum value of n1 is n. Hence, the time complexity of the
algorithm is O(n3). The time complexity of the dynamic pro-
gramming methods is usually bigger than O(2n) in most cases
[13].

Given an assembly with n parts {p1, p2,… , pn}, an assem-
bly sequence is represented as (pi, pj,…, pm), where all the
parts in the assembly sequence are different. Meanwhile, the
assembly directions and tools to assemble each part are repre-
sented as the direction and tool sequences.

Fig. 8 The information of assembly constraints for ASP

Step The pseudo to find the optimal assembly sequence

The assembly relation graph is constructed in view of the
contacts between parts. 

The assembly precedence between parts are derived from the
CAD model or appointed by engineers according to the

assembly structures and environments and merged into the

assembly relation graph.
The indices of the quantitative assembly constrains are

defined and computed.

A base part or component is appointed and add it to the
optimal assembly sub-sequence. The assembly direction and

tools to assemble the base part or component are given.

For(i:=2~n)
Classify the parts into two groups which are the

assembled parts and the uninstalled parts. The number of

assembled parts is n1 and that of the uninstalled parts is n-n1.
For(j:=1~n1)

For(k:=1~n)

Find the assembly relations between the assembled parts
in the optimal assembly sub-sequence and the other

uninstalled discrete parts.

Compute the cost of the assembly relations between the
two groups of parts with the FAHP method.

Select the assembly relation with the minimum cost.

Record the uninstalled part linked by the assembly relation
with the minimum cost.

end

end
Add the current part with the minimum cost into the

optimal assembly sub-sequence.

Compute the cost of the optimal assembly sub-sequence.

Record the assembly direction and tools to assemble the
current part.

Update the precedence matrix.

end
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in the optimal assembly sequence.

Fig. 7 The MST-based algorithm to search the optimal assembly
sequence
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6 Examples and analysis

The method to compute the weighted assembly precedence
graph and the MST-based algorithm are coded with C++ lan-
guage and run on a computer with a 2 GHz processor and a
512 MB inner memory. After the quantitative and qualitative
assembly constraints are provided, the program is used to
search the optimal assembly sequence. In the assembly pro-
cess, the costs of the assembly relations are computed with the
FAHP method considering the quantitative assembly
constraints.

Two examples are given to show the performance of the
weighted precedence graph model for ASP. Given an assem-
bly, the qualitative and quantitative assembly constraints are
extracted from the assembly or assigned by the engineers.
After the assembly process is initialized, the MST-based algo-
rithm is implemented to find the optimal assembly sequence
within the weighted assembly precedence graph. For conve-
nience, we use sets {1,2,3,4,5,6} represent the assembly di-
rection sets {X,−X, Y,−Y, Z,−Z}. The assembly tools are also
noted as integer numbers. After the results are computed, we
converted them into the actual assembly directions and tools.

6.1 The simple transmission in Fig. 3

The simple transmission in Fig. 3 is taken as the first instance
to show the feasibility of the weighted precedence graph mod-
el. The precedence matrix PM, stable support matrix SM,
transmission matrix TMM, connection matrix CM, degree of
freedom matrix DOFM, direction matrix DM, and tool matrix
TOM are given in Fig. 8. The precedencematrixPM in Fig. 8a
is derived from the assembly precedence graph in Fig. 4,
which guarantees to generate the feasible assembly sequences.
The other matrices are defined and computed according to the
methods introduced in Section 4.1. In the direction matrix-
DM, the elementsDIij=−1 note that there is no relative assem-
bly direction between the parts pi and pj. The assembly direc-
tion of each part can be deduced according to DM. The as-
sembly tools are determined by the types of connectors in
Table 1. The connectors of the simple transmission are classi-
fied into 6 types with respect to the CM. In Fig. 8g, the ele-
ments in the left column outside of TOM are the connector
types. For each type of connector, we give 5 tools to use and
each tool can accomplish the connection. The tools to accom-
plish different connections may be the same. The tools are
represented as integer numbers in the TOM. The bigger the

tool number is, the more expensive the tool is. In general, we
prefer to select the cheap tools to assemble the parts. Part 1 is
viewed as the base part in view of the PM. It has the most
assembly relations with the other parts. Its assembly direction
is+X or −X in view of DM.

To compute the cost of the assembly relations, the weights
w1, w2, w3 and wF, wS, wP should be given. The engineers
assign the proper values to these weights considering the ac-
tual assembly backgrounds. In this example, w1=0.5 w2=0.5,
w3=0.5 andwF=0.4,wS=0.4,wP=0.2. The smaller the weight
is, the more important the corresponding assembly constraint
is. In view of these weights, the assembly process constraint is
more important than the other two assembly constraints. The
experts can change the values of these weights to generate the
applicable sequences.

With the above assembly constraints information, the re-
sults are computed and shown in Table 3. The optimal assem-
bly sequence meets the comprehensive assembly constraints
and its cost is the minimum. The minimum cost is rounded to
an integer. If we change the quantitative assembly constraints
or the weights of these constraints, the optimal assembly se-
quences will be different.

Wang et al. [52] used the ACO, and Gao et al. [53] adopted
the memetic algorithms (MA) and GA to search the optimal
assembly sequence of the simple transmission. In their re-
search, they first generate a lot of assembly sequences through
iterative computations. Then, the assembly sequences are
evaluated with the defined fitness functions. They use the
number of reorientations to evaluate the assembly sequences.
The comparisons between their results and ours are shown in
Table 4. The reorientations of our results are the same as that
of GA and bigger than that of ACO and MA. Our qualitative
assembly constrains is different from theirs so that the results
are different. For example, under the constraints of our PM,
part 3 must be assembled before part 2 if part 1 is the ancestor
part, which leads to the difference between our optimal assem-
bly sequence and theirs. In our method, more assembly

Table 4 The comparisons between our methods with the others

Method Optimal sequence Reorientation

MST-based (1,7,3,2,4,9,8,10,11,5,6) 3

GA (1,2,3,4,7,9,8,10,5,6,11) 3

ACO (11,8,9,7,10,1,2,3,4,5,6) 0

MA (1,2,3,4,5,6,7,10,9,8,11) 1

Table 3 The results of the simple transmission

Sequence (1, 7, 3, 2, 4, 9, 8, 10, 11, 5, 6) Min cost=583

Directions (−X, − X, X, X, X, − X, − X, − X, − X, X, X) Number of direction changes=3

Tools (t3, t3, t3, t6, t3, t3, t3, t3, t3, t4, t6) Number of tool changes=4
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constraints are considered in the weighted assembly prece-
dence graph and the optimal assembly sequence will be more
practical. With the MST-based algorithm, we do not need to
generate a lot of assembly sequences to find the optimal as-
sembly sequence. With the costs of assembly relations, the
optimal sub-assembly sequences will be detected to compose
the optimal assembly sequence. Comparing with the iterative
computations of the intelligent algorithms, the computation
time will be saved.

We also use the brutal depth-first graph search algorithm to
compute the 140 feasible assembly sequences and their costs.
The optimal assembly sequence is the same as that computed
with the MST-based algorithm. However, the time complexity
of the depth-first graph search algorithm is much bigger than
that of the MST-based algorithm. In the worst case, the time
complexity of the depth-first graph search algorithm is O(n!)
based on the weighted graph. It aims to generate all of the
assembly sequences and infinite computation time and mem-
ory space will be consumed for large scale of ASP. With the
MST-based algorithm, the time complexity is O(n3) for ASP.
The ASP will be resolved in a polynomial computation time.

6.2 The second transmission assembly

The second transmission with 37 parts is used to show the
performance of the weighted assembly precedence graph
model. The assembly is given in Fig. 9, where the parts are
noted with numbers. The numbers in the brackets represent
the number of such parts in the assembly. Most of the parts are
assembled along the ±X directions. Two parts 26 and 34 are
assembled in the ±Y and the ±Z directions, respectively. First-
ly, the assembly precedence between adjacent parts is extract-
ed or picked up by the engineers. To make the task simple, we
only give the necessary 46 precedence relationships among
these parts. The assembly precedence graph is illustrated in
Fig. 10. It does not include all of the assembly precedence
among parts.

The PM is derived with respect to the assembly precedence
graph. Although the assembly precedence is not complete,
they are sufficient to generate the optimal assembly sequence.
Secondly, the indices of the stable support, transmission, con-
nections, DOF, assembly direction-related, and tool-related
assembly constraints between each pair of two parts are given
or computed. The SM, TMM, CM, DOFM, DM, and TOM
are computed and used to evaluate the cost of the assembly
relations with the FAHP method. These matrices of the quan-
titative assembly constraints are not included in the paper due
to their big sizes. In view of the assembly precedence graph,
the part 2 has the most assembly relations with the other parts
and it is taken as the base part. The base part 2 is assembled to
the workstation. The assembly direction and tool are −X and
t4, respectively. The cost to assemble the base part is appointed
as 100.

The weights w1, w2, and w3 are assigned as 0.5. In this
example, we do three experiments by changing the wF, wS,
and wP. The weights wF, wS, and wP demonstrate the impor-
tance of the functional, structural, and process constraints. The
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Fig. 10 The necessary
precedence relationships between
parts

Fig. 9 The transmission assembly with the 37 parts
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smaller the weight is, the more important the quantitative as-
sembly constraint is. The MST-based algorithm is executed to
compute the optimal assembly sequence with the minimum
cost. With the three groups ofwF,wS, andwP, the three optimal
assembly sequences are generated. The results are illustrated
in Table 5. WS notes the workstation to assemble the base

part. Anc. and Suc. represent the ancestor part and successor
part, respectively. Dir. and Tool are the assembly direction and
tool to assembly the successor part. Cost means the cost to
assembly each successor part.

The optimal assembly sequences are computed with the
MST-based algorithm as well as the assembly directions and

Table 5 The results of the transmission assembly

Step 1st experiment wF=0.4, wS=0.4 and wP=0.2 2nd experiment wF=0.45, wS=0.45 and wP=0.1 3rd experiment wF=0.4, wS=0.2 and wP=0.4

Anc. Suc. Dir. Tool Cost Anc. Suc. Dir. Tool Cost Anc. Suc. Dir. Tool Cost

1 WS 2 −X t4 100 WS 2 −X t4 100 WS 2 −X t8 100

2 2 6 −X t4 18 2 6 −X t4 18 2 6 −X t8 12

3 6 7 −X t4 38 6 7 −X t4 38 2 3 −X t8 34

4 2 8 −X t4 28 2 8 −X t4 28 2 4 −X t8 34

5 2 3 −X t6 55 2 3 −X t6 47 2 5 −X t8 34

6 2 4 −X t6 37 2 4 −X t6 37 5 36 −X t8 34

7 2 5 −X t6 37 2 5 −X t6 37 5 35 −X t8 34

8 2 1 X t6 55 2 1 X t6 47 6 7 −X t2 51

9 5 36 −X t9 62 5 36 −X t4 51 2 8 −X t2 18

10 5 35 −X t9 37 5 35 −X t4 37 8 9 −X t3 73

11 8 9 −X t9 55 8 9 −X t4 55 9 10 −X t3 18

12 9 10 −X t9 28 9 10 −X t4 28 5 34 −X t9 62

13 5 34 −X t9 37 5 34 −X t4 37 9 12 −X t9 45

14 9 12 −X t9 55 9 12 −X t4 55 12 13 −X t9 46

15 12 13 −X t9 49 12 13 −X t4 49 12 29 −X t9 46

16 12 29 −X t9 49 12 29 −X t4 49 2 1 −X t9 62

17 12 30 −Y t9 67 12 30 −Y t4 59 12 30 −Y t9 74

18 30 32 −Y t9 37 30 32 −Y t6 47 30 32 −Y t9 34

19 32 33 −Y t9 37 32 33 −Y t4 47 32 33 −Y t9 34

20 33 31 −Y t9 49 32 31 −Y t4 40 33 31 −Y t9 46

21 32 11 −Y t9 49 32 11 −Y t4 49 32 11 −Y t9 46

22 11 37 −Y t9 49 11 37 −Y t4 49 11 37 −Y t9 46

23 13 28 −X t1 90 13 28 −X t4 75 13 28 −X t1 91

24 28 27 −X t4 75 28 27 −X t4 57 28 27 −X t4 79

25 28 14 −X t4 45 28 14 −X t4 45 28 14 −X t4 39

26 14 24 −X t4 55 14 24 −X t4 55 14 24 −X t4 45

27 27 26 −Z t4 95 27 26 −Z t4 87 27 26 −Z t4 91

28 30 25 −X t4 67 30 25 −X t4 59 30 25 −X t4 74

29 24 15 X t4 97 24 15 X t4 89 24 15 X t4 92

30 15 16 −X t4 63 15 16 −X t4 55 15 16 −X t4 67

31 15 17 −X t4 45 15 17 −X t4 45 15 17 −X t4 39

32 15 23 −X t4 37 15 23 −X t4 37 15 23 −X t4 34

33 15 22 −X t4 10 15 22 −X t4 10 15 22 −X t4 6

34 17 18 −X t4 77 22 18 −X t4 67 17 18 −X t4 63

35 18 19 −X t4 49 18 19 −X t4 49 18 19 −X t4 46

36 19 20 −X t4 49 19 20 −X t4 49 19 20 −X t4 46

37 20 21 −X t4 49 20 21 −X t4 49 20 21 −X t4 46

Sum 8 4 1936 10 4 1836 7 5 1841

Computation time 16 ms 0 ms 0 ms

Ancancestor part, Suc successor part, Dir assembly direction, WS workstation

Int J Adv Manuf Technol (2016) 83:99–115 113



tools. In each step, a successor part is assembled to its ancestor
part. The assembly direction, tools and cost to assemble the
successor part are recorded. The changes of the assembly di-
rections, tools and total assembly cost are summed in the
bottom line in Table 5. With different weights of the quantita-
tive assembly constraints, we obtain three optimal assembly
sequences. The weights of assembly constraints demonstrate
their importance in the assembly environment. It is found that
the cost of the optimal assembly sequence searched in the 2nd
experiment is smallest. The change of the assembly tools is
minimal although the number of reorientations is the biggest.
We also use the depth-first graph search algorithm to search
the optimal assembly sequence based on the weighted assem-
bly precedence graph. It is found that the search space is too
big and we have to give up the task. In a few minutes, the
program output thousands of assembly sequences. The mem-
ory space exceeds 800 MB in a few seconds. The number of
the feasible assembly sequences is very large for the transmis-
sion with 37 parts. To reduce the number of the feasible as-
sembly sequences, more qualitative assembly constraints need
to be added. On the other hand, it will become difficult to
construct the assembly precedence graph. However, the com-
putation time is no more than 1 s with the MST-based algo-
rithm for the transmission. Comparing with the other exact
algorithms for ASP, the MST-based algorithm is much faster.

7 Conclusions and suggestions

Considering the assembly relations between parts, an assem-
bly is apt to represent as an assembly relation (or liaison)
graph. However, a large number of assembly sequences exist
in the assembly relation graph. To reduce the complexity of
ASP, the qualitative assembly constraints are summarized and
added to the assembly relation graph to form the assembly
precedence graph. The assembly precedence graph guarantee
to find the feasible assembly sequences whereas the optimal
assembly sequence is still difficult to seek due to their large
number. The weighted assembly precedence graph is pro-
posed as another representation for ASP. The helpful assembly
constraints including the qualitative and quantitative con-
straints are able to integrate into the model. The qualitative
assembly constraints prove the feasibility of the assembly se-
quences. The quantitative assembly constraints are used as the
heuristic information to detect the optimal sub-sequences and
sequence. The ASP can be resolved with the current efficient
methods and algorithms based on the weighted assembly pre-
cedence graph.

In the weighted assembly precedence graph, the assembly
relations, geometrical constraints and a portion of the process
constraints are taken as the qualitative assembly constraints.
They denote the assembly precedence and represented as the
arrowed edges in the weighted assembly precedence graph.

The functional, structural and some other process constraints
are used as the quantitative assembly constraints. The indices
of these constraints are defined and used to compute the cost
of assembly relations with the FAHP. The costs are taken as
the heuristic information to generate the optimal sub-assembly
sequences and sequence. A MST-based algorithm is designed
to search the optimal assembly sequence based on the weight-
ed assembly precedence graph. The time complexity of the
algorithm is O(n3). The complex ASP will be resolved in a
polynomial computation time.

The research mainly focuses on the sequential assembly
process whereas the concurrent assembly is not considered.
The assembly directions and tools are also simplified. In the
future, the method will be expanded to the concurrent assem-
bly procedures. The assembly directions and tools will be
handled more precisely for actual assembly process.
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