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Abstract To reduce the skiving cutter cost and make the
power skiving more flexible, a novel skiving method is pro-
posed by optimizing the machine setting parameters using a
common shaper cutter. First, the mathematical model of power
skiving for working an involute cylinder gear was established
based on the engagement principle of crossed helical gear.
Then, a common shaper cutter profile deviations caused by
the cutting angles was derived. By analyzing the relationship
between the tooth deviations and the machine setting param-
eters, a correction method for both flanks power skiving is
proposed to correct the machine setting parameter using the
principle of linear superposition and the linear regression
method. The validity of the correction method for power skiv-
ing is numerically demonstrated as working an involute cyl-
inder gear for example. The results show that power skiving
process can be achieve by the common shaper cutter and
makes the latest technology more flexible and economic.
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Nomenclature
Σ Setting angle of the cutter
β1 Helix angle of gear
β2 Helix angle of cutter
v Cutting velocity

v1 Speed of skiving cutter
v2 Speed of workpiece
v1a Axial speed of skiving cutter
v1t Tangential speed of skiving cutter
vt Resultant speed of workpiece
v0

(2) Axial feed of workpiece
ω1 Angular velocity of skiving cutter
ω2 Angular velocity of workpiece
Δω1 Incremental angular velocity of ω1

mn Normal module of tooth
β1 Helix angle of skiving cutter
β2 Helix angle of gear
Zt Teeth number of cutter
Zg Teeth number of gear
i21 Ratio between cutter and gear
a Center distance between the cutter

and workpiece
l2 Axial incremental movement
φ1, φ2 Rotation angles of skiving cutter

and workpiece
n1, n2 Rotation speeds of skiving cutter

and workpiece
(u, θ) Surface parameters
p Screw parameter
rb Radius of base circle
σ0 Half angular tooth thickness on

the base circle
b Width of gear
p Screw parameter of helical gear
γ Top rake angle
αe Top relief angle
Δfa Tooth deviation on the top
Δff Tooth deviation in root
ΔΣ Machine setting parameter of

setting angle
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Δa Machine setting parameter of
center distance

Δn Machine setting parameter of
rotation angle

r(1) Cutter tooth position
r(2) Gear tooth position
re
(2) Gear tooth position deviated from

actual tooth
δri Normal surface deviations
M21 Transformation matrices
δζj Compensations to the polynomial

coefficients
[Mij] Sensitivity matrix with respect to

the polynomial coefficients

1 Introduction

It has been known that the power skiving process for machin-
ing internal gears is multiple times faster than shaping, and
more flexible than broaching, due to skiving’s continuous chip
removal capability. The patent of the skiving process was
assigned in the beginning of the twentieth century. However,
the method was not implemented at that time because power
skiving has always presented a challenge to machines and
skiving cutters [1]. With the improvements of CNC technolo-
gy, latest research demonstrates that power skiving is capable
of being a high-productive and flexible alternative to gear
manufacture in market [2, 3].

The current developments were initiated at the Institute of
Production Science with a numerical method to calculate the
tools [4], the power skiving was considered as a contemporary
gear pro-machining solution, and the economic and environ-
ment friendly aspects of the power skiving process were ex-
plained. The subsequent methodical experimental analyses
indicated the potential and advantages [5, 6]. Volker [7]
established a 3D-FEM model of gear skiving to investigate
the kinematical conditions as well as chip formation mecha-
nisms and evaluation of the effects on process reliability.
Within such investigation, Hartmut and Olaf [8] proposed a
semi-completing skiving method and apparatus for gear pow-
er skiving, then [9] they provided a new method to improve
the uniformity of load to both flank cutting edges and extend
the longest possible tool service life. Li and Chen [10, 11]
proposed a slicing technology for cylindrical gears to improve
the limitation of current gear machining method for inner gear.
Then [12], a design method of error-free spur slice cutter was
obtained, and the structure of the rake face was determined
according to technological realization of the design,
manufacturing, and tool grinding. Besides, Lin [13] and Guo
[14, 15] proposed a novel error-free design method for shaper
cutter and skiving cutter, respectively. Although they laid a
foundation for the study of cutter design, the complex skiving

cutter increases the cost and limit the development of power
skiving.

Therefore, it is necessary to do some studies on the skiving
method. This work aims to propose a novel power skiving
method using the common shaper cutter based on adjusting
machine setting parameters. Compare with the conventional
design method, it is more flexible and economic.

2 Principle of gear power skiving

Skiving is a continuous chip removal method for univer-
sal gear manufacturing. In this manufacturing technology,
it is performed different from hobbing and sharping. The
skiving cutter is placed in a shaft angle with respect to the
workpiece; similar to the shaving process, chip building is
initiated by the relative velocity between cutter and work-
piece. The geometric setup of skiving cutter relative to an
internal gear is shown in Fig. 1. Consider that Cartesian
coordinate systems S1(O1-x1,y1,z1) and S2(O2-x2,y2,z2) are
rigidly connected to the coordinate of workpiece and skiv-
ing cutter, respectively. The front view of the generating
gear system is shown in the upper graphic, the internal
gear is oriented in the coordinate system S1 with its axis
of rotation collinear to the z1-axes, and the skiving cutter

Front View

Skiving cutter

Fig. 1 Kinematical principle of power skiving for an internal cylindrical
gear
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is oriented in the coordinate system S2 with its axis of
rotation collinear to the z2-axes. The cutter center is posi-
tioned out of the center of xy plane by a radial distance
vector a. The pitch circles of the gear and cutter contact
tangentially at the lowest point of the pitch circle. The top
view, which shows the tool shaft angle Σ between work-
piece axes and skiving cutter axes, is drawn below the
front view. In case of spur gear, the stroke motion v0

(2)

is directed in line with the z1-axis. The workpiece and
cutter perform with an angular velocity ω1 and ω2, respec-
tively. When the axial feed motion v0

(2) is increasing, the
workpiece rotates about z1-axes by φ1 and the cutter ro-
tates about z2-axes by φ2.

The cutting velocity vc results form positioning constraints
during the rolling of the generation train and uses the resulting
relativemovement of workpiece and skiving cutter. Therefore,
the cutting velocity depends on the number of revolution of
the generation train and the shaft angle. As Fig. 1 shown, the
cutter velocity v2 is divided into the axial speed v2a and tan-
gential velocity v2t. Then, the tangential velocity v2t and the
workpiece v1 result in the resultant tangential velocity vt. Con-
sequently, the cutting velocity vc results from the axial speed
v2a and the resultant tangential speed vt.

In case of working a helical gear, the stroke motion is
oriented in z1-axis direction, but an incremental angular veloc-
ity Δω1, which depends on the axial feed, has to be added to
ω1. The incremental angular velocity of workpiece, Δω1 is
determined by the following equation:

Δω1 ¼ 2v 2ð Þ
0 sinβ1

mnZg
ð1Þ

where v0
(2) is the axial stroke feed,mn is the normal module of

tooth, Zg is the tooth number of workpiece, and Zt is the tooth
number of skiving cutter.

Therefore, the relationship between the angular velocity of
workpiece and cutter and axial feed satisfies the following
relation:

ω1 ¼ Z t

Zg
ω2−

2v 2ð Þ
0 sinβ1

mnZg
ð2Þ

On the contrary, if the workpiece provides the incremental
movement, the relation can be represented as

ω2 ¼ Zg

Z t
ω1−

2v 2ð Þ
0 sinβ1

mnZ t
ð3Þ

3 Tooth deviation analysis of power skiving

According to the gear principle, the swept surface family en-
gages with the gear tooth surface, so there are no error on the
tooth profile if the cutting blade projected on the base plane is
involute. Actually, in order to improve the cutting condition,
the shift shaper cutter is designed as the tapered teeth with the
top rake angle γ and top relief angle αe. When the top rake
angle γ=0, the tooth profile are error-free on the rake plane.
When the rake angle γ>0, the tooth profile deviate from the
projection of the intersecting lines between the involute heli-
coid and the cutter blade. Taking the intersection plane on the
pitch circle as the reference plane, the thickness on the top
increase by Δfa while the thickness on the root decrease by
Δff.

As shown in Fig. 2, AB is the theoretically involute with the
pressure angle α and base radius rb, CD is the projection of
cutter blade with the pressure angle α0 and the base radius rb0.
If CD rotates ε about O0 to match point G on the pitch circle,

Fig. 2 Tooth deviation of the
shaper cutter
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then FB represents the tooth deviation Δfa on the top and AE
represents the tooth deviation Δff on the root.

Assuming that the involute starts at the point A on the
coordinateO0Y, the polar equation of the involute is expressed
as

θy ¼ invαy ð4Þ

where cosαy ¼ rb0
ry

.

The rotation angle Δφ rotates from G’ to G is determined
as

Δ8 ¼ Δbtanβy

ry
¼ rytanγtanβ0

r0
¼ rytanγtanα0tanαe

r0
ð5Þ

where Δb=ry tanγ, β0 is the helix angle on pitch circle, and
tanβ0=tanα0 tanαe.

The projection of cutter blade CD can be represented by

θ
0
y0 ¼ θy0−ry

tanγtanα0tanαe

r0

� �
¼ invαy0−ry⋅K ð6Þ

where K ¼ tanγtanα0tanαe

r0
, cosαy0 ¼ rb0

ry
.

Combining the angle coordinate θ0’=invα0 -r0·K on the
projection point G’ with the angle coordinate θ=invα on the

theoretical point G, yields the rotation angle ε in the pitch
circle

ε ¼ θ
0
0−θ ¼ invα0−invαð Þ−r0⋅K ð7Þ

The equation of the cutting blade after projecting on the
reference plane can be represented by

θ″y0 ¼ θ
0
y0−ε ¼ invαy0−ry⋅K− invα0−invαð Þ þ r0⋅K

¼ i n v αy0− invα0−invαð Þ − ry−r0
� �

K
ð8Þ

Then, we obtain the angle difference between the projec-
tion involute and the desired involute by the following equa-
tion

Δθy ¼ θ″y0−θy ¼ invαy0−invαy

� �
− invα0−invαð Þ− ry−r0

� �
K ð9Þ

Consequently, the errorΔfy from the theoretical value rep-
resent the tooth deviation

Δ f y ¼ ry invαy0−invαy

� �
− invα0−invαð Þ− ry−r0

� �
K

� � ð10Þ

For analyzing the relationship between the top rake angle
and top relief angle, a numerical example is given in Fig. 3 and
Table 1 when the shaper cutter parameters are as follows:mn=
3 mm, z1=31, and α=20°. The tooth deviations are increased
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Fig. 3 Illustration of tooth deviations due to the rake angle and top side angle a on the top and b in root

Table 1 Top rake angle and top relief angle corresponding to the tooth deviation

Top rake angle γ Tooth deviation (μm) Top relief angle αe Tooth deviation (μm)

tooth top Δfa tooth root Δff tooth top Δfa tooth root Δff

5° −15.9 +8.6 3° −7.9 +4.3

10° −32.1 +17.4 6° −15.9 +8.6

15° −48.8 +26.4 9° −24.0 +13.0

20° −66.2 +35.8 12° −32.2 +17.4

Shaper cutter parameters: mn=3 mm, z1=31, α=20°, γ=5°, αe=6°
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as the top rake angle and top relief angle are increased. For
example, if the rake angle γ=5° and top side angle αe=6°, the
tooth deviations on the top Δfa and root Δff are −15.9 and +
8.6μm, respectively. The cutter tooth deviations caused by the
rake angle γ and relief angle αe are copied to the gear tooth
deviations where the profile is over-cut on the top and less-cut
in root. Besides, consider a better cutting condition, the bigger
rake angle and top side angle are required that it inevitably
leads to a larger tooth deviation. Therefore, it is necessary to
correct the cutter tooth deviations caused by the cutter angles.
The present methods are focus on the design and manufacture
of the theoretical error-free skiving cutter. The specially made
cutter, which is more complex and expensive, makes the

power skiving technology hard to widely apply. Therefore,
we propose a flexible and economic skiving method to correct
the tooth deviation using the common shaper cutter based on
adjusting machine setting parameters.

4 Correction method for tooth deviation

Using the numerical simulation in early study, the tooth devi-
ations are sensitive to the setting parameters including the
cutter setting angle errorΔΣ, cutter setting displacement error
Δa, and synchronous errorΔn. Next, we discuss the influence
of the above setting errors in skiving.

4.1 Establish the tooth surface with setting errors

According to the gear principle [16, 17], assuming that the
cutter tooth surface is represented in coordinate system S1 in
two-parametric form r(1)(u1,θ1), the transformationmatrices S1
to S2 give the gear tooth surface r(2)(u2,θ2;Σ,a,n1,n2) in coor-
dinate system S2

r 2ð Þ u2; θ2;Σ; a; n1; n2ð Þ ¼ M 2MΣM1r
1ð Þ u1; θ1ð Þ ð11Þ

where M 2 ¼
cos8 2 −sin8 2 0 0
sin8 2 cos8 2 0 0
0 0 1 −l2
0 0 0 1

0
BB@

1
CCA; M

∑
¼

1 0 0 a
0 cosΣ −sinΣ 0
0 −sinΣ cosΣ 0
0 0 0 1

0
BB@

1
CCA; M1 ¼

cos8 1 −sin8 1 0 0
sin8 1 cos8 1 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA;

φ1 is the rotation angle of cutter, φ2 is the rotation angle of
gear, and a,Σ, and l2 represent the center distance between the
cutter and workpiece centers, the setting angle of the cutter,
and axial movement along the workpiece axis, respectively.
Figure 4 shows the gear tooth profile performed by skiving
cutter using the established mathematical model of tooth
surface.

Consider the setting errors are expressed as δk=[ΔΣ, Δa,
Δn], the actual setting parameters can be represented as the
equations

Σ
0 ¼ Σ þΔΣ

a
0 ¼ aþΔa
n
0
1 ¼ n1 þΔn

8<
: ð12Þ

 

Fig. 4 Gear tooth profile performed by skiving cutter
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Fig. 5 The relationship between micro-small setting errors and tooth deviations a ΔΣ=+0.2°, b Δa=+0.05 mm, and c Δn=+0.05 r/min
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Thus, the gear tooth surface after adjusting parameters may
be represented as

re
2ð Þ u2; θ2;Σ

0
; a

0
; n

0
1; n2

� 	
¼ M2MΣM 1r

1ð Þ u1; θ1ð Þ ð13Þ

Equations (11) and (13) are the parametric expressions of
tooth surface with the variable u2, θ2, n1, and n2. Since n1=
i12n2, the normal and coordinate of any point on the tooth
surface can be derived by the discrete variables. Compared
with the theoretical tooth profile without setting error, the
profile deviations can be obtained and its parametric equation
is expressed as

δrif g ¼ re
2ð Þ u2; θ2;Σ

0
; a

0
; n

0
1; n2

� 	
−r 2ð Þ u2; θ2;Σ; a; n1; n2ð Þ ð14Þ

4.2 Tooth deviation analysis

In order to achieve the correlated function of setting errors and
tooth deviations, the micro errors are given as the initial value
for the accumulated error of individual setting error. There-
fore, we suppose the setting angle error, setting displacement
error, and the rotate speed setting error are +0.05 mm, +0.2°,
and +0.05 r/min, respectively.

Figure 5 presents the amplified drawings of profile normal
deviation performed by the given setting angle error, displace-
ment setting error, and rotate speed setting error. The trend of
profile deviations of angle setting error and displacement set-
ting error indicates that the tooth deviations distribute sym-
metrically on both the right and left flanks (see Fig. 5a, b). The
trend of profile deviations of rotate speed error indicates that
the tooth deviations distribute asymmetrically, but the abso-
lute value of deviations are equal on the right and left flank
(see Fig. 5c).

Recall that the gear tooth deviations are over-cut on the top
and less-cut in root, which are similar to the tooth deviations
caused by the sum of angle setting error and displacement
setting error. Therefore, the gear tooth deviations can be
corrected using the principle of linear superposition with re-
spect to individual tooth deviation of the three setting
parameters.

4.3 Compensation method by solving sensitivity
coefficients matrix

In order to meet the requirement of skiving precision, we
propose an error compensation method based on solving sen-
sitivity matrix with respect to the polynomial coefficients.
Since the setting errors are minimum, the higher order terms
in polynomial can be neglected, so we assume the total devi-
ation of tooth satisfy the principle of linear superposition with
respect to individual tooth deviation of different setting error.
The numerical examples demonstrate that the sum of individ-
ual tooth deviation of different setting error is equal to the

Begin

Stop

Sensitivity matrix corresponding
to design parameters [Mij]

Tooth surface ri

Max. sum of squared
errors < 100 µm2

N

Y

Give gear and cutter parameters, and
machine setting parameters

mn, z1,αn, β1, xn, b,Σ , a, n1, n2

Errors derived from
skiving cutter {δri}

Derive the function
corresponding to setting

parameters and tooth deviations

Calculate corrective parameters by the linear
regression

Obtain the corrections
δζj(Δa,ΔΣ , Δn1)

Fig. 6 Flow chart for the correction method

Fig. 7 Part of the calculation
results in solving sensitivity
coefficients matrix
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amount of tooth deviation of composite setting error, and it
verify the correctness of assumptions of the linear superposi-
tion principle.

The skived tooth surface can be expressed as a function of
parameters (u andΣ), which are derived from Eq. (11) and the
meshing equation for the generated surface. According to dif-
ferential geometry, the surface variation vector is as follows in
Eq. (15), where ζj indicates the polynomial coefficients and q
is the number of polynomial coefficients.

δr ¼ ∂r
∂u

δuþ ∂r
∂Σ

δΣ þ
Xq
j¼1

∂r
∂ζ j

δζ j ð15Þ

Because vectors ∂r
∂u and ∂r

∂Σ are both perpendicular to the
tooth normal, taking the inner product of both sides of the
above equation with the tooth normal gives the following
simplified normal tooth variation:

δr⋅n ¼ ∂r
∂u

δuþ ∂r
∂Σ

δΣ þ
Xq
j¼1

∂r
∂ζ j

δζ j

 !
⋅n ¼

Xq
j¼1

∂r⋅n
∂ζ j

 !
δζ j ð16Þ

The normal tooth variations at the topographical grid points
may then be written in matrix form:

δr1
⋮
δrp

8<
:

9=
; ¼

∂r1
∂ζ1

n11 ⋯
∂r1
∂ζq

n1q

⋮ ⋱ ⋮
∂rp
∂ζ1

np1 ⋯
∂rp
∂ζq

npq

8>>>><
>>>>:

9>>>>=
>>>>;

δζ1
⋮
δζq

8<
:

9=
; ð17Þ

That is, {δri}=[Mij]{δζj}(i=1,⋯,p;j=1,⋯,q) where n rep-
resents the tooth normal, ri is the expression of tooth surface,
δri represents the normal surface deviations, δζj is the com-
pensations to the polynomial coefficients, and [Mij] is the sen-
sitivity matrix with respect to the polynomial coefficients.

The steps of the method are as follows:

1. Construction of the sensitivity matrix [Mij], by the added
small amount in the polynomial coefficients and their cor-
responding normal deviations of the surface points, the
sensitivity matrix [Mij] can be constructed by Eq. (17).
Then, the sensitivity matrix is provided as the transforma-
tion matrix for the following calculation;.

2. Obtain the tooth deviations {δri} from simulated flank
data or on-machine gear measurements;

3. Solve the compensations δζj(Δa,ΔΣ,Δn1) by using lin-
ear regressionmethod. Because the number of polynomial
coefficients j is smaller than the number i, so Eq. (19) is
overdetermined, the compensations can be approximated
using a linear regression technique like the least squares
method:
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Fig. 8 Tooth deviations a before correction and b after correction

Table 2 Basic parameters for power skiving process in the numerical
example

Items Units

(I) Workpiece data (helical gear)

Tooth number Zg 51 -

Module mn 3 mm

Pressure angle αn 20 deg

Helix angle β2 20 deg

Addendum circle da 155.319 mm

Dedendum circle df 168.819 mm

Gear width b 40 mm

(II) Cutter data (spur shaper cutter)

Tooth number of cutter Zt 21 -

Module mn 3 mm

Top rake angle γ 5 deg

Top relief angle αe 6 deg

Outside diameter d2 71.520 mm

(III) Machine setting data

Shaft angle Σ 20 deg

Setting distance a 112.909 mm

Rotation of cutter n1 1942.857 r/min

Rotation of gear n2 800 r/min
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δζ j ¼ M i j
TM i j

� �−1
M i j

T δrif g ð18Þ

4. Correction of the tooth deviation by the derived compensa-
tions δζj(Δa, ΔΣ, Δn1) to control the machine NC system.

In the numerical example, the sensitivity matrix is obtained
using the normal flank deviations of 120 grid points (6×10
topographic points, both flank sides). When the sum of squared
errors (topographic points) are less than 100 μm2, the compen-
sations δζj(Δa, ΔΣ, Δn1) can be obtained finally (Fig. 6).

5 Numerical example and discussion

A numerical example applies the proposed compensation
method to correct the tooth deviations of both flanks. Table 2
gives the basic parameters of skiving cutter and workpiece. The
skiving cutter is a common shaper cutter, the tooth deviation are
−15.9 μm on the top and +8.6 μm in root, respectively, due to
the top rake angle γ=5° and the top relief angle αe=6°.

Substituting the given deviations {δi} and the sensitivity
matrixMij into Eq. (18), the compensations to the polynomial
coefficients can be calculated by ζa=−0.005 mm, ζΣ=−0.2°,
ζn1=0. Part of the calculation results in solving sensitivity
coefficients matrix, including tooth deviations before correc-
tion δk, normal in the transverse plane n, sensitivity coeffi-
cients matrix Mij, and tooth deviations after correction δ’k,
are presented in Fig. 7.

Based on the calculated compensations, the setting param-
eters are adjusted in the process of power skiving. Before the
correction, the tooth deviation are −15.9 μm on the top and +
8.6 μm in root, see in Table 3. After the correction, the max-
imum tooth deviation is less than 1 μm that meet the require-
ment of high-precision skiving. Subsequently, as the figures
illustrate in Fig. 8, the proposed correction method efficiently
reduces the tooth deviations caused by the cutter angles using
a common shaper cutter in power skiving process.

6 Conclusions

This paper established a mathematical model of the power
skiving for machining involute cylinder gears and obtained
the common shaper cutter profile deviations caused by the
top rake angle and top relief angle. On this basis, we proposed

a novel skiving method by optimizing the machine setting
parameters using a common shaper cutter. This method as-
sumed that machine setting parameters corresponding to the
amount of tooth deviation was linear superposition; by con-
structing the sensitive coefficient matrix, the optimal machine
setting parameters can be calculated using a linear regression
method. The common shaper cutter was applied rather than
the specialized skiving cutter with a complicated profile used
in the traditional skiving process of working both flanks.
Therefore, the novel power skiving method is more flexible
and economic by adjusting the machine setting parameters.
Besides, the skiving method and correction models presented
in this study have generality, which can be used to involute
spur gears, helical gears, and non-involute cylinder gears.
These studies will be performed in next experiment study to
meet the requirement of gear power skiving.
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