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Abstract Quality control is an important factor for manufactur-
ing companies looking to prosper in an era of globalization,
market pressures, and technological advance. The functionality
and product quality cannot be guaranteed without this important
aspect. Manufactured parts have deviations from their nominal
(CAD) shape caused by the manufacturing process. Thus, geo-
metric inspection is a very important element in the quality con-
trol of mechanical parts. We have focused here on the profile
inspection of non-rigid parts which are widely used in the aero-
nautic and automotive industries. Non-rigid parts can have dif-
ferent forms in a free-state condition compared with their nom-
inal models due to residual stress and gravity loads. To solve this
problem, dedicated inspection fixtures are generally used in in-
dustry to compensate for the displacement of such parts for sim-
ulating the use state in order to perform geometric inspections.
These fixtures and the inspection process are expensive and
time-consuming. Our aim is therefore to develop an inspection
method which eliminates the need for specialized fixtures by
acquiring a point cloud from the displaced part using a
contactless measuring system such as optical scanning and com-
paring it with the CADmodel for the identification of deviations.
Using a non-rigid registration method and finite element analy-
sis, we will numerically inspect the profile of a non-rigid part. To
do so, a simulated displacement is performed using an improved
definition of boundary conditions for simulating unfixed parts. In
this paper, we will apply an improved method on two industrial

non-rigid parts with free-form surfaces simulated with different
types of displacement, defect, and measurement noise.
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1 Introduction

Geometric inspection has an important role to play in the
quality control of mechanical parts since it usually consumes
a large portion of production lead time. By means of
Geometric Dimensioning and Tolerancing (GD&T), geomet-
ric specifications and product design are specified according
to functionality. To verify whether manufactured parts meet
specifications defined at the design phase, the GD&T inspec-
tion process is applied. By using a reliable, efficient, and au-
tomated inspection process, product life cycle time will de-
crease and industrial competition will improve [1]. Although
the methods for geometric inspection of rigid parts have sig-
nificantly improved and are generally available within the
industry [2], the geometric inspection of non-rigid parts with
free-form surfaces has not been well studied.

In mechanical engineering applications, surfaces are allo-
cated a profile tolerance to control manufacturing variations
[2]. A surface profile should be controlled based on the prin-
ciples established by the ASME Y14.5-2009 standards (section
8) [3]. According to these standards (or ISO 1101:2004, ISO-
GPS standards [4]), unless otherwise specified, all tolerances
should be applied in a free-state condition. Exemptions are
agreed to this rule for non-rigid parts. In these cases, non-
rigid parts may deform significantly from their defined
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tolerances due to their weight (gravity), or the release of re-
sidual stresses resulting from manufacturing processes [3, 5].

Generally, to solve the above-mentioned problem, special
inspection fixtures with complex setups are used within the
industry to compensate for the displacements to simulate use
state in order to perform geometric inspection. These dedicat-
ed fixtures are expensive, heavy, and complex (Fig. 1). The
process is extremely time-consuming which reduces compet-
itiveness. The mentioned standards also allow for the applica-
tion of reasonable load (not exceeding the load expected under
normal assembly conditions) to displace non-rigid parts to
conform to the specified tolerances. The solution is to develop
an inspection technique which eliminates the need for special-
ized fixtures by acquiring a point cloud from the displaced part
using a contactless measuring system such as optical scanning
and comparing it with the CADmodel for the identification of
deviations.

For the purpose of comparing the measurement data (point
cloud) with the nominal model, it is necessary to dispose these
two sets in a joint coordinate system. This procedure is called
registration. In recent and modern technologies, this registra-
tion is mathematically defined using the translation and the
rotation of the Design Coordinate System (DCS) with respect
to the Measurement Coordinate System (MCS). In applica-
tion, registration can be done in two steps: searching for the
corresponding relationship between scanned and nominal sur-
faces, and finding an optimal transformation matrix between
the DCS and MCS. The rigid registration methods are only
applied for rigid parts whose shapes are similar. Thus, they do
not cover flexible parts in which the registration problem re-
quires application of a kind of non-rigid registration method in
addition to finding a rigid mapping. The difference between
rigid and non-rigid registrations is that a non-rigid registration
can align two different shapes (for example, a line with a
curve) [6, 7]. Several rigid and non-rigid registration methods
have been developed such as the Iterative Closest Point (ICP)
algorithm [8] and its variants for rigid registration; the Multi-
Dimensional Scaling (MDS) method [9], and the Coherent

Point Drift (CPD) algorithm [10] for non-rigid registration
applied in medical imaging, animation, etc. However, the sit-
uation for the registration of a non-rigid mechanical part is
different due to the result of its compliance behavior.

Compliance behavior of a compliant (flexible) part is an
essential issue to study while specifying tolerances and
assessing the geometric and dimensional specifications for
the part. This factor is a relative concept based on the relation
between an imposed force and its persuaded displacement
[11]. Based on the displacements of parts induced by a rea-
sonable force (50 N) during inspection, the parts are consid-
ered rigid/non-rigid (flexible)/extremely non-rigid (see
Table 1). Another method for quantifying flexibility of the
mechanical part, from an industrial point of view, was pro-
posed by Aidibe and Tahan [12]. Their quantifying method is
based on the ratio between the maximum displacement in-
duced by a certain force and the profile tolerance of the non-
rigid part. Our research is done on typical non-rigid mechan-
ical parts used in the aeronautic and automotive industries.

The following paper includes four sections: a review of
previous researches for the fixtureless geometric inspection
of non-rigid parts, the developed method, case studies includ-
ing the presentation of metrological performances of our
method, and finally, a conclusion.

2 Review of previous research

Ascione and Polini [13] dealt with the free-form surface in-
spection of non-rigid parts using inspection fixtures combined
with CMM. Abenhaim et al. [11] presented a review of the
previous researches for the fixtureless inspection of non-rigid
parts and proposed a classification of the specification
methods used for the GD&T of non-rigid parts under the
ASME and ISO standards. In the following, we will introduce
the primary methods, based on the simulated displacement
approach, developed for the geometric inspection of non-
rigid parts without the use of inspection fixtures.

Fig. 1 A special, expensive, heavy, and complex fixture for the inspection of a flexible plate, Bombardier Aerospace Inc. Left the fixture without the part,
right the CAD model of the fixture with the part set up on it
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For the first time in 2006, Weckenmann et al. [14, 15]
made strides in the fixtureless inspection of non-rigid parts
by proposing the virtual distortion compensationmethod in
which they virtually displaced the distorted part into the
nominal model by displacing the point cloud captured by
a contactless scanning device. A triangle mesh of the sur-
face from the point cloud was generated and transformed
into a finite element analysable (FEA) model. Afterwards,
the fixation process was simulated using information about
the assembly features’ deviation from the actual (measured)
to the ideal (nominal) position. This method requires hu-
man intervention to recognize the correlation between some
determined points and assembly conditions in order to de-
fine the boundary conditions of the FEA problem.
Therefore, boundary conditions can be improved to simu-
late a real model of the fixation system. In addition,
converting the point cloud into a FE model is a time-
consuming process with many uncertainties. In 2007,
Weckenmann et al. [16] improved the shortcomings of their
previous work by displacing a CAD model towards the
measurement data in the virtual reverse deformation meth-
od. They enforced the boundary conditions on the CAD
model using the known position of the fixation points on
the scanned part. Therefore, a pre-processing of the mea-
surement data is not needed. Through this method, they
decreased inspection time and obtained more precise re-
sults. FE simulation of the displacement boundary condi-
tions on the geometrically ideal CAD model is clearly more
accurate. However, this method still required human inter-
vention to find the corresponding relationship between the
CAD model and the measurement data. Moreover, the
modeling of the boundary conditions in the FE dataset
needs to be improved to simulate the unfixed part.

Similar to the virtual reverse deformation method,
Jaramillo et al. [17, 18] proposed an approach which requires
significantly less computing power, using the Radial Basis
Functions (RBFs) to minimize the finite element mesh density
required to correctly predict part behavior. Recently in [19],
they improved their method by performing flexible part reg-
istration using only partial views from areas that have to be
inspected. They applied an interpolation technique based on

RBFs to estimate positions of the missing fixation points since
the partially scanned data may not contain all of them.

Gentilini and Shimada [20] proposed a method for the
shape inspection of a flexible assembly part by virtually
mounting it into the assembly. First, the dense measured mesh
is smoothed and reduced to become suitable for FEA. If not
available, material properties are defined by a calibration pro-
cess. Then, specific displacement boundary conditions are
defined and applied for FE simulation of the assembly pro-
cess. Once FEA is performed, quality inspection of the simu-
lated post-assembly shape is done using visualization tools. In
addition, the virtual post-assembly shape is compared with the
real post-assembly shape for method accuracy validation. This
method can predict the final assembled shape of a flexible
part, but it has the shortcomings mentioned in the virtual dis-
tortion compensation method. The polygonal mesh data suf-
fers from uncertainties, noise, and a high quantity of polygons;
therefore, it needs post-processing steps, smoothing, and
decimation.

Recently, Radvar-Esfahlan and Tahan [21] introduced the
Generalized Numerical Inspection Fixture (GNIF) method
which is based on the property that the shortest path (geodesic
distance) between any two points on the surfaces does not
change during an isometric displacement (distance preserving
property of non-rigid parts) in spite of large displacement.
Taking advantage of this property, the method looks for some
correspondence between the part and the CAD model. The
authors used multidimensional scaling in order to find a cor-
respondence between two metric spaces (CAD model and
scanned part). Then knowing some boundary conditions, fi-
nite element non-rigid registration (FENR) was executed. The
geometric deviations between the displaced CAD model and
the measurement data can be calculated after the FENR.
Correspondence search is completely automatic. The GNIF
dealt with a very general case of non-rigid inspection. In the
absence of assembly conditions, the authors used the borders
for FENR purposes. This situation may not conform to assem-
bly conditions and real use state. Boundary conditions for the

Table 1 Displacement of parts in each zone induced by a force during
inspection and their compliance behavior

δ/tol by a reasonable force during inspection
(≈50 N)

Compliance
behavior

δ/tol < 5–10 % Rigid

δ/tol > 5–10 % (e.g., thin shell, skin in aeronautic
and automotive parts)

Non-rigid (flexible)

δ/tol d 10 % (the shape depends on the part’s
weight and position, such as thin seals
and paper)

Extremely non-rigid

(0,0,1)

)0,0,1()0,1,0(

(1/2,0,1/2)(0,1/2,1/2) (1/4,1/4,1/2)

(1/2,1/2,0)

(1/4,1/2,1/4) (1/2,1/4,1/4)

(1/3,1/3,1/3)

Fig. 2 Barycentric coordinates (λ1,λ2,λ3) on an equilateral triangle
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simulated displacements can be improved based on assembly
conditions. The authors in [22] robustified the GNIF method
by filtering out points that cause incoherent geodesic dis-
tances. The improved method is able to handle parts with
missing data sets.

In contrast to the aforementioned methods, Abenhaim et al.
[23] proposed the Iterative Displacement Inspection (IDI) al-
gorithm that is not based on the FEA module. This method
iteratively displaces the meshed CAD model until it matches
the scanned data. The IDI algorithm is based on optimal step
non-rigid ICP algorithms [24] which combine rigid and non-
rigid registration methods. As well, a developed identification
method distinguishes surface deviations from the part’s dis-
placement. This method principally displaces the mesh

regarding its smoothness and prevents concealing surface de-
fects and measurement noise during the matching process.
Aidibe et al. [25] improved the identification module of the
IDI algorithm by proposing the application of a maximum-
normed residual test to automatically set the identification
threshold. However, the IDI method has some drawbacks.
Due to a lack of FE analysis, the method depends on identi-
fying some flexibility parameters which are dependent on
thickness. In addition, they use the same number of nodes in
the two point clouds.

Aidibe and Tahan [12] presented an approach that com-
bines the curvature properties of manufactured parts with the
extreme value statistic test as an identification method for
comparing two data sets and to recognize profile deviation.

Scanned part surface 

(point cloud)

= , = 1…

CAD model / surface 

= , = 1…

Rigidly registered 

scanned surface

STEP 2: 

Correspondence search 

using GNIF [21]

STEP 1:

Pre-alignment & rigid 

registration by ICP [8]

Corresponding points 

in the two surfaces

STEP 3: 

Displacement 

boundary conditions

formulation

Fig. 4, Eq. 4, 5

Defined 

displacement 

boundary 

conditions

STEP 4: 

Simulated 

displacement 

using FEM

Displaced CAD 

model & surface

STEP 5:

Identification of profile 

deviations according to ASME 

Y14.5 using PolyWorks®

Profile deviations

= ∆ ·

, , = 1…

Fig. 3 Flowchart of the proposed approach

Fig. 4 Definition of boundary
conditions (step 3);
correspondence points inside each
constraint area and their
correspondents on the scanned
surface, centres of mass, and a
displacement vector are illustrated
(case A)
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This approach was tested on simulated typical industrial sheet
metal with satisfactory results in terms of error percentage in
defect areas and in the estimated peak profile deviation. As the
core of the algorithm is based on the Gaussian curvature com-
parison, application of the method is limited to relatively-flex-
ible parts where small displacements are predictable. The au-
thors in [26] proposed the IDB-ACPD method for optimiza-
tion of the CPD algorithm in order to adapt it to the relatively-
flexible part problem, introducing two criteria: the stretch cri-
terion between the nominal model and the aligned one, and the

Euclidian distance criterion between the aligned nominal
model and the scanned part.

3 Proposed approach

In terms of registration problems, the literature tells us that the
best approach seems to be to search for the correspondence
between two data sets (in our case, the CAD model and the
scanned data). As mentioned in the previous section, the
GNIF method based on the isometric displacement [21] has
some advantages that encourage us to use it to search for
corresponding points between two data sets. In this paper, a
new formulation of boundary conditions is defined, and the
developed method is implemented on two industrial case stud-
ies with free-form surfaces.

3.1 Proposed approach based on the improvement
of displacement boundary conditions

In the present method, we calculate the Cartesian coordinates
of the matching points in both the data sets; then, we will
improve the boundary conditions for the finite element anal-
ysis, by searching for the correspondents inside the predefined
boundary areas.

The generalized MDS method of non-rigid registration,
applied in the GNIF approach, represents the corresponding
points in the data sets based on the barycentric coordinate
system [21] (Fig. 2). But, to use these points for future pur-
poses, their barycentric coordinates should be converted into

CASE A

CASE B

Fig. 5 Non-rigid parts, Bombardier Aerospace Inc

CASE A

CASE B

stcefeDaerAgiBstcefeDaerAllamS

Fig. 6 Simulated parts with different (but known) displacements and deviations, after pre-alignment and rigid registration (step 1)
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Cartesian coordinates. Given a point with the barycentric co-
ordinates (λ1,λ2,λ3,where λ1+λ2+λ3=1) inside a triangle,
and knowing the Cartesian coordinates of the vertices (the
nodes of an element in the finite element mesh), the
Cartesian coordinates can be obtained at the point through
the following equations:

xp ¼ λ1:x1 þ λ2:x2 þ λ3:x3
yp ¼ λ1:y1 þ λ2:y2 þ λ3:y3
zp ¼ λ1:z1 þ λ2:z2 þ λ3:z3

8<
: ð1Þ

By substituting λ3=1−λ1−λ2 into the equations above:

xp ¼ λ1:x1 þ λ2:x2 þ 1−λ1−λ2ð Þ:x3
yp ¼ λ1:y1 þ λ2:y2 þ 1−λ1−λ2ð Þ:y3
zp ¼ λ1:z1 þ λ2:z2 þ 1−λ1−λ2ð Þ:z3

8<
: ð2Þ

Using Eq. 2, the Cartesian coordinates of the corresponding
points in each data set can be calculated.

Figure 3 shows schematically the different steps of our ap-
proach. First, we put the scanned part surface (SScan=p'i,i=1…
m) close enough to the CAD surface (SCAD=pi, i=1…n)
(pre-alignment) to achieve a satisfactory result for rigid regis-
tration by ICP [8]. Then, the pre-aligned surface is rigidly

registered to the CAD surface by the ICP algorithm. In this
step, the GNIF method is used to find a set of correspondent
pairs between the two surfaces:

CCAD ¼ pi∈SCAD k ¼ 1…qjf g
CScan ¼ p0i∈SScan k ¼ 1…qjf g; q¡m; n ð3Þ

To define a set of displacement boundary conditions for

simulating the displacement from the CAD model to the rig-

idly registered scanned part surface, the constrained areas on

the CAD model, such as fixation positions (e.g., hole) or con-

tact surfaces (e.g., target datums) according to ASME Y14.5,

are first recognized [20]. Then, the corresponding points (with

the Cartesian coordinates) inside each constrained area (with

the index of j), and consequently their correspondents in the

scanned data, are identified among all the correspondents ob-

tained by the GNIF method as follows:

Bj ¼ pi∈CCAD t ¼ 1…s j¡ q
��� �

;

B
0
j ¼ p0i∈CScan t ¼ 1…s j¡q

��� � ð4Þ

Next, for each area and its corresponding area on the
scanned surface, we define a centre of mass by fitting a plane

CASE A
CASE B

CAD model

ScannedPart

CAD model

ScannedPart

Fig. 7 Correspondence search by
GNIF (step 2)—example: cases
A.S.T (case A, small defects,
torsional displacement) and B.S.T
(case B, small defects, torsional
displacement)

CASE A CASE B

Fig. 8 Displacement
compensation by finite element
analysis with defined boundary
conditions between the CAD
model and the rigidly registered
surface, in ANSYS® (step 4)—
example: cases A.S.T and B.S.T
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Table 2 Results of defect’s amplitude

Case studies Case A Case B

Type of defects Displacement type Defect
number

Nominal
amplitude
(mm)

Detected
amplitude
(mm)

Error
(%)a

Nominal
amplitude
(mm)

Detected
amplitude
(mm)

Error
(%)a

Small area Flexural 1 1.500 1.562 4.1 1.500 1.286 14.3

2 1.000 0.756 24.4 2.000 1.770 11.5

3 1.000 0.926 7.4 2.000 1.993 0.3

4 – – – 1.000 0.780 22.0

Torsional 1 1.500 1.444 3.7 1.500 1.360 9.3

2 1.000 0.921 7.9 2.000 2.080 4.0

3 1.000 0.742 25.8 2.000 1.773 11.3

4 – – – 1.000 0.908 9.2

Big area Torsional 1 1.500 1.148 23.5 1.000 0.982 1.8

Flexural 1 1.500 1.228 18.1 1.000 1.113 11.3

Flexural + N1(0, σnoise)
b 1 – – – 1.000 1.126 12.6

Flexural + N2(0,σnoise) 1 – – – 1.000 0.917 8.3

Flexural +N3(0,σnoise) 1 – – – 1.000 0.942 5.8

a Error percentage in the result of defect amplitude
bσnoise=0.02 mm

Torsional Displacement

Small Defects

Flexural Displacement

Big Defects

Torsional Displacement

Flexural Displacement

Fig. 9 Defect amplitudes (mm),
positions, and areas, using
inspection color map—case A
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through the identified corresponding points (Bj,Bj
′). To register

each pair of the identified correspondents in the two data sets
by simulated displacement using finite element analysis, the
displacement boundary conditions should be defined by local
translation law [20]: (Fig. 4)

& The centre of mass Cmj

� �
is translated to the correspond-

ing centre of mass on the corresponding plane ðC0
m j
Þ:

Δr j
��! ¼

xc0−xc
yc0−yc
zc0−zc

8<
:

9=
;

j

ð5Þ

Having defined the displacement boundary conditions, the
finite element analysis is performed between the two data sets
based on the simulated displacement approach. Using ANSY
S®, the CAD model is displaced towards the scanned surface
applying the defined boundary conditions. Finally, the profile
deviations are identified based on the shortest 3D distance
between each point of the scanned data and the displaced
CAD surface ðδi ¼ Δ

!
⋅ n!Þ.

4 Case studies

We evaluated our approach on two industrial non-rigid part
models from our aerospace industrial partner, Bombardier
Aerospace Inc. The parts are illustrated in Fig. 5. For each
model, different virtual parts with different (but known) dis-
placements and deviations (bumps) are simulated, and their
point clouds are extracted. To simulate the parts, we applied
two types of displacement (torsional or flexural), two types of
defect area (small or big), and different amplitudes (1, 1.5, or
2 mm) on each model (A and B): A.S.F., A.S.T, A.B.F, A.B.T,
B.S.F, B.S.T, B.B.F, B.B.T (case A or B, S: small defects, B:
big defect, F: flexural displacement, T: torsional displace-
ment). There is one defect in the cases with big area defects,
and there are two or more defects with different amplitudes in
the cases with small area defects.

To evaluate repeatability of the approach, Gaussian mea-
surement noise N(0,σnoise) was introduced three times on the
case B.B.F where σnoise=0.02 mm that is a typical value of
the measurement noise for a non-contact scanning device.
Therefore, the proposed approach was applied on eleven
(11) case studies.

Flexural Displacement Torsional Displacement

Small Defects

Flexural Displacement

Big Defects

Torsional Displacement

Fig. 10 Defect amplitudes (mm),
positions, and areas, using
inspection color map—case B
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In each case, first the pre-alignment and the rigid registra-
tion using the ICP algorithm are performed. Figure 6 shows
the simulated parts after this step. Using the GNIFmethod, the
correspondents between the CAD surface and the rigidly reg-
istered surface are recognized (Fig. 7).

Knowing the constrained areas and the corresponding
points, the boundary conditions are defined. Then using
ANSYS®, the CAD model is displaced to the rigidly regis-
tered scanned surface for the FE non-rigid registration apply-
ing the linear elastic FEA method. The material is aluminum
alloy 7050-T7451. Figure 8 shows the displacement results by
FEM and the resulting displaced CAD surface.

Comparing the displaced CAD surface and the rigidly reg-
istered scanned surface, the known deviations are recognized,
using PolyWorks®. Table 2 represents a summary of the am-
plitude results in each defect compared between the nominal
(simulated) amplitude and the detected (calculated) amplitude.
The displacements are, on average, about 10 mm. These
values, as well as defect positions and areas, are illustrated
in Figs. 9 (case A), 10 (case B), and 11 (case B.B.F with
Gaussian measurement noise) using the inspection color maps
in PolyWorks®.

By improving the definition of boundary conditions, the
error percentage generally decreases. A precise and com-
plete definition of boundary conditions eventuates in pre-
cise results. Also, the accuracy of the correspondence
searching method (GNIF in our paper) definitely affects
the results. In a case where a defect (like the defect in the
cases A.B.F and A.B.T) is located on a boundary area (a
contact surface for example), its position and amplitude can
be detected and calculated by studying and filtering the
neighborhood area.

5 Conclusion

In this paper, a technique for the profile inspection of flexible
parts was developed to eliminate the need for specialized in-
spection fixtures. This approach was studied and evaluated on
two industrial non-rigid part models from our industrial part-
ner, Bombardier Aerospace Inc. To compare a point cloud
(extracted from a simulated part containing known displace-
ment and deviations) with the CAD model, a pre-alignment
and a rigid registration (using the ICP method) were per-
formed first. Next, applying the GNIF method, correspon-
dents between the two data sets were found. Knowing the
constrained areas such as contact surfaces and fixation areas
on the CAD model, planes were fitted through the points
inside each area as well as their correspondents on the scanned
data. Then, the displacement boundary conditions were
completely defined by local translation laws for finite element
simulation. The deviation amplitudes, areas, and positions
were identified comparing the scanned data with the displaced

CAD model. In this paper, the improved method was applied
on two industrial case studies with free-form complex sur-
faces. A definition of boundary conditions, and consequently,
an identification of deviations were improved using our ap-
proach. If the boundary conditions are completely and exactly
defined, more precise results will inevitably be obtained.
Repeatability of the proposed approach was evaluated by in-
troducing Gaussian measurement noise on a case. In the future
work, repeatability of the approach as well as the detection of
defect areas will be studied precisely. Our research advances
to implement this approach on real point clouds acquired from
part surfaces in order to improve the definition of, and to
consider different kinds of, boundary conditions.

( , )

( , )

( , )

Fig. 11 Defect amplitudes (mm), positions, and areas, using inspection
color map—case B.B.F with Gaussian measurement noise N(0,σnoise),
σnoise=0.02 mm
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