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Abstract In order to improve product quality and enhance
economic returns, the research about tolerance allocation un-
der multi-constraints including assembly and manufacturing
accuracy is done. On the basis of cost-tolerance relationship,
this paper introduces variable coefficients reciprocal squared
model (VCRSM) into tolerance allocation process and thus
constructs the tolerance allocation optimization objective
model. Aiming at resolving multi-constraints problem within
allocation process, the penalty items are added into allocation
optimization objective model, and an analytic equation based
on multi-constraints is proposed. The equation is solved using
the Newton iteration method in consideration of the assembly
and manufacturing accuracy constraints. Finally, a tolerance
allocation instance about aircraft door component assembly is
given. The numerical results show the method can achieve
optimal tolerance allocation and the VCRSM is more suitable
than other cost-tolerance models in multi-constraints tolerance
allocation.

Keywords Tolerance allocation . Tolerance optimization .

Cost-tolerance .Multi-constraints

1 Introduction

Tolerance allocation is a key element within tolerance design.
In tolerance allocation, the assembly tolerance is given for
design or manufacture requirements, whereas the component
tolerances to meet the requirements which are unknown.
Andolfatto et al. presented a method to address the problem
of component geometrical tolerance allocation [1]. A model
taking into account the actual multivariate dependence on tol-
erance allocation optimization process was established by
Gonzalez [2]. Through introducing some systematic and com-
prehensive mathematical tools, Chang have made a great
progress in solving the tolerance synthesis and analysis of
cam-modulated linkages [3]. Mansuy et al. attempt to settle
the development of specifications based on standards, quali-
tative synthesis, and calculation of tolerance in parallel; the
relationship between the geometric tolerances on the various
surfaces and satisfying a functional condition is piecewise
linear [4].

In order to minimize cost and maximize quality simulta-
neously, many researchers have made an effort to solve the
minimum cost-tolerance optimization allocation problem ac-
cording to multi-constraints method (including assembly ac-
curacy constraints and manufacturing accuracy constraints of
each component). Aiming at minimizing manufacturing cost,
Chase et al. adopted the augmented Lagrange multiplier meth-
od based on reciprocal power model to obtain component
tolerances [5, 6]. However, they did not consider the influence
of manufacturing accuracy constraints during tolerance allo-
cation, and these constraints are widespread in various com-
ponents. Yeo modelled the cost-tolerance relation for the op-
timization of process sequences and various processes based
on minimum cost [7]. A function taking into account
manufacturing accuracy and production cost was reported by
Diplar is [8]. Considering the reciprocal squared
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manufacturing cost-tolerance function and Taguchi quality
loss function, Liu proposed tolerance optimization mathemat-
ical models using the Lagrange multiplier method [9–11].
Different components have different constraints and capacity
limits, but Liu’s models ignored the difference. When the re-
sults did not satisfy manufacturing accuracy constraints, tol-
erance value had to be adjusted individually to cater the
constraints.

In the field of aircraft assembly, it is difficult and complex
to make trade-offs between productivity and cost. Therefore,
in tolerance allocation process, researchers have to consider a
variety of constraints. A model taking the cost-tolerance func-
tion into account, to formulate the influence of various con-
straints during tolerance allocation process, was presented,
and penalty function and the Newton iteration method were
employed to obtain the analytical solutions.

The rest is organized as follows: Sect. 2 describes the in-
fluence of multi-constraints during allocation. Sect. 3 intro-
duces an improved cost-tolerance model to the allocation op-
timization model, and an allocation optimization process is
given. The entire tolerance allocation method is illustrated
through an instance presented in Sect. 4 where results are
exposed and discussed. The last section gives the conclusions.

2 Aircraft assembly tolerance model based
on multi-constraints

Multi-constraints during aircraft assembly tolerance allocation
process are expressed as Fig. 1.

Aeronautical structure is composed of a high number of
components, and aircraft assembly requires high accuracy.
Thus, assembly accuracy constraints are prior consideration
in tolerance allocation. Simultaneously, as the application of

various processing equipment, fixture, and measuring tools,
the coordination relationship in aircraft assembly are becom-
ing more and more complex. Processing capacity has a great
impact on tolerance; therefore, manufacturing accuracy is also
a factor that must be considered. The constraints model, based
on assembly and manufacturing accuracy constraints, is
shown in Fig. 1.

3 A variable coefficients reciprocal squared
cost-tolerance model

Tolerance plays an important role in product quality and
cost. For a given dimension chain, the smaller the tol-
erance value of components, the greater the possibility
to satisfy requirement of assembly tolerance and the
higher the cost and manufacturing difficulty are. Con-
sidering the economic returns, cost is the key factor in
tolerance allocation process. Therefore, the study of the
relationship between tolerance and cost is the primary
task of tolerance allocation.

In the last few years, many efforts were carried out to in-
vestigate the cost-tolerance model. Various models have been
proposed to describe the relationship.

Edel and Auer presented a linear model [12]:

C ¼ A−B� T ð1Þ

Chase and Greenwood proposed a reciprocal model [13]:

C ¼ Aþ B
.
T ð2Þ

Spotts observed a reciprocal squared model (RSM) [14]:

C ¼ Aþ B
.
T2 ð3Þ

Fig. 1 Constraints during allocation process
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Speckhart reported an exponential model [15, 16]:

C ¼ Be−mT ð4Þ

Michael and Siddall presented an expon/recip power (ERP)
model [17]:

C ¼ Be−mT
.
Tk ð5Þ

In the above models, C is the manufacturing cost of a com-
ponent; T is the component tolerance; the parameter A repre-
sents fixed costs; and the parameters B,m, and k describe how
tolerance affects cost. Most of the current models are
expressed as a concave function, which monotonically de-
creased in the first quadrant. Cost tends to be a constant value

with tolerance increasing. Another aspect, cost, rapidly in-
creased when tolerance was small. In this study, least-square
curve fitting method is used to seek the parameter value of
cost-tolerancemodel based on expert data. The equation (cost-
tolerance model) was programmed by MATLAB.

Generally, most of component cost-tolerance trend was
consistent: cost increases with decreasing tolerance. In view
of specific conditions, cost-tolerance relationships are quite
different owing to materials, tools, measuring means, and ma-
chining methods. High-strength alloy frame is more difficult
to machine than ordinary metal frame; therefore, the former’s
cost-tolerance curve is higher and steeper than the latter. Metal
plate work, mechanical work, or injection molding can man-
ufacture most of aircraft sheet metal components. However,
those methods differ greatly in cost.

Fig. 2 Rudder skin cost-
tolerance data

Fig. 3 Tolerance allocation
optimization process
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Aircraft rudder surface quality is a key for aircraft operation
and riding quality while rudder skin for direct contact with air.
Therefore, skin flatness tolerance is a key component in toler-
ance allocation. As shown in Fig. 2, the skin forming process
needs a specific mold made with traditional stretch forming
technology, while the specific mold accounts for 60~80 % of
total cost. With multi-point stretch forming technology, a fix-
able mold which is composed of a series of height-adjustable
elements instead of specific mold can be fabricated, and there-
by, the fixed cost can be reduced. In the last few years, com-
posite skin have been widely applied in aircraft manufacturing
because the composite skin has high strength and stiffness
with lightweight; on the other hand, the cutting and drilling
process cost is much higher than traditional skin.

The disadvantages of the above models are obvious.

1. No model can accurately describe all the different cost-
tolerance relationships. The above models are only suit-
able for a certain type component, and for others there will
be a great deviation.

2. In view of specific component, the ordinary accurate model
becomes inconsistent when manufacturing method changes.

3. It is difficult to get an accurate solution in tolerance allo-
cation when individual components use different cost-
tolerance models.

Considering the insufficiency of the above model, a flexi-
ble and variable coefficients reciprocal squared model
(VCRSM) as follows will be useful in describing different
cost-tolerance relationships:

C ¼
Xn
i¼1

Ai þ Bi

.
Tki
i

� �
ð6Þ

In the above formula, C is the manufacturing cost of a
product, n is the number of components, and Ti is the ith
component tolerance. Obviously, Eqs. (1)~(3) are special
forms of Eq. (6) when ki=−1,1,2. Firstly, we can adjust pa-
rameter values to obtain more models that are accurate for
different sizes and manufacture methods. Secondly, a new
tolerance allocation model can be represented quickly by

changing the parameter values when component manufactur-
ing method changes. This usually means that all allocation
work has to be redone if we use the traditional model. Because
of its flexibility, the new model can be used in most cases.

4 Analytical solutions to tolerance allocation

4.1 Optimization model of tolerance allocation

According to Eq. (6) , T ¼

T1

⋮
T2

⋮
Tn

2
6664

3
7775;A ¼

A1

⋮
A2

⋮
An

2
6664

3
7775;B ¼

B1

⋮
B2

⋮
Bn

2
6664

3
7775;K ¼

k1
⋮
k2
⋮
kn

2
6664

3
7775; and n is the number of components.

Considering the multi-constraints which are presented in Sect.
2, the tolerance allocation optimization object model is illus-
trated in Eq. (7):

min f Tð Þ ¼
Xn
i¼1

Ai þ Bi

.
Tki
i

� �
g1 T 1ð Þ ¼ Tþ

1 −T 1≥0g2 T1ð Þ

¼ T1−T−
1 ≥0⋮g2n−1 Tnð Þ ¼ Tþ

n −Tn≥0g2n Tnð Þ

¼ Tn−T−
n ≥0g2nþ1 T 0de fð Þ ¼ R2

0T
2
0de f−

Xnk
j¼1

R2
jξ

2
j T

2
jd−
Xnv
i¼1

R2
i ξ

2
i T

2
i ≥0

ð7Þ
f(T) is the cost for the tolerance allocation objective according
to the given assembly and manufacturing tolerances. Ti

+,Ti
+

are, respectively, the upper and lower tolerances of the ith
component, so g2i−1(Ti),g2i(Ti) describe the component
manufacturing accuracy. g2n+1(T0def) is the assembly accura-
cy, and the assembly tolerance must be within a range of
assembly accuracy constraint using the probabilistic tolerance
analysis method.

According to Eq. (4), gi(Ti) and g2n+1(T0def) are unequal.
Obviously, the inequality is very difficult to be solved; a num-
ber of studies have been conducted to research this problem.

Fig. 4 Assembly dimensions
figure
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Penalty function method has been successfully applied in in-
equality optimization [12, 13]. The method constructs some
penalty items related to inequality constraints. These items
will be added into allocation optimization objective model
(Eq. (7)) to construct a new objective function as follows:

min F T ; r nð Þ
� �

¼ f Tð Þ þ r mð Þ X2n
i¼1

1

gi T ið Þ þ
1

g2nþ1 T0de fð Þ

 !

r mð Þ ¼ r 0ð ÞDm

ð8Þ

where ∑2n
i¼1

1

gi T ið Þ þ
1

g2nþ1 T0de fð Þ are the penalty items, r(m)

is the penalty factor, D is the attenuation factor, and m repre-
sents the number of iteration. During the iteration, the penalty
factor gradually reduces with the number of iterations increas-
ing; Eq. (8) optimal solution is the tolerance allocation

optimization solution.

4.2 Solution to tolerance allocation model using
the Newton iteration method

Analyzing multi-function F(T,r(m)) contours, it is found that
the convergence speed is faster when the iteration value is
approaching the extreme point. Expanding F(T,r(m)) in T(k)

using the Taylor method, we can get

T kþ1ð Þ ¼ T kð Þ−H−1∇F Tk
� �

k ¼ 0; 1; 2;…ð Þ
H ¼ ∇2F Tk

� � ð9Þ

H is n×n order Heather’s matrix of T(k). By Eqs. (5) and (6),

T kþ1ð Þ ¼ T kð Þ−

−
Bk

T kð Þkþ1
þ r kð Þ

1

1

T kð Þþ−T kð Þ� �2 − 1

T kð Þ−T kð Þ−� �2
" #
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2

2R2ξ2T kð Þ
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2
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2
j T
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2
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Choosing convergence precision as ε=10−4~10− 5,
Eq. (10) will converge when Eq. (11) establishes. Δ ¼ T kþ1ð Þ−T kð Þ�� ��≤ε ð11Þ

4.3 Tolerance allocation optimization process

In summary, the tolerance allocation optimization process is
shown as Fig. 3.

First of all, a designer inputs tolerance information to build
a dimensional chain. Secondly, the designer gives the initial
iteration value by experience. Thirdly, the designer details
multi-constraints, and thus, the penalty items will be added
into Eq. (7) to construct Eq. (8) which is solved by the Newton
iteration method, gradually reducing the penalty factor to get
the optimal solution of Eq. (8). When the difference between
current iteration value and the previous iteration value is

Table 1 Component A2

expert library Tolerance (mm) Cost

0.20 15,973.10

0.22 10,501.02

… …

0.74 70.30

0.76 64.85

Table 2 Cost-tolerance model parameters

A1 A2 A3 A4 A5 A6

VCRSM A 10 20 15 19 18.8 17.8

B 6.7 13.4 10.5 15.8 14.4 14.7

k 3 4.4 3 2 1 2

RSM A −700.3 −6770 −180.4 19 63.71 17.8

B 328.2 3272 103.5 15.8 1.378 14.7

k 2

Table 3 Component manufacturing accuracy constraints and assembly
data

A1 A2 A3 A4 A5 A6

Transfer coefficient ξ 1 1 −1 −1 −1 −1
Relative distribution

coefficient R
1.16 1.16 1.16 1.16 1.16 1.16

Tolerance upper limit 0.75 0.76 0.70 0.75 0.52 0.53

Tolerance lower limit 0.31 0.20 0.35 0.31 0.10 0.20
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smaller than ε, the iteration converges. Namely, the current
iteration value is the optimal solution of Eq. (7).

5 Instance

In order to illustrate the proposed method, an assembly be-
tween aircraft skin and door is selected as an instance. The
skin and door assembly tolerance have great impact on ap-
pearance coordination and aerodynamics of the aircraft. The
assembly dimensions are displayed as Fig. 4.

In Fig. 4, A0 is the assembly size. According to the assem-
bly accuracy, A0=0− 0.70

+0.70mm, A1, A2, A3, A4, and A5 are com-
ponents size, A1 is the door body radial height, A2 is the aft
fuselage skin thickness, A3 is the door skin thickness, A4 is the
door frame thickness, A5 is the gasket thickness which is be-
tween the door and body frame, and A6 is the body frame
thickness.

In order to get the value of the factors A, B, and k of Eq. (3),
the MATLAB program is finished to calculate the fit curve
based on an aviation enterprise expert library. Table 1 gives an
example of aft fuselage skin thickness A2.

Fitting cost-tolerance curve, A2 VCRSM-cost-tolerance
function, is shown as Eq. (12):

CA2 ¼ 20þ 13:4
.
T4:4
A2

� �
ð12Þ

and A2 RSM-cost-tolerance function is shown as Eq. (13):

CA2 ¼ −6770þ 3272
.
T2
A2

� �
ð13Þ

Table 2 gives the cost-tolerance parameters of this instance.
According to the aircraft enterprise expert library, Table 3

presents component manufacturing accuracy constraints and
assembly data.

Table 4 Iteration results

A1 A2 A3 A4 A5 A6 A0

VCRSM Cost 45.4221 159.8140 70.9023 67.1380 90.4040 188.6789 622.3593

Tolerance 0.5740 0.5868 0.5726 0.5729 0.2011 0.2933 1.3999

Manufacturing accuracy constraint ✓ ✓ ✓ ✓ ✓ ✓ –

Assembly accuracy constraint – – – – – – ✓

RSM Cost 25.8266 225.6502 229.3277 67.44 109.224 401.24 1058.7085

Tolerance 0.6723 0.6839 0.4026 0.5711 0.1740 0.1958 1.3999

Manufacturing accuracy constraint ✓ ✓ ✓ ✓ ✓ ✓ –

Assembly accuracy constraint – – – – – – ✓

Fig. 5 Cost and tolerance
distribution pie figures
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Set the initial parameters r1
(0)=50andr2

(0)=1000, attenuation
factors D1=0.9andD2=0.99. After about 170 iterations, the
calculation converges.

The calculation results are shown as Table 4.
The component cost and tolerance distribution pie is shown

as Fig. 5.

1. As Table 3 shows, in VCRSM and RSM, A0=1.3999 by
analyzing and calculating component tolerance (inverse
allocation). According to assembly accuracy constraint
A0=0− 0.70

+0.70, so the allocation results are useful.
2. A1 is the door body radial height and it is mainly affected

by the assembly precision. Its precision is easy to be guar-
anteed and it is not difficult to be assembled. So as Fig. 5
shows, the cost of A1 is only 7 % of the total cost using
VCRSM while accounts for 3 % using RSM.

3. Particularly, aircraft skin part thickness is smaller. In the
industry, in order to make a product lighter, the weight
should be reduced and less thickness should be made
where stress is smaller. So it is difficult to manufacture
and the manufacture accuracy of the part is difficult to get.
The calculation in Table 4 shows that the result ofA2 is the
maximum value, and because the aircraft skin part is a
critical component, then the calculation parameters A, B,
and k are selected with larger value, so A2 accounts for
26 % using VCRSM and 21 % using RSM of total cost
after calculation as Fig. 5 shows.

4. Aircraft sheet metal manufacture process needs various
assembly fixtures. So the manufacturing processes are
complex and require high precision. Sheet metal part
may have large deformation during the processes. These
factors contribute to high cost and increase difficulty of
the manufacturing process. A6 is a sheet metal part thick-
ness and requires high precision. From Table 4, we know
that the iteration results about A6 are small in order to get
high precision and performance. As shown in Fig. 5, A6

has the largest cost of the assembly.
5. As shown in Table 2, parameters A and B have a great

difference between VCRSM and RSM.
6. As A1 is easy to be manufactured, its cost is increasing

slowly when tolerance is decreasing. Therefore, A1

tolerance in VCRSM was smaller so that other compo-
nents’ tolerance such as A3 and A6 has allocated in larger
range within the given assembly accuracy constraint, so
that the cost of A3 and A6 of VCRSM is about 30 % of
RSM.

7. According to Fig. 6, A2 tolerance of RSM is higher than
VCRSM; however, irrational A2 cost of RSM is also
higher than VCRSM. This suggests that RSM, which
k=2, does not apply to A2.

8. Due to the above factors, the RSM total cost is much
bigger than the VCRSM total cost.

6 Conclusion

This paper aims at illustrating an efficient and effective toler-
ance allocation method which addresses the problem of multi-
constraints and variable coefficients reciprocal squared cost-
tolerance model, in order to satisfy both objectives of best
quality and of minimum cost. The problem is achieved by
presenting a comprehensive and systematic mathematical tool
based on penalty function method and the Newton iteration
method.

As opposed to some other methods in the references, tol-
erance allocation optimization objective model takes into ac-
count the difference of constraints for components. Each com-
ponent has its own cost-tolerance model according to its own
properties. Thus, the VCRSM can solve different tolerance
allocation problems in various conditions. Penalty function
and the Newton iteration method have successfully been
employed in tolerance allocation to obtain exact mathematical
solution.

Hence, the optimization method is well adapted to an in-
dustrial context where decision-aid capabilities are indispens-
able. Based on the results of tolerance allocation in the used
case, the tolerance allocation optimization method can fulfil
the functionality of the system without waste of capabilities.
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