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Abstract This paper presents a new method to determine the
cutter-workpiece engagement (CWE) for a toroidal cutter dur-
ing free-form surface machining in five-axis milling. A hybrid
method, which is a combination of a discrete model and an
analytical approach, was developed. Although the workpiece
surface was discretized by a number of normal vectors, there
was no calculation to determine the intersection between the
normal vector and the cutting tool. The normal vectors were
used to define the workpiece surface mathematically; next, the
engagement point was calculated using a combination of the
workpiece surface equation, the parametric equation of the
cutting tool, and the tool orientation data. Three model parts
with different surface profiles were tested to verify the validity
of the proposed method; the results indicated that the method
was accurate. The method also eliminated the need for a large
number of discrete vectors to define the workpiece surface. A
comparison showed that the proposed method was computa-
tionally more efficient. The CWE model was subsequently
applied to support the cutting force prediction model. A vali-
dation test demonstrated that in terms of trends and ampli-
tudes, the predicted cutting forces exhibit good agreement
with the cutting force generated experimentally.

Keywords Five-axis milling . Analytical method .

Cutter-workpiece engagement

1 Introduction

In theory, the five-axis machining of sculptured surfaces with
toroidal cutter can provide many advantages, including the
acceleration of material removal rates, the improvement of
surface finishes, and the elimination of hand finishing, com-
pared to three-axis machining with a ball end-mill [1]. Cur-
rently, the ability of a system to generate an optimal process
plan automatically is an essential step of achieving automa-
tion, higher productivity, and better accuracy [2]. Various
studies [2–5] have been performed to develop a new approach
called virtual machining. The primary purposes of virtual ma-
chining in a milling operation include how to predict the in-
stantaneous cutting force and the surface roughness, which
can be used as inputs to shorten machining time by optimizing
process parameters without sacrificing machining quality.

To support machining optimization, precise geometric in-
formation is required, particularly during modeling and when
calculating the cutting force [6]. Many studies of the geomet-
ric simulation strategy based on solid modeling including con-
structive solid geometry (CSG) and boundary representations
(B-Rep) have been conducted. Altintas and Spence [7, 8] used
CSG to identify the cutter-workpiece intersection to predict
cutting forces, while Fleisig and Spence [9] used B-Rep-
based machining simulations for rough machining of 2.5D
pockets. Other researchers who have contributed significantly
include Jerard et al. [10], who evaluated the conditions of
cutter-part engagement with computationally efficient algo-
rithms called the Z-map method. In this method, the work-
piece was discretized into a set of evenly distributed discrete z-
direction vectors (ZDV). The Z-map or dexel can be thought
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of as a special type of discrete vector model or a discrete
vector [11–17]. Solid modeling yields more accurate informa-
tion but requires significantly more computation time. Addi-
tionally, the discrete vector model improves calculation
speeds compared to solid modeling; however, the computa-
tion time and memory consumption increases significantly
because the precision and accuracy is also significantly
improved.

To overcome such problems, Ozturk and Lazoglu [18] pro-
posed an analytical method to determine the chip load of a ball
end-mill during free-form machining. The chip load was de-
termined by defining three engagement boundaries: the tool
entry boundary, the exit boundary, and the workpiece surface
boundary. Song et al. [19] used an analytical method to calcu-
late the instantaneous undeformed chip thickness based on the
true trochoid path of the tool tooth. Although these methods
were fast and accurate, they were only applicable to three-axis
milling. Another study was performed by Tunc and Budak
[20], who used a simple analytical method called the bounding
point coordinate method applied to five-axis milling. Using
this method, the depth of each cut in each tool location can be
predicted by defining the coordinate of the cutter contact
point. The tests showed that the proposed method could pre-
dict the depth of a cut accurately. However, this technique is
only applicable for flat workpiece surfaces. When the work-
piece surface was a free-form surface, the authors of that study
used a discretization method to represent the workpiece sur-
face. Kiswanto et al. [21] proposed an analytical method
called the Analytical Boundary Simulation to define the
cutter-workpiece engagement (CWE) in five-axis milling.
The proposed method was proven accurate and faster than
Z-mapping method; however, the method was only applicable
to semi-finishing processes using a workpiece with a straight
staircase surface profile. Gupta et al. [22] also mentioned that
analytical approaches for computing cutter engagement were
much faster and more accurate compared to discrete ap-
proaches. Although the analytical methods were preferable
to discrete methods, studies of the analytical methods have
not been developed.

This paper presents a hybrid method to calculate the CWE
between a toroidal cutter and a free-form workpiece surface.
The proposed method was a combination of the analytical
method and the discrete-vector-based methodology, in which
discrete normal vectors were used to describe the workpiece
surface. Despite the normal vectors used in this model, there
was no calculation to determine the contact between the cutter
and the normal vector. The coordinate of the normal vector
and its orientation were used to define the shape of the surface
at every tool position mathematically. In this study, the CWE
was determined by defining two engagement points, as shown
in Fig. 1; these include the lowermost engagement point (LE
point), which is represented by C, and the uppermost engage-
ment point (UE point), which is denoted by nf . After

obtaining these two points, the length of each cut at every
engagement angle can be calculated. The LE point was calcu-
lated using the grazing method described in [21] and will not
be discussed in this paper. A flow chart describing the steps
used to obtain the LE point and the UE point are presented in
Fig. 2; additional details will be given in subsequent sections
of this paper.

2 Identifying the instantaneous surface shape

As mentioned in the introduction, the method proposed in this
study is a combination of discretization and the analytical
method. The normal vectors are distributed on the workpiece
surface, as shown in Fig. 3a. Compared to the fully discrete
method, the proposed method uses a smaller number of nor-
mal vectors to represent the workpiece surface. The normal
vectors contain information about the workpiece surface in-
cluding its coordinates, its orientation relative to the work-
piece coordinate system (WCS) about the x-axis (μx ), and
that about the y-axis (μy ), as shown in Fig. 3b.

A small portion of the workpiece surface, as illustrated in
Fig. 3a, was approximated by a surface that was a combination
of the surface shape in the x-axis (Sx ) and the y-axis (Sy ), as
illustrated in Fig. 3c. The shape of the surface can be a com-
bination of a convex, concave, flat, or sloped surface. This
approximation was used to define the shape of the workpiece
surface at an instantaneous tool location.

Figure 4a shows a top view of the workpiece surface. The
shape of an instantaneous workpiece surface region was de-
fined using three selected normal vectors (v1; v2; v3Þ,
where v1 was a reference vector that was located closest
to the LE point, which could be located inside or out-
side the cutter region, while v2 and v3 were the vectors
that are located before v1.

Based on the coordinates and orientation of the normal
vectors, the radius of the workpiece surface in the x-axis (Rx)

Fig. 1 Geometry of a toroidal cutter and its cutter-part engagement
points
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was determined using Eq. 1; these equations were derived by
referring to Fig. 4b. Using the same method, the radius of the
workpiece surface in the y-axis (Ry) was determined using
Eq. 2:

Rx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2−x1ð Þ2 þ z2−z1ð Þ2

q� �
= 2 sin 0:5 μx2−μx1ð Þð Þð Þ ð1Þ

Ry ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y3−y1ð Þ2 þ z3−z1ð Þ2

q� �
= 2 sin 0:5 μy2−μy1

� �� �� �
ð2Þ

After Rx and Ry were obtained, several conclusions regard-
ing the shape of the workpiece surface in the x-axis (Sx) and
the y-axis (Sy) could be made:

& Convex surface: if Rx>0,Ry>0
& Concave surface: if Rx<0,Ry<0

& Flat surface: if Rx=0 and μx1=0; or Ry=0 and μy1=0
& Slope surface: if Rx=0 and μx1≠0, slope angle (γ) =μx1;

or Rx=0 and μy1≠0, γ=μy1

Then, the shape of an instantaneous workpiece surface (i.e.,
a surface region) was constructed using a combination of Sx
and Sy; several feasible combinations are shown in Fig. 3c.

The method to identify the selected normal vectors, as il-
lustrated in Fig. 4a, was applied when the shape of the work-
piece surface at the instantaneous tool location was deter-
mined using only one surface region. When the workpiece
surface had a higher curvature, the shape of the instantaneous
surface could be very complex, and the errors could be higher
if only one surface region were used to represent the instanta-
neous workpiece surface. Because the accuracy of this method
was significantly influenced by the accuracy in determining
the shape of the workpiece surface, the instantaneous work-
piece surface was divided into two or more regions instead of

Fig. 2 Flow chart to obtain the UE point
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one region; this would reduce the error due to the complexity
of the surface. The method to define the shape of the surface
for each regionwas similar to that previously discussed.When

the surface was separated into several regions, the workpiece
surface should be discretized with a larger number of normal
vectors, as illustrated in Fig. 4c.

Fig. 3 Workpiece surface representation: a normal vector distribution, b vector orientation in WCS, and c feasible surface shape combinations

Fig. 4 Workpiece surface representation: a discretization method with a single surface region, bmethod to calculate the radius of the workpiece surface,
and c discretization method with more surface regions
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3 Checking the feasible engagement location

In this study, the method was developed for a toroidal cutter,
which can be decomposed into cylindrical (GC ) and toroidal
(GT ) surfaces, as depicted in Fig. 1; these surfaces were
defined using the following equations:

GC φ; lkð Þ ¼ rm þ rð Þsinφ rm þ rð Þcosφ l½ �T ð3Þ

GT φ; λð Þ ¼ rm þ rsinλð Þsinφ rm þ rsinλð Þcosφ r−r cosλ½ �T

ð4Þ

where r is the minor radius of cutting tool, rm is the distance
between the cutter center point to the minor radius, l is the
height of the cutter measured from its tip, and λ and φ denote
the toroidal angle and the engagement angle, respectively.

In five-axis milling, the cutting tool can be oriented in any
direction, and the orientation of the cutting tool relative to the
workpiece coordinate system (WCS) can be described using
the tool rotation about the x-axis (θA) and the y-axis (θB).
Because the cutter contact (CC) data and the workpiece sur-
face information were provided in the WCS, the cutter sur-
faces were transformed from the tool coordinate system (TCS)
into the WCS. Then, Eqs. 3 and 4 yielded:

GC
0
x
0
SC
; y

0
SC
; z

0
SC

� �
¼ M½ �GC φ; lð Þ ð5Þ

GT
0
x
0
ST
; y

0
ST
; z

0
ST

� �
¼ M½ �GT φ; λð Þ ð6Þ

where [M] is the operator that maps the coordinate system
from the TCS to the WCS involving the tool rotation about
the x-axis (θA), the y-axis (θB), and the translation at T, where
T(xT, yT, zT) is the cutter location point (i.e., CL point) that is
located at the bottom center of cutting tool:

M½ � ¼
cos θB 0 sin θB xT

sin θAsin θB cosθA −sin θAcos θB yT
cos θAsin θB sin θA cos θAcos θB zT

0 0 0 1

2
664

3
775 ð7Þ

Because the generic equations for the toroidal and cylindri-
cal sides of the cutting tool are different, the method to calcu-
late the UE point on the toroidal side was different than that on
the cylindrical side. Therefore, whether the CWE exists or not
should be determined in the beginning. If the CWE exists,
then whether the CWE is located on the toroidal side or on
the cylindrical side should be determined. This check step was

performed by calculating the projection lines, Cwc, and Cwp,
as depicted in Fig. 5.

Before defining Cwc and Cwp, the coordinate of wC

xwC ; ywC
; zwC

� �
and wp xwp ; ywp

; zwp

� �
should be determined.

Because wC and wp were the points projected from point C(xC,

yC,zC) and point P(xP,yP,zP), respectively, xwC ; ywC
; xwp ; ywp

n o
were equal to {xC,yC,xp,yp}. Thus, zwC could be obtained by
calculating the distance in the z-axis between v1 and wC on Sx(-
ΔZx) and the z-axis on Sy with respect to yc(ΔZy) First, by
working on Sx, the z value was calculated by comparing xCwith
the coordinates and orientation of the reference vector v1.
The equations to obtain (ΔZx) and (ΔZy) for a curved
surface (concave or convex) were expressed by:

ΔZx ¼ Rx cos sin−1 Rxsinεx1 þ xC−x1ð Þð Þ=Rxð Þ� �
−cos εx1

� �
;

ΔZy ¼ Ry cossin−1 Rysin εy1 þ yC−y1ð Þ� �
=Ry

� �
−cosεy1

� � ð8Þ

For a flat or sloped surface, these values were determined
by Eqs. 9 and 10, respectively:

ΔZx ¼ 0 and ΔZy ¼ 0 ð9Þ

ΔZx ¼ xC−x1ð Þtanεx1;ΔZy ¼ yC−y1ð Þtanεy1 ð10Þ

Finally, zwC was defined as follows:

zwC ¼ z1 þΔZx þΔZy ð11Þ

After zwC was determined, the length of the projection line

from C to wC was calculated by Cwc ¼ zwC−zC. Using the

same procedures, the linePwp was determined. The projection

lines,Cwc and Pwc, were used to define the location of the UE
point by following the rules below:

1. If Cwc > 0 and Cwp≤0, then the UE point was located

on the toroidal side, andCwc was selected as the reference

line Cqð Þ.
2. If Cwc > 0 and Cwp > 0, then the UE point was located

on the cylindrical side, and Pwp was selected as the refer-

ence line Cqð Þ.
3. If Cwc < 0 and Cwp < 0, there was no engagement be-

tween the cutter and the workpiece.

Fig. 5 Two projection lines
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The reference line is a line that will be used as a reference to
calculate the length of each cut and to define the coordinate of
the CWE.

4 Obtaining the UE point on the cylindrical side

After the reference line was determined, it was then rotated
using the tool orientation angles (θB and θA) to obtain the UE
point. These two rotation procedures must be performed se-
quentially except in certain conditions when it can be skipped,
and the next procedure may begin. In this section, the detailed
procedure of determining the UE point located on the cylin-
drical side is derived.

4.1 Step 1: rotating the projection line by θB

In the first step, to determine the line Cs, the reference
line was rotated about the point (C, θB). If θB was equal

to zero, then the line Cs was equal to the line Cq: The
equations to define the rotated line for every surface
shape are shown below. For a convex surface, the

equations were determined by Fig. 6a and are expressed
as follows:

COx ¼ Cq2 þ R2
x−2CqRxcosδx

� �0:5
ð12Þ

ϕb ¼ 180− θBj j− δx þ cos−1 COx
2 þ R2

x−Cq2
� �.

2 COxRx

� �� �			 			
ð13Þ

ϕc ¼ sin COxsinϕb=Rx

� � ð14Þ

Cs ¼ R2
x þ COx

2−2R2
xCOx

2
cos 180−ϕb−ϕcð Þ

� �0:5
ð15Þ

For a concave surface, the equations to calculate the lineCs
were developed using Fig. 6b and are calculated as follows:

COx ¼ Cq
2 þ R2

x−2CqRxcosδx
� �0:5

ð16Þ

ϕb ¼ θB−sin−1 R2
xsin 180−δxð Þ=COx

� �		 		 ð17Þ

Fig. 6 Rotation of the projection line on Sx: a convex surface, b concave surface, c slope surface, d inclined surface, e rotation of rotated reference line of
a convex surface on Si, and f for a concave surface
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ϕc ¼ 180−sin−1 COx2sinϕb=Rx

� � ð18Þ

Cs ¼ R2
x þ COx2

2−2R2
xCOx2

2
cos 180−ϕb−ϕcð Þ

� �0:5
ð19Þ

More simple equations were used to calculate the line Cs
for a slope surface and a flat surface as depicted in Eqs. 20 and
21, respectively. For a slope surface, the equation was derived
by referring to Fig. 6c.

Cs ¼ Cqsin 90þ γð Þ=sin 90−γ−θBð Þ ð20Þ

Cs ¼ Cq=cosθB

4.2 Step 2: calculating the radius of the inclined surface

If θB was not equal to zero, then the reference line was rotated
in the first step. Due to this rotation, the reference line was not
perpendicular to the second surface (Sy). Consequently, when

Sy was a curved surface, the line Cs could not be mapped or

rotated on Sy due to the line Cs and the surface Sy were no
longer aligned; this phenomenon is exhibited in Fig. 6d. The
inclined curved surface Siwas determined by slicing the work-
piece material using plane B. Plane B began as plane A and
was rotated by θB. The radius of Si (Ri) was dependent on Sx.
When Sx was a curved surface, the equations were derived
based on Fig. 6a. Line qv is the distance along the z-axis from
a projected point q on the workpiece surface to the baseline of
curved surface Sy. The radius of Si for every surface shape was
calculated using the following equations:

Ri ¼ Rycosδy−Cq
� �

=cosθx
� �þ Cs
� �2 þ Rysinδy

� �2� �0:5
;→convex

ð22Þ

Ri ¼ Rycosδy þ Cq
� �

=cosθx
� �

−Cs
� �2 þ Rysinδy

� �2� �0:5
; →concave

ð23Þ
Ri ¼ Rysin 90þ γð Þ� �

=sin 90−γ−θBð Þ;→slope ð24Þ

Ri ¼ Ry=cosθB;→flat ð25Þ

Riwas calculated only if it met three conditions: θB, Ry, and
θAwere not equal to zero; otherwise, Ri= Ry.

4.3 Step 3: rotating the rotated line by θA

In step 3, the rotated reference lineC s from step 1 was rotated
again about point C by θA. This rotation procedure attempted

to obtain the lineC n on Si. This step was performed only if θA
was not equal to zero; otherwise, C n ¼ C s. For a convex

surface, the equations to calculate C n were derived by
referring to Fig. 6e:

C Oi ¼ C s
2 þ R2

i − 2C sRi cosδy
� �0:5

ð26Þ

ϕ f ¼ 180− θy
		 		− δYj j þ cos−1 C Oi

2 þ R2
i −C s

2
� �

= 2C OiRi

� �� �
ð27Þ

ϕg ¼ sin C Oisinϕ f =Ri

� �
; ð28Þ

C n ¼ R2
i þ C Oi

2− 2RiC Oicos 180 − ϕ f þ ϕg

� �� �� �0:5
ð29Þ

For a concave surface, the method was derived by referring
to Fig. 6f, and the results were calculated as follows:

C Oi ¼ C q
2 þ R2

i − 2C qRicosδy
� �0:5

ð30Þ

ϕ f ¼ θA−sin−1 R2
i sin 180 −δy
� �

=C Oi

� �		 		 ð31Þ

ϕg ¼ 180−sin−1 C Oisinϕ f =Ri

� � ð32Þ

C n ¼ C Oisin ϕhð Þ=sin 180 − ϕ f þ ϕg

� �� � ð33Þ

For a slope or flat surface, the following equations were
used, respectively:

C n ¼ C ssin 90þ γð Þ� �
=sin 90−γ−θAð Þ ð34Þ

C n ¼ C s=cosθA ð35Þ

Finally, the coordinate of nf was determined by mapping
the parametric equation of a cylindrical surface described by

Eq. 5 with ln equal to C n .

5 Obtaining the UE point on the toroidal side

A different method was developed for the UE point on the
toroidal side. When it was located on the toroidal side, the UE
point can be calculated after its toroidal angle was determined.
The method to obtain the toroidal angle of the UE point con-
sists of four steps including two rotations of the reference line
using θA and θB, and the calculation of the inclined radius. The
fourth step calculated the toroidal angle of the UE point. All
procedures must be performed sequentially, except in certain
conditions when it could be skipped, and the next procedure
may begin. The method to rotate the reference line for the

Int J Adv Manuf Technol (2015) 80:2083–2096 2089



engagement point on the cylindrical side and the method to
obtain the inclined surface, as presented in section 0, were
used. For step 3, although the procedure was similar to the
method used for the engagement on the cylindrical surface,
the objective was different. The detailed procedure to obtain nf
is derived and discussed in the following sections.

5.1 Rotating the rotated line by θA (step 3)

In this procedure, the rotated line, which was obtained in
the first rotation by θB, was rotated again by θA E, even
though the final coordinates of the UE point would be
obtained in the fourth step. If Sy was a curved surface,

then ϕg and the length of line OiOt,which are shown in
Fig. 7a, were defined in step 3; otherwise, the next pro-

cedure was started. The line OiOt is the distance between
the center of the toroidal circle and the center of the

workpiece surface (Si). The angle ϕg and the line OiOt

were used as the input for the CWE calculation in step 4.
Point Ot is the center point of the toroidal circle and
could be located either inside or outside of the workpiece

surface. The length of b Ot was equal to the minor radius

of the cutting tool (r), and ϕg and O3O4 were calculated
using the following equations:

C Oi ¼ C s
2 þ R2

i − 2C sRicosδy
� �0:5

ð36Þ

ϕ f ¼ 180− θAj j− δy
		 		þ cos−1 C Oi

2 þ R2
i −C s

2
=2C OiRi

�� �
ð37Þ

OiOt ¼ C Ot
2 þ C Oi

2− 2C OtC Oicosϕ f

� �0:5
ð38Þ

ϕg ¼ sin
C Oisinϕ f

OiOt

 !
ð39Þ

5.2 Calculating the toroidal angle of the UE point (step 4)

The UE point (nf) on the toroidal side was determined by
mapping the parametric equation of a toroidal surface. Before
the mapping operation was executed, the toroidal angle of the
UE point (λn) had to be determined. The methods to calculate
λn for all surface shapes are described below. In this stage, the
toroidal cutter was represented as a circle with radius r.

6 Curved surface

When the shape of Si was a curved surface, λn was obtained
using the intersections of two circles, as shown in Fig. 7b. In this
case, the toroidal side of the cutting tool and the workpiece sur-
face were considered to be a circle with a radius r and Ri, respec-
tively. ϕg, which was obtained in step 3, was used to define the
orientation of the cutting tool. Then λnwas calculated as follows:

w u ¼ r−r2−R2
i þ OiOt

2
� �

= 2OiOt

� � ð40Þ

λn ¼ cos−1 1ð −
w u

r

� �
þ ϕg ð41Þ

7 Flat surface

When Si was a flat surface, then the two-circle intersection
method was not applicable because the workpiece surface
could not be represented as a circle. Then, the line λn was
calculated using Fig. 7c and these equations:

w u ¼ r−rcosθ2ð Þ þ C s ð42Þ

λn ¼ cos−1
�
1−

w u

r

� �
þ θ2 ð43Þ

Fig. 7 Procedure to obtain the engagement point on the toroidal side, a
rotating the rotated line of a curved workpiece surface on Si, and the
intersection between b toroidal side and a curved workpiece surface, c
between the toroidal side and a slope workpiece surface, and d between
the toroidal side and a flat workpiece surface
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8 Sloped surface

λn for a slope surface, as shown in Fig. 7d, was determined
using the following equations:

w u ¼ C s−r 1þ sinθ2tanγ−cosθ2ð Þ ð44Þ

λn ¼ 90−γ þ θ2−sin−1 r−w uð Þsin 90−γð Þð Þ=rf g ð45Þ

Finally, nf was calculated using the parametric equation of
toroidal tool shown in Eq. 6 with λ=λn.

After λn, λC, and ln were determined, the geometry
of the cut was calculated. λC is the toroidal angle of the
LE point that was calculated using the grazing method
discussed in [21]. For a toroidal cutter, ln was the
length of the CWE on the cylindrical side. Therefore,
it was equal to zero when nf was located on the toroidal
side. Conversely, when it was on the cylinder side, λn=
90. The length of the cut (L) and the cut thickness (h)
were determined using the following equations:

L ¼ π r

180
λn−λCð Þ þ ln; π ¼ 3:14ð Þ ð46Þ

h ¼ f cosαsinφ ð47Þ

where α is the tool inclination angle and f is the feed rate.

9 Implementation and discussion

Based on the formulae derived in the previous sections, a
simulation using MATLAB called the Analytical Boundary
Simulation (ABS) was developed. In this section, the pro-
posed method was tested for three types of models with var-
ious workpiece surfaces and part surfaces, as shown in Fig. 8.
The machining conditions and the cutting tool used for every
test are described in Table 1. The ability of the ABS to gener-
ate the CWE and the methods used to verify its accuracy are
also presented. The efficiency of the proposed method based
on computation time was examined by comparing it to that of
the Z-mapping method. Finally, the proposed model was used
to support the mechanistic cutting force prediction model.

9.1 Cut geometry calculation

Using the developed simulation, the cut shape and
length could be calculated. The cut shapes for all test
models were generated, as shown in Fig. 8a–c. From
these figures, it is shown that the cut shape resembles
the shape of the material removed. This indicated that
the proposed method was accurate. The length of the
cut progression is depicted in Fig. 8d–f. Because the
thicknesses of the material removed were relatively con-
stant, the cut lengths produced by all test models were
also relatively constant. Smaller cut length at the begin-
ning and end of the CWE, as shown in Fig. 8d, oc-
curred because some part of the cutter was located

Fig. 8 Test models: a–c the shape of the cut progressions; d–f the length of the cut progressions
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outside of the workpiece limit when the tool entered or
exited the workpiece; this made the CWE smaller and
even equal to zero.

The cut shapes as a function of the engagement angle are
presented in Fig. 9a–c. Because test 1 was performed without
the inclination angle (α), the cut shape at the bottom side was
similar to the shape of the cutting tool. However, when the
inclination angle was considered, the location of the LE points
became dynamic and produced a cut shape that was different
from the shape of the cutting tool, as shown in Fig. 9b, c. The
cut with a straight and thick line on the top highlighted in
Fig. 9c showed that the UE point was located on the cylindri-
cal side. If there were no such line on the top, as highlighted in
Fig. 9b, then the UE point would be located on the toroidal
side.

The cut lengths as functions of the engagement angle
for all test models are presented in Fig. 9d–f. Because
the tool was set without the inclination angle in test 1,
the CWE on the toroidal side always began at zero. The
tool inclination angle made the cut length on the toroi-
dal side always start from zero, as depicted in Fig. 9e;

this angle was different from the tool without the incli-
nation angle in which the cut length was larger during
the initial engagement.

9.2 Model verification

Although the cut shape resembled the shape of the ma-
terial removed, the accuracy of the proposed method
had to be examined. Verification was performed by
comparing the cut lengths calculated using the simula-
tion program with those measured using the commercial
software Siemens-NX. As shown in Fig. 10a, the coor-
dinates of the UE point were measured from the extrac-
tion model of the intersection between the cutter model
and the workpiece model. The extraction model was
obtained by placing the cutter model at the instanta-
neous CC point and adjusting its orientation. Then, the
intersection between the cutter model and the workpiece
model could be extracted. The cutter was manipulated
by making grooves in the front side so that the engage-
ment angle of the CWE could be easily identified. Once

Table 1 Machining conditions
and cutter geometry for every test
model

Test No. Machining conditions Cutter geometry and orientation

Feed rate
(mm/tooth)

Cutting speed
(rpm)

Diameter
(mm)

Minor radius
(mm)

Inclination
angle

Test 1 0.2 5000 20 5 0

Test 2 0.2 9943 32 4 5

Test 0.2 5000 20 5 10

Fig. 9 Shape of the cut geometry, the cut length and the error for φ∈ {0, 180} at selected CC points
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the extraction model was obtained, the coordinate of the
UE point could be checked, and the cut length could be
calculated and compared with those generated by the
simulation. The cut lengths for all of the test models
shown in Fig. 9 were compared, and the results are
shown in Fig. 10b. From these graphs, it is shown that
all of the tests produced relatively small errors (i.e.,
generally less than 6 %); therefore, it can be concluded
that the proposed method was accurate.

The accuracy of the proposed model was also verified by
comparing the cut geometry obtained from the simulation
program with that obtained from the experimental work. For
this purpose, a machining test was performed using a Hurco
VMX 30U five-axis mill. A two teeth toroidal cutter with a
major radius of 6 mm and a minor radius of 2 mmwas used as
the cutting tool. The cut shape obtained from the experimental
work is shown in Fig. 11a, which was captured using a Nikon
D5100 digital camera. Because some parts of the cut on the
side when the tool entered and exited the workpiece material
were damaged, as shown in Fig. 11b, the cut length was only
measured in the middle of the cut. For comparison, 36 data
points were measured, and the results are shown in Fig. 11c.
From this graph, it is shown that there was good agreement
between the cut length calculated using the ABS and that
measured from the experimental work. In general, the errors
were less than 7 %.

9.3 Comparison of the ABS with Z-mapping

To ensure the advantages of the proposed method over a full
discretization method, a comparison of computation times
was performed; the part and the workpiece model used in test
2 were used in this comparison. For the Z-mapping method,
the workpiece surface was discretized with a grid size of
0.1 mm in both the x- and y-axes.

Both the proposed method and the Z-mapping method
were performed using Matlab on an Intel Core i5 1.7 GHz
laptop with 6 GB RAM. The uninterrupted test from CC-1
to CC-52 was performed, and the computational time

between two consecutive CC points was recorded. This
measurement was repeated three times for every method,
and the average results are presented in Fig. 12. From this
graph, it is shown that the computational time for the
ABS is much shorter than the Z-mapping method. The
ABS took only 774.05 s to generate the cut length, as
shown in Fig. 12, while the Z-mapping took 6589.43 s.
The Z-mapping method was thus not a fast algorithm be-
cause it must calculate a large amount of surface data.
Conversely, the ABS was more efficient because the
workpiece surface was defined mathematically.

Fig. 10 Model verification: a verification method using the Siemens-NX, and b the errors of the model test

Fig. 11 Experimental verification: a cut shape from machining, b the
length measurement, and c the graph of the calculated and measured the
cut lengths
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9.4 Model implementation in five-axis milling

The proposed cut geometry model was used to support the
cutting forces prediction model. The mechanistic cutting force
model, which breaks down the cutting force into three com-
ponents (i.e., tangential, radial, and axial), was used in this
study. For the purposes of simulation, the force coefficients
(i.e., the cutting and edge coefficients) were determined using
the cutting force data that were obtained from a series of ex-
perimental studies. A series of full immersion 3D slot milling
tests were conducted using a two-tooth carbide end-mill with a
32mmdiameter and a 4mmminor radius. Themachining was
performed on a Tripteor X7 five-axis mill, and the cutting
forces were measured using a Kistler 9257B three-
component dynamometer. The cutting parameters were set

as follows: cutting speed = 1000 m/min and a series of axial
cut depths of 1, 2, 3.5, 5, 8, and 10 mm. Cutting force coeffi-
cients were identified using feed rates 0.1 and 0.3 mm/tooth.

Using these experiments and data processing, the general
trend of six cutting and edge force coefficients were deter-
mined and are shown in Fig. 13. From this figure, it is shown
that the force coefficients fluctuated significantly. The cutting
coefficients are shown to be significantly higher than the edge
coefficients, which indicate that the shearing force component
produced a more significant effect than the total cutting force.
From the graph, it can also be observed that the cutting edge
coefficients (Ktc, Krc, and Kac) have larger variations com-
pared with those of the edge coefficient (Kte, Kre, and Kae).
According to Gao et al. [23], this phenomenon can be ex-
plained by the metal removal mechanism acting on the rake
and flank contact areas. Significant changes in the cutting
coefficients were characterized by the size effect. A larger
force coefficient at a smaller axial depth of cut was also found
by Erdim et al. [24]. Several studies [25–27] also reported that
the cutting force coefficients tend to increase the cut thickness
decreases.

For verification, the part and the workpiece for test 2,
as shown in Fig. 8, was examined. The cutting force
components during one tool pass were measured and
compared with the cutting forces calculated by the sim-
ulation. Figures 14, 15, and 16 show that the calculated
and measured cutting force components agree; in general,

Fig. 13 Force coefficients as a
function of axial cut depth: a
cutting coefficients and b edge
coefficients

Fig. 12 Comparison of the average computational time between the
ABS and Z-mapping methods
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the differences between the simulated and experimental
force amplitudes were below 10 %. 10 Conclusions

In this study, a new method, known as the Analytical Bound-
ary Simulation, was developed to generate the CWE for a
toroidal cutter during five-axis milling. A hybrid method,
which was a combination between a discrete model and an
analytical approach, was developed. The primary contribu-
tions of this study include the follow:

1. The ABS is applicable to calculate the chip geometry of a
five-axis milling process. This was validated using vari-
ous parts of a model with different surface profiles.

2. The method was shown to eliminate the need to define the
workpiece surface with a large number of discrete vectors.
A comparison proved that the ABS was computationally
more efficient than the Z-mapping method.

3. The verification tests proved that ABS is accurate; this
was verified twice, first by comparing the cut lengths
obtained using the ABS with those measured using the
Siemens-NX machine, and the second was performed by
comparing the cut length calculated using the ABS with
the cuts obtained experimentally.

4. The proposed method can be used to support the cutting
force prediction model. The validation test showed that
the predicted cutting forces show good agreement, both in
their trends and amplitudes, with the cutting force gener-
ated from the experimental work.

Fig. 16 Comparison of Fz: a measured, b predicted, and c detail of the
predicted values

Fig. 15 Comparison of Fy: a measured, b calculated, and c detail of the
predicted values

Fig. 14 Comparison of Fx: a measured, b calculated, and c detail of the
predicted values
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