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Abstract Machine tool design starts with the determination
of performance specifications. Precision of the NC axes is an
important aspect of machine tool design. Conventionally, the
precision specification of machine tools is empirically deter-
mined, resulting in poor designs with insufficient or excessive
precision. To provide a cost-effective precision specification
for complex machine tools, such as gear cutting machines, an
active precision design approach is proposed to generate the
specification of the positioning repeatability of NC axes to
meet the designated working precision requirements of the
machine tools. The methodology consists of error analysis
and precision design in four steps: (1) workpiece surface for-
mation modeling in terms of the motion axes and layout of the
machine tool, and the generating principle of workpiece fea-
tures; (2) workpiece machining error modeling based on the
workpiece surface formation model by considering kinematic
errors of the NC axes of the machine tool; (3) workpiece
machining precision modeling via the machining error model;
and (4) precision allocation according to the required

workpiece precision and the machining error model. The
methodology is demonstrated and validated through a case
study of precision design for a six-axis CNC spiral bevel gear
milling machine.

Keywords Machine tool . Positioning repeatability . Error
analysis . Precision design . Spiral bevel gear . Gear milling
machine

1 Introduction

Determination of the performance specifications is the first
step in designing a machine tool. Among the performance
specifications, precision of NC axes is an important aspect
of machine tool design. Insufficient precision will cause an
incompetent design, while excessive precision will unneces-
sarily increase manufacturing cost. Therefore, an appropriate
and cost-effective precision specification for machine tools
should be determined based on the requirements of workpiece
precision or designated working precision requirements of the
machine tools.

It has been well understood that the precision of machine
tools is affected by several factors, such as the precision of
main spindle, slide ways, servo drives, and the stiffness and
thermal response of the structure of the machine tools [1, 2]. In
the last decades, many researches have been conducted on the
precision of machine tools, especially on precision enhance-
ment. Schellekens [3] summarized the rules and principles
concerning dimensional metrology, kinematic design, thermal
loop, structural loop, metrology frame, drive offset, force
compensation, symmetry, and repeatability in design for pre-
cision of machine tools.

Error compensation and error elimination have been impor-
tant methods for enhancing the precision of machine tools
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[4–13]. Researches on error compensation and error elimina-
tion include error identification, measurement, modeling, pre-
diction and compensation, or control [4–6]. Several error com-
pensation methods have been developed, such as computer-
aided compensation of geometric and thermal errors [7], shape
functions-based interpolation algorithm for error prediction
and compensation [8], nonlinear error compensation model-
ing for geometric and cutting-force induced errors [11], ex-
traction of repeatable errors from random errors and compen-
sation of the repeatable errors by incorporating statistical anal-
ysis of measured data [12], and parameterized error modeling
and compensation with homogeneous transformationmatrices
[13].

It has been estimated that thermal deformation weighs
about 30–50 % of the overall error of machine tools [14].
However, this can be significantly improved through thermal
deformation analysis and control, and thermal error compen-
sation [15–21].

Multi-body system (MBS) theory has also played an effec-
tive role in error modeling and compensation of machine tools
[14, 22–25]. Zhang et al. [14, 22, 23] and Liu et al. [24]
developed general models for geometric errors, load errors
and thermal errors, and compensation with MBS kinematics.
Fan et al. [25] proposed an MBS-based universal kinematics
error modeling and analysis method.

Manufacture of monolithic components and micro-parts
has been a hotspot in the recent decades. Precision is also
essential to such areas. Researches have been conducted on
precision enhancement of machine tools for such applications
via fiducials, geometrical analysis, metrology reference trans-
fer, compact and integral design, and using counter motion
mechanisms [26–31].

Most up-to-date literatures on precision studies focused on
the precision enhancement of machine tools, but limited atten-
tion was paid to design of the precision specification of com-
plex machine tools such as the generating-based spiral bevel
gear cutting machine. In current practice, precision specifica-
tion of such machine tools is determined based on the experi-
ence of machine tool designers, resulting in a less cost-
effective design or poor precision. This paper develops an
active precision design approach to determine the precision
specification of machine tools. The active precision design is
to systematically allocate themachining precision requirement
of the workpieces or the designated working precision to the
precision specification of the motion axes of the machine in
the design phase.

Machine tool precision allocation is similar to but different
from tolerance allocation of an assembly. The tolerance allo-
cation assigns the specified assembly tolerance to its compo-
nents through optimizing manufacturing cost and quality to
make the assembly cost-effective [32–35]. They are similar in
objective: to make product cost-effective, but different in ob-
ject and method. The object of the tolerance allocation is the

assemblies of a machine, while the object of the precision
allocation is the machine. The precision allocation outputs
the specified assembly tolerance for the tolerance allocation.
On the other hand, there have been lots of methods for the
tolerance allocation for assembly, such as proportional scal-
ing, weight factor, least cost optimization, robust tolerance
design, etc. [33, 36]. In contrast, the method for the precision
allocation of machine tools is still empirical at present. The
purpose of this work is to develop an analytic method for the
precision allocation of machine tools, especially for precision
design of complex machine tools such as gear cutting
machines.

The paper is organized as follows: Section 2 presents the
methodology of active precision design, Section 3 provides a
case study on the repeatability specification design of a six-
axis NC spiral bevel gear milling machine, and finally Sec-
tion 4 concludes the paper.

2 Methodology

The key point of active precision design is to solve the preci-
sion specification of machine tools to meet the precision re-
quirement of workpieces or the designated working precision
requirements of the machine tools. Since the systematic posi-
tional deviation of a NC axis can be compensated, the current
work is focused on solving the specification of the positioning
repeatability of machine tool NC axes. To simplify the prob-
lem definition, the following preliminary assumption is made:
the elastic, thermal deformation and geometric errors of ma-
chine tools, the installation errors and geometric errors of
workpieces, and the systematic positional deviation of NC
axes are excluded in the analysis.

A schematic illustration of the methodology is shown in
Fig. 1, which consists of two stages: error analysis and preci-
sion design. The first stage is a two-step forward analysis, in
which the workpiece machining error σw versus the position
errors σi of the NC axes of machine tools is modeled through
workpiece surface modeling and subsequent sensitivity Kmi

analysis of the machining error to the motion errors of the
NC axes. In the second stage, workpiece tolerance Tw (i.e.,
working precision requirement) versus positioning repeatabil-
ity Ri of NC axes is modeled in light of the concept of process
capability Cp and the definition of positioning repeatability.
Then the working precision requirement is allocated to the
specification of the positioning repeatability of NC axes of
machine tools with an equal effects assumption of the posi-
tioning repeatability.

2.1 Error analysis

Step 1. Workpiece surface modeling According to the mo-
tion axes and layout of a machine tool, the machine coordinate
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frame ∑m and the workpiece coordinate frame ∑w can be set
up. A point on the cutter in the machine coordinate frame can
be transferred to a corresponding point on the workpiece sur-
face in the workpiece coordinate frame in terms of the gener-
ating principle of workpiece features. Numerous such corre-
sponding points constitute the surface of the workpiece fea-
ture. The surface can be modeled in the workpiece coordinate
frame ∑w as a function of the machine motions.

rw ¼ rw xm1; xm2;…; xmnð Þ ð1aÞ

where rw is the position vector of a point on the workpiece
surface, xmi (i=1, 2, …, n) is the displacement of NC axis i,
and n is the number of NC axes of the machine tool.

Similarly, a specific dimension that scales the machining
precision of the workpiece can be consequently expressed as a
function of the machine motions.

dw ¼ dw xm1; xm2;…; xmnð Þ ð1bÞ

Step 2.Workpiecemachining errormodeling Motion errors
Δxmi (i=1, 2,…, n) of theNC axeswill causemachining error on
the workpiece. Themachining error Δdw of dimension dw can be
approximately expressed as Eq. (2) according to Eq. (1b).

Δdw≈
Xn

i¼1

∂dw
∂xmi

Δxmi ¼
Xn

i¼1

Kmi⋅Δxmi ð2Þ

where, Kmi is the sensitivity of the machining error to the mo-
tion error of NC axis i, which can be derived through simulating
and analyzing the formation of the workpiece surface.

Generally, the motion error Δxmi of the NC axis is indepen-
dent and follows the normal distribution. According to the
principle of error synthesis, the variance of the machining
error Δdw of the workpiece will be

σ2
w ¼

Xn

i¼1

K2
miσ

2
i ð3Þ

where σi is the standard deviation of the motion error Δxmi.

2.2 Precision design

Step 3.Workpiecemachining precisionmodeling According
to the theory of statistical quality control [37], for a given
process capability Cp, the machining precision of workpiece,
i.e., the tolerance Tw, will be

Tw ¼ Cp � 6σw ð4Þ

In light of ISO 230-2:2006(E) “Test code for machine
tools—Part 2: Determination of accuracy and repeatabil-
ity of positioning numerically controlled axes” [38], the
positioning repeatability Ri of NC axis i can be repre-
sented as

Ri ¼ 4σi ð5Þ

Substitute σw in Eq. (4) and σi in Eq. (5) into Eq. (3), then
the relationship between the machining precision Tw of work-
piece and the positioning repeatability Ri (i=1, 2,…, n) of the
NC axes will be

T2
w ¼ 3Cp

2

� �2Xn

i¼1

K2
miR

2
i ð6Þ

Step 4. Machine tool precision allocation Referring the
principle of equal effects of tolerance allocation [39, 40], as-
sume that the positioning repeatability of the NC axes follows
the relationship below.

K2
miR

2
i ¼ K2

m jR
2
j i; j ¼ 1; 2;…; n; i≠ jð Þ ð7Þ

Equation (7) means that the repeatability of a NC axis
should be inversely proportional to its machining error sensi-
tivity defined in Step 2 and implies that higher precision
should be assigned to NC axes of greater machining error
sensitivity.

Substitute Eq. (7) into Eq. (6), then the positioning repeat-
ability of NC axis i of the machine tool can be derived as

w w m( )=r r x 2 2 2
w m

1

n

i i
i
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Fig. 1 Schematic illustration of
active precision design
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Eq. (8), which will theoretically meet the machining precision
requirement of the workpiece.

Ri ¼ 2

3Cp
•

Twffiffiffi
n

p
Kmij j ð8Þ

Since the elastic and thermal deformation, geometric
error of the machine tools, installation error, and geomet-
ric error of the workpiece are excluded in the modeling,
the current modeling only provide a theoretical reference
for the positioning repeatability of the NC axes. A safety
factor should be taken to the calculated positioning re-
peatability from Eq. (8).

3 Case study

This section presents a case study on the application of
the active precision design approach to determine the
precision specification of a six-axis CNC spiral bevel
gear milling machine to demonstrate the methodology.
Because of its complexity in motions and structure, an
empirically determined precision specification of the spi-
ral bevel gear milling machine may not meet the ma-
chining precision requirement of the gear workpieces.
Therefore, it is necessary to solve the precision specifi-
cation accurately with the active precision design
approach.

3.1 Generating machining of spiral bevel gears

Spiral bevel gears of circular arc lengthwise tooth curve,
as shown in Fig. 2, are generally manufactured through
generating machining of face milling by means of the
virtual crown gear principle as shown in Figs. 3 and 4
[41–45]. The blade edges of the rotating cutter, whose
axis is offset from the axis of the virtual crown gear by a
given distance and is fixed on the virtual crown gear,
function as a tooth of the virtual crown gear. In machin-
ing of a spiral bevel gear, the virtual crown gear and the
gear workpiece mesh with each other and rotate around
their respective axes with a predetermined ratio of

rotation synchronously; as a result, the cutter will grad-
ually cut out a tooth groove in the gear workpiece. When
finishing cutting the tooth groove, the virtual crown gear
returns to its original position and the gear workpiece
rotates to the next indexing position to prepare cutting
the next tooth groove. The above procedures repeats un-
til all the teeth are generated.

In the case of a Cartesian-type CNC spiral bevel gear mill-
ing machine, the rotation of the virtual crown gear is realized
through the synchronous translational motions of X and Y
axes of the machine, as shown in Fig. 5.

3.2 Cartesian-type CNC spiral bevel gear milling machine

The Cartesian-type CNC spiral bevel gear milling machine
was first developed by Gleason Corporation in early 1990s.
The CNC machine replaced the conventional cradle mecha-
nism with the synchronous translational NC axes of X and Y
to represent the rotation of the virtual crown gear. A schematic
illustration of the Cartesian-type CNC spiral bevel gear mill-
ing machine is shown in Fig. 5. In addition to X and Y axes,
the other axes of the machine are Z for regulating cutting feed,
A for rotating the gear workpiece, B for regulating the instal-
lation angle of the gear workpiece, and C for rotating the
cutter. Axes X, Y, Z, A, and B are driven by servo motors to
realize the meshing motion of the virtual crown gear and gear
workpiece to cut the tooth grooves of the gear workpiece by
generating.

3.3 Modeling of spiral bevel gear tooth surface

Modeling the tooth surface is necessary in order to analyze the
machining error of spiral bevel gears. To model the tooth
surface, the following coordinate frames are set: the machine
coordinate frame OmXmYmZm which is marked as ∑m and is
fixed on the machine bed; the gear workpiece coordinate
frame OwXwYwZw which is marked as ∑w and is fixed on
the gear workpiece, as shown in Fig. 5. The origin Om of
∑m is the machine center (the intersection of the axis of the
virtual crown gear and the top plane of the cutter); the axes
Xm, Ym, and Zm of∑m parallel the NC axes X, Y, and Z of theFig. 2 Spiral bevel gear set

fδ

A A

O

Fig. 3 Cutter, virtual crown gear, and generated gear workpiece
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machine, separately. The origin Ow of ∑w is the vertex of the
design cone of the gear workpiece; the axis Xw of ∑w coin-
cides with the centerline of the gear workpiece. Figure 6
shows the geometry for modeling the tooth surface of the
spiral bevel gear. In Fig. 6, i, j, k, and p denote unit vectors
of the machine coordinate frame.

Tooth surface (generating flank) modeling of the virtual
crown gear As shown in Fig. 6 [43], M is a point on the edge
and M0 is a vertex of the edge on the M-Ok section of the
cutter, rkn is the radius of the vertices of the cutter edge (sub-
script n=i denotes the inner edge; subscript n=a denotes the
outer edge). The position vector of M0 is

rM0
¼ OmM0

���! ¼ Srcosqþ rknsin q−θð Þ½ �i
þ Srsinq−rkncos q−θð Þ½ � j ð9Þ

where Sr and q are the radial and angular position parameters
of the cutter center.

Sr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X 2 þ Y 2

p
; q ¼ arcsin

Y

Sr
ð10Þ

The normal vector n and tangential vector t of the cutter
edge cone at point M is

n ¼ �cosαn⋅sin q−θð Þi � cosαn⋅cos q−θð Þ j −sinαnk ð11Þ

t ¼ �sinαn⋅sin q−θð Þi � sinαn⋅cos q−θð Þ j þcosαnk ð12Þ

where θ is the phase angle of point M on the edge cone of the
cutter, αn is the angle between n and OkM0, ‘±’ is ‘−’ when
subscript n=i, and ‘±’ is ‘+’ when subscript n=a.

Let │MM0│=μ, the position vector of point M on the
cutter will be

rc ¼ OmM
���! ¼ rM0−μt ð13Þ

Equations (11) and (13) formulate the tooth surface of the
virtual crown gear.

Tooth surface modeling of the generated gear When ma-
chining a spiral bevel gear by generating, the tooth surface of
the generated gear is in conjugation with the tooth surface of
the virtual crown gear. If point M is a conjugated contact point
on the tooth surfaces of the generated gear and the virtual
crown gear, the position vector of point M relative to the
origin Ow of the gear workpiece coordinate frame is

gear workpiece

virtual crown gear

virtual crown gear

cutter
cutter

Fig. 4 Schematic illustration of
the generating principle of face
milling of spiral bevel gear [45]
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Fig. 5 The Cartesian-type CNC spiral bevel gear milling machine and
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Fig. 6 Geometry for tooth surface modeling of spiral bevel gear
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r2 ¼ OwM
���! ¼ rc þ OwOm

���! ¼ rM0−μtþm2 ð14Þ

where

m2 ¼ OwOm
���! ¼ −X pp−E j−X bk ð15Þ

Xb is the position parameter of the gear workpiece along Z
axis, Xp is the position parameter of the gear workpiece along
A axis, and E is the offset of the axis of the gear workpiece
from that of the virtual crown gear.

In terms of the meshing condition of conjugated surfaces,
the relative velocity v(cw) of the virtual crown gear to the gear
workpiece and the normal n of the conjugated tooth surfaces
at the conjugated contact point M must satisfy

v cwð Þ⋅n ¼ 0 ð16Þ

As shown in Fig. 6, the unit vectors i, k, and p meet

p¼icosδm þ ksinδm ð17Þ

where δw is the installation angle of the gear workpiece.
Define i as the ratio of revolution of the gear workpiece to

the virtual crown gear and ωc=k as the angular velocity of the
virtual crown gear, the angular velocity of the gear workpiece
will be ωw=ip, then the relative angular velocity ω(cw) of the
virtual crown gear to the gear workpiece and the relative ve-
locity v(cw) will be

ω cwð Þ ¼ ωc−ωw ¼ k−ip ð18Þ

v cwð Þ ¼ ω cwð Þ � rc−ωw �m2

¼ ω cwð Þ � rM0−μtð Þ−ip�m2 ð19Þ

Substitute Eq. (19) into Eq. (16), then

ω cwð Þ � rM0

h i
� n−μ ω cwð Þ � t

h i
� n−i p�m2ð Þ � n ¼ 0 ð20Þ

Solving μ from Eq. (18),

μ ¼ ω cwð Þ � rM0

� �� n−i p�m2ð Þ � n
cwð Þ � t½ � � n

ð21Þ

Substituting Eq. (21) into Eq. (14), the position vec-
tor of the conjugated contact point of the tooth surface
of the generated gear will be determined. Equation (14)
formulates the tooth surface of the generated gear.

The above deductions are conducted in the machine coor-
dinate frame ∑m. Equation (14) can be transferred from the
machine coordinate frame ∑m to the gear workpiece coordi-
nate frame ∑w for convenience.

Similar to Eq. (1a), the tooth surface of the spiral bevel gear
defined by Eq. (14) will be a function of the motions of the NC
axes of the spiral bevel gear milling machine in the form of
Eq. (22).

r2 ¼ r2 X ;Y ; Z;A;Bð Þ ð22Þ
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Fig. 7 Relationship of the pitch deviation of a standard tapered spiral
bevel gear versus positioning errors of the NC axes of the machine

Table 1 Parameters of the benchmark gears (length/mm, angular/°)

No. Diameter of
pitch circle

Number
of teeth

Module Helix angle Pressure
angle

Hand of helix Pitch cone angle Root angle Face width Addendum Dedendum

Gear 1 128 32 4 35 20 Right 63.433 59.483 20 2.40 4.96

Gear 2 225 25 9 35 20 Right 66.250 60.580 41 4.78 12.21

Gear 3 248 32 7.75 35 20 Right 63.433 59.183 40 4.32 10.31

Gear 4 320 32 10 35 20 Right 63.433 59.483 50 6 12.4

Gear 5 400 40 10 60 20 Right 63.433 59.483 60 6 12.4

Gear 6 500 50 10 60 20 Right 63.433 61.017 60 6.6 11.8

Gear 7 600 60 10 70 20 Right 63.433 61.450 70 6.8 11.6

Gear 8 700 56 12.5 80 20 Right 63.433 61.333 80 8.625 14.375

Gear 9 750 50 15 90 20 Right 63.433 61.017 90 9.9 17.7

ω ωc–ωw

ω

ω –ωw

ω ω

ω

ω
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3.4 Modeling of spiral bevel gear machining error

The pitch deviation Δfpt of the spiral bevel gear, i.e., the deviation
of the actual pitch from the nominal or theoretical pitch, is se-
lected as the evaluation index of the machining error of the gen-
erated gear tooth surface in terms of the China National Standard
GB 11365-89 of “Accuracy of Bevel and Hypoid Gears” [46].
The pitch fpt is the arc distance between the two intersection
points of the same side surfaces of two adjacent teeth with the
pitch circle at themiddle of the facewidth of the spiral bevel gear.
The pitch deviation is equivalent to the position error of a specific
point on the tooth surface. Similar to Eq. (1b), the pitch fpt will
also be a function of the machine motions according to Eq. (22).

fpt ¼ f X ; Y ; Z;A;Bð Þ ð23Þ
The pitch deviation Δfpt can be approximately expressed as

Δ fpt≈
∂F
∂X

ΔX þ ∂F
∂Y

ΔY þ ∂F
∂Z

ΔZ þ ∂F
∂A

ΔAþ ∂F
∂B

ΔB

¼ KmXΔX þ KmYΔY þ KmZΔZ þ KmAΔA

þ KmBΔB ð24Þ

where, ΔX, ΔY, ΔZ, ΔA, and ΔB are the positioning errors
of the NC axes of the machine; Kmi (i=X, Y, Z, A, B) is
the sensitivity of the pitch deviation to the positioning
errors.

As there does not exist an analytic expression of
Eq. (23), the pitch deviation can be acquired by means
of numerical calculations as follows: By solving the two
intersection points of the same side surfaces of two ad-
jacent teeth and the pitch circle at the middle of the face
width of the spiral bevel gear, (1) calculate the pitch of
the theoretical spiral bevel gear, (2) calculate the pitch of
the generated spiral bevel gear with positioning errors of
the NC axes, and (3) calculate the pitch deviation. Fig-
ure 7 shows typical relationships between the pitch de-
viation of a generated standard tapered spiral bevel gear
and the positioning errors of the NC axes of the spiral
bevel gear milling machine. It can be found in Fig. 7 that
the pitch deviation varies linearly versus the positioning
errors. The sensitivity of the pitch deviation to the posi-
tioning errors, Kmi (i=X, Y, Z, A, B), are the slopes of
the pitch deviation versus positioning error lines in
Fig. 7.

According to Eqs. (3) and (24), the standard deviation of
machining error of the spiral bevel gear, σ f pt is

σ2
f pt

¼ K2
mXσ

2
X þ K2

mYσ
2
Y þ K2

mZσ
2
Z þ K2

mAσ
2
A þ K2

mBσ
2
B

ð25Þ
where σi (i=X, Y, Z, A, B) is the standard deviation of the
positioning errors of the NC axes of the spiral bevel gear
milling machine.

Table 2 Sensitivities of the pitch
deviation to the positioning errors No. KmX (μm/μm) KmY (μm/μm) KmZ (μm/μm) KmA (μm/″) KmB (μm/″)

Gear 1 0.6764 −1.0088 −0.4886 0.2669 0.1316

Gear 2 0.5955 −1.0189 −0.4530 0.4544 0.1946

Gear 3 0.6582 −1.0103 −0.4689 0.5144 0.2409

Gear 4 0.6852 −1.0088 −0.4907 0.6673 0.3300

Gear 5 0.6811 −1.0088 −0.4897 0.8395 0.4146

Gear 6 0.7242 −1.0035 −0.4812 1.0819 0.5447

Gear 7 0.6889 −1.0023 −0.4669 1.3027 0.6448

Gear 8 0.7051 −1.0026 −0.4726 1.5234 0.7603

Gear 9 0.7405 −1.0035 −0.4850 1.6229 0.8226

Table 4 Specification of the positioning repeatability of the NC axes of
YK2275 milling machine

X axis Y axis Z axis A axis B axis

APD+ 3.5 μm 3.5 μm 7.3 μm 4.4 ″ 8.7 ″

EPD++ 2.0 μm 2.0 μm 2.0 μm 2.0 ″ 2.0 ″

+APD active precision design, ++EPD empirical precision design

Table 3 Limit pitch deviation of the benchmark gears of accuracy
grade 6 and the corresponding positioning repeatability of the NC axes
(length/μm, angular/″)

No. Limit pitch
deviation

Positioning repeatability

X axis Y axis Z axis A axis B axis

Gear 1 10 5.3 3.5 7.3 13.4 27.1

Gear 2 16 9.6 5.6 12.6 12.6 29.4

Gear 3 16 8.7 5.7 12.2 11.1 23.7

Gear 4 16 8.3 5.7 11.6 8.6 17.3

Gear 5 16 8.4 5.7 11.7 6.8 13.8

Gear 6 18 8.9 6.4 13.4 5.9 11.8

Gear 7 18 9.3 6.4 13.8 4.9 10.0

Gear 8 20 10.1 7.1 15.1 4.7 9.4

Gear 9 20 9.6 7.1 14.7 4.4 8.7

The italic data is the minimum of its corresponding column
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3.5 Modeling of spiral bevel gear machining precision

According to Eqs. (4)–(6) and (25), the machining precision
of the spiral bevel gear, Tw f pt is

T2
w f pt

¼ 3Cp

2

� �2

K2
mXR

2
X þ K2

mYR
2
Y þ K2

mZR
2
Z þ K2

mAR
2
A þ K2

mBR
2
B

� 	

ð26Þ
where Ri (i=X, Y, Z, A, B) is the positioning repeatability of
axes X, Y, Z, A, and B of the Cartesian-type CNC spiral gear
milling machine.

3.6 Allocating of machining precision of spiral bevel gear
to positioning precision of NC axes

According to Eqs. (7), (8), and (26), the positioning repeat-
ability of NC axis i of the machine will be derived as

Ri ¼ 2

3Cp
⋅

Tw f ptffiffiffi
5

p
Kmij j ¼

2

3Cp
⋅
2 Δ fpt


 



maxffiffiffi
5

p
Kmij j ð27Þ

where Δ fpt


 



max
¼ Tw f pt=2 is the maximum absolute pitch

deviation, which is a specific precision index of a spiral bevel
gear of a given accuracy grade.

For a given accuracy grade of a spiral bevel gear, the
corresponding positioning repeatability of the NC axes
of the machine can be acquired with Eq. (27) when
obtained Kmi (i=X, Y, Z, A, B) by modeling the ma-
chining error of the spiral bevel gears. By calculating
and analyzing the positioning repeatability of the NC
axes that covers the dimension specification of the gear
workpieces of the given accuracy grade, the specifica-
tion of the positioning repeatability of the NC axes of
the Cartesian-type CNC spiral bevel gear milling ma-
chine can be resolved.

3.7 Example: precision design of YK2275 CNC spiral
bevel gear milling machine

The positioning precision design of a model YK2275 spiral
bevel gear milling machine manufactured by Tianjin No. 1
Machine Tool Works is taken as an example to demonstrate
the methodology. The machine was designated of a process
potential Cp=1.67.

YK2275 is a Cartesian-type CNC spiral bevel gear milling
machine as illustrated in Fig. 5. The dimension specification
of the gear workpieces of YK2275 is from 100 to 762 mm in
pitch circle diameter. The designate machining precision of
the gear workpieces is grade 6 of GB11365-89.

Nine benchmark gears of accuracy grade 6 with the pitch
circle from 100 to 750 mm covering the dimension specifica-
tion of the gear workpieces of the machine are selected to
resolve the specification of the positioning repeatability of
the NC axes of YK2275. The parameters of the gears are
shown in Table 1. The sensitivities of the pitch deviation of
generated benchmark gears to the positioning errors are
shown in Table 2. The limit pitch deviations (the maximum
absolute pitch deviations) of the benchmark gears from [46]
are shown in Table 3.

Substituting the maximum absolute pitch deviations in
Table 3, the corresponding sensitivities in Table 2, and Cp=
1.67 into Eq. (27), the positioning repeatability of the NC axes
can be obtained as shown in Table 3. By selecting the mini-
mum of each column of the positioning repeatability of
Table 3, the specification of the positioning repeatability of
YK2275 is determined as in Table 4. It should be noted that
the positioning repeatability specifications of X and Yaxes are
set to the same value considering their functional equivalency.
The positioning repeatability specification by empirical preci-
sion design is also listed in Table 4 for comparison. It is sig-
nificant that the positioning repeatability specification by the
active precision design approach is more cost-effective than
that by the empirical precision design because of its individu-
alized looser precision.

A mockup of the YK2275 spiral gear milling machine was
designed referring the EPD positioning repeatability

Table 5 Test results of positioning repeatability and working precision of YK2275 mockup

Positioning
repeatability

X axis Y axis Z axis A axis B axis

2.2 μm 5.9 μm 4.8 μm 3.96″ NAa

Benchmark gear grade
6 of GB11365-89

Number of teeth Module Helix angle (right) Pressure angle Limit pitch
deviation

Measured pitch
deviation

34 7.4 mm 35° 20° 16 μm 15 μm

KmX KmY KmZ KmA KmB

0.6596 μm/μm −1.0096 μm/μm −0.4700 μm/μm 0.5221 μm/″ 0.2454 μm/″

a The positioning repeatability of the B axis was not available in the test because of capability limitation of the test instrument
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specification in Table 4 and built. Test results of positioning
repeatability and working precision of the mockup are pre-
sented in Table 5. The working precision test was carried out
by machining and measuring a benchmark gear of designated
accuracy.

The machining error of the benchmark gear caused by the
four NC axes (X, Y, Z and A) can be estimated by substituting
into Eq. (26) the sensitivities Kmi (i=X, Y, Z and A) and the
measured positioning repeatability of the axis in Table 5. The
estimated machining error is 12.4 μm, which is about 0.8 or
4/5 times of the measured machining error of the benchmark
gear, 15 μm in pitch deviation. This approximately validates
Eq. (26), and thus Eq. (27) and the active precision design
approach indirectly.

4 Conclusions

An active precision design approach is developed to solve the
specification of positioning repeatability of NC axes of ma-
chine tools based on the precision requirement of the
workpiece.

The approach can be implemented in two stages: (1) error
analysis and (2) active precision design. Stage (1) takes mo-
tion errors of the machine tools as input and predicts the ma-
chining error of the workpiece; while Stage (2) takes machin-
ing precision requirement of the workpiece as input and out-
puts the positioning repeatability specification of the machine
tools via the error analysis and the machine tool precision
allocating model.

The case study on design of the positioning repeatability
specification of NC axes of YK2275 spiral bevel gear milling
machine validated the approach. The active design approach is
generic and can be applied to all complex machining opera-
tions and machine tools. The approach is analytic and model-
ing-based, which can avoid the inaccuracy of the experience-
based precision specification and make the precision specifi-
cation just-in-need and the machine tools cost-effective. Fu-
ture studies on the active precision design of machine tools
would consider geometric errors, load errors, and thermal er-
rors of the machine tools into the modeling.
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