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Abstract The manufacturing test part applications are essen-
tial for representations of machines’ capabilities. Commonly
used NAS979 has been known to insufficiently evaluate the
combination motions of rotary axes. Thus, a new test part, S
part, has been presented to satisfy the increasing demand of a
five-axis machine. In this paper, the model of S part is de-
scribed in detail, which presents more characteristics in
three-dimensional surface contours. According to the kine-
matics analysis, the speed of each axis and feed rate falls down
and rises up on several positions. Each axis reverses the mo-
tion during the machining. Therefore, the S part makes high
requirement on machine’s dynamic response.

Keywords Test part . Complex surface . Dynamic
performance . CNC machine

1 Introduction

Five-axis machines are extensively used in complicated
surface machining, especially for the high-speed ma-
chine with higher metal removal rate, significantly
shorten cutting time, and improved surface quality. In
the highly competitive market, machine tool manufac-
turers build high-precision machines, while at the same
time keeping price as low as possible. The history of
machine tools is the history of the precision of machine
tool. According to the references [1], there are four
types of error sources that mainly influence the accura-

cy of the machining, which are categorized as geometric
error, control system error, thermal error, and deforma-
tion under cutting forces. Geometric error comes from
the structural imperfections or assembly errors on joints,
such as misalignments of axes and slideway degrada-
tion. Today, in a five-axis machine tool, geometric ac-
curacy has been significantly improved over that of a
conventional three-axis machine. The left three errors
which came from dynamic machining process, called
dynamic errors, have been the significant contributors
to the part of dimensional errors [2]. However, as a
standard, describing the inspection of motion accuracy
of a five-axis machine tool, ISO only defines measure-
ment schemes to evaluate some limit dynamic errors,
such as accuracy of position and repeatability of posi-
tion. For a five-axis machine configuration having a
tilting rotary table, ISO 230 develops measurement
scheme of kinematics errors of rotary axes [3]. Besides
these, there is a lack of standard measurement methods
on other dynamic errors. Thus, many researchers use the
new instruments, such as double ball bare or R test to
identify these errors [4, 5]. However, such tests can
only be applied in a fixed trace. It is hard to simulate
the processing of complex surface and cannot move as
real feed rate. More importantly, these dynamic errors
are measured in no-load condition. Typically, machine
tool users are more concerned with the accuracy of a
five-axis machine when it performs actual machining.
The precision of the machine tool determines the ma-
chining precision of parts. Therefore, the acceptance of
part precision is a key section in the acceptance of a
machine tool. So far, the best known test part for five-
axis machine is NAS979 [6]. The geometry of NAS979
is a cone frustum with a 15° rotary angle along a hor-
izontal plane. Once a NAS979 part is machined, the
results are used to define a series of measurements,
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such as square, parallelism, and circularity. NAS979
was created in 1969 and then developed as a basis of
the standard in ISO 10791-7 [7]. But it is hardly used
to evaluate the coupled motion between two rotary axes
or the combination of linear-rotary axes. Nowadays,
many users demand high precision in three-dimensional
(3D) contouring application for a five-axis machine [8].
A five-axis machine tool qualified by NAS979 often has
other machining problems such as unsmooth profile or
poor surface quality. Since the demand for a five-axis
machine is increasing rapidly, there is still the lack of
test part or validation tests [9].

That is why we need new test parts to testify a five-axis
machine’s performance. A new S-shaped test part, called S
part, has been presented to demonstrate the machine tool’s
capabilities [10]. It has made some successful applications in
many fairs or showrooms. This paper gives the detailed intro-

duction of S parts and characteristics of S part. It can explain
why the S part is so special for five-axis machine tool. The
validation of S part to evaluate the performance of five-axis
machine and some experiments will be furthermore discussed
in part II.

2 Modeling of S part

2.1 Description on S part

Figure 1 is a 3D view of S part. The shape of S part looks like
letter “S,” but it is real different. Projected S part in a horizon-
tal plane, the up and down boundary spline curves do not
parallel and cross at point P, seen in the engineering drawings
of Fig. 2.

2.2 Modeling process

The process of S part modeling is as follows. First, construct
the boundary curve of S part, which is a three-order uniform
rational B-spline curve. The equation of B-spline curve is
expressed in Eq. (1). Here, Pi(i=0,1,L,n) are the control
points which affect the shape of curve. Ni,m(u) is the base
function, m is the order of spline curve.

Q uð Þ ¼
Xn

i¼0

PiNi;m uð Þ ð1Þ

Fig. 1 3D view of S part

Fig. 2 Engineering drawings of
S part
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The base function got by De Boor-Cox method [11].
Each segment is composed of four control points and

has four base functions. The base functions on the first
two segments and the last two segments are different.

Fig. 3 a Inner surface of S part. b
Outer surface of S part
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The other segments have the same one. They are
expressed as follows:

At first segment,

N 1;3 uð Þ ¼ −u3 þ 3u2−3uþ 1

N 2;3 uð Þ ¼ 7

4
u3−

9

2
u2 þ 3u

N 3;3 uð Þ ¼ −
11

12
u3 þ 3

2
u2

N 4;3 uð Þ ¼ 1

6
u3

8>>>>>>><
>>>>>>>:

ð2Þ

The second segment,

N 1;3 uð Þ ¼ −
1

4
u3 þ 3u2−3uþ 1
� �

N 2;3 uð Þ ¼ 1

12
7u3−15u2 þ 3uþ 7
� �

N 3;3 uð Þ ¼ −
1

6
3u3−3u2−3uþ 1
� �

N 4;3 uð Þ ¼ 1

6
u3

8>>>>>>>><
>>>>>>>>:

ð3Þ

The third to n−1 segment,

N 1;3 uð Þ ¼ 1

6
1−uð Þ3

N 2;3 uð Þ ¼ 1

6
3u3−6u2 þ 4
� �

N 3;3 uð Þ ¼ 1

6
−3u3 þ 3u2 þ 3uþ 1
� �

N 4;3 uð Þ ¼ 1

6
u3

8>>>>>>>><
>>>>>>>>:

ð4Þ

The last but one segment,

N 1;3 uð Þ ¼ −
1

6
u3−3u2 þ 3u−1
� �

N 2;3 uð Þ ¼ 1

2
u3−u2 þ 2

3

N 3;3 uð Þ ¼ −
1

12
7u3−6u2−6u−2
� �

N 4;3 uð Þ ¼ 1

4
u3

8>>>>>>>><
>>>>>>>>:

ð5Þ

The last segment,

N 1;3 uð Þ ¼ −
1

6
u3−3u2 þ 3u−1
� �

N 2;3 uð Þ ¼ 1

12
11u3−15u2−3uþ 7
� �

N 3;3 uð Þ ¼ −
1

4
7u3−3u2−3u−1
� �

N 4;3 uð Þ ¼ u3

8>>>>>>><
>>>>>>>:

ð6Þ

Two sets of control points Pi and Qi are given in Fig. 3.
Thus, two boundary B-spline curves are created by these sets
of points. The inner surface of S part is composed by sweeping
the bus bar along the boundary curves.

Second, another two sets of pointsMi and Ni are shown in
Fig. 3b. Similarly, the outer surface of S part is composed.
Finally, construct two ruler surfaces into S part.

Fig. 4 The mathematic model of S surface

Fig. 5 Twist angle defining

Fig. 6 Distribution of twist angle on S part
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Fig. 7 a Milling process at one
point of S part. b Projection of
milling process

Fig. 8 Variable curvature on
upper boundary line

Fig. 9 a Machining angle defining. b Distribution of include angle during machining
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3 Geometric characteristic of S part

3.1 Non-developed rule surface

The mathematic model of surface can be described in Eq. (7).
Here, μ is the parameter along the boundary curves, v is the
parameter along a bus bar. The normal line of S surface can be
gotten by multiplication cross its partial derivative in Eq. (8).
As can be seen, v is variable on the same bus bar. So the
normal line on the same bus bar is not parallel. Thus, S surface
is a non-developable ruled surface (Fig. 4).

r!¼ a! μð Þ þ v! b
!

μð Þ ð7Þ

r!u � r!v ¼ a!0 uð Þ þ v b
!0 uð Þ

� �
� b
!

uð Þ

¼ a!0 uð Þ � b
!

uð Þ þ v b
!0 uð Þ � b

!
uð Þ ð8Þ

As a non-developable surface, it cannot be put in a hori-
zontal plane. Therefore, two boundary curves will have the
twist angle in the normal plane of the bus bar. As seen in
Fig. 5a, W ′(t) and Q ′(t) are tangent lines of two boundary
curves of S part. They are in the same bar L. As seen in
Fig. 5b, P is any point in bus bar L. There is a normal plane
Σ through point P and perpendicular to the bus bar L. W* and
Q* are projection of tangent lines in normal plane Σ. The

twist angle α is defined as the intersection angle of W* and
Q* expressed as

cosα ¼ W *˙Q*

W *
�� �� Q*

�� �� ð9Þ

Figure 6 shows the distribution of twist angle on S part at
the points of bottom boundary curve. On the whole surface,
the twist angle rises up and down with several peaks. The
maximum value is about seven angular degrees at cross point
of two boundary lines. Due to the existence of twist angle, S
part can only be processed in a five-axis machine with the tool
axis orientation along the variable bus bar direction. On the
other hand, there are the principle errors during the milling
process. As seen in Fig. 7a, C1 and C2 are two boundary
curves of S part. P1 and P2 are points at the curves. n1 and
n2 are normal vectors of S surface at point P1 and P2. l is the
tool axis orientation. Obviously with the twist angle, n2 is not
equal to n1. Seen in Fig. 6b, two boundary curves are projected
into the normal plane of bus bar. Regarding the feed direction
along the tangent line of C1 or C2, the shadow area is the
principle error, which can be expressed as

e αð Þ ¼ Rþ R2−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ R2

2 þ 2RR2cosα
p

ð10Þ

Here, R is the radius of milling tool, α is the twist angle, R2

is the curvature of curve C2 at point P2. So the maximum
principle error appears at the maximum twist angle, which is
about 8 μm. In many complex surfaces such as blade, aircraft
wings are modeling with the twist angle, so it is necessary to
keep the twist angle on S part. For reducing the principle error
on S part, S part can be machined with several milling layers.
Then the twist angle α will be smaller by calculating between
boundary curves C1 and C2. It will, on the other hand, fully
present the performance of machine center and require the
high accuracy of rotary movement.

Fig. 10 S surface continuity

Fig. 11 a Commands of X, Y
axis. b Commands of A, B axes
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3.2 Variable curvature

Suppose that the curve L:u=u(t), v=v(t) is the any curve
through the point P0(u0,v0) on S part, the equation of curve
L can be derived as

r ¼ r u tð Þ; v tð Þð Þ ð11Þ

So the tangent line of curve L at point P0 is

r0
���t0¼ru u0; v0ð Þ du

dt

� 	
t0þrv u0; v0ð Þ dv

dt

� 	����
����
t0

ð12Þ

The curvature of curve L at point P0 is written as

k ¼ r0 � r00j j
r0j j3 ð13Þ

Figure 8 shows different curvatures in the up boundary
curve. At the beginning, the curvature is very small similar
to the straight line. Then the curvature changes its bending
direction and quickly increases. After passing the maximum
circle, the curvature gradually decreases. Subsequently, the
curvature reverses the bending direction again at the cross
point of two boundary projection curves. The curvature plot
at the right side is the mirror symmetry through cross point.
With so many different circles pieced together, S part can
show the machining performances as a complex surface with
rapid change of curvature.

3.3 Open angle and close angle

Seen in Fig. 9a, P is the normal line of S surface, Q is the
normal line of the horizontal plane. In S surface, the tangent
vector r!u; r

!
v and the point P0 can define the tangent plane of

S part at point P0.So the normal vector of S surface can be
known as

P u0; v0ð Þ ¼ ru u0; v0ð Þ � rv u0; v0ð Þ
ru u0; v0ð Þ � rv u0; v0ð Þj j ð14Þ

The normal vector of horizontal plan J at the foundation
bed of S part is

Q ¼ a; b; cð Þ ð15Þ

Here, a2+b2+c2=1. The intersection angle between vector
I and J is

cosγ ¼ P˙Q

P
���� ���Q��� ��� ð16Þ

Here, the angle γ between P and Q presents the tool axis
orientation during the milling process. In the outer surface of S
part, between the area A and O, γ is less than 90°, which is
called close angle of the tool. Between the areas O and B, γ is
more than 90°, which is called open angle of the tool. The
changes of machining angle during the process are shown in
Fig. 9b. At the middle point of the boundary curve, the tool
vector transfers from one quadrant to another quadrant.
Therefore, S part can show the performance of the machine
tool in all directions.

3.4 Discontinuity on S surface

The boundary curve of S part is a three-order B-spline curve,
which means the curve has two order continuity, geometric
continuity, tangent continuity, and curvature continuity.
However, it does not mean the surface has the corresponding

Fig. 12 Reserving motion for A, B axes

Fig. 13 a Translation axis ideal
velocity. b Rotary axis ideal
velocity
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continuity, which needs to satisfy the continuity along every
possible curve. Usually, the normal curvatures of the surface
are calculated to show the changes at different directions. As
said above, the mathematic model of S part surface is
expressed in Eq. (7) as

r!¼ a! μð Þ þ v! b
!

μð Þ

Two principle curvatures of the surface k1,k2 can be calcu-
lated as

EG−F2
� �

k2 þ EN−2FM þ GLð Þk þ LN−M 2
� � ¼ 0 ð17Þ

Here, E, F, G, L, M, N are respectively fundamental quan-
tities of first and second kind for surfaces, which are known as

E ¼ ru
2 ¼ a0 þ vb0ð Þ2

F ¼ rurv ¼ a0 þ vb0ð Þb
G ¼ rv

2 ¼ b2

L ¼ nruu ¼ a0 � bþ vb0 � bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EG−F2

p a00 þ vb00½ �

M ¼ nruv ¼ a0 � bð Þ⋅b0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EG−F2

p ¼ a0; b; b0ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EG−F2

p
N ¼ rvvn ¼ 0

8>>>>>>>>>><
>>>>>>>>>>:

ð18Þ

The directions of two principle curvatures du:dv are calcu-
lated as

EM−FLð Þdu2 þ EN−GLð Þdudvþ FN−GMð Þdv2 ¼ 0 ð19Þ

Then, the normal curvatures of the surface kn can be
expressed as

kn ¼ k1cos
2φþ k2sin

2φ ð20Þ

Here, φ is the included angle between the principle direc-
tion and any tangent direction. Substituting the include angle
from 0 to 2 π, the normal curvature along different curves are
known. Another way to find out the continuous area is using a
light. Choosing a light projected on S part surface, the strips
on the surface could show the continuity. If the strips change
the shape or jump sideway as they cross the connection, this

indicates geometric continuity G0 at the surface. If the stripes
cross the connection but turn sharply, this means tangent con-
tinuity G1. If the stripes match and continuous smoothly over
the connection, this means curvature continuity G2. As seen in
Fig. 10, the strips at the first and last area turn sharply, which
satisfy G1 continuity. The most of area on S part has the same
finest strips, which satisfy G2 continuity. When the machine
tool crosses these connection areas, the discontinuity could
give rise to the vibration or impact. It may lead to the poor
surface quality. In the other words, it requires the high dynam-
ic performance of the machine tool.

4 Kinematic characteristic of S part

4.1 The tool position on S path

Input S part model into CAM software such as UG, VERI
CUT. Select one type of machine tool, then the position of
tool can be derived. Here, take a type of machine tool with
two rotary axes A, B as an example. The coordinate of the tool
center are plotted in Fig. 11a, which are similar to the projec-
tion of S part in XOY plane only without considering the
radius of the tool. The Z-axis does not have toomuch displace-
ment on each layer milling. So it does not show in the figure.
For the tool axis orientation, the commands of A, B axes are
shown in Fig. 11b. As can be seen, the motions of each axis do

Fig. 14 a Translation axis ideal
acceleration. b Rotary axis
acceleration

Fig. 15 S-shaped acceleration model
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not change in a linear relationship. Thus, all axes will not have
a constant speed during themachining. Furthermore, each axis
reserves the direction for several times, such as three times for
A-axis and four times for B-axis seen in Fig. 12. The gaps in
rotary axis will present strong effect on dynamic errors.

4.2 Ideal speed of five axes

When the tool moves from one point P1(X1, Y1, Z1, A1, B1) to
another point P2(X2, Y2, Z2, A2, B2), the feed rate is set as V. On
a very short time, the feed rate can be considered as a constant.
So the moving time ΔT1 is

ΔT1 ¼ P2−P1ð Þ
.
V ð21Þ

During the process, five axes coupled moves and have the
samemoving time. On a short moving time, the axis speed can
also be expected to be constant. Thus, the ideal speed of each
axis can be derived by the displacement dividing the time,

Vx1 ¼ X 2−X 1ð Þ
.
ΔT1

Vy1 ¼ Y 2−Y 1ð Þ
.
ΔT1

Vz1 ¼ Z2−Z1ð Þ
.
ΔT1

VA1 ¼ A2−A1ð Þ
.
ΔT1

VB1 ¼ B2−B1ð Þ
.
ΔT1

8>>>>>>>>>><
>>>>>>>>>>:

ð22Þ

Given that the feed rate is 900 mm/min, the ideal speed of
each axis is shown in Fig. 13. The ideal acceleration can also
be derived by the difference of speed dividing the moving
time again in Fig. 14. All axes have an obvious fluctuation
on speed and acceleration except the Z-axis. It requires the
machine has a good ability on acceleration and deceleration
to get through S part. Especially for the latter half of the

process, the axes of A, B, X, and Y have a very high acceler-
ation and deceleration. Such movements could lead to the
violent impact forces. It is well known that the stiffness of
the axis is very important on the high-speed motion.
Therefore, S part tests the ability of anti-vibration on each axis
especially for the rotary axes.

4.3 Actual speed of five axes

As said above, the speed and acceleration of each axis fluctu-
ate much and endure a lot of impact. In avoiding such violent
impacts, usually the machine tool will set a limit on the accel-
eration and jerk. If does so, it would make the change of speed
smoothly to avoid the sudden load. Before meeting the larger
acceleration or jerk, the digital control system of the machine
center will also choose to speed up in advance [12]. As seen in
Fig. 15, usually the speed of axis chooses S-shaped accelera-
tion or deceleration to keep the traces of speed moving
smoothly [13]. However, if some positions still have a higher
acceleration that is over the maximum limit of design require-
ment, at this time, the digital control system will cut the peaks
and keep the actual acceleration as the limit to avoid greater
impact. So does for the jerk. During the calculation, the actual
jerk could change firstly seen in Eq. (23), then for the accel-
eration in Eq. (24), and next for the speed in Eq. (25).

J tð Þ ¼ Jmax t0 < t < t1
−Jmax t1 < t < t2



ð23Þ

a tð Þ ¼ Jmax⋅ t t0 < t < t1
Jmax⋅ t1−t0ð Þ−Jmax⋅ t−t1ð Þ t1 < t < t2



ð24Þ

v tð Þ ¼
v0 þ Jmax⋅

t−t0ð Þ2
2

t0 < t < t1

v1 þ A1 t−t1ð Þ−Jmax⋅
t−t1ð Þ2
2

t1 < t < t2

8>><
>>:

ð25Þ

Table 1 shows a case of maximum of speed, acceleration,
and jerk. Through the equations listed above, the actual speed
and acceleration of five axes are shown in Figs. 16 and 17. As
can be seen, the maximum speed and acceleration has de-
creased compared with ideal one. So the running time corre-
spondingly increases. The actual speed and acceleration have

Fig. 16 a Actual speed of linear
axis. bActual speed of rotary axis

Table 1 Maximum speed, acceleration and jerk of five axes

X Y Z A B

Vmax 15 m/min 15 m/min 15 m/min 15 r/min 15 r/min

Amax 0.5 m/s2 0.5 m/s2 0.5 m/s2 0.5 r/s2 0.5 r/s2

Jmax 10 m/s3 10 m/s3 10 m/s3 10 r/s3 10 r/s3
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the same trend with the ideal one, but the time occurred at
maximum or minimum speed or acceleration has been delayed
for a while. Compose the speeds of five axes together, the actual
feed rate can be derived in Fig. 18. Obviously, the actual feed
rate does not keep constant as the ideal one. The trend of feed
rate seems to correspond to the change of acceleration and has
some relationship with the curvature of S part. Therefore, the
machine center to get through S part should have the ability of
quick response, anti-impact, and anti-vibration. On the other
hand, S part will easily show the poor surface quality if the
machine center does not have a good dynamic performance.

5 Conclusion

As a five-axis machine center has been more widely accepted,
it is critical to know the performance of machine center. Here,
a new test part, S part, is presented to be well understood and
strategies for either avoidance or compensation of precision
loss of a five-axis machine center. S part is developed by a set
of given discrete control points as a non-developable rule sur-
face, which presents more geometric characteristics on three
dimensional surface contours. S part has a variable twist angle
and its boundary curves have a different curvature. For this
reason, it can only be machined by a five-axis machine tool.
During the process, the position of the tool changes in a wide
range from close angle to open angle. In the whole surface, S
part does not have uniform continuity. From kinematics anal-
ysis, the motions of each axis change nonlinearly and reverse
the direction in several positions. The speed and acceleration

of each axis quickly falls down and increases up. Such move-
ments lead to the impact, which tests quickly response and
anti-vibration of machine tool. The performance of the ma-
chine, especially for the rotary axes, has been fully shown in S
part. The validation of S part and cutting experiment will be
further discussed in part II.
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