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Abstract Predicting the quality of a machined component
is the grandiose signification in manufacturing industry.
Calculation of the cutting force is one of the most impor-
tant elements to predict the quality of machined parts. In
this paper, a linear force model is developed in which the
cutter’s helix angle is incorporated to calculate the cutting
force coefficients for the milling process. On the effect of
cutter’s helix angle, all derivations of cutting forces are
directly based on the tangential, radial, and axial cutting
force components. In the developed mathematical model,
with the stable milling condition, the average cutting
forces are expressed as a linear function of the feedrate,
and the cutting force coefficient model is formulated by a
function of average cutting force and cutter geometry such
as cutter diameter, number of flutes, cutter’s helix angle.
An experimental method is proposed based on the stable
milling condition to estimate the cutting force coeffi-
cients. This method can be applied to each pair of cutter
and workpiece. The developed cutting force calculation
model has been successfully verified by both simulation
and experiment with very promising results. Integrated
application with a virtual three-axis milling machining
simulation system has also been implemented to demon-
strate potential utilization of this developed model.
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Nomenclature
D The diameter of cutter [mm]
Nf The number of flutes on the cutter
β The helix angle on

the cutter [deg]
ϕp The cutter pitch angle [deg]
< The lag angle at an axial depth

of cut z [deg]
<a The lag angle at maximum axial

depth of cut z=a [deg]
ϕj The instantaneous immersion

angle of flute number j,
(j=1∼Nf) [deg]

ϕst The cutter entry angle [deg]
ϕex The cutter exit angle [deg]
ft The feed per tooth [mm/tooth]
hj(ϕj(z)) The instantaneous chip thickness

at immersion angle ϕj [mm]
a The full axial depth of cut [mm]
dz The differential axial depth

of cut [mm]
zj,1 The lower axial engagement limit

of the in-cut portion for the flute
number j [mm]

zj,2 The upper axial engagement limit
of the in-cut portion for the flute
number j, [mm]

Ktc Tangential shearing force
coefficient [N/mm2]

Krc Radial shearing force
coefficient [N/mm2]

Kac Axial shearing force
coefficient [N/mm2]

Kte Tangential edge force
coefficient [N/mm]
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Kre Radial edge force
coefficient [N/mm]

Kae Axial edge force
coefficient [N/mm]

dFt,j(ϕ, z) The differential tangential
cutting force [N]

dFr,j(ϕ, z) The differential radial
cutting force [N]

dFa,j(ϕ, z) The differential axial
cutting force [N]

dFf,j(ϕ, z) The differential feed
cutting force [N]

dFn,j(ϕ, z) The differential normal
cutting force [N]

Ff(ϕ) The cutting force in the
feed direction [N]

Fn(ϕ) The cutting force in the
normal direction [N]

Fa(ϕ) The cutting force in the
axial direction [N]

Ff The average cutting force
in the feed direction [N]

Ffc; Ffe The components of linear
model force in the feed
direction [N]

Fn The average cutting force
in the normal direction [N]

Fnc; Fne The components of linear
model force in the normal
direction [N]

Fa The average cutting force in
the axial direction [N]

Fac; Fae The components of linear
model force in the axial
direction [N]

θ The angle between feed
and x direction [deg]

Aq(Max) The maximum cutting
force’s amplitude
[N] (q=f, n, a)

Aq(Min) The minimum cutting
force’s amplitude [N]

Δq The degree of variation of
force’s amplitude [%]

Fx The cutting force in
x direction [N]

Fy The cutting force in
y direction [N]

Fz The cutting force in
z direction [N]

1 Introduction

Milling is not only the most common processes in machining,
but also is very popularly employed in computer numerical
control (CNC) machines for metal material removal opera-
tions. Reliable quantitative prediction of cutting force coeffi-
cients and cutting forces in milling is very important to predict
the power and torque requirements, machine tool vibrations,
surface quality, geometrical accuracy, and stability, etc. How-
ever, in view of power, surface quality, productivity, and
stability are limited by milling process defectiveness, such as
deflection and chatter regeneration resulted from cutting
forces.

Metal-cutting mechanics can be analyzed by orthogonal
and oblique models although almost all practical cutting pro-
cesses are oblique cutting processes. Mechanics of orthogonal
and oblique cutting have been investigated in many works
such as Merchant [1] and Altintas [2]. Although the formula-
tions of the process mechanics in many of these research are
similar, there are significant differences in the approach used
in implementing the models to predict the cutting forces in
practical processes. The procedure of cutting force modeling
is generally realized by developing the experiential chip-force
relationship through cutting force coefficients, and the accu-
racy of cutting force coefficient’s prediction largely affects the
prediction accuracy of cutting forces. Thus, effective methods
for calibrating the cutting coefficients are the important keys
to cutting force’s modeling.

In the traditional mechanistic approach, edge force and
shear force coefficients are calibrated for different pairs of
the workpiece and tool through the cutting tests, which has
been used for turning, drilling, and milling operations [2–4].
The reviews of these studies showed that there existed two
typical methods for the calibration of cutting force coeffi-
cients. The first method is the orthogonal to oblique cutting
transformation method, and the second method is the direct
calibration method.

In the first method, the shear angle, friction angle,
and shear yield stress resulted from orthogonal cutting
test were used to estimate the cutting force coefficients.
Following this approach, the cutting force coefficients
were determined using the oblique cutting model, the
orthogonal model, and the cutting data [2, 5, 6]. On the
other hand, the cutting force coefficients were calculated
from the oblique cutting model with and without end
cutting edge effect and tool nose radius effect [7].
Furthermore, by this way, some researchers developed
models to calculate cutting force coefficients that could
be applied for ball-end milling using the data from
orthogonal cutting tests [8–10].
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In the second method, the cutting force coefficients
were determined directly from milling tests for the spe-
cific cutter part combination. Cheng et al. [11] deter-
mined the instantaneous cutting force coefficients in
terms of the instantaneous uncut chip thickness, the
cutting edge length, and the spindle speed. Bayoumi
et al. [12] determined the instantaneous cutting force
coefficients by considering the instantaneous uncut chip
thickness and the cutter rake angle simultaneously. Shin
and Waters [13] developed a model to estimate the
instantaneous cutting force coefficients with an im-
proved simulation model of chip flow angle. Larue
and Anselmetti [14] used the measurement of cutter
deflection to determine the cutting force coefficients.
Azeem et al. [15] proposed a systematic method to
estimate the cutting force coefficients and the cutter
runout parameters for a two-flute ball-end mill by con-
sidering the instantaneous cutting force. Ko and Cho
[16] determined the cutting force coefficients by using
the relationship between the instantaneous uncut chip
thickness and the instantaneous cutt ing force.
Subrahmanyam et al. [17] used the corresponding max-
imum chip area and maximum measured force to esti-
mate the cutting force coefficients, whereas Altintas [2,
18], Budak [19], Adetoro and Wen [20], Wang et al.
[21], Compeán et al. [22], and Wan et al. [23] calculat-
ed the cutting force coefficients by using the measured
average cutting forces.

With direct calibration method, two models often are
used to calculate the cutting force coefficients. In the
first one, the effect of shearing mechanism due to chip
generating process on the rake face and the effects of
rubbing and ploughing mechanisms on the flank face of
the tool are lumped into one specific cutting force
coeff ic ients for each cut t ing force component

(tangential, radial, and axial); so, the cutting force co-
efficients are relatively dependent on the average chip
thickness (exponential force coefficient model). This
model is quite complex to analyze and to calculate
[24–29]. In the second model, the effect of the shearing
and ploughing mechanism is characterized separately by
the specific and edge force coefficients, respectively. In
this case, the cutting force coefficients are relatively
independent of the average chip thickness (linear force
model) [2, 19, 21, 30]. This model is quite suitable to
be applied to many types of milling tool such as flat-
end mill [2, 18, 19, 21], ball-end mill [31, 32], bull-end
mill [33], and general-end mill [34]. However, when
determining the cutting force coefficient in milling, it
seems that the previous studies were simplified without
the effect of cutter’s helix angle; so, some cutting force
coefficients were neglected and are called the simplified
models.

This study researches and verifies the linear force
model in the flat-end mill. The shear and edge force
coefficients are determined from the experimental data
of average cutting forces. The developed model could
be used for estimation of the cutting force coefficients.
The main contributions of this study lie in four aspects:
(1) The theory formulas to calculate the cutting force
coefficients were built with the effect of cutter’s helix
angle, (2) an experimental method was investigated to
determine the stable cutting condition and estimate the
cutting force coefficients, and (3) by experimental meth-
od, all cutting force coefficients were determined by
experimental data of average cutting forces. Moreover,
(4) the integrated application with a virtual three-axis
milling machining simulation system has also been im-
plemented to demonstrate potential utilization of this
research showing very promising application.

Fig. 1 Geometry of cylindrical
end-mill
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2 Mathematics of cutting force model for cylindrical
flat-end mill

2.1 The mathematics cutting force model

In cylindrical flat-end mill, as shown in Figs. 1 and 2, the
immersion is measured clockwise from the normal axis. As-
suming that the bottom end of flute number one is designated
as the reference immersion angle (ϕ1 ) and the bottom end
point of the remaining flute number j is at an angle (ϕ j ), then

ϕ j can be expressed as in Eq. 1.

ϕ j ¼ ϕ1 � j� 1ð ÞϕP; j ¼ 1eNf ð1Þ

where ϕP is the cutter pitch angle that is the lag angle from the
flute number j to the flute number j+1.

ϕP ¼
2π
Nf

ð2Þ

When considering the cutter’s helix angle, the lag angle “Ψ”
at each axial depth of cut z can be expressed in Eq. 3 [2].

Ψ ¼ 2 tanβ
D

z ð3Þ

For flute number j, at an axial depth of cut z, the immersion
angle is ϕ j zð Þ . It can be expressed by Eq. 4, as shown in Fig. 2.

ϕ j zð Þ ¼ ϕ j �Ψ ¼ ϕ1 � j� 1ð ÞϕP �Ψ ¼ ϕ1 � j� 1ð ÞϕP �
2tanβ
D

z

ð4Þ

If zero nose radius of the cutter is assumed, the tangential,
radial, and axial forces acting on a differential flute element

can be expressed as in Eq. 5 [2].

dFt; j ϕ; zð Þ ¼ Kte*dzþ Ktc*hj ϕ j zð Þ� �
*dz

dFr; j ϕ; zð Þ ¼ Kre*dzþ Krc*h j ϕ j zð Þ� �
*dz

dFa; j ϕ; zð Þ ¼ Kae*dzþ Kac*hj ϕ j zð Þ� �
*dz

8<: ð5Þ

where the instantaneous chip thickness h j ϕ j zð Þ� �
is deter-

mined by Eq. 6 [2].

h j ϕ j zð Þ� � ¼ f t sinϕ j zð Þ ð6Þ

From Eqs. 5 to 6, the components of cutting forces can be
calculated by Eq. 7.

dFt; j ϕ; zð Þ ¼ Ktc f tsinϕ j zð Þ þ Kte

� �
*dz

dFr; j ϕ; zð Þ ¼ Krc f tsinϕ j zð Þ þ Kre

� �
*dz

dFa; j ϕ; zð Þ ¼ Kac f tsinϕ j zð Þ þ Kae

� �
*dz

8<: ð7Þ

Fig. 2 The angular position of the cutter’s flute

Fig. 3 The boundary conditions
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In Figs. 1 and 2, each point at cutting edge is determined by
z coordinate and the angular position ϕ j (). In those points, the

cutting forces consist of three components including radial
force, tangential force, and axial force. The feed direction is
the direction that is parallel to the tool movement direction,
and perpendicular to the tool axis. The normal direction is
perpendicular to the tool movement direction and tool axis.
The axial direction is parallel to the tool axis and perpendic-
ular to the tool path. So, the elemental forces in feed, normal,

and axial force are calculated by using the transformation as in
Eq. 8

dFf ; j ϕ; zð Þ
dFn; j ϕ; zð Þ
dFa; j ϕ; zð Þ

8<:
9=; ¼

�cosϕ j zð Þ �sinϕ j zð Þ 0
sinϕ j zð Þ � cosϕ j zð Þ 0

0 0 1

24 35 dFt; j ϕ; zð Þ
dFr; j ϕ; zð Þ
dFa; j ϕ; zð Þ

8<:
9=;

ð8Þ

So

dFf ; j ϕ; zð Þ ¼ � Ktc f tsinϕ j zð Þ þ Kte

� �
dzcosϕ j zð Þ � Krc f tsinϕ j zð Þ þ Kre

� �
dzsinϕ j zð Þ

dFn; j ϕ; zð Þ ¼ Ktc f tsinϕ j zð Þ þ Kte

� �
dzsinϕ j zð Þ � Krc f tsinϕ j zð Þ þ Kre

� �
dzcosϕ j zð Þ

dFa; j ϕ; zð Þ ¼ Kac f tsinϕ j zð Þ þ Kae

� �
dz

8<: ð9Þ

and

dFf ; j ϕ; zð Þ ¼ f t
2

�Ktcsin2ϕ j zð Þ � Krc 1� cos2ϕ j zð Þ� �� �þ �Ktecosϕ j zð Þ � Kresinϕ j zð Þ� �� �
dz

dFn; j ϕ; zð Þ ¼ f t
2

Ktc 1� cos2ϕ j zð Þ� �� Krcsin2ϕ j zð Þ� �þ Ktesinϕ j zð Þ � Krecosϕ j zð Þ� �� �
d z

dFa; j ϕ; zð Þ ¼ Kac f tsinϕ j zð Þ þ Kae

� �
d z

8>>>><>>>>: ð10Þ

In the determination of the total cutting force, the differen-
tial cutting forces are integrated analytically along the in-cut
portion of the flute j, Eq. 11.

Fq ϕ j zð Þ� � ¼ Fq ϕ; zð Þ ¼
Z
z j;1

z j;2

dFq ϕ; zð Þ; q ¼ f ; n; a ð11Þ

2.1.1 Using the integration by change of variable

The values z j;1 and z j;2 are the lower and upper axial
engagement limits of the in-cut portion for the flute number
j. The change of variable is used as in Eqs. 12 and 13.

ϕ j zð Þ ¼ ϕ1 � j� 1ð ÞϕP �
2tanβ
D

z ⇒ dϕ j zð Þ ¼ �2tanβ
D

dz ð12Þ

so

dz ¼ � D

2tanβ
dϕ j zð Þ; and z ¼ z j;1 ⇒ ϕ j zð Þ ¼ ϕ j z1ð Þ

z ¼ z j;2 ⇒ ϕ j zð Þ ¼ ϕ j z2ð Þ
�

ð13Þ

Combining Eqs. 11 to 14, the cutting forces can be calcu-
lated by Eqs. 14 to 16.

Fq ϕ j zð Þ� � ¼ � D

2tanβ

Zϕ j z2ð Þ

ϕ j z1ð Þ
dFq ϕ j zð Þ� �

; q ¼ f ; n; a ð14Þ

or

Ff ; j ϕ zð Þð Þ ¼ � D

2tanβ

Zϕ j z2ð Þ

ϕ j z1ð Þ

f t
2

�Ktcsin2ϕ j zð Þ � Krc 1−cos2ϕ j zð Þ� �� �þ −Ktecosϕ j zð Þ−Kresinϕ j zð Þ� �� �
dϕ

Fn; j ϕ zð Þð Þ ¼ −
D

2tanβ

Zϕ j z2ð Þ

ϕ j z1ð Þ

f t
2

Ktc 1−cos2ϕ j zð Þ� �
−Krcsin2ϕ j zð Þ� �þ Ktesinϕ j zð Þ−Krecosϕ j zð Þ� �� �

dϕ

Fa; j ϕ zð Þð Þ ¼ −
D

2tanβ

Zϕ j z2ð Þ

ϕ j z1ð Þ
Kac f tsinϕ j zð Þ þ Kae

� 	
dϕ

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

ð15Þ
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so

Ff ; j ϕ zð Þð Þ ¼ −
Df t
8tanβ

Ktccos2ϕ j zð Þ−Krc 2ϕ j zð Þ−sin2ϕ j zð Þ� �� �þ D

2tanβ
Ktesinϕ j zð Þ−Krecosϕ j zð Þ� �� �ϕ j z2ð Þ

ϕ j z1ð Þ

Fn; j ϕ zð Þð Þ ¼ −
Df t
8tanβ

Ktc 2ϕ j zð Þ−sin2ϕ j zð Þ� �
−Krccos2ϕ j zð Þ� �þ D

2tanβ
Ktecosϕ j zð Þ þ Kresinϕ j zð Þ� �� �ϕ j z2ð Þ

ϕ j z1ð Þ

Fa; j ϕ zð Þð Þ ¼ Df t
2tanβ

Kaccosϕ j zð Þ þ D

2tanβ
Kaeϕ j zð Þ


 �� �ϕ j z2ð Þ

ϕ j z1ð Þ

8>>>>>>>>><>>>>>>>>>:
ð16Þ

Considering the case that has more than one tooth execut-
ing the cutting processes simultaneously, the total cutting
forces on the feed, normal, and axial direction can be deter-
mined by Eq. 17.

Ff ϕð Þ ¼
X
j¼1

N f

F f ; j ϕ j

� �
; Fn ϕð Þ ¼

X
j¼1

N f

Fn; j ϕ j

� �
; Fa ϕð Þ ¼

X
j¼1

N f

Fa; j ϕ j

� �
ð17Þ

2.1.2 Determine the boundary conditions

The lag angle at full axial depth of cut is calculated by Eq. 18
[2].

Ψa ¼ 2 tan β
D

a ð18Þ

The cutting forces exist only when the cutting tool is in the
cutting zone, as shown in Fig. 3, and can be expressed in Eq. 19.

ϕst≤ϕ j≤ϕex þΨa ð19Þ

In each revolution, the boundary conditions for calculation
of cutting forces are illustrated as in Fig. 3 and can be
expressed in Eq. 20.

If ϕ j < ϕst

� �
or ϕ j > ϕex þΨa

� �
⇒Out of cut : F f ;n;að Þ jð Þ ¼ 0

If ϕst≤ϕ j < ϕst þΨa

� �
⇒ cutting

ϕ j z1ð Þ ¼ ϕ j

ϕ j z2ð Þ ¼ ϕst

�
If ϕst þΨa≤ϕ j < ϕex

� �
⇒ cutting

ϕ j z1ð Þ ¼ ϕ j

ϕ j z2ð Þ ¼ ϕ j−Ψa

�
If ϕex≤ϕ j≤ϕex þΨa

� �
⇒ cutting

ϕ j z1ð Þ ¼ ϕ j

ϕ j z2ð Þ ¼ ϕex

�

8>>>>>>>>><>>>>>>>>>:
ð20Þ

Fig. 4 Interval of integration
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2.2 Identification of cutting force coefficients

The average cutting forces of Nf flutes per revolution can be
expressed by Eq. 21.

F f ¼ Nf

2π

Z ϕexþΨa

ϕst

Z z j;2

z j;1

dFf ; j ϕ zð Þð Þ
 !

dϕ

Fn ¼ Nf

2π

Z ϕexþΨa

ϕst

Z z j;2

z j;1

dFn; j ϕ zð Þð Þ
 !

dϕ

Fa ¼ Nf

2π

Z ϕexþΨa

ϕst

Z z j;2

z j;1

dFa; j ϕ zð Þð Þ
 !

dϕ

8>>>>>>>>><>>>>>>>>>:
ð21Þ

In the Eq. 21, the integration interval was separated
by three subintervals. The first one are values from ϕst

to ϕst þΨa , the second one are values from ϕst þΨað Þ
to ϕex , and the third subinterval are values from ϕexð Þ
to ϕex þΨað Þ as shown in Fig. 4; so, Eq. 21 becomes
Eq. 22.

Ff ¼ Nf

2π

Z ϕstþΨa

ϕst

Z zj;2

z j;1

dFf ; j ϕ zð Þð Þ
 !

dϕþ
Z ϕex

ϕstþΨa

Z z j;2

z j;1

dFf ; j ϕ zð Þð Þ
 !

dϕþ
Z ϕexþΨa

ϕex

Z z j;2

z j;1

dFf ; j ϕ zð Þð Þ
 !

dϕ

" #

Fn ¼ Nf

2π

Z ϕstþΨa

ϕst

Z z j;2

z j;1

dFn; j ϕ zð Þð Þ
 !

dϕþ
Z ϕex

ϕstþΨa

Z z j;2

z j;1

dFn; j ϕ zð Þð Þ
 !

dϕþ
Z ϕexþΨa

ϕex

Z z j;2

z j;1

dFn; j ϕ zð Þð Þ
 !

dϕ

" #

Fa ¼ Nf

2π

Z ϕstþΨa

ϕst

Z z j;2

z j;1

dFa; j ϕ zð Þð Þ
 !

dϕþ
Z ϕex

ϕstþΨa

Z z j;2

z j;1

dFa; j ϕ zð Þð Þ
 !

dϕþ
Z ϕexþΨa

ϕex

Z z j;2

z j;1

dFa; j ϕ zð Þð Þ
 !

dϕ

" #

8>>>>>>>>><>>>>>>>>>:
ð22Þ

The axial integration boundaries are shown in Fig. 4.
If the angular position of cutting edge is in the first
subinterval (from ϕst to ϕst þΨa ), the values for inte-
gration limits will be z j;1 ¼ 0 and z j;2 ¼ D

2tanβ ϕ j−ϕst

� �
.

If the angular position of cutting edge is in the second
subinterval (from ϕst þ Ψa to ϕex ), the values for
integration limits will be z j;1 ¼ 0 and z j;2 ¼ a . If it

is in the third subinterval (from ϕex to ϕex þΨa ), the
values for integration limits will be z j;1 ¼ D

2tanβ ϕ j−ϕex

� �
and z j;2 ¼ a ; so, the average cutting forces are deter-
mined by Eqs. 23 to 25.

In feed direction

Ff ¼

Nf

4π
Ktc f t −

ZϕstþΨa

ϕst

ZD
2π ϕ−ϕstð Þ

0

sin2ϕ j zð Þ� �
dz

24 35dϕ−Z
ϕstþΨa

ϕex Z
0

a

sin2ϕ j zð Þ� �
dz

24 35dϕ−ZϕexþΨa

ϕex

Z
D
2π ϕ−ϕexð Þ

a

sin2ϕ j zð Þ� �
dz

264
375dϕ

0B@
1CA

þNf

4π
Krc f t −

ZϕstþΨa

ϕst

ZD
2π ϕ−ϕstð Þ

0

1−cos2ϕ j zð Þ� �
dz

24 35dϕ−Z
ϕstþΨa

ϕex Z
0

a

1−cos2ϕ j zð Þ� �
dz

24 35dϕ−ZϕexþΨa

ϕex

Z
D
2π ϕ−ϕexð Þ

a

1−cos2ϕ j zð Þ� �
dz

264
375dϕ

0B@
1CA

þNf

2π
Kte −

ZϕstþΨa

ϕst

ZD
2π ϕ−ϕstð Þ

0

cosϕ j zð Þ� �
dz

24 35dϕ−Z
ϕstþΨa

ϕex Z
0

a

cosϕ j zð Þ� �
dz

24 35dϕ−ZϕexþΨa

ϕex

Z
D
2π ϕ−ϕexð Þ

a

cosϕ j zð Þ� �
dz

264
375dϕ

0B@
1CA

þNf

2π
Kre −

ZϕstþΨa

ϕst

ZD
2π ϕ−ϕstð Þ

0

sinϕ j zð Þ� �
dz

24 35dϕ−Z
ϕstþΨa

ϕex Z
0

a

sinϕ j zð Þ� �
dz

24 35dϕ−ZϕexþΨa

ϕex

Z
D
2π ϕ−ϕexð Þ

a

sinϕ j zð Þ� �
dz

2664
3775dϕ

0BB@
1CCA

8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>;

ð23Þ
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In normal direction

Fn ¼

Nf

4π
Ktc f t −

ZϕstþΨa

ϕst

ZD
2π ϕ−ϕstð Þ

0

1−cos2ϕ j zð Þ� �
dz

24 35dϕþ
Z
ϕstþΨa

ϕex Z
0

a

1−cos2ϕ j zð Þ� �
dz

24 35dϕ−ZϕexþΨa

ϕex

Z
D
2π ϕ−ϕexð Þ

a

1−cos2ϕ j zð Þ� �
dz

264
375dϕ

0B@
1CA

þNf

4π
Krc f t −

ZϕstþΨa

ϕst

ZD
2π ϕ−ϕstð Þ

0

sin2ϕ j zð Þ� �
dz

24 35dϕ−Z
ϕstþΨa

ϕex Z
0

a

sin2ϕ j zð Þ� �
dz

24 35dϕ−ZϕexþΨa

ϕex

Z
D
2π ϕ−ϕexð Þ

a

sin2ϕ j zð Þ� �
dz

264
375dϕ

0B@
1CA

þNf

2π
Kte

ZϕstþΨa

ϕst

ZD
2π ϕ−ϕstð Þ

0
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In axial direction
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Setting
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Combining Eqs. 23 to 26, the average cutting forces are
determined by Eq. 27.

F
�

f ¼ C1Ktc þ C2Krcð Þ f t þ C3Kte þ C4Kre

F
�

n ¼ −C2Ktc þ C1Krcð Þ f t−C4Kte þ C3Kre

F
�

a ¼ − C4Kac f t þ C5Kae

8><>: ð27Þ

The average cutting forces can be expressed in Eq. 28, by
experimental data.

F
�

f ¼ F
�

fc f t þ F
�

f e

F
�

n ¼ F
�

nc f t þ F
�

ne

F
�

a ¼ F
�

ac f t þ F
�

ae

8><>: ð28Þ

where the components of the linear force �F fc; �F fe; �F nc;
�F ne; �F ac; and �F ae can be calculated by a linear regression
of the measured cutting force data. So, the cutting force
coefficients are determined by Eq. 29.

Ktc ¼ C1F
�
Ffc−C2F

�
nc

C2
1 þ C2

2

Kte ¼ C3F
�

fe−C4F
�

ne

C2
3 þ C2

4

Krc ¼ C2F
�

fc þ C1F
�

nc

C2
1 þ C2

2

Kre ¼ C4F
�

f e þ C3F
�

ne

C2
3 þ C2

4

Kac ¼ −
F
�

ac

C4
Kae ¼ F

�
ae

C5

8>>>>>>>><>>>>>>>>:
ð29Þ

When the cutter’s helix angle is equal to zero, the cutting
zone will be ϕst≤ϕ j≤ϕex ; so, Eq. 29 can be simplified to

Eqs. 30 and 31. The Eqs. 30 and 31 are the milling force
coefficient formula without helix angle that has been studied
in references [2, 18, 19, 21].

Ktc ¼ 4
PF
�

fc þ QF
�

nc

P2 þ Q2 Kte ¼ −
SFfe þ TF

�
ne

S2 þ T2

Krc ¼ PKtc−4F
�

fc

Q
Kre ¼ SKte þ F

�
f e

T

Kac ¼ Fac
T

Kae ¼ −
2π
aNf

F
�

ae

ϕex−ϕst

8>>>>>>>><>>>>>>>>:
ð30Þ

where

P ¼ aNf

2π
cos2ϕ½ �ϕex

ϕst
Q ¼ aNf

2π
2ϕ−sin2ϕ½ �ϕex

ϕst

T ¼ aNf

2π
cosϕ½ �ϕex

ϕst
S ¼ aNf

2π
sinϕ½ �ϕex

ϕst

8><>: ð31Þ

Fig. 5 Approach to determine
cutting force coefficients and
simulate the cutting forces

Table 1 Chemical compositions of Al6061-T6

Composite (%)

Al Cr Cu Fe Mg Mn Si Ti Zn

98 ≤0.3 ≤0.4 ≤0.7 ≤1.2 ≤0.15 ≤0.8 ≤0.15 ≤0.25
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3 Experimental work

3.1 Experimental procedure

The research procedure was performed consisting of five steps
that were carried out sequentially as shown in Fig. 5. In the
step 1, the stable cutting condition was determined. First, the
stability lobe diagram was measured by the CUTPROTM

software. By this work, the cutting depths and spindle speeds
were selected in the stable zone of the stability lobe diagram.
In the stable zone of the stability lobe diagram, the cutting
tests avoided the chatter. And then, the stable cutting condition
was chosen by testing the effect of cutting depth and spindle
speed on the degree of variation of cutting force’s amplitudes.
Using this method, the effect of vibration and other factors on
milling process was reduced. The detail of step 1 is explained
in Sect. 3.2. In the step 2, the cutting tests were conducted to
determine the cutting force coefficients. The detail of this step
is described in Sect. 3.3. The cutting force coefficients were
calculated from the experimental data, and the cutting forces
were simulated by using the calculated cutting force coeffi-
cients. These are the works in step 3. In the step 4, the
simulated cutting forces were verified by the experimental
results. Finally, in step 5, the applications of the cutting force

model and the cutting force coefficient data were proposed
and performed.

3.2 Setup for determination of stable conditions in stability
lobe zone

In order to determine the cutting force coefficients and verify
the force model, a series of end milling experiments were
performed. The cutter and workpiece were chosen as follows.
Cutter: a carbide flat-end mill with number of flutes Nf =2,
helix angle β=30°, rake angle αr=5°, and the diameter was
8 mm. The workpiece material was Al6061-T6, and its com-
positions are listed in Table 1. The properties of the Al6061-
T6 were the following: hardness 95 HB, Young’s modulus=
68.9 GPa, Poisson’s ratio=0.33, tensile strength=310 MPa.
The experiments were performed at a Three-axis Vertical
Milling Center (DECKEL MAHO–DMC70V hi-dyn).

An integrated device system that consisted of the acceler-
ation sensor (ENDEVCO-25B-10668), hammer (KISTLER-
9722A2000), signal processing box (NI 9234), and
CUTPROTM software was used to analyze the stability lobe.
The detail setting of the measurement experiment is illustrated
in Fig. 6.

Fig. 6 Setup of experiment for
analytical stability lobes

Fig. 7 Setup measurement of
cutting force setting
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The spindle speed and axial depth of cut in the stable zone
were chosen according to the stability lobe diagram measured
by CUTPROTM software as shown in Fig. 8. In addition, the
selected point is the point in which the degree of variation of
cutting force’s amplitude is small. With this approach, a series
of half-down milling tests were performed. The parameters of
cutting condition are shown in Table 2. First, the cutting tests
were performed with the variation of spindle speed. In this
case, the values of spindle speed were 1000, 3000, and
5000 rpm. And then, the cutting tests were performed with
the variation of cutting depth (0.4, 1.2, and 2.0 mm). The
measured results of these tests were presented in Sect. 4.1.

3.3 Setup and measurement of cutting forces

A dynamometer (type XYZ FORCE SENSOR, model 624-
120-5KN), signal filter and processing system, and a PC were
used to measure cutting forces. The detail is illustrated in
Fig. 7. At each depth of cut, half-down immersion experi-
ments were repeated in every feedrate. The spindle speed was
held constant at each experiment. The experiments were per-
formed with the different parameters, as shown in Table 3.

4 Experimental results and discussion

4.1 The suitable machining conditions for determination
of cutting force coefficients

Determination of the stable cutting condition is very important
in the improvement of calculation accuracy of cutting force
coefficients. Using the measured results of the frequency
response function of the tool machine dynamic system, the
stability lobes were analyzed by CUTPROTM software and
described in Fig. 8. The stable cutting conditions (axial depth
of cut and spindle speed) were chosen at the stable zone (color
zone) of the stability lobe diagram.

The analysis results about the stability lobes show that the
machining processing is stable at less than 2.0 mm of cutting
depth, and at all range spindle speeds. In this zone, the chatter
was prevented for all cutting tests. In fact, the effect of vibra-
tion, deflection, and other factors on the accuracy of the
determined cutting force coefficients depends on the stability
of measured cutting force. The experimental results showed
that the spindle speed and the axial depth of cut affect strongly
on the stability of cutting forces. A term called the degree of
variation of cutting force’s amplitude (Δq ) was calculated to
evaluate the effect of spindle speed and axial cutting depth on
the stability of cutting force. It can be calculated by Eq. 32.

Δq ¼ Aq Maxð Þ−Aq Minð Þ
Aq Maxð Þ *100 q ¼ f ; n; að Þ ð32Þ

The effect of axial depth of cut and spindle speed on the
degree of variation of cutting force’s amplitude are illustrated
in Figs. 9 and 10. The calculated results show that the cutting
force’s amplitudes change depending on the spindle speed and

Table 2 Testing the most suitable machining condition

Test no. Tool
diameter
[mm]

Number
of flutes

Helix
angle
[deg]

Axial depth
of cut [mm]

Feedrate
[mm/tooth]

Spindle
speed
[rpm]

1 8 2 30 0.4 0.06 1000

2 8 2 30 0.4 0.06 3000

3 8 2 30 0.4 0.06 5000

4 8 2 30 1.2 0.06 1000

5 8 2 30 2.0 0.06 1000

Fig. 8 The stability lobe diagram
of the adopted CNC machine
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axial depth of cut. For all cutting forces, the degrees of
variation of cutting force’s amplitudes increase with the
increasing of the spindle speed. The conclusion is the
same with the axial depth of cut. So, the smaller spindle
speed or axial depth of cut is, the more stable cutting
force is. The obtained results also show that the most
suitable cutting condition (stable cutting condition) for
determination of cutting force coefficients is 0.4 mm of
axial cutting depth and 1000 rpm of spindle speed. This
is the cutting condition that the degree of variation of
cutting force’s amplitude is the smallest in the stable
cutting conditions. It means that, with this cutting con-
dition, the effect of vibration and other factors (noise,
deflection, and so on) on the calculation accuracy of the
cutting force coefficient is the smallest. By this exper-
imental method, the stable machining condition was
determined to estimate the cutting force coefficients for
each pair of cutter and workpiece in milling processes.

4.2 Verification on the linear model of average cutting forces

The cutting tests were performed at stable cutting conditions
as listed in Table 3. For each experiment, the average cutting
force in feed, normal, and axial directions were calculated
from the measured cutting force data. The relationship

of the average cutting force and the feedrate was esti-
mated and illustrated in Fig. 11. In this figure, all the
absolute values of average cutting forces increase with
the increasing of feedrate. This experimental result is
reasonable with the theory of cutting force model be-
cause when the feedrate increases towing, the chip thick-
ness increases. The chip thickness increases make the
cutting force’s amplitude increase, and finally, the abso-
lute value of average cutting force increases. The theo-
retical linear force model that was expressed by Eq. 28 is
illustrated as these dash lines as shown in Fig. 11, the
solid lines are the experimental results of the linear force
model, and in each direction, the solid line is very close
to the dash line. The verified results show that the theory
results and experimental results have good agreement,
and the relationship of average cutting forces and
feedrate is close to the linear function. Therefore, in
cylindrical flat-end mill with stable cutting condition
(no chatter and very small vibration, etc.), the measured
average cutting force can be expressed by the linear
function of feedrate as expressed by Eq. 28, and the
measured data can be used to estimate the cutting force
coefficients for each pair of cutter and workpiece. By
this method, all cutting force coefficient components
were determined.

Table 3 Testing the linear model force

Test no. Tool diameter [mm] Number of flutes Helix angle [deg] Axial depth of cut [mm] Feedrate [mm/tooth] Spindle speed [rpm]

1 8 2 30 0.4 0.02 1000

2 8 2 30 0.4 0.04 1000

3 8 2 30 0.4 0.06 1000

4 8 2 30 0.4 0.08 1000

Fig. 9 The degree of variation of cutting force’s amplitude versus spindle
speed

Fig. 10 The degree of variation of cutting force’s amplitude versus
cutting depth
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4.3 Determination of cutting force coefficients
by experimental data

Using Fitting Toolbox of MATLABTM and linear regres-
sion, the best lines passing through the values of average
cutting forces were determined. Considering Eqs. 26 to
29 and using the characteristic of the best line, the
cutting force coefficients were calculated and listed in
Table 4. The calculated results of cutting force coeffi-
cients with the cutter’s helix angle (research model) were
compared with the calculated results without the cutter’s
helix angle (simplified model). The absolute values of
cutting force coefficients between the research model and
the simplified model were different. With each cutting
force coefficient, the absolute value of cutting force
coefficient in research model is larger than that one in
the simplified model. In this case, the maximum differ-
ence is about 17.285 %, and minimum difference is
about 2.442 %. The main reason of the differences is
that when determining the cutting force coefficients, the
effect of cutter’s helix angle was considered in the re-
search model but was not considered in the simplified
model. The above research results show that the cutter’s
helix angle plays a highly significant factor for determi-
nation of cutting force coefficients. So, when building
the model to calculate the cutting force coefficients, the

cutter’s helix angle should be considered. The results in
Table 4 also show that the important cutting force coef-
ficients are the shearing force coefficients because the
absolute values of shearing force coefficients are more
times as large as absolute values of edge force
coefficients.

4.4 Verification of simulation results

Using the calculated cutting force coefficients by two
ways, with and without the cutter’s helix angle, the cut-
ting forces were predicted and compared with the mea-
sured results. The predicted cutting forces have a little
difference to the measured cutting forces, as shown in
Fig. 12. In all directions (feed, normal, and axial), the
amplitude of the simulated force with the cutter’s helix
angle is larger than that one of measured force and pre-
dicted force without the cutter’s helix angle. The predict-
ed results of cutting force are different in research model
and in the simplified model because in the calculation of
cutting force coefficients, the cutter’s helix angle was
considered in the research model, but it was neglected in
the simplified model, and so, the absolute value of cutting
force coefficient in the research model is larger than that
one in the simplified model as explained in Sect. 4.3.
Moreover, about the shape of measured forces and pre-
dicted forces, these differences are small. The reasons for
the above differences were mostly originated from the
noise, the vibrations, the deflection, the inconstancy of
cutting depth, the inhomogeneous distribution of tool and
workpiece hardness, the temperature, the friction, and so
on. Although, the effect of factors (vibration, noise, tem-
perature, etc.) is limited in the experiments, but in fact,
this effect still exists in each experiment. Above all, the
predicted results of research model are close to the exper-
imental results, and these research results showed that the
predicted results from research model agree satisfactorily
with experimental results. Therefore, the cutting force
models and cutting force coefficient models in this study
are good models that can be used to determine the cutting
force coefficients and predict the cutting force in milling
processes.

Fig. 11 The average cutting forces versus feed rate

Table 4 Prediction and compari-
son of cutting force coefficients Model Shearing force coefficient [N/mm2] Edge force coefficient [N/mm]

Ktc Krc Kac Kte Kre Kae

Research model 1467.640 274.782 −43.088 8.810 5.690 −6.907
Simplified model 1432.651 244.494 −41.820 7.768 4.706 −5.982
Different (%) 2.442 12.388 2.941 11.828 17.285 13.392
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4.5 Application of the results

This study has successfully proposed a prediction meth-
od to determine the cutting force coefficients. The cut-
ting forces could be simulated by the proposed force
model with the consideration of the effect of the cutter’s

helix angle. The proposed method can be used to cal-
culate the cutting force coefficients for each pair of
different cutter and workpiece and is expected to be
applied for the analysis of machine tool development,
milling simulation, milling operation optimization, and
the analysis of system stability.

Fig. 12 Verification of
simulation results

Fig. 13 Cutting forces in x, y,
and z directions
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For example, in three-axis milling machine center, the
cutting forces in x, y, and z directions are illustrated as in
Fig. 13 and can be expressed in Eq. 33 through the coordinate
transformation.

Fx
Fy
Fz

8<:
9=; ¼

cosθ sinθ 0
sinθ −cosθ 0
0 0 1

24 35 Ff

Fn
Fa

8<:
9=; ð33Þ

By investigation of several real CNC machine centers,
and integration of software on graphic designing, 3D
simulation, and programming, a virtual vertical milling
simulation system (VVMS) was constructed by the au-
thors to implement the proposed cutting force calculation
model. The developed force calculation model has also
been successfully integrated into this system as shown in
Fig. 14. This system consists of virtual CNC machines,
virtual CNC operation systems, and the cutting simula-
tion part, etc. as shown in Fig. 15.

This VVMS system is used as an application installed
in a personal computer running Microsoft Windows Op-
erating System, which the virtual machine, virtual oper-
ation system, and the virtual CNC hand wheel can be
operated in emulating a real CNC machining system. In
this integrated system, the cutting force coefficients were
determined through cutting experiments and were stored
into the database. To calculate the cutting forces, the
related input parameters include the tool geometry, tool

material properties, workpiece geometry, workpiece ma-
terial properties, and the machining conditions. The ma-
chining conditions such as “depth of cut,” “spindle
speed,” and “feedrate” are obtained and calculated from
NC program and workpiece properties. From these pa-
rameters, this integrated system can dynamically calcu-
late and display the cutting forces during solid cutting
simulation.

5 Conclusions

In this study, the linear force model was adopted to
determine the cutting force coefficients in considering
the effect of cutter’s helix angle. The developed model
was used to analyze the theory of calibrating the cutting
force coefficients with a series of milling tests. This has
resulted in an improved theoretical model to be pro-
posed with an effective model for the determination of
cutting force coefficients. This method could be applied
in the stable cutting condition when the machine tool
vibration is small and the effects of other subordinate
factors are limited.

An experimental method to determine the stable cut-
ting condition was proposed. By this method, the chat-
ter was prevented, and the effect of vibration and other
factors on the accuracy of calculation cutting force
coefficients was reduced in the milling process. The

Fig. 14 The processing
procedure of virtual vertical
milling simulation system
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degree of variation of cutting force’s amplitude was
estimated to analyze the stability of cutting force. The
cutting condition in which the degree of variation of
cutting force’s amplitude is the smallest is the stable
cutting condition. This is the most suitable cutting con-
dition to perform the cutting tests for determination of
the cutting force coefficients. This method can be ap-
plied to determine cutting force coefficients for each
pair of cutter and workpiece.

In the stable cutting condition, the average cutting
forces were close to a linear function of feedrate, and
the cutter’s helix angle has a highly significant effect on
the calculation of cutting force coefficients. The verified
results also showed that the predicted and measured
results had a good agreement with both the amplitude
and the shape of cutting forces. By the model proposed

in this paper, all cutting force coefficients were deter-
mined by experimental data.

This research model is suitable for cylindrical flat-end mill,
and it can be applied to a wide range of cutter and workpiece
properties. On the other hand, this model also can be extended
to more complex type of milling tool such as ball-end mill,
bull-end mill, and general-end mill. Moreover, the application
of the developed research model had been successfully inte-
grated into a virtual vertical milling center simulation system.
The integrated system is expected to have potential applica-
tion for education, training, manufacturing simulation, and
will be the futuristic study of the extended research.
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