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Abstract Investment casting (IC) is traditionally used to pro-
duce high accuracy products, but the products gaining variable
cross section, multidimensional, and unconstrained/
constrained features make it hard to determine the tooling
dimensions. Every individual stage in the investment casting
process (ICP) also poses a potential and uncertain threat on the
final part dimensions. In this article, a variable cross section,
multidimensional and unconstrained/constrained part for IC,
is designed and constructed. The dimensions of wax pattern
and final casting part are measured by three-dimensional (3-
D) laser scanning, and the inner cavity dimensions of the
ceramic shell are measured by industrial computerized tomog-
raphy (ICT). The dimensional changes and the change of
shrinkage along with the dimensions in different processes
are analyzed. Finally, the exponential relationship between

shrinkage and dimension in the whole ICP is concluded, and
the mechanisms of the dimensional changes are discussed.
The conclusions can be used to guide the dimensional design
of the die and the reworking of the wax pattern to reduce the
trial-and-error procedures.

Keywords Shrinkage . Variable cross section .

Multidimension . Unconstrained/constrained . Investment
casting

1 Introduction

Investment casting (IC) is employed to produce parts with
intricate geometry and high degree of dimensional accuracy
[1, 2]. In order to obtain the final casting parts with accurate
dimensions, a reasonable design of the dimensions of pattern
die is very difficult to obtain in the investment casting process
(ICP). As a multistep process, the ICP consists of the produc-
tion of wax parts, the production of the ceramic shell, and the
metal casting. All of these stages have their own complexities
and pose a potential and uncertain threat on the prediction of
tooling dimensions.

The influence of the pattern geometry on the dimensions of
the final casting part is also significant. It is especially difficult
to predict dimensional changes caused by the solidification of
wax and metal. Because of the complex geometric features,
such as local constrained and local unconstrained, the cooling
rates of wax or metal are different, and it results in a nonuni-
form and complex shrinking of the part [2].

However, with the continuous development of space flight,
national defense, and the automobile industry, the products of
IC such as blade and casing are gaining variable cross section,
multidimensional, and unconstrained/constrained features,
and the required precision in the final casting of the geometry
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is also growing [3, 4]. All of these make it difficult to deter-
mine the dimensions of pattern die.

For unconstrained dimensions (i.e., neither cores nor die
pieces limit the shrinking of the part), the tooling predictions
are easy, because the dimensions of the final part are only
determined by their own thermal expansion property. Howev-
er, for constrained dimensions, IC engineers just have to rely
on trial and error and on their experience to design the shrink-
age allowances. The pattern die is often reworked several
times so that the dimensions of castings are within acceptable
tolerances.

Although three-dimensional (3-D) computer-aided designs
(CADs) are used in the casting process widespread [5, 6] and
some simulation programs have become increasingly impor-
tant (i.e., Moldflow, Procast), only limited accuracy can be
attained with these software packages, especially for the parts
with complex constrained dimensions. Gebelin and Jolly sim-
ulated experimental works of different stages in the ICP via
different models and highlighted the shortcoming of the accu-
racy of most commercial software by comparing the experi-
mental and numerical results [7]. Therefore, more attention
should be paid to the ability to control and improve the IC
accuracy of the parts with complex structure.

To improve the precision of the final casting part with
complex structure, a lot of studies have been done in different
stages [8, 9]. Studies show that the precision of the final
casting part is mainly inherited from its corresponding wax
pattern [1, 10–12]. Hock et al. indicated that the contractions
of unconstrained wax patterns are more than those of
constrained wax patterns in wax injection process [13].
Rahmati et al. pointed out that the constrained dimensions
have an average shrinkage of 0.65 %percent, but that of the
unconstrained dimensions is 2.85 % [14]. In the report of
Morrell et al., the dimensional stability of ceramic shell was
investigated via a suite of laboratory tests as well as plant
casting trials. The results show that in order to acquire a tight
casting tolerance, the role that the accuracy of ceramic shell
plays is important [15]. Jiang and Liu considered the influ-
ences of restrictions/interactions using a pyramid-shaped part
and indicated that not only the dimensional changes but also
the dimensional variation of shell were affected soundly by
the orientation, location, and dimension of a feature on the part
[16]. Based on the thin shell fabrication technology of IC,
Jiang et al. proposed a new shell casting process for
manufacturing complicated and thin-walled aluminum and
magnesium alloy precision castings [17]. In the casting pro-
cess, a part with six steps and two holes, considering the
effects of the different dimensions and unconstrained/
constrained structure on the shrinkage of casting was designed
and showed that the shrinkage of metal in casting process
made a significant contribution to the overall dimensional
changes in the whole ICP [18–20]. For the complex and
constrained structure, turbine blade attracts a lot of attentions

[21–23]. Dong et al. proposed a geometric parameterized
model to remedy the blade shrinkages at different positions
so that the dimensional accuracy of the turbine blades can be
guaranteed [24].

So far, it can be seen that much work has been done in the
area of dimensional changes of the parts with complex struc-
tures in the ICP and there is significant information in the
literature on these processes. However, most studies just focus
on the dimensional change of the individual stage, and there
has been limited application for the tooling prediction in the
ICP. Study of the influence of the pattern geometry on the
shrinkage of the whole ICP in more depth is still significative.

In this paper, a ring to ring, variable cross section, multidi-
mensional, and unconstrained/constrained part is designed. The
dimensions of wax pattern and final casting part are measured
by 3-D laser scanning, the inner cavity dimensions of the
ceramic shell are measured by industrial computerized tomog-
raphy (ICT), and the shrinkages of different thicknesses, exter-
nal diameters, and inner diameter at every stage are calculated.
The characteristic of dimensional changes in the whole ICP is
revealed and discussed. Then, the shrinkage of different thick-
nesses and that of different external diameters is analyzed.
Finally, the relationship between the shrinkage and geometrical
features is unveiled via the analysis and comparison.

2 Experimental methodology

2.1 Test part design and shrinkage measurements

The structure of the produced test part is shown in Fig. 1. It has
dimensions with a maximum external diameter of 348 mm
and height of 125 mm. The stepped part thicknesses are 2, 4,
8, 16, and 24 mm. The dimensions of the part are shown in
Fig. 2. The considering factors are the following:

Fig. 1 Structure of the test part
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1. The part is a ring to ring part with multidiameters to reflect
the characteristic of multidimensional feature, and its
measurement should be easy. Unconstrained and
constrained features should also be included. In this study,
the inner diameters are constrained dimensions and the
external diameters are unconstrained diameters.

2. The part should reflect the variable cross section of cast-
ings. The five steps of the part reflect the variable cross
section feature.

In order to get the changes of 3-D dimensions visual-
ly, the dimensions of die, wax pattern, and final casting
part were measured by means of 3-D laser scanning with
±35-μm accuracy. Using laser measuring system
(FARO), the 3-D point cloud model can be obtained.

The ICT with ±8-μm accuracy was applied to measure
the inner cavity dimensions of the ceramic shell.
Importing the processed point cloud data and the theo-
retical CAD model into Geomagic Qualify [25, 26], by
using 3-D comparison function, the errors between the
theoretical CAD model and the point cloud data in dif-
ferent stages were compared. The same cross section
contour of the part in different stages can also be com-
pared, and the distance between section lines can be
calculated and analyzed. Then, the shrinkages of every
stage were calculated. In order to guide the dimensional
design of the die and the reworking of the wax pattern to
ensure correct dimensions and improve the accuracy of
the final casting part, the shrinkage from the wax to the
final casting part and the total shrinkage were also

Fig. 3 Part in different stages. a
Die, b wax pattern, c ceramic
shell after dewaxing, and d
casting part

Fig. 2 Dimensions of the test
part
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calculated. These shrinkages can be calculated with the
following equations:

Swax ¼ Lwax
Ldie

� 100% ð1Þ

Sshell ¼ Lshell
Lwax

� 100% ð2Þ

Scasting ¼ Lcasting
Lshell

� 100% ð3Þ

Scasting‐wax ¼ Lcasting
Lwax

� 100% ð4Þ

Stotal ¼ Lcasting
Ldie

� 100% ð5Þ

where Ldie, Lwax, Lshell, and Lcasting are the dimensions (diam-
eters and thicknesses are considered in this study) of die, wax
pattern, shell, and final casting part, respectively. Swax, Sshell,
and Scasting are the shrinkages of wax in the wax injection,
shell in the dewaxing, and casting part in the casting process,
respectively. Scasting−wax is the shrinkage of final casting part
relative to wax pattern, and Stotal is the shrinkage of the final
casting part in the whole ICP.

The final casting relative to the wax pattern and the total
shrinkage can also be written as follows:

Scasting‐wax ¼ Sshell:Scasting ð6Þ

Stotal ¼ Swax:Sshell:Scasting ð7Þ

According to this definition of shrinkage, if the shrink-
age is greater than 1, that means that the dimension
expands and greater shrinkage means more dramatic ex-
pansion; a shrinkage less than 1 indicates that the dimen-
sion shrinks and the smaller shrinkage indicates more
dramatic shrink.

Fig. 4 3-D comparing results of the measured point cloud model
relative to the CAD model. a Wax, b ceramic shell, and c casting
part

Table 1 Process param-
eters of wax injection Process parameters Value

Mold temperature (°C) 25

Melt temperature (°C) 72

Injection velocity (cm3/s) 125

Holding time (s) 17

Packing pressure (bar) 30

V/P switch-over (volume) 99 %

Clamp force (t) 51.2

Cycling time 35
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2.2 Creation of test parts

2.2.1 Wax pattern construction and material

The commercial waxes, KC4017B, which were manufactured
by Kindt-Collins with a ring and ball softening point of

64.4 °C, were used, and the die was made of aluminum alloy
7075. The wax pattern was constructed by MPI55-100 injec-
tion molding machine, with adjusting the experimental pa-
rameters via a control program. This wax injection machine
has the technical specifications of a maximum clamp force of
100 t, a maximum injection pressure of 70 bar, a maximum

Fig. 5 2-D comparing results of the measured point cloud model relative to the CAD model. a Wax, b ceramic shell, and c casting part
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injection rate of 350 cm3/s, and a nozzle diameter of 10 mm.
The die and wax pattern are shown in Fig. 3a, b, respectively.
The combination of process parameters in wax injection pro-
cess is listed in Table 1.

2.2.2 Shell construction and material

In order to construct the shell, the slurry was prepared. The
slurry for the prime coat consisted of colloidal silica binder
and high temperature aluminum powder. Granular zircon
formed the prime coat. The main constitution of the slurry
for the backup coat was colloidal silica, ethyl silicate, fused
silica, and mullite. The mullite sand was also the raw material
of the stucco for the backup coat. The seal coat used no stucco.
Brookfield DVII+ Pro Viscometer was used to measure the
slurry viscosity. Prime coatings and backup coatings were
smeared at 37–40-s viscosity on a no. 4 Zahn cup and at 27–
30-s viscosity on a no. 5 Zahn cup, respectively.

Before being removed, the wax pattern was firstly
completely covered by the slurry using immersion method.
In order to promote an even coating, the pattern was rotated
over slurry dipping pool for 120 s so that the redundant slurry
can drain from different points. Then, using the rainfall meth-
od, a uniform distribution of stucco was formed. Nine backup
coats, one prime coat, and one seal coat made up the shells.
The pattern was dried for 24 h after the prime coat was
formed. Then, the backup coats were applied and the drying
time interval between backup coatings was 8 h. Finally, the
seal coat was smeared and 48 h drying was applied to the
pattern.

In the dewaxing process, the dewaxing pressure was
755 kPa and the dewaxing time was 25 min. Finally, the

ceramic consists of 33 wt% mullite, 18 wt% Al2O3, 16 wt%
ZrO2, and 33 wt% SiO2. The final ceramic shell is shown in
Fig. 3c.

2.2.3 Casting and material

Before casting, the prepared ceramic shell was heated with a
1 °C/min heating rate in the electrical resistance box furnace.
When the temperature raised up to 1,000 °C, the ceramic shell
was moved in the casting furnace and the casting was carried
on at 1,525 °C. The material used for casting was nickel-based
cast superalloy. When the casting was solidified and cooled,
the gating and risering system was removed. After polishing,
the final casting part was constructed (as illustrated in Fig. 3d).

3 Results and discussion

3.1 Dimensional changes

In order to evaluate the changes of 3-D dimensions in every
stage visually, 3-D point cloud date are compared with the
CAD model via best fit alignment. Figure 4 shows that all
external diameters and inner diameter relative to the original
design model decrease. A large geometric dimension of the
part will inevitably bring in greater shrinking. Comparing
Fig. 4a, b, even the dimension changes little, we can still find
that all external diameters expand and inner diameter shrinks
in the dewaxing process. The comparison between Fig. 4b, c
indicates that all diameters have a further shrink in the casting
process and the biggest shrink is more than 5 mm.

Fig. 6 Thickness changes in
different processes
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After cut by five cross sections in the middle of five
different steps, diameters and thickness are compared to the
CAD value. Figure 5 shows the changes of thickness in
different processes. From Fig. 5a, c we can find that all
thickness shrink and the thicker the wall is, the more the
shrinking is. Figure 5b shows that the thicker walls expand,
such as T1 and T2.

In order to describe the dimensional changes quantifica-
tionally, all diameters and thicknesses at different stages are
extracted. Figure 6 shows that all thicknesses shrink in the
wax injection process and the larger the geometric dimension,

the larger the dimensional changes. The thickness T5 shrinks
almost 1.5 mm. In the dewaxing process, all thicknesses
expand and thinner wall expands more than their thicker
counterparts. In the casting process, the thickness changes
are not obvious. The thicknesses T4 and T5 of the final casting
part are thinner than those of the wax. However, the thick-
nesses T1, T2, and T3 of the final casting part are thicker than
those of the wax.

Figure 7 indicates that the diameters change a lot in the wax
injection process and casting process but less in the dewaxing
process. All diameters shrink in the wax injection process, and

Fig. 8 The comparison of
shrinkage in different processes

Fig. 7 Diameter changes in
different processes
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larger diameters have larger dimensional changes. The diam-
eter D5 shrinks more than 4 mm. This phenomenon is in
accordance with that of thickness. In the dewaxing process,
the external diameters (D1, D2, D3, D4, and D5) expand but
the inner diameter (D0) shrinks. In the casting process, all
diameters shrink and the shrinks of larger diameters are more
obvious. Finally, all external diameters of the final casting part
are smaller than those of the die.

3.2 Shrinkage analysis

3.2.1 Shrinkage of thickness

In order to investigate the shrinkage at different stages and the
influence of thickness on shrinkage, all shrinkages of thick-
ness in different stages are calculated according to Eqs. (1) to
(5).

Figure 8 indicates that the wax and casting shrink but the
shell expands at different thickness walls. The thickness

shrinkage of wax is minimal that means that the shrink in
the wax injection process is maximal relative to the whole ICP.

Figure 9 shows the relationship between the shrinkage and
the thickness. From the shrinkage line of Swax and Scasting in
Fig. 9, we know that in the wax injection process and casting
process, the shrinkages are less than 1 that means that the
thicknesses shrink in these two processes. The shrinkages are
smaller when the thickness is thinner that means that the
dramatic shrink happened in thinner walls. In the casting
process, the shrink of T5 is not obvious. The shrinkage line
of Sshell indicates that all of thicknesses expand and the shrink-
age increases when the thickness decreases in the dewaxing
process. That is to say, the thinner wall expands more obvi-
ously. Figure 9 shows that the total shrinkage of T1, T2, and
T3 is greater than 1, which indicates that these thicknesses
expand. T4 and T5 shrink because the total shrinkage at T4
and T5 is less than 1. The shrinkage line of Scasting‐wax shows
that all thicknesses of the final casting expand relative to that
of wax pattern and the expansions at T1, T2, and T3 are
dramatic, but those at T4 and T5 are obscure.

Table 2 Fitting results of shrinkages about the thickness

Process Fitting curve Parameter values Adj. R-square

Wax injection Swax ¼ a−bcTwax a ¼ 0:94853 b ¼ 0:2016 c ¼ 0:74326 0.99504

Dewaxing Sshell ¼ y0 þ Ae−T shell=t y0 ¼ 1:04162 A ¼ 1:68895 t ¼ 1:1684 0.97123

Casting Scasting ¼ a−bcT casting a ¼ 1:00957 b ¼ 0:08483 c ¼ 0:87807 0.92298

Wax to casting Scasting‐wax ¼ y0 þ Ae−T casting=t y0 ¼ 1:04004 A ¼ 1:46102 t ¼ 2:00307 0.98214

Die to casting Stotal ¼ y0 þ Ae−T casting=t y0 ¼ 0:98333 A ¼ 0:92536 t ¼ 1:75499 0.97584

Twax, Tshell, and Tcasting are the thicknesses of wax pattern, shell, and casting part, respectively

Fig. 9 Shrinkage at different
thicknesses
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In order to guide the dimensional design of the die and the
reworking of the wax pattern to ensure correct dimensions and
accuracy of the final casting part, all the shrinkages of the
thickness in different processes are fitted by exponential func-
tion curve. The fitting formulations and fitting parameters are
shown in Table 2. Table 2 shows that these fittings are rea-
sonable and acceptable for the reason that all the Adj. R-
squares of fitting curve are close to 1. Scasting‐wax

3.2.2 Shrinkage of external diameter

Figure 10 shows the changes of shrinkage along with the
variety of diameters in different stages. The shrinkage line of
Sshell is above 1, and the shrinkage of diameter D3 is 1.0035,
which means that all the diameters expand in the dewaxing
process and the diameter D3 has the largest expansion. Other
shrinkage lines are below 1 which indicates that the part
shrinks in these processes. Swax, Scasting, and Stotal decrease
with the increasing of the external diameter, and the decreas-
ing slows down when the external diameter increases. What is
more, the shrinkage lines of Swax and that of Scasting have

almost the same changes along with the variety of diameters
for the reason that there are the same free shrinks in the wax
injection process and casting process. Due to the irregular
expansion of the shell in the dewaxing process, the variation
of Scasting‐wax and that of Stotal with the increasing of the
external diameter is different from that of Swax and Scasting.
Scasting‐wax of D1 is close to Scasting of D1 for the shrinkage of
D1 at approximately 1 in the dewaxing process.

All the shrinkages about the external diameter in different
processes are also fitted by exponential function curve except
the shell for its irregular. The fitting formulations and fitting
parameters are shown in Table 3. Table 3 shows that all the
Adj. R-squares of the fitting curve lie between 0.96712 and
0.99731, which indicates that the fittings are useful.

3.2.3 Shrinkage of inner diameter

The shrinkages of inner diameter in all processes are smaller
than 1, which indicates the inner diameter shrinks in all
processes (as illustrated in Fig. 11). The most dramatic shrink
occurs in the casting process because the shrinkage is only

Table 3 Fitting results of shrinkage about the diameter

Process Fitting curve Parameter values Adj. R-square

Wax injection Swax ¼ y0 þ Ae−Dwax=t y0 ¼ 0:98715 A ¼ 1:81107E9 t ¼ 11:56821 0.9895

Dewaxing – – –

Casting Scasting ¼ y0 þ Ae−Dcasting=t y0 ¼ 0:98016 A ¼ 4:34786E18 t ¼ 6:2512 0.99731

Casting to wax Scasting‐wax ¼ y0 þ Ae−Dcasting=t y0 ¼ 0:98148 A ¼ 359257:48565 t ¼ 16:71546 0.96712

Casting to die Stotal ¼ y0 þ Ae−Dcasting=t y0 ¼ 0:96915 A ¼ 4:63369E8 t ¼ 12:32395 0.99901

Dwax and Dcasting are the diameters of wax pattern and casting part, respectively. In the dewaxing process, suitable fitting curve is not found

Fig. 10 Shrinkage at different
diameters
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0.9805. Figure 11 also shows the difference between the
shrinkages of inner diameter and external diameter. The com-
parison between the shrinkages of inner diameter (D0) and
that of external diameter (D5) in different processes indicates
that the shrink of inner diameter is smaller than that of external
diameter in the wax injection and casting process. Even
though the external diameter expands and the inner diameter
shrinks in the dewaxing process, the total shrinkage of inner
diameter is still larger than that of external diameter for the
reason that the shrinkage of external diameter is close to 1 in
the dewaxing process.

3.3 Phenomenon discussion

Figure 12 is a diagrammatic sketch describing the solidifica-
tion of the waxes in the die. Figure 12a indicates that the

waxes at thinner wall have bigger heat transfer rate, for their
surface area to volume ratio is greater. So, the thinner walls
solidify more quickly than thicker walls and T1 solidifies
firstly. Due to the ring and ball softening point of wax is
64.4 °C, the waxes at the thinner walls solidify quickly but
liquid wax can hardly flow in to be supplement. So, low
packing pressure, short holding time, low mold temperature,
and melt temperature can lead to incompletable injection at
thinnest walls [27]. This characteristic of the wax injection
process makes the thinner walls get lower shrinkage (as the
shrinkage line of Swax illustrated in Fig. 9), and the greater
external diameters have small shrinkage (as the shrinkage line
of Swax illustrated in Fig. 10). In the solidification process of
the waxes in the die, the external diameters are free to shrink to
their circle centers but the inner diameter (D0) is constrained
by the die (as illustrated in Fig. 12b). After the wax pattern is

Fig. 12 The illustration of
shrinkage in the wax injection
process. a The side section view
and b the top section view

Fig. 11 The comparison of
shrinkage between external
diameter and inner diameter
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removed from the die, the further cooling makes the inner
diameter (D0) shrink but the shrink is still constrained by four
oblique supporting plates. All of these make the shrinkage
greater than that of external diameters in the wax pattern
construction process (as Fig. 11 illustrated).

As described by the diagrammatic sketch in Fig. 13, the
waxes are melted and gasified in the dewaxing process.
Figure 13a indicates that the expanding of the volume of the
waxes results from a great pressure to the shell. The waxes of
thinner walls are melted and gasified faster and those of the
thicker walls more slowly that makes the waxes of thinner

walls cannot be excreted duly. So, the thinner walls have
greater pressure that leads to more dramatic expanding and
greater shrinkages (as the shrinkage line of Sshell illustrated in
Fig. 9). Extra inner pressure leads to the cracks of the shell in
the dewaxing process [12, 21, 28]. Figure 13b shows that the
expanding of the volume of the waxes results from a great
pressure to the shell. It also makes the inner diameter shrinks
to its circle center, but the external diameters expand away
from their circle centers. The inner cavity thicknesses expand,
so the shrinkage of D5 is more than 1 but the shrinkage of D0
is less than 1 (as illustrated in Fig. 11). However, the influence

Fig. 14 The illustration of
shrinkage in the casting process. a
The side section view and b the
top section view

Fig. 13 The illustration of
shrinkage in the dewaxing
process. a The side section view
and b the top section view
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of the neighboring features and the complex of the deforma-
tion of the shell make the shrinkage of the shell irregular (as
the shrinkage line of Sshell illustrated in Fig. 10) and the
shrinkage along with external diameters cannot be fitted.

As is shown in Fig. 14, the casting process has the same
characteristic as that of the wax injection process. Figure 14a
indicates that, for the surface area to volume ratio is greater,
there are bigger heat transfer rate at thinner walls in the metal
solidification process. So, the thinner walls solidify more
quickly than thicker walls and T1 solidifies firstly. This char-
acteristic of the metal solidification process also leads to the
fact that the thinner walls get lower shrinkage (as the shrink-
age line of Scasting illustrated in Fig. 9) and the greater external
diameters have lower shrinkage (as the shrinkage line of
Scasting illustrated in Fig. 10). However, the system of risers
is added in the casting process and the liquid metal can
fill in the first solidification position. That is why the
shrinkage of the casting process is greater than that of
wax injection process at all the thicknesses (as illustrated
in Fig. 9). Figure 14b shows that the external diameters
shrink freely but the inner diameter is constrained by the
inner ceramic shell. It is different from the aluminum
alloy die in that the deformability of the ceramic shell in
high temperature [29] leads the inner diameter to shrink,
but the shrink is smaller than that of external diameters.
That is why the shrinkage of D5 is less than that of D0 in
the casting process shown in Fig. 11. It also illustrated
why all the inner diameters and external diameters shrink
to their circle center, respectively, in the solidification
process of the metal.

4 Conclusion

Based on the analysis of the dimensional changes and the
shrinkage variation along with the different dimensions in
different stages, the conclusions can be summarized as
follows:

1. All the thicknesses shrink in the wax injection process,
and the shrinkage of thinner wall is smaller for it solidifies
firstly. In the dewaxing process, the expansion of the wax
volume makes all the thicknesses expand, and in the
thinner wall, the pressure is greater that leads to greater
shrinkage. In the casting process, the changes of thick-
nesses are same to those of wax but not obvious for the
system of risers is added. So, the shrinkage of T1 in the
casting process is 0.9450, which is larger than that of T1
in the wax injection process. All the shrinkages in differ-
ent processes, including the total shrinkage and the
shrinkage from casting to wax, change (increase or de-
crease) exponentially along with the increase of thickness.

2. The diameters shrink a lot in the wax injection process
and casting process. And, larger external diameters have
smaller shrinkage for they solidify later. In this study, the
shrinkage of D5 is 0.98735, which is bigger than that of
D1 in the wax injection process. In the dewaxing process,
all the external diameters expand but all of their shrink-
ages are close to 1. In other words, the expanding is small.
The largest expansion is less than 0.35 %. All the shrink-
ages of wax injection process and casting process also
change (increase or decrease) exponentially along with
the increase of external diameters.

3. In the wax injection process and casting process, the
shrink of inner diameter is smaller than that of external
diameter because the inner diameter is constrained by the
die or the shell but the external diameters are free to
shrink. In the dewaxing process, the external diameters
expand but the inner diameter shrinks for the expansion of
the wax volume. The inner diameter shrinks in all pro-
cesses, and the most dramatic shrink occurs in the casting
process.
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Appendix

Notation

a The fitting parameter
A The fitting parameter
b The fitting parameter
c The fitting parameter
Dwax The diameter of wax pattern
Dshell The diameter of shell
Dcasting The diameter of casting part
D0 The inner diameter
D1 The first external diameter
D2 The second external diameter
D3 The third external diameter
D4 The fourth external diameter
D5 The fifth external diameter
Ldie The dimensions of die
Lwax The dimensions of wax pattern
Lshell The dimensions of final casting part
Lcasting The dimensions of final casting part
Swax The shrinkage of wax in the wax injection

process
Sshell The shrinkage of shell in the dewaxing process
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Scasting The shrinkage of casting part in the casting
process

Scasting‐wax The shrinkage of the final casting part relative to
wax pattern

Stotal The shrinkage of the final casting part relative to
die

t The fitting parameter
Twax The thickness of wax pattern
Tshell The thickness of shell
Tcasting The thickness of casting part
T1 The thickness of first step
T2 The thickness of second step
T3 The thickness of third step
T4 The thickness of fourth step
T5 The thickness of fifth step
y0 The fitting parameter
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