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Abstract An abrasive waterjet milling technique has been
developed to machine brittle amorphous glass in a
controlled-depth milling mode, without using sacrificed
masking plates made of hard materials. The main mechanisms
associated with the milled channel formation process, i.e. the
particle impact erosion, jet flow characteristics and the dy-
namics of nozzle motion, are analysed to arrive at the models
for predicting the material removal rate and the geometry of
the channels milled by this technique. It is found that these
milling performance quantities are dominated by nine dimen-
sionless variables representing the processing parameters and
material properties that govern the major mechanisms in-
volved in the milled channel formation. An experimental
verification has been carried out and shows that the model
predictions are in good agreement with the corresponding
experimental data.
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Nomenclature
A Cross-sectional area of the milled channel (m2)
A0, A1, A2 Cross-sectional area of the portions shown in

Fig. 3 (m2)
a Maximum acceleration of a robot hand (m/s2)
b Sliding distance due to the impact of a

particle (mm)
CD Modelling coefficient in Eq. (39)
Cd Discharge coefficient

C Coefficient considering the response of
material to a particle impact under
elastic–plastic deformation

Cm Momentum transfer efficiency
Cp Particle concentration in slurry
Cs Jet velocity reduction factor
Cϕ Modelling coefficient in Eq. (40)
D Depth of channel (mm)
dj AWJ diameter (mm)
dn Diameter of the nozzle at the outlet

(mm) (Fig. 7)
dp Nominal particle diameter (mm)
E Young modulus of material (MPa)
F
*

Resultant external force acting on the jet (N)
f Cross feed (mm)
H Hardness of material (MPa)
h Penetration depth due to the impact of a

particle (mm)
K Fracture toughness of material (MPa.m1/2)
Kμ Consistency index of slurry (N/m2.sn)
k Number of particles occupying within the

cross section of a jet
dKE/dt Rate of kinetic energy (W)
L Milled channel length (mm)
MRR Material removal rate (mm3/s)
mp Mass of a particle (kg)

m
.
p Mass flow rate of particles ejecting through

the nozzle (kg/s)

m
.
w Mass flow rate of water ejecting through

the nozzle (kg/s)
n. Rate of number of particles ejecting

through the nozzle (s−1)
n Flow behaviour index of slurry
P Water pressure (MPa)
Re Reynolds number
S Standoff distance (mm)
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to Time required for milling a unit length of
channel in the X direction (m)

u Nozzle traverse speed (mm/s)
Vi Volume of material removed by the impact

of one particle (mm3)
vp Particle velocity (m/s)
v j Average AWJ velocity distributed across

the jet section (m/s)
vw Average water velocity flowing through the

orifice of a nozzle system (m/s)
W Actual top width of the milled channels (mm)
w Programmed width of the milled channel (mm)

Greek symbols
a Nozzle tilted angle in the models (deg or rad)
αp Impact angle of a particle (deg or rad)
γ̇ Shear rate in slurry (s−1)
δ Ductility index of material
ςi Exponents in Eq. (39)
ρw Density of water (kg/m3)
ρs Density of slurry (kg/m3)
ϕ Channel’s wall inclination angle in the models (rad)
μw Dynamic viscosity of water (Pa.s)
φ Jet deflection angle (rad)
φp Deflection angle in trajectory of a particle (deg or rad)
ym Momentum transfer efficiency
yc Coefficient accounting for the number of active

particles
yu Coefficient accounting for the effect of nozzle motion
yv Coefficient accounting for the variation of particle

velocity within a jet
ςi Exponents in Eq. (40)

1 Introduction

An abrasive waterjet (AWJ) allows the kinetic energy from an
ultra-high pressurised water source to be transferred to various
tinny abrasive particles for cutting applications. Unlike the use of
solid cutting tools where the convective cooling is mostly re-
stricted outside the tool-workpiece interface [1], in AWJ ma-
chining the continuous flow of the jet passing through the cutting
target allows the heat generated and the swarf resulted from the
material removal to be sufficiently carried away [2]. As a result,
AWJ cutting has been found to be a capable method for pro-
cessing various materials; examples include the work by
Momber and Kovacevi [3] on cutting rubbers, Arola et al. [4]
on cutting titanium alloys and Wang [5, 6] on cutting polymer
matrix composites and ceramics. All these materials are difficult
to machine by conventional cutting methods.

On the other hand, AWJ becomes deflected and rebounded
when striking a target material, because of its liquid form. This
makes it difficult to control the AWJ for a desired geometry of

cut. Striation marks and taper of cuts are major features found in
the kerfs when using AWJ for slit cutting [7]. The problem
becomes more pronounced when using AWJ for other forms
of machining operations, such as milling. Unlike the use of the
solid milling tool whose engagement with the workpiece can be
made with a desired and constant depth of cut during the
process, an AWJwhen performing a non-through cut is engaged
gradually with the workpiece to form a depth of cut. As the jet
penetrates deeper into the material for material removal, it
releases the kinetic energy and becomes weaken at its down-
stream. While the wall of the milled feature is formed by the
portion of the jet that contains higher than the destructive energy,
the surface profile at the bottom of the cut is affected by a
draining flow sweeping on the surface [8]. In addition, the width
of the milled feature needs to be properly controlled. To produce
a wide channel or pocket in AWJ milling, the jet needs to travel
in multiple directions in a multiple pass mode, driven by means
of a robot system [9]. This process involves an acceleration and
deceleration process to achieve the desired motion of the nozzle.
As a result of the momentum conservation, the change in the jet
moving direction at the turning points induces an external force
acting on the jet [10]. This force intensifies the system vibration
and results in an unstable cut, particularly at the edges close to
themilled feature walls. Depending on the type of the workpiece
material, the erosion can be in the chip formation mode [11] or
the crack growth mode [6] or a combination of both. Such a
complex variation of the flow affects themilled feature geometry
as well as its surface finish. The control of the AWJ-milled
feature nowadays still relies mainly on the technique proposed
by Hashish [12], where a masking plate made from a hard
material is used and material under un-masked areas is eroded
to form features. In addition to the cost on making the masks
which are not reusable, this method is applicable mainly on the
machining of simple features.

In a recent study [13], an AWJ milling technique has been
developed. By controlling the jet motion in a stitching trajec-
tory and by tilting the nozzle axis with respect to the machin-
ing surface, this technique allows an open channel to bemilled
at a controlled depth without the need of using a masking
plate. An examination of the milled surface morphology has
revealed a complex variation of the jet flow resulted from this
milling setup, namely, a secondary viscous flow generated
when the jet impacts the material surface, a turbulent flow
developed during the penetration of the jet into material, a
transition or laminar flow at the downstream of the jet and a
vortex and damping flow caused by the accumulation of the
low-energy solid particles at the bottom of the channel.
Because of the complex relation of the multi-variables in-
volved, mathematical formulae conducted by simply correlat-
ing the experimental data are unrealistic and cannot reflect the
physics embedded. It is thus necessary to develop a quantita-
tive prediction based on the understanding of the mechanisms
involved with a sufficient accuracy, to enable this milling
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technique to be readily applicable in practice with a controlled
depth.

This paper presents an analysis of the AWJ-milled
feature formation process through an experimental study.
A dimensional analysis is then carried out to relate the
material removal rate (MRR) and the geometry of the
milled channel to the processing parameters and work
material properties, based on the understanding of the
effect of jet flow characteristics, the dynamics of nozzle
motion and the associated erosion mechanisms. The
model is then verified by comparing the model predic-
tions with the corresponding experimental data.

2 Experiment

Figure 1 shows the milling experiment setup. The experiment
was conducted on a waterjet cutting system equipped with a
Flow Model 5X intensifier pump and an ABB IRB2400 6-
axis robot positioning system. The nozzle axis was tilted by an
angle (α) from the x-axis in the X–Z plane. The work material
was brittle soda–lime glass with a low ductility index (h) of
0.25, compared with δ=0 for diamond and 1 for lead [14]. Its
mechanical properties are given in Table 1. The specimen
dimension was 50×50×19 mm. Channels were milled on
the surface of 50×19 mm with the programmed dimension
of 10 mm width (w) and 40 mm length (l).

In this study, five major and easy-to-control process pa-
rameters were considered, as shown in Table 2, each of which
was set at multiple levels relevant to those commonly used in
practice and within the machine specification [13]. Other
parameters, i.e. orifice diameter (dr=0.254 mm), nozzle diam-
eter (dn=0.76 mm), nozzle length (ln=76.2 mm), garnet abra-
sive particles (80 mesh with the average diameter of 0.18 mm)
and particle mass flow rate ( p=3 g/s) were kept constant. The
cross feeds of 0.57, 0.665 and 0.76 mm in fact correspond,

respectively, to 0.75, 0.875 and 1.0 times the nozzle diameter.
Three sets of tests were conducted, each considering some or
all the selected parameters given in Table 2. The first set was
for studying the effect of individual operating parameters on
the channel geometry, in which the five operating parameters
in Table 2 were tested when one other parameter was changed
in three levels, forming 15 test runs (detailed combinations
will be shown later in Fig. 4). The second set included an
orthogonal array for the three levels of nozzle traverse speed,
standoff distance, cross feed and nozzle tilt angle, which were
then tested with the three water pressures, resulting in 27 test
runs. All the 42 test runs were considered in the modelling
analysis. The third set of tests was for model verification and
will be presented later in the paper.

The channel geometric quantities, i.e. the depth of cut, top
channel width and channel wall inclination angle were obtain-
ed with the assistance of Nikon C6 Shadowgraph with a ×10
magnification lens and a large display screen. Each quantity
on each sample was measured three times, and the average
was taken as the final reading.

3 Characteristics of milled channels

Figure 2 shows the typical profile of a milled channel from
this study. The channel viewed from the Y–Z plane (see Fig. 1
for the coordinates) can be approximated as in a symmetric
trapezoid shape. The top width of the channels (W) is in fact
greater than the programmed width (w) by approximately a jet
diameter, i.e.W≈w+dj (which can be compensated in process
planning) and the channel width reduces from the top to the

Fig. 1 Setup of the milling experiment

Table 1 Properties of the specimen material (soda–lime glass)

Modulus of elasticity (E (GPa)) 73

Tensile strength (σ (MPa)) 9.3

Compressive strength (σ′ (MPa)) 248

Poisson’s ratio (ν) 0.22

Vicker hardness (H (GPa)) 5.75

Fracture toughness (K (MPa mm1/2)) 0.75

Thermal conductivity (κ (W/mK)) 1.05

Density at 21 °C (ρ (kg/m3) 2500

Table 2 Experimental parameters

Nozzle traverse speed (u ((mm/s)) 8, 29 and 50

Water pressure (P (MPa)) 100, 125 and 150

Nozzle tilt angle (α (deg)) 30°, 40° and 50°

Standoff distance (S (mm)) 20, 25 and 30 mm

Cross feed (f (mm)) 0.57, 0.665 and 0.76 mm
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bottom along the channel depth so that a wall inclination angle
(ϕ) is formed. Round corners (shown as R1 and R2 in Fig. 3)
are found at the top and bottom of the channel walls, respec-
tively. When viewed from the X–Z plane, the depth of the
channel produced by this nozzle tilting milling method
reaches to its constant value of depth D after a certain feeding
motion in the X direction (i.e. Dcotα approximately). The
calculation of MRR is considered in the steady-state range
of (L≥x≥L−Dcotα), i.e.

MRR ¼ A

to
ð1Þ

where A is the cross-sectional area in the Y–Z plane of
the channel and to is the time required for milling a unit

distance in the X direction. The cross-sectional area, A,
is determined by

A ¼ A0 þ A1−A2 ð2Þ
where A0, A1 and A2 are the areas of the portions shown in
Fig. 3, in which A0 is the area of the trapezoid. Equation (2)
can thus be re-written as,

A ¼ D W−D tanϕð Þ þ 2 R2
1−R

2
2

� �
tan

π
4
−
ϕ
2

� �
−

π
4
−
ϕ
2

� �� �
ð3Þ

As shown in Fig. 3, since R1 and R2 are small as compared
with D, and R1≈R2, Eq. (3) becomes

A≈A0 ¼ D W−D tanϕð Þ ð4Þ
The time, to, is determined as

to ¼ W þ f

f u
ð5Þ

where the symbols are as defined in the Nomenclature. Com-
bining Eqs. (1), (4) and (5) yields

MRR ¼ D W−D tanϕð Þ f u
W þ f

ð6Þ

The effect of the process parameters on the channel geometry
is shown in Fig. 4. To obtain a channel with a desired geometry,
it requires a simultaneous selection of the various operating
parameters. For instance, a low water pressure may be used to
generate a shallow channel. However, this results in a larger
channel wall inclination angle (Fig. 4a). It is encouraging that an

Fig. 2 Typical profile of a milled channel (pressure P=100 MPa; nozzle
tilt angle α=50 °; traverse speed u=8 mm/s; standoff distance S=30 mm;
and cross feed f=0.665 mm)

Fig. 3 Schematic of channel
geometry used in the analysis
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increase in the nozzle tilt angle results in an increase in the
channel depth and a decrease in the channel wall angle
(Fig. 4b); however, it makes the control of the depth more
difficult. By contrast, a reverse trend is applied as the traverse
speed is increased, as shown in Fig. 4c. The relations between
the channel geometry and the other operating parameters such as
the cross feed (Fig. 4d) and standoff distance (Fig. 4e) follow
different trends with different gradients. The effect of the oper-
ating parameters on the channel formation is in fact a result of
the material response to the erosion process, predominantly the
jet flow (or impacting particle) characteristics and the dynamics
of nozzle motion. These are discussed below.

4 Analysis of milled channel formation

4.1 Impact erosion

The impact erosion mainly takes place by the interaction
between the energy-carrying particles and the target material

in AWJ machining. Since the abrasive particles are much
harder than the target material (i.e. hardness of the garnet
particle is 20.6 GPa, compared with 5.75 GPa of the target
glass), it is not unreasonable to assume that there is no defor-
mation in the abrasive particles when impacting the target
material [15]. The impact of a particle results in two force
components, i.e. an indenting force normal to the work surface
and a force tangential to the surface. The indenting force
pushes the particle to impinge the workpiece, and at the same
time, the tangential force may create micro-chips during the
motion of the particle or cause material damage by tension-
related failure. Depending on the threshold value of the mate-
rial to initiate a crack and the attribution of the two force
components in action, material removal mechanisms may be
classified into ductile deformation or brittle fracture [16].
When a particle impacts a given target material with a low
kinetic energy or at a shallow angle, the impact is unable to
initiate cracks in the target material and ductile mode erosion
may take place [17]. Under the ductile erosion mode, material
experiences some or a combination of the rubbing, ploughing

Fig. 4 Effect of process
parameters on the channel
geometry
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and cutting actions to form a displaced volume, as shown in
Fig. 5. It is postulated that the displaced volume (Vi) is prop-
ositional to the kinetic energy carried by a particle that has a
mass (mp) and initial impact velocity (vp), i.e.

1

2
mpv

2
p∝Ce

Z
0

hZ
0

b

Ayz xð ÞAxy zð Þdxdz ¼ CdV i ð7Þ

where h is the total penetration depth, b is the total sliding
distance, Ayz(x) and Axy(z) are respectively the projected areas
of particle on the Y–Z and Z–Yplanes at the position of x and
z, andCe is the coefficient considering the response of material
to the impact of particle under elastic–plastic deformation [16]
and is given by

Ce ¼ Ce H ;Eð Þ ð8Þ
in whichH and E are the hardness and Young’s modulus of the
target material, respectively

During the penetration, the motion of a particle is distorted
by an angle φp. It is obvious that the trajectory of the particle
in the x and z domain is greatly influenced by the particle
attack angle (αp) in the relation of

z ¼ z x;H ;αp

� � ð9Þ

Under the brittle erosion mode shown in Fig. 6, upon the
particle impact, a fragmentation or damaged zone that consists
of a complex network of cracks with random sizes and loca-
tions is generated [18]. The cracks are propagated by the
sliding motion of particle that also scoops the fragments away
from the zone. Therefore, the normal component of the kinetic

energy that initially applies on the target material under this
erosion mode becomes a major cause for the erosion. It is
postulated that the total volume of all fragments removed
under this erosion mode (Vi) is propositional to the kinetic
energy of the impacting particle [19], i.e.

1

2
mp vp sin αp

� �2∝ K2

E
V 2=3

i ð10Þ

where K is the fracture toughness of the target material.
In AWJ machining, particle fragmentation exists; however,

for micro-sized solid garnet particles, the overall change to the
particle size is small [20]. To simplify the analysis, particle
fragmentation is not considered in this study. By taking the
nominal particle size for the particles used, the number of
particles ejecting from the nozzle can be given by

ṅ ¼ ṁp

mp
; ð11Þ

where
.
mp is the mass flow rate of particles flowing through the

nozzle exit and mp is the average particle mass.
The MRR can be approximated as

MRR ¼ ycyvyu

Xṅ
i¼1

V i ð12Þ

It is noted that there are three major factors that should be
considered in the evaluation of the MRR. Firstly, due to the
fact that the liquid carrying the particles is splashed upon the
impact [21] and the particles in the jet-target material interface
may collide with each other, not all the particles ejecting from
the nozzle exit will play, or have enough energy to play, a role
in the erosion. Secondary, the velocity of particles varies
across the jet cross section and along the jet downstream
during the development of flow (as will be discussed in
Sect. 4.2), which according to Eqs. (7) and (10) will alter the
effect or contribution of particles to the erosion process.
Finally, since the jet velocity decreases at its downstream,
the jet at a certain downstream distance becomes unstable
and eventually is unable to penetrate into the bulk material.Fig. 5 Material removal by oblique impact of a particle in ductile mode

Fig. 6 Material removal by oblique impact of a particle in brittle mode
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In fact, the nozzle traverse speed determines the jet exposed
time, which together with the jet characteristics relating to the
jet trajectory determine the material erosion (as will be
discussed in Sect. 4.3) and the variation of MRR for a given
target material. The coefficients of yc, yv and yu in Eq. (12)
account for the above three effects.

The MRR may be considered to be associated with the rate
of kinetic energy of an AWJ, which is given as

dKE

dt
¼ Cs

1

2
ṁsv

2

j ð13Þ

where v j is the average velocity of the AWJ at the particle-
target material interface, which for k number of particles in the
cross section of the jet can be given by:

v j ¼ 1

k

X
i¼1

k

vi ð14Þ

and Cs is the factor accounting for the reduction of the jet
velocity in a distance from the nozzle exit to the impact site,
which may be expressed as

Cs ¼ Cs S; ξ;α;φð Þ ð15Þ
where S is the standoff distance, ξ is the distance from the
workpiece surface to where the particles undertake the ero-
sion, α is the nozzle tilted angle (or jet impact angle) and φ is
the angle of jet deflection when penetrating into the material
and can be expressed as

φ zð Þjz¼0 ¼ 0
lim
z→D

φ zð Þ ¼ α

(
ð16Þ

For the AWJ injection system used in this study (as shown
in Fig. 7), after mixing with particles, v j can then be found by
using the momentum transfer equation

v j ¼ Cm
ṁw

ṁs

 !
vw ð17Þ

whereCm is themomentum transfer efficiency,
.
ms and

.
mw are the

mass flow rates of mixture slurry through the focussing tube
and the water through the orifice, respectively, which from the
law of mass conservation, are in the relation of

ṁs ¼ṁw þṁp ð18Þ

The average velocity of waterjet flowing through the ori-
fice (vw ) can be determined by applying the Bernoulli’s
equation, i.e.

vw ¼ Cd
2P

ρw

� �1=2

; ð19Þ

where P is the water pressure, ρw is the water density andCd is
the discharge coefficient that accounts the momentum losses
due to nozzle wall friction and fluid-flow disturbances, which
according to Chen and Geskin [22] can be taken approximate-
ly at 0.87 for the water pressure of 100–250 MPa considered
in this study.

By simultaneously solving Eqs. (13), (17), (18) and (19),
the equation for the rate of kinetic energy of an AWJ becomes

dKE

dt
¼ CsC

2
mC

2
d

ṁ
2

w

ṁw þṁp

0
@

1
A P

ρw

� �
ð20Þ

From the continuity condition for a steady incompressible
flow, the flow rate

.
mw is determined by

ṁw ¼ π
d2r
4
ρwvw ð21Þ

where dr is the diameter of the orifice. Substituting Eq. (19)
into Eq. (20) gives

ṁw ¼ Cd
π

2
ffiffiffi
2

p d2r Pρwð Þ1=2 ð22Þ

Fig. 7 The formation of an abrasive waterjet [34]
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From the above analysis, the MRR can be expressed as

MRR ¼ MRR yc;yv;yu;Cs;Cm;Cd ; S; ζ;H ;K;E;α;P; dr;ṁp; ρw
	 


ð23Þ
Since the channel characteristics are implicitly resulted

from the MRR, the channel depth (D) and the wall inclination
angle (ϕ) can also be expressed as functions of the indepen-
dent variables in Eq. (23).

4.2 Jet flow characteristics

In AWJ machining, water is used to accelerate and carry solid
particles to erode the material. The formation of channel
features depends strongly on the development of jet flow, as
found in a previous work [13], progresses through different
stages.

Upon an impact, not all the jet volume can perform the
cutting action, and a portion of it is rebounded. Apart from the
splashes or mists formed [21], the remaining acts as a viscous
flow sliding on the workpiece surface and away from the site
of impact [23]. The particles enclosed become dynamically
unstable, and rotates with high angular velocity [24]. The
shear induced by the viscous flow and the rotating particles
acts to open a cut by rounding off the channel edges.

The major portion of jet that penetrates into the material at
an initial stage is of high velocity. Its flow is formed as a
turbulent stream that involves with a development of a bound-
ary layer, growing when the fluid flows over the wall surface,
as shown in Fig. 8. There is a momentum exchange of the
viscous fluids that flow between the region near the jet axis

and that close to the channel wall when progressing to the
stage of fully developed turbulent velocity profile [25]. This
results in an increase in the material erosion at the jet axis
region, while that at the channel wall decreases, thus forming
an inclination of the channel wall. The erosion takes place
mainly via the cutting wear mode by particles of high velocity
[26, 27].

As the jet penetrates deeper into the material, it releases the
kinetic energy and becomes weaken. At a certain penetrating
depth, the turbulent flow no longer exists and is replaced by a
transition or laminar flow [13]. Since AWJ milling is a non-
through cutting process, the erosion in the bottom of the
channel may be changed to the deformation wear mode [12],
in which the accumulation of solid particles at the bottom of
the channel that follow a vortex and damping flow may
become a dominant material removal mechanism [28]. In this
zone, the jet is more vulnerable to external influences such as
mechanical vibrations caused by the acceleration/deceleration
of the moving nozzle, which will be discussed in the next
section.

The above analysis indicates the importance of the viscous
behaviour of an AWJ on the erosion process when subjected
to the change of inertia force caused by the variation of
velocity developed through the jet body. Such behaviours of
the viscous flow can be generally represented by the Reynolds
number, i.e.

Re ¼ ρsv jd j

μs
ð24Þ

where v j , as defined above, is the average jet velocity at the
jet-target material interface, ρs is the density of mixture of
water and particles, dj is the diameter of the jet which at a
small distance of Ssinα+ξ can be approximated as the nozzle
diameter and μs is the fluid viscosity.

It is noted that the abrasive-water slurry is a non-
Newtonian fluid and its dynamic fluid viscosity can be pre-
sented by the following equation [29]:

μs ¼ Kμγ̇
n−1

ð25Þ
where γ̇ is the shear rate; and the constitutive properties of the
fluid, Kμ and n, are defined as the indexes of consistency and
flow behaviour, respectively, and can be expressed as [29], i.e.

Kμ ¼ Kμ Cp; dp;μw

� � ð26Þ

n ¼ n Cp; dp
� � ð27Þ

where dp is the nominal particle diameter, μw is the viscosity
of water andCp=

.
mp/

.
ms is the particle concentration in the slurry,

in which
.
ms can be determined using Eqs. (18) and (22).

Fig. 8 Flow developed during a jet impact, viewed from YZ plane in
Fig. 1
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According to Valko and Economides [30], for a given
controlled volume, the shear rate (γ̇ ) is a function of the jet
velocity at the impact zone, i.e.

γ̇ ¼ γ̇ v j
	 


ð28Þ

Therefore, from Eqs. (26), (27) and (28), the dynamic
viscosity of the slurry can be given by

μs ¼ μs μw;Cp; dp; v j
	 


ð29Þ

For the AWJ nozzle system used in this study, from
Eqs. (17), (18) and (22), and according to the analysis in
Sect. 4.1, the coefficient yv can be expressed as:

yv ¼ yv μsð Þ

¼ yv y s;yd ;ym;Cs;Cm;Cd ; ρw;μw;ṁp; dp;P; dr
	 


ð30Þ

4.3 Dynamics of nozzle motion

Unlike in the AWJ cutting of slits where the cutting wall is
formed continuously by the movement of the jet, the milled
channel, often wider than the jet diameter, is formed by
superimposition of a number of discrete milling passes. In this
milling technique, the channel is achieved by controlling the
motion of nozzle in a stitching trajectory (Fig. 1). At the
turning points of the motion track where the direction of
motion is changed sharply about 90°, the nozzle needs to
decelerate to zero before the directional change and then
accelerates from zero velocity to reach the desired traverse
speed (u). Figure 9 shows a sketch of the movement of a jet to
perform the milling. The jet is enclosed by a control volume

(Vcv) that moves with an acceleration of d2 R
!
=dt2 related to a

reference frame XYZ fixed to the workpiece. As a result of the
momentum conservation, to resist such dynamic changes of

the control volume, an additional force ( F
!

) will be induced in
the direction opposite to the acceleration, as presented by the
equation below [10].

F
!−
Z

Vcv

ρs
d2 R
!

dt2

 !
dV ¼ ∂

∂t

Z
Vcv

ρs v
!

jdV þ ∮Acv
ρs v
!

j v!r: n
!	 


dA; ð31Þ

where R
!

is the position vector of the moving control volume
(xyz), and Acv is the control surface area, i.e. cross section of
the jet.

The force F
*

created causes a deflection of the moving jet.
Since the sidewall of the channel is formed by superimposing
the jet action at the beginning and the end of each traverse
motion or pass, the jet deflection directly results in the wall
inclination. This action also plays a role in the formation of the
channel depth. The nozzle speed affects the time that the jet
exposes to the material when moving in the X direction, and
consequently affects the number of abrasive particles that
impinge a given area of the cutting front.

From this analysis, the coefficientψu introduced in Eq. (23)
to account for the effect of nozzle motion can therefore be
expressed as

yu ¼ yu ρs; v j; d j; a; f ; u
� � ð32Þ

which according to Eqs. (17), (18) and (22) can be re-written
as

yu ¼ yu Cm;Cd; dr;P; ρw;ṁp; d j; a; f ; u
	 


ð33Þ

5 Predictive models

The coefficient yc introduced in the foregoing analysis is to
consider the particle–particle interaction in the fluid stream,
the random nature of particles impacting on the target and the
splashing of liquid upon the impact of jet on a solid target.
However, there is little understanding of these phenomena.
Similarly, the yv and yu have been introduced to account for
the variation of velocity within the flow stream and the non-
Newtonian viscosity that are very complex to be determined
numerically. It is thus difficult to develop a purely mathemat-
ical model to characterise the AWJ milling process that is
practically applicable. It is noticed that the dimensional anal-
ysis can often give very satisfactory formulae for the quanti-
tative prediction of a wide range of machining processes, in
particular where the causes for machining mechanisms are
well understood, e.g. [31, 32]. The aforementioned analysis as
expressed by Eqs. (13), (30) and (31) indicates that the geom-
etry of the channel is a result of the operating parameters thatFig. 9 An analytical control volume of an AWJ during feed motion
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influence the jet kinetic energy (S,P,α, p,ρs), the dynamics of
the moving nozzle (a, u, f), the target material properties to
resist the erosion (H,K,E), and the dynamic viscous property
of slurry (μs) that causes a variation of the jet flow behaviour
across the jet and along the jet flow direction. For a given AWJ
system, the nozzle configuration (Cs, Cm, Cd and dr) can be
approximated as constant and water is commonly used as a
liquid media in which ρw and μw are unchanged. The depth of
channel (D) therefore can be expressed in a general form as

D ¼ D S;P;α; a; u; f ; dn;ṁp; dp;H ;K;E
	 


ð34Þ

Following the Buckingham theorem, the relationship in
Eq. (34) can be presented in a dimensionless form as

f Π1;Π2;…;Π10ð Þ ¼ 0 ð35Þ

By selecting dn, u and P as the repeating parameters, the
corresponding dimensionless parameters in Eq. (35) can be
given as

f
D

dn
;
S

dn
; sinα;

adn
u2

;
f

dn
;
ṁpu

dn
2P

;
dp
dn
;
H

P
;

K

Pd j
1=2

;
E

P

 !
¼ 0: ð36Þ

The physical meanings of the dimensionless groups in
Eq. (36) may be summarised as:

& Π1=D/dn is the dependent parameter, representing the
relative channel depth over the nozzle diameter,

& Π2=S/dn represents the effect of the standoff distance in
relative to the nozzle diameter,

& Π3=sinα indicates the effect of the nozzle tilt angle,
& Π '4=Π4Π5=af/u

2 represents the effect of dynamic stabil-
ity of nozzle motion,

& Π '5=1/Π5=dn/f represents the effect of the nozzle diam-
eter in performing a small feed,

& Π '6=Π6/Π5
2=

.
mpu/f

2P indicates the effect of machining
parameters in the nozzle motion trajectory,

& Π7=dp/dn represents the size effect of particles within the
cross section of a jet,

& Π8=H/P reflects the effect of material hardness to resist
the erosion in the ductile mode,

& Π9=E/P reflects the effect of material’s Youngmodulus to
resist the erosion in both the ductile and brittle modes, and

& Π ' 10=Π10
2 /Π9

2=E2dn/K
2 reflects the effect of material

properties to resist the brittle fracture upon the impact of
a jet from a nozzle of diameter dn.

Equation (36) can be re-written as

D

dn
¼ f D

S

dn
; sinα;

af

u2
;
dn
f
;
ṁpu

f 2P
;
dp
dn
;
H

P
;
E

P
;
E2dn
K2

 !
: ð37Þ

Similarly, the dependent parameters for channel wall angle
can be expressed in the dimensionless form as:

cosϕ ¼ f ϕ
S

dn
; sinα;

af

u2
;
dn
f
;
ṁpu

f 2P
;
dp
dn
;
H

P
;
E

P
;
E2dn
K2

 !
ð38Þ

Finally, the MRR can be computed using Eq. (6) where the
parameters D and ϕ are obtained from Eqs. (37) and (38),
respectively.

6 Model verification

6.1 Assessment of model predictability

Equations (37) and (38) can be developed into applicable
equations by using the power-law formulation where variables
that are constant in a particular application can be implicitly
accounted for as a coefficient. Thus, for the glass (whose
properties are given in Table 1) used in this study Eqs. (37)
and (38) can be respectively expressed as

D ¼ CD Sζ1 sinαð Þζ2 f

u2

� �ζ3 1

f

� �ζ4 u

f 2P

� �ζ5 1

P2

� �ζ6

ð39Þ

cosϕ ¼ CϕS
χ1 sinαð Þχ2

f

u2

� �χ3 1

f

� �χ4 u

f 2P

� �χ5 1

P2

� �χ6

ð40Þ

The 42 sets of experimental data as described in Sect. 2
have been used to evaluate the constants (coefficients and
exponents) in Eqs. (39) and (40). The ranges of the variables
covered in the models are (the units of the parameters are
given in the Nomenclature):

10≤S sin α≤30; where ð41Þ

60�≥α≥30�; and ð42Þ

u≤50; ð43Þ

f ≤0:76: ð44Þ
The lower limit in Eq. (41) was to avoid a vigorous

splashing that may interfere with the layer of the secondary
viscous flow and results in large round-off edges of the chan-
nel as discussed earlier. Because of the diversion of a jet when
ejecting through the nozzle, the upper limit in Eq. (41)
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considered the largest distance at which the nozzle diameter
can be taken approximately as the jet diameter at the target
surface. The conditions in Eqs. (43) and (44) were to avoid the
bulge pockets that occur at the bottom corners of the milled
channel [13] due to the unstable motion of the nozzle.

Using the multi-variable regression at a 95 % confidence
level, the power-law relations are obtained as follows.

D ¼ 0:059S0:148 sinαð Þ1:232 f

u2

� �3:241 1

f

� �−7:768 u

f 2P

� �5:791 1

P2

� �−3:546

ð45Þ
or

D ¼ 0:059 S0:148 sinαð Þ1:232 f −0:573u−0:692P1:301 ¼ 0:059XD ð46Þ

and

cosϕ ¼ 0:838S−0:105 sin αð Þ0:156 f

u2

� �−0:506 1

f

� �−1:442 u

f 2P

� �0:963 1

P2

� �−0:551

ð47Þ
or

cosϕ ¼ 0:838S−0:105 sinαð Þ0:156 f 0:022u−0:049P0:139 ¼¼ 0:502X ϕ ð48Þ
where the units of the parameters are given in the Nomencla-
ture. The MRR can be predicted using Eq. (6) in which D and
ϕ are obtained from Eqs. (46) and (48), respectively.

Figure 10a and b show that the measured values ofD and ϕ
correlated well with the models in Eqs. (46) and (48), respec-
tively. A good agreement was foundwith theR-squared values
of 0.991 and 0.854 for D and ϕ, respectively. A comparison

Fig. 10 Regression analysis: a channel depth, b channel wall inclination angle and c material removal rate

Table 3 Experimental channel geometry and MRR using the operating parameters determined from the Microsoft Excel Solver with the developed
models to mill a channel on a glass (target channel depth D=8 mm and wall angle ϕ≤5 °)

Operating parameters (a, P, u, S, f)a Channel depth (mm) Channel wall inclination angle (deg) Experimental MRR (mm3/s)

Experiment Experiment Converged solution

(60, 100, 10.7, 25.7, 0.64) 7.7 2.7 4.1 93.6

(60, 125, 18.5, 26.4, 0.56) 8.2 3.5 5.0 91.0

(55, 150, 25.1, 29.2, 0.56) 7.9 4.5 5.0 87.1

(60, 150, 27.1, 25.2, 0.56) 8.1 5.3 5.0 87.3

a Units are given in the Nomenclature

Int J Adv Manuf Technol (2015) 77:1177–1189 1187



between the measured and predicted values of MRR is given
in Fig. 10c which again shows small discrepancies. Themodel
will be further assessed below when used for selecting the
process parameters.

6.2 Parameter selection consideration

The foregoing analyses and models in Eqs. (46) and (48) can
be used for selecting the operating parameters (α, P, u, S, f) to
obtain a desired channel geometry, within the ranges of the
parameters specified in Eqs. (41)–(44). This is illustrated by
an example below.

Example To determine the operating parameters for milling
on the given glass to obtain a channel with the width and depth
of 12×8 mm and the wall angle less than 5 °.

It is noted that since five variables (α, P, u, S, f) are to be
determined with only two independent equations (Eqs. (46
and 48), there is not a unique solution for this problem. The
solutions may be obtained using the Generalised Reduced
Gradient (GRG2) Algorithm [33] available in the Microsoft
Excel Solver. The examination of the partial gradients (∂D/∂x
and ∂φ/∂x, where x is the operating parameter) in Eqs. (46)
and (48) shows that the most influential parameters for the
channel geometrical parameters, D and ϕ, are P and α.
However, to cater for practical convenience in adjusting these
two parameters, the input of P and α into the programme was
made at the increment of 5 MPa and 1°, respectively. With the
targeted depth of cut D=8 mm and by applying the constraint
of cosϕ≥ cos(5 °) together with the constraints in
Eqs. (41)–(44), the converged solutions and the corresponding
experimentalMRRs have been found and are given in Table 3.
The discrepancies between the results obtained by the model
and from experiment are small with less than 3.8 % for the
channel depth and ±1.5° for the wall inclination angle. It is
interesting to notice from Table 3 that when the water pressure
is at 100 MPa (the lowest), the MRR is the largest. This
indicates that in this controlled-depth milling, merely increas-
ing the water pressure may not always be able to increase the
MRR.

7 Conclusions

An analysis of the channel formation mechanisms in the
controlled-depth AWJ milling of a brittle glass has been
presented. The study has revealed that the channel formation
in the AWJ milling technique is predominately affected by the
impact of the erosion process, the jet flow characteristics and
the dynamics of nozzle motion. The erosion takes place by the
interactions between solid particles and the target material and
can occur in both the ductile and brittle mode, depending on

the particle attack angle and velocity and the material proper-
ties. On the other hand, the motion of particles is driven by the
flow of jet in which the velocity profile varies across the jet
diameter and along the jet downstream. The dynamic stability
of the nozzle motion in the stitching trajectory plays an im-
portant role in the formation of the channel wall. Relevant
equations were developed to represent the effects of the pro-
cess parameters on the key factors that govern the channel
formation, including the jet kinetic energy, the dynamics
motion of the nozzle, the target material properties to resist
the erosion and the dynamic viscous property of slurry that
affects the jet flow behaviour. Based on the analysis and using
a dimensional analysis approach, predictive models have then
been developed for the major machining performance mea-
sures, including MRR, channel depth and channel wall incli-
nation angle. The experimental verification has shown that the
model predictions are in good agreement with the correspond-
ing experimental data.
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