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Abstract Simulation of cutting processes provides valuable
insight into machining applications which have complex me-
chanics. In this paper, a generalized cutting force model is
proposed for multi-axis milling operations. In the proposed
model, the cutting tool envelope is defined either as revolution
of a multi-segmented curve or using seven-parameter milling
tool definition. The engagement between the cutting tool
envelope and workpiece is calculated using a new, robust,
and fast approach based on projective geometry. Exact chip
thickness expression is used to simulate cutting kinematics for
all types of edge geometries, such as serrated, variable pitch,
and variable helix cutting flutes. The performance of the
method proposed for determination of engagement boundaries
is discussed through calculation time studies under several
conditions. The predictions are verified and discussed through
cutting experiments, conducted at multi-axis machining con-
ditions using various cutting tool geometries.

Keywords Process modeling .Multi-axis milling . Cutting
forces

1 Introduction

Multi-axis milling is widely used in machining of parts in-
volving complex features such as the ones designed in aero-
space, automotive, die, and mold industries. Selection of
cutting parameters is very crucial to achieve increased pro-
ductivity and part quality in such industries, where high cost
of raw material, equipment, and tooling involved. Thus, a
detailed understanding of the process is essential. However,
this is not a straightforward task as several aspects such as
geometry, kinematics, and mechanics of multi-axis milling are

complicated. Process models can be used to analyze effects of
tool geometry and cutting conditions on the process for selec-
tion of the correct tooling and parameter set.

Extensive amount ofwork has been done on themechanics of
milling for different tool types. Themechanics of flat endmilling
was first examined by Martelotti [1]. Later, Koenigsberger and
Sabberwal [2] developed equations for milling forces based on
mechanistic modeling. Kline et al. [3] extended this approach
and calculated cutting forces by modeling chip load and cutting
geometry for milling to predict associated machine component
deflections and form errors. Later, Altintas and Spence [4]
developed a semi-analytical forcemodelwhich can be integrated
intoCADsystems.Budak et al. [5] proposed a cutting coefficient
prediction method for helical end milling based on orthogonal-
to-oblique transformation approach introduced earlier by
Armarego et al. [6]. Lee and Altintas [7] modeled the mechanics
and dynamics of helical ball end mills employing this model.
Engin and Altintas [8, 9] proposed the first model for mechanics
and dynamics of three-axis milling with generalized cutters,
where helical cutting edges are modeled to be wrapped around
the tool envelope. Merdol and Altintas [10] developed a cutting
force model for serrated flat and taper end mills. They used the
force model for time domain simulation of stability of serrated
cutters. Nonetheless, all of the above models are limited to
three-axis operations for cutting tools with regular cutting edges.
Later, Kaymakci et al. [11] developed a unified mechanistic
model for turning, boring, drilling, and milling operations where
transformation to the cutting edge is applied with respect to the
process in focus. This study can be considered as one of the first
attempts to develop a generalized cutting force model for
different types of cutting tools.

Determination of the engagement boundary between the
cutter and workpiece is essential for simulation of mechanics
and dynamics of five-axis milling operations. The process
geometry becomes complicated as the number of simulta-
neous axes increases in milling. In two-and-a-half-axis flat
end milling and even in three-axis ball end milling, the
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engagement boundary can be calculated analytically [4].
Lazoglu and Liang [12] proposed one of the first models for
three-axis ball end milling of sculptured surfaces using ana-
lytical calculation of the engagement boundaries, which is
verified by airfoil machining experiments. However, in five-
axis milling with generalized cutter geometry, it is almost
impossible to determine the engagement boundary using an
analytical method. A semi-analytical cutting force model for
five-axis ball end milling is developed by Ozturk and Budak
[13], which is an improvement of the geometrical model
proposed by Lee and Altintas [14]. A semi-analytical model
for taper ball end mills used in the manufacturing of integrally
bladed disks for aerospace industry is proposed by Ferry and
Altintas [15]. Lopez de Lacalle et al. [16] modeled cutting
forces and tool deflection in ball end milling. In almost all of
the studies onmodeling of cutting forces in multi-axis milling,
it is reported that determination of engagement boundaries is
one of the key points for the generality of the proposed model.
Moreover, it is also reported that determination of engagement
boundaries takes the most part of the calculation time.
Considering this essential essentiality, in this paper, a method,
based on projective geometry, is proposed for determination of
engagement boundaries in five-axis milling with general cutter
definition. It can be concluded that the previous studies pro-
pose custom models for specific cases, i.e., ball end mills [12,
14], taper ball end mills [15, 17], serrated flat end mills [18],
general end mills [8], and inserted milling tools [9, 19, 20].

As summarized in this section, there have been several
studies on geometry and mechanics of multi-axis milling with

different tool geometries and milling applications. In this paper,
a general process model for simulation of cutting forces inmulti-
axis milling is presented. In the model, generalized cutter defi-
nition is used with generalized cutting edge definition such as
serrated, variable helix, and variable pitch tools. This is an
important effort to achieve a unified model which can be used
for simulation of cutting forces in multi-axis milling with gen-
eralized cutter geometry which has general cutting flute geom-
etry. Moreover, by use of such a generalized model, effects of
cutting parameters and tool geometry can be understood easily
by comparing different conditions through simulations. The
paper is organized as follows; the generalized milling tool
geometry is presented in Sect. 2, which is followed by the
engagementmodel in Sect. 3. The forcemodel and experimental
validation results are presented in Sects. 4 and 5, respectively.

2 Milling tool geometry

Modeling of multi-axis milling requires the cutting tool to be
geometrically defined, where the cutter can be considered as a
revolution of an arbitrary section curve around the tool axis,
resulting in a volumetric tool envelope. The tool envelope is
then divided into axial and radial segments to be represented
as an organized point cloud. The section curve representing
the tool radial boundary can be defined by either connected
points or standard seven-parameter milling tool definition as
shown in Fig. 1.

(a) 3D milling tool geometry (b) Lag angle and immersion angle

(c) Sample multi-segmented tool profile.

Fig. 1 Generalized milling tool
and corresponding geometrical
parameters. a 3D milling tool
geometry. b Lag angle and
immersion angle. c Sample multi-
segmented tool profile
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A point P(z) on a helical cutting flute is defined in cylindrical
coordinates in terms of radial distance r(z), the radial lag angle
ψ(z), and the axial immersion angle κ(z), i.e., the angle between
the tool axis and the cutting edge normal, as shown in Fig. 1a.
There is rotational lag angle, ψ(z), between consecutive points
on the helical cutting edge due to helix angle as shown in
Fig. 1b. The immersion angle of any point on the helical cutting
edge is written in terms of the lag angle and the cutter rotation
angle, ϕ. For general cutting tools with variable helix and
variable tooth pitch separation, the generalized local immersion
angle ϕj(z) for the j

th cutting edge is written as follows:

ϕ j zð Þ ¼ ϕþ ϕp; j−ψ j zð Þ ð1Þ
where ϕp,j and ψj represent the pitch angle of the j

th cutting
edge with respect to the previous (j-1)th one and the axial lag
angle of the jth cutting edge at level z, respectively. The
parameters used to express the immersion angle depend on
the tool profile which is explained for the general cutter
geometry in the next section.

2.1 Definition of multi-segmented tools

In general, solid milling tools can be considered as union of
basic geometric 3D units which are tori and cones. Standard
milling tools can be represented parametrically [8] as they are
union of three or less segments. However, it becomes hard and
inefficient to represent custom tools having intricate multi-seg-
mented, i.e., union of more than three basic geometric units,
geometries as illustrated in Fig. 1c. It is rather more convenient
to obtain the section curve to be revolved, from one of the
standard CAD data formats. So that, the cross section of the
cutter envelope is modeled as combination of lines and arcs
corresponding to each segment. Initial Graphics Exchange
Specification (IGES) data format is adequate for obtaining the
boundary information of the individual segments. An exemplary
multi-segmented tool geometry involving four arcs and five
lines with corresponding geometrical parameters is given in
Fig. 1c. Any segment j can be defined by either a line starting
at point Sj and ending at point Ej, or an arc centered at point Cj.

The radial distance r(z) and the axial immersion angle κ(z)
for a linear segment are given as follows:

r zð Þ ¼ z−S j;z

tanβ j
þ S j;x

κ zð Þ ¼ β j

9=; ð2Þ

where βj is the inclination angle of the line segment j.
The conic part of a tapered milling tool is represented by a

line segment considering the differential equation formulation
given for a helical flute wrapping a cone by Ramaraj [21],
where the lag angle definition is given as follows:

ψL ¼
ln r zð Þð Þtani0

sinβ j
ð3Þ

A circular cross section is used to represent a torus unit
element in the cutter envelope, where the radial distance r(z)
and the axial immersion angle κ(z) are given as follows:

r zð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2− Rz;s−z

� �2q
κ zð Þ ¼ sin−1

r zð Þ−Rr;s

R

� �
9>=>; ð4Þ

The lag angle for the arc segment is expressed as follows:

ψA ¼ Rj−C j;z þ z
� �

tani0
Rj

ð5Þ

Final lag angle at elevation z is calculated between consec-
utive segments for continuity;

ψ zð Þ ¼ ψ
L

.
A
þ ψpre−ψcur ð6Þ

where ψpre is the final lag angle of the previous segment at
the starting point of the current one and ψcur is the lag angle of
the current segment at its starting point. Sample tool envelopes
extracted from IGES data and constructed 3D cutter bodywith
helical cutting flutes are shown in Fig. 2.

(a) CAD Model (b) Cutter Envelope (c) Cutter & Cutting Flutes, 3D view

Fig. 2 Example of multi-segmented cutter representation with cutting flutes. a CAD model. b Cutter envelope. c Cutter and cutting flutes, 3D view
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2.2 Modeling of nonuniform cutting flute geometry

In machining, it is well known that cutting tools with irregular
cutting edges such as variable pitch, variable helix, or serrated
tools are used for increased cutting performance [22]. The
nonuniform cutting edge geometry makes the chip thickness
variable along the tool axis, as well. As a result, the cutting
forces are leveled over a revolution, and the overstability
increases. In this section, the irregular cutting edge geometry
to represent such cases is given.

2.2.1 Variable pitch and variable helix tools

In general, the helix angle and/or the pitch angle may change
between consecutive flutes as shown in Fig. 3. The immersion
angle is given in Eq. (1), and hence the instantaneous chip
thickness at any axial level along the cutter axis depends on
the helix angle and the pitch angle of the corresponding flute.
The mechanics and dynamics of milling process are affected
by the instantaneous chip thickness and the time delay be-
tween successive cutting teeth passes. Therefore, it is of great
importance to account the variation of helix and pitch angles
for generality of the proposed model. For such a purpose,
Eq. (1) is examined in two parts. First, the variation of the
pitch angle is denoted by ϕp,j representing the angular position
of the jth cutting edge with respect to previous j-1th edge.
Secondly, the lag angle for level z of the jth cutting edge is
represented by ψj(z) depending on the helix angle of the jth

cutting edge, io,j.
The time delay between successive cutting passes at eleva-

tion z is written in terms of the separation angle, δϕj(z), which
is the difference in the angular position of consecutive flutes,
and it is calculated as the difference of immersion angle (refer
to Eq.(1)) of jth and j + 1th flute;

δϕ j zð Þ ¼ ϕ jþ1 zð Þ−ϕ j zð Þ ð7Þ

In this study, two common variation patterns are considered
for pitch angle distribution, which are linear and alternating.
For both cases, a pitch angle variation measure, ΔP, is intro-
duced, and the initial pitch angle is found as follows:

P0;P0 þΔP;P0 þ 2ΔP;…;P0 þ Nt−1ð ÞΔP

P0 ¼ 2π
Nt

−
Nt−1ð ÞΔP

2

9=;Linear

ð8Þ

P0;P0 þΔP;P0;…;P0 þ ΔP Nt even
0 Nt odd

�
P0 ¼ 2π

Nt
−

ΔP

Nt

X
k¼1

Nt

−1ð Þk þ 1
� 	

9>>>=>>>; Alternating ð9Þ

3 Determination of cutter workpiece engagement
boundary

The engagement between cutting tool and workpiece
mainly depends on the cutting tool geometry and process
parameters such as step over, cutting depth, lead, and tilt
angles as these parameters define the position of the
cutting tool with respect to the workpiece as illustrated
in Fig. 4. It is seen that CWEB drastically changes with
any of the named parameters. Thus, it is hard and almost
impossible to classify such a behavior case by case espe-
cially for a generalized cutting tool geometry.

Geometry of the cubic workpiece is modeled consider-
ing two basic cases as shown in Fig. 4a, b, where in the
first case, the workpiece uncut surface is planar and in the
second case, the uncut surface is generated by a previous
cutting step. In the first cut case, the workpiece boundary
in cross feed direction (C) is a line, whereas in the
following cut case, the workpiece boundary in cross feed
direction (C) is duplication of the cutter boundary, which

(a) 3D representation (b) Unfolded representation

Fig. 3 Cutting flute geometry
and corresponding parameters. a
3D representation. b Unfolded
representation
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is left from the previous cutting pass. In this section, the
approach proposed for determination of CWEB is
presented.

3.1 Projective geometry method

The proposed CWEB algorithm is mainly based on the
projective geometry, where the boundaries of the cutting
tool and cubic workpiece are projected onto XZ plane and
YZ plane as shown in Fig. 5. Here, it is noteworthy to
state that X, Y, and Z directions correspond to the feed F,
cross feed C, and workpiece surface normal N directions,
respectively. The condition of any point on the tool enve-
lope to be engaged with the workpiece is satisfied when
the corresponding point is in the bounds of the workpiece
both in XZ and YZ planes. For such a purpose, point in
polygon (PIP) algorithm [23] makes it easy to check all
points in once whether they are in the workpiece bound-
aries when projected onto the corresponding plane. So,
the first check is performed in XZ projection plane as
illustrated in Fig. 5a. Then, only the points which are in
the boundaries of –XZ projection of the workpiece are
tested for –YZ projection as shown in Fig. 5b. Finally, the
cutter engagement boundary is mapped in axial and radial

coordinates of the cutting tool as shown in Fig. 5c. The
cutting tool, cubic workpiece, and CWEB are plotted in
3D in Fig. 5d.

3.2 Performance evaluation

In the literature, it is well reported that the performance of
discrete models is nonlinearly affected by the discretization
and process parameters. This is mainly due to the fact that
the engagement boundary algorithms depend on the num-
ber of discretized elements as they search each and every
discrete element for engagement. As a result of this, the
computation time drastically increases as the precision in-
creases. In this section, the performance of the proposed
CWEB algorithm is analyzed, and the results are evaluated
based on the conditions given in Table 1.

The CWEB algorithm is executed with different cutting
parameters and precision settings on MATLAB© installed on
a computer with Intel© I7 CPU, 8 GB of RAM, where the
computation time for different cases is compared in Fig. 6. It is
seen that in most of the cases, the computation time is shorter
than 0.05 s. The computation time increases up to 0.15 s in
some cases, for increased cutting depth or very small
discretization parameters. Though, the behavior of computa-
tion time shows a linear variation with cutting parameters and
precision settings.

In Fig. 6a, the effect of cutting depth on computation
time is plotted with different radial discretization settings
(dϕ). It is seen that the computation time linearly increases
with cutting depth and it is mostly below 0.05 s except for
the case where dϕ=1°. In Fig. 6b, the change of computa-
tion time with step over, with different radial discretization
settings, is plotted. It is seen that the computation time is
not almost affected by step over value, where it is mostly
less than 0.05 s, again except for the case where dϕ=1°. The
change in computation time with axial and radial
discretization of the cutting tool is also plotted in
Fig. 6c, d, respectively. It is observed that the computation
time changes linearly with discretization settings, where
again in most cases, it is less than 0.05 s.

The performance evaluation results show that the proposed
CWEB algorithm performs with linear time complexity with-
out loss of any generality contrary to most of the discretization
methods. The proposed CWEB algorithm is used in integra-
tion with the mechanistic cutting force model, which is de-
tailed in the next section.

4 Modeling of cutting forces

Modeling of milling processes requires the chip thick-
ness to be defined and related to the cutting forces. In

(a) Engagement boundaries

(b) First cut (c) Following cut

Fig. 4 Engagement boundaries at different cases in five-axis milling. a
Engagement boundaries. b First cut. c Following cut
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this study, the cutting forces are modeled using oblique-
to-orthogonal cutting transformation where the orthogo-
nal cutting force parameters are derived through
thermomechanical process model [24, 25]. Then, the
differential cutting forces acting at a point P on the jth

cutting edge are calculated by knowing the local chip
thickness as illustrated in Fig. 7. Point P is defined in
cylindrical coordinates by its elevation from the tool tip
along the tool axis, z, and the radial immersion ϕj(ϕ,z).
In this section, the cutting force model is summarized
together with the chip thickness definition used in the
model.

4.1 Mechanistic force model

Differential cutting forces in the radial, axial, and tangential
directions on an axial disc of the jth tooth at elevation z and at
rotation angle ϕj are calculated according to the mechanistic
model proposed by Lee and Altintas [7]. Differential cutting
forces are the summation of the cutting forces due to shearing
mechanism and ploughing (edge) forces due to the friction at
rake face and flank face of the tool.

dFr j zð Þ
d Ft j zð Þ
dFa j zð Þ

24 35 ¼
Krch j ϕ j; z

� �
db þ KredS j

Ktch j ϕ j; z
� �

db þ KtedS j

Kach j ϕ j; z
� �

dbþ KaedS j

24 35⋅δ zð Þ

where;

δ zð Þ ¼ 1 if P z;ϕ j

� �
∈CEB ϕ; zð Þ

0 if P z;ϕ j

� �
∉CEB ϕ; zð Þ

� ð10Þ

Krc, Ktc, and Kac, and Kre, Kte, and Kae are the cutting and
edge force coefficients, respectively. An accurate semi-
analytical methodology is used to predict these coefficients
employing thermomechanical cutting process model [24, 25]
and or thogona l - to -ob l ique t r ans fo rma t ion [5 ] .
Thermomechanical dual zone model is used to predict orthog-
onal cutting force coefficients (i.e., shear angle ϕs, shear stress

Table 1 Cutting condi-
tions for performance
evaluation

Tool type Ball end mill

Tool diameter (mm) 12

No. of Flutes 4

Helix angle (deg) 30

Cutting depth (mm) 12

Step over (mm) 6

Cutting mode Down

Lead/tilt angle (deg) 30/15

dZ (mm) 0.2

dPhi (deg) 3

(a) Check 1: in XZ plane (b) Check2: in YZ view

(c) Engagement boundaries in axial and radial map (d) 3D view of engagement region

Fig. 5 Projection of tool and
workpiece boundaries. a Check 1
in XZ plane. b Check 2 in YZ
view. c Engagement boundaries
in axial and radial map. d 3D view
of engagement region
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τ1, and apparent friction coefficient μc Eq. (11)) using the
Johnson-Cook material model considering the stick-slide re-
gions on the rake face.

μc ¼
τ1
P0

1þ ζ 1−
τ1

P0μs

� �1
ζ

 !" #
ð11Þ

Sliding friction coefficient as a function of cutting velocity
Vcut is obtained from orthogonal tube cutting tests with vary-
ing feeds and cutting speeds to obtain edge force coefficients
Kre, Kte, and Kae. The sliding friction coefficient, μs, derived
from apparent friction coefficient measured during the tests

with the iterative solution procedure presented in [24]. Thus,
the variation of the local rake angle on the helix flute can be
modeled and considered in the force model. After obtaining
the orthogonal cutt ing force coefficients by the
thermomechanical model, they are transformed to oblique
cutting using the model presented in [5] where normal friction
angle βn, normal rake angle αn, and chip flow angle ηc are
considered;

dFtc

dFrc

dFac

24 35 ¼ db:hj:
Ktc

Krc

Kac

24 35

¼ db:hj:

τ1
cos βn−αnð Þ þ tanαntanηcsinβn

C

τ1
sin βn−αnð Þ
Ccosαn

τ1
cos βn−αnð Þtanαn−tanηcsinβn

C

2666664

3777775
ð12Þ

where

C ¼ sinϕn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ϕn þ βn−αnð Þ þ tan2ηcsinβn

q
βn ¼ μccosηc

ð13Þ

Utilizing these predictive models an average discrepancy
of 7 % is obtained between the simulations and measurements
[25]; however, thanks to robustness of these models with a

(a) Cutting depth vs. comp. time (b) Step over vs. comp. time

(c) Axial discretization vs. comp. time (d) Radial discretization vs. comp. time

Fig. 6 Performance analysis of
the algorithm. a Cutting depth vs.
comp. time. b Step over vs. comp.
time. c Axial discretization vs.
comp. time. d Radial
discretization vs. comp. time

Fig. 7 Differential cutting forces and chip thickness in multi-axis milling
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simple orthogonal tube test, a force model can be constituted
to predict the cutting behavior for all cutting geometries.

Chip thickness hj(ϕj,z) and chip width dbj define the
chip area, which is required to calculate the cutting
forces. The differential cutting edge length dSj is multi-
plied with the edge force coefficients to calculate edge
forces. δ(z) is the Boolean function showing whether the
cutting edge is in cut at the point of interest, which
mainly depends on the information contained in the
CWEB map as described in Sect. 3.

Chip width, db, is defined as the length of the
tangent line of the cutting envelope for a differential
axial length:

db ¼ dz

sinκ zð Þ ð14Þ

Cutting edge length, dS, at elevation z with axial element
length of dz is written as follows:

dS ¼
Py zð Þ−Px z−dzð Þ
Py zð Þ−Py z−dzð Þ
Pz zð Þ−Pz z−dzð Þ














 ð15Þ

The tangential, radial, and axial forces are transformed into
tool coordinates considering a transformation in terms of axial
and radial immersion angles, κ and ϕ:

dFx

dFy

dFz

24 35 ¼ T
dFr

dFt

dFa

24 35 where

T ¼
−sinϕ jsinκ −cosκ −sinϕ jcosκ
−cosϕ jsinκ sinκ −cosϕ jcosκ

−cosκ 0 −sinκ

24 35
ð16Þ

The total milling forces in tool coordinates at a radial
immersion angle of ϕ are the summation of the contributions
from all teeth in cut:

Fk ϕð Þ ¼
X
j¼1

NtXL=dz

i¼0

dFk; j ϕ i:dzð Þð Þ� �
k ¼ x; y; z ð17Þ

Finally, the total milling forces are expressed in process
coordinates as follows:

F F

FC

FN

24 35 ¼ TFCN

Fx

Fy

Fz

24 35 ð18Þ

where TFCN is the transformation matrix relating the tool
coordinates to the process coordinates.

Uncut chip thickness definition for general cutting tools in
multi-axis milling the chip thickness hj(ϕj,z) is expressed in

terms of the normal vector to the cutting edge, bn , feed vector,bf , and feed per tooth, ft,j(z), for general milling tools:

hj ϕ j; z
� � ¼ bn⋅bf� 	

f t; j zð Þ ð19Þ

As a convention, the feed vector is always considered in
plane with tool x direction. Thus, the feed unit vector in tool
coordinates can be represented as vector formed by the planar

feed, bf xy , and the axial feed, bf z :
bf ¼

fbxy
0
fbz

24 35 ð20Þ

The cutting edge point unit outward vector, bn , is defined as
follows:

bn ¼
sinκsinϕ j

sinκcosϕ j

−cosκ

24 35 ð21Þ

The general chip thickness Eq. (19) can be written in planar
and axial directions as follows:

hj ϕ j; z
� � ¼ bf xysinϕ jsinκ− fbzcosκ� 	

f t; j zð Þ ð22Þ

For milling tools having Nt number of cutting edges with
variable helix and variable pitch angle, the feed per tooth
value is simply expressed as follows:

f t; j zð Þ ¼ feed

n

δϕ zð Þ
2π

ð23Þ

Variable helix and variable pitch angles introduce vary-
ing time delay between successive cutting edges repre-
sented by δϕj(z) (Eq. (7)). The wavy form along the
cutting edges, i.e., the serrations, introduces variations
on the local radius along the tool axis, which is ground
radially with a phase difference in the wave profile among
consecutive cutting flutes. In Fig. 8, the phase difference
between adjacent teeth is demonstrated. For equally sep-
arated milling cutters, the phase shift for the jth flute is
expressed as follows:

θs; j ¼ 2π
j−1
Nt

ð24Þ

In general, the chip load is nonuniformly distributed both
among the cutting flutes and along the tool axis due to serra-
tions as mentioned above. This is because the portion of the
cutting edge engaged with the material removes the thicker
chip as some parts of the cutting edge do not engage with the
material as shown in Fig. 8.
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The chip thickness variation of a serrated cutter is
similar to the case with run-out at a local axial level,
which is given by Kline and Devor [20] and Wang and
Liang [26] for 2D milling operations. Hence, the defi-
nition of the uncut chip thickness for a serrated end
milling tool is written as follows:

h j;x ϕ j; z
� � ¼ min

m ¼ 1…Nt

X
j¼1

m

f t; j zð Þ
 !bf xsin ϕ j

� �þΔreff

" #
sinκ j zð Þ

ð25Þ

where the effective radius difference, Δreff is defined as
follows:

Δreff ¼ r j zð Þ−r j−m z−bf zX
p¼1

m

f t;p zð Þ
 !

ð26Þ

The effect of serration can be observed if the following
condition is satisfied:

X
p¼1

m

f t; j zð Þ
 !

sinϕ j < r j zð Þ−r j−m zð Þ ð27Þ

On the other hand, the uncut chip thickness in z direction is
not affected by this mechanism and can simply be written as
follows:

hj;z ϕ j; z
� � ¼ bf z: f t; j zð Þ

� 	
cosκ zð Þ ð28Þ

A comparison between the chip loads along the cutter axis
of tools with uniform, variable helix-pitch, and serrated flutes
is demonstrated in Fig. 9, where a half immersion down
milling with feed per tooth of 0.1 mm is considered. The first
tool has uniform flutes with 30° helix angle. In Fig. 9a, it is
seen that the maximum chip load for each flute is 0.1 mm and
equal to each other. The helix distribution of the second tool is
30°–36°–30°–36°, and the pitch angle alternates byΔPwhich
is 10°.

5 Experimental verification

The proposed general force model is verified by several
standard and custom-made milling tools. The cutting
tests were performed on DMG DMU 50evo five-axis

(a) chip distrubution over the cutting flutes (b) chip thickness in multi-axis milling

Fig. 8 Illustration of chip load of
a sample serrated cutter. a Chip
distribution over the cutting
flutes. b Chip thickness in multi-
axis milling

(a) Tool 1: Uniform flutes (b) Tool 2: Non-uniform flutes

Fig. 9 Comparison of tools
having uniform and nonuniform
flutes. a Tool 1, uniform flutes. b
Tool 2, nonuniform flutes

Int J Adv Manuf Technol (2015) 77:341–355 349



Table 2 Experimental cases considered for verification

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Tool type Bull nose end mill Profile tool Flat end mill Flat end mill Taper ball end mill Ball end mill

Tool diameter (mm) 12 68.3 12 12 10 12

No. of flutes 2 18 3 4 5 2

Helix angle (deg) 0 0 30 Variable 30 30

Taper angle (deg) 0 0 0 0 2 0

Process parameters

Material AL7075 Ti6Al4V AL7075 Al7075

Cutting depth (mm) 3 20.2 4 7.5 23 1.5

Step over (mm) 7 2 9 5 Slotting 3.6, 2.4, 4.6

Cutting mode Up Down Down Down Slotting Down

Lead/tilt (deg) 30/−15 0/0 0/0 0/0 8/0 [6, 24][6, 12][18, 30]

Feed rate (um/rev) 250 50 15/75 50 16 100

Speed (rpm) 4,000 1,400 1,200 2,650 600 3,000

Material database

AL7075 Ti6Al4V

τs (MPa) 297.05+1.05αr 613

βf (deg) 18.79+6.7h+0.0076Vc+0.256αr 19.1+0.29α

ϕc (deg) 24.2+36.67h+0.0049Vc+0.3αr r ¼ r0h
a; r0 ¼ 1:755−0:028α a ¼ 0:331−0:0082α

Kte (N/mm) 23 24

Kre (N/mm) 35 43

(a) Detailed drawing of the tool used in case 1. (b) 2D engagement boundaries.

(c) 3D engagement boundaries. (d) Simulated (-) and measured (---) cutting forces

Fig. 10 Results of verification
case 1. a Detailed drawing of the
tool used in case 1. b 2D
engagement boundaries. c 3D
engagement boundaries. d
Simulated (-) and measured (—)
cutting forces
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milling center, where the cutting forces were measured
by Kistler table-type dynamometer (Type 9275BA) and
Kistler rotating dynamometer (Type 9123C). The model
predictions are verified through five cases given in
Table 2, where the tool geometry, cutting conditions,
and the orthogonal cutting database for the materials
used in the experiments are given.

5.1 Case 1: bull nose end mill

In case 1, a standard inverted cone bull end mill shown in
Fig. 10a is used in five-axis milling of AL7075-T6. In the
simulations, 0.25 mm of disk height and 1° of angular

step size are used. The engagement boundary is plotted
in Fig. 10b, c where it is seen that the calculated
engagement boundary is smooth and continuous. The
comparison of the measured and simulated forces is
given in Fig. 10d which shows good agreement. The
slight deviations in the peak force amplitudes are due to
the run-out of the cutting tool.

5.2 Case 2: profiling

The second test is performed to verify the validity of the
proposed model for multi-segmented cutting tools, where a
custom profiling tool shown in Fig. 11a is used. The tool

(a) Profiling tool used in the test. (b) Measured profile of the tool

(c) 2D cutter engagement boundary (d) 3D cutter engagement boundary

(e) Simulated (-) and measured (---) cutting forces

Fig. 11 Tool geometry,
simulation, and experimental
results for case 2. a Profiling tool
used in the test. b Measured
profile of the tool. c 2D cutter
engagement boundary. d 3D
cutter engagement boundary. e
Simulated (-) and measured (—)
cutting forces
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profile measured using an optic CMM e is shown in
Fig. 11b. The tool has 18 straight cutting edges. The tool
profile is composed of eight linear and four circular seg-
ments with a diameter and flute length of 68.3 and
20.2 mm, respectively. These types of custom profiling
tools are used to engrave the edge profile directly on the
cur surface. Thus, the verification test is performed at
two-and-a-half-axis conditions with 2-mm radial depth
of cut. The 2D and 3D cutter engagement boundary is
shown in Fig. 11c, d, respectively. The engagement
boundaries are calculated, and the simulations are per-
formed using 0.2 mm of disc height and 1° of angular
step size.

The measurement and simulation results for the cutting
forces are shown in Fig. 11e which shows reasonably good
agreement. The measurement data is noisy, but there was no
chatter during the cut. There exists a small delay in the tooth
periods which can be due to the deviation in the spindle speed
during cutting.

5.3 Case 3: serrated flat end mill

In case 3, the milling forces are measured in machining of
AL7075–T6 with a serrated end mill having circular ser-
ration profile known as DIN 844 NF standard. The serra-
tion form has 2-mm wavelength and 0.3-mm amplitude.
The effect of feed rate is demonstrated by using two feed
rates. The simulated and measured forces are compared
for feed rates of 0.015 and 0.075 mm/tooth in Fig. 12a, b,
respectively.

5.4 Case 4: variable helix flat end mill

In case 4, the verification is performed for tools with
nonuniform cutting flute geometries by machining of
AL7075–T6. Two cutting tools, one having variable helix
and one having both variable helix and pitch angles, are
used in the tests, where the tool geometries are defined in
Table 3. In order to capture the separation angle along the

(a) 0.015 mm/rev feed rate. (b) 0.075 mm/rev feed rate.

Fig. 12 Results of case 3. a 0.015 mm/rev feed rate. b 0.075 mm/rev feed rate

Table 3 Cutting edge geometry
used in case 5 Tool code Helix angle (deg), i0,1…4 Pitch distribution type Pitch angles (deg) ϕp,1…4(0)

AOT.318.002 30–32–34–36 – 90–90–90–90

AOT.318.003 30–33–30–33 Alternating 87–93–87–93
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tool body, a relatively deep cutting condition is chosen.
The measured cutting forces are compared with the sim-
ulations in Fig. 13, where a reasonable agreement is
observed.

5.5 Case 5: flank milling

A representative five-axis milling process with a serrat-
ed taper ball end mill, i.e., hog mill, is studied in this
case. This type of an operation is a typical roughing
cycle for machining of integrally bladed rotors where
the chip load is relatively high as the cutting depth is
selected as high as the flute length. However, the cut-
ting depth is not selected that is high for this demon-
stration. The workpiece material is Ti6Al4V. In the
machining experiment, the cutting forces are measured
using Kistler 9123C rotary dynamometer as shown in
Fig. 14a. As −x and −y directions are in the rotary
frames, it is possible to do the comparison in terms of
the resultant cutting force perpendicular to the cutting
tool, i.e., Fxy, and the axial cutting force Fz. To do so,
the measured forces in rotating −x and −y directions are
used to calculate Fxy. The measured and simulated Fxy

and Fz are compared in Fig. 14b.

The simulations and measurements show reasonable agree-
ment except some discrepancy that may be caused due to
measurement errors and approximations in the cutting force
model. However, it can be concluded that the cutting forces
are estimated with an acceptable error margin for that complex
five-axis cycle, where the cutting tool has a tapered envelope
and serrated edges.

5.6 Case 6: ball end milling

Ball end milling is one of the most commonly used machining
technologies in multi-axis milling for roughing, semi-
finishing, and finishing purposes. Thus, the validity of any
model developed for simulation of multi-axis milling with
generalized cutting tool geometry needs to be verified. The
proposed model is verified through ball end milling tests at
three conditions with different step over values and tool ori-
entation vectors as given in Table 2, where the cutting tool is
12-mm diameter ball end mill with two regular cutting edges.

The comparison between the simulated and measured cut-
ting forces is given in Fig. 15. It is seen that the cutting forces
are estimated in a reasonable accuracy. However, there is
slight discrepancy in example 2. This may be due to the radial
run-out of the cutting tool, where the peak values in the forces
show 60 N difference.

Fig. 13 Results of case 4

(a) Test setup (b) Simulated and measured cutting forces

Fig. 14 Results of case 5. a Test
setup. b Simulated and measured
cutting forces
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6 Conclusion

In this paper, a generalized cutting force model for multi-axis
milling is presented. The developed model includes the gen-
eralized definition of the cutting tool and cutting edge, gener-
alized definition of chip thickness, and a new generalized
approach for determination of the cutter-workpiece engage-
ment boundaries. The cutting tool envelope is defined as a
revolved surface of a multi-segmented section, which is com-
posed of arcs and lines. The generalized chip thickness defi-
nition is used to conform to the generalized cutting edge

definition in order to cover tools with irregular cutting edge
geometry such as serrated, variable pitch, and variable helix
tools. The performance of the new engagement boundary
calculation approach is tested under various cases, and it is
shown that the method works in linear complexity contrary to
common discretization methods. The accuracy of the simula-
tions is verified through series of cutting tests in six cases.
Each of these cases would represent different applications in
machining industry under various conditions such as
roughing, semi-finishing, or finishing using several cutting
tools. In general, it is seen that the simulations agree well with
the measurements except slight discrepancies at random
conditions.
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