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Abstract This paper analytically develops a type of model
for predicting material removal depth in largemould polishing
with coated abrasives. This model based on the statistical
theory, and the abrasive material surface contact mechanics
is established. The material removal depth is calculated by
integrating the linear removal intensity or the removal depth
per unit time along the polishing path. The material removal
depth profiles of the circular abrasive tool and the annular
abrasive tool are presented when polishing paths are a straight
line and a curve, respectively. The effects of process parame-
ters on the material removal depth are simulated and analyzed,
such as polishing pressure, feed rate, tool speed, and internal
radius, when the polishing path is a straight line. The work-
piece surfaces after milling were polished by using annular
abrasive tool moving along a straight line in the experiment.
This model is evaluated by comparing the theoretical material
removal depth with those experimental results available. It is
concluded that the experiment results are approximately con-
sistent with the model predictions.
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Nomenclature
dm Maximum diameter of the abrasive grains (mm)
dmax Minimum diameter of the abrasive grains (mm)
dmin Mean diameter of the abrasive grains (mm)
dt Time interval

dx,dy Components of infinitesimal M
dz Depth of material removal at infinitesimal M

during the time interval dt (mm)
E* Contact modulus of the abrasive grain and

workpiece (MPa)
E1, E2 Young’s modulus of the abrasive grain and

workpiece (MPa)
Dl Linear removal intensity, a non-dimensional

number
Dt Material removal depth of unit time (mm/min)
h Abrasive grain protrusion height (mm)
f(h) Gaussian distribution function, a non-

dimensional number
F Polishing force (N)
HB Brinell hardness of the workpiece surface

(N/mm2)
k Ratio of the cutting depth to the indentation

depth, a non-dimensional number
L1,L2 Start point and end point of the polishing contact

path
m Indentation depth of the abrasive grain (mm)
M Infinitesimal part in the workpiece surface
N0 Number of the abrasive grains per unit area

(grains/mm2)
ns Angular velocity of tool rotation (r/min)
R Curvature radius (mm)
R0 The curvature radius of curve (mm)
R1 Radius of the circle abrasive tool (mm)
R2 Inner circle radius of the annular abrasive tool

(mm)
S Structure number of the abrasive tool, a non-

dimensional number
t1,t2 Start time and end time of the polishing contact

path
v The relative velocity between the tool and the

workpiece (mm/min)
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va Feed rate (mm/min)
vs The tool rotation speed of A point (mm/min)
v1, v2 Poisson’s ratio of the abrasive grain and work-

piece, a non-dimensional number
Vg Grain ratio (%)
y1,y2 Start point and end point of the polishing contact

path
ZM The material removal depth for position M (mm)
Z(x) Material removal depth function (mm)

Greek letters
α Apical angle (°)
δmax Maximum overlap of elastic contact (mm)
θ Included angle between tool rotation speed direction

and feed rate direction (°)
θ2 Angle of end position of polishing contact trajectory

(°)
θ4 Angle of start position of polishing contact trajectory

(°)
σ Standard deviation of Gaussian distribution (mm)
ω Angular velocity of tool rotation (rad/minute)
ωo1 The angle velocity of tool along curve movement

direction (rad/minute)

1 Introduction

With the development of automobile industry, aeronautics and
astronautics industry, high quality and low-cost manufacture
technology for large mould have been widely concerned by
researchers, among which mechanical polishing using coated
abrasives is a key step in large mould finishing process. The
automatic polishing systems used for finishing large mould
surface have been developed in these years [1]. It is very
important how to efficiently control machining parameters to
realize the uniform material removal process under various
conditions. The material removal profile of workpiece surface
can give an indication of the uniformity of material removal,
which can be obtained in terms of the material removal depth
of various position of workpiece surface. So, it is obviously
essential to study and model the material removal depth,
which has been a subject of intensive research in recent years.

Many researchers have already done much work about the
material removal mechanisms and uniform material removal
control for these years, which can provide insights into how
basic process parameters influence material removal rates [2].
At present, the material removal models about mould
polishing can be generally classified into four categories as
follows:

The first approach is based on Preston hypothesis [3–8]. It
refers that the material removal depth per time is directly
proportional to polishing pressure and instantaneous velocity.
In this hypothesis, other factors except velocity and pressure

are regarded as a proportional constant, such as surface rough-
ness, workpiece material type, and the abrasive tool. At pres-
ent, many material removal models are based on Preston
equation such as mould surface polishing, chemical mechan-
ical polishing, and optical surface polishing controlled by
computer. Guo et al. proposed the material removal rate model
based on Preston’s equation in ultra-fine polishing of optical
glass with magnetic compound fluid slurry and investigated
the effects of pressure and shear stress on material removal
rate [3]. According to Preston’s equation, Guo et al. modeled
the material removal depth for a kind of novel vibration-
assisted polishing system used for finishing high precision
mould producing the micro-optical lenses [5]. Liu et al. pre-
sented a comprehensive model for the copper material remov-
al in a chemical mechanical polishing process in which both
chemical and mechanical effects are taken into consideration
[6]. According to Preston’s law, Cheung et al. established the
integrated material removal rate in structure surface genera-
tion using computer-controlled ultra-precision polishing [8].
However, Preston’s equation is only an empirical hypothesis
and for lack of accurate theory, so it must be revised according
to the machining conditions in practice.

The second approachmakes use of the statistical theory, the
contact elastic mechanics, the contact plastic mechanics, and
the abrasive cutting theory [9–15]. Assuming further that the
heights of pad asperities are exponentially distributed in
chemical mechanical polishing, Kim et al. established contact
mechanics models and analyzed the effect of pad-asperity
curvature on material removal rate and found that the material
removal rate can be improved by increasing the ratio of
asperity radius and the standard deviation of asperity heights
[9]. Lin and Wang proposed a new theoretical model for
abrasive removal depth for polishing a sapphire wafer using
chemical mechanical polishing with a polishing pad [10]. Lee
et al. developed a novel semi-empirical material removal rate
model [11]. This model incorporates the effects of particle
size, particle concentration, slurry flow rate, area density of
the pad surface, and chemical reactions, which can be used for
the development of a chemical mechanical polishing (CMP)
simulator, the optimization of process parameters, and the
design of the next generation of CMP machines. Jin and
Zhang analytically proposed a statistical model based on the
statistical theory and the abrasive material surface contact
mechanisms for predicting the material removal in mechanical
polishing and considered that the material removal is the sum
of the contributions from the two types of abrasive interactions
[12]. Based on the elastic-plastic micro-contact mechanics and
abrasive wear theory, Chen et al. established a novel model for
material removal rate with consideration of the abrasive par-
ticle deformation in chemical mechanical polishing and inves-
tigated the effects of particle deformation [13]. Wang et al.
presented a model for predicting the material removal depth of
the workpiece surface with the stone polishing [14]. In this
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model, the effect of the grain size on material removal depth
was considered. Lin developed an analytical model based on
the micro-contact elastic mechanics, micro-contact elastic-
plastic mechanics, and abrasive wear theory for the material
removal rate during specimen polishing [15]. This modeling
method is relative complex due to using the probability sta-
tistics and the contact mechanics, etc. There are some other
parameters such as physical property of workpiece, grit, dis-
tribution function of grain, geometry of grain, etc., besides the
tool speed, the feed rate, and the polishing pressure. The main
difficulty in using this model is in obtaining those parameters.
In these years, the research results from the grinding wheel
topography models have also provided great help for further
studying the material removal model.

The third approach is based on Archard equation [16–18].
Fan et al. built a model of material removal profile in free
abrasive polishing, which is proposed to facilitate more accu-
rate polishing by analyzing the contact among polishing pad,
abrasive grain, and workpiece surface in the micro level etc.
[16]. Feng et al. built a model of material removal depth
distribution along the vertical direction of feed rate and per-
formed the experiments to evaluate the model of calculating
material removal profile. It is used for the automatic precision
polishing of curved surfaces using an elastic disk mounted on
the spindle of a five-axis machining centre [17]. Chen et al.
developed a quantitative model to estimate the material re-
moval of polycrystalline diamond composites by dynamic
friction polishing [18]. This model accounts for the contribu-
tions from the constitutive characteristics and thermal proper-
ties of the materials and the key polishing parameters. In this
method, the material removal process is regarded as wear
process, and a friction coefficient should be reasonably chosen
according to specific polishing pattern.

The fourth approach is based on the experiment investiga-
tion [19–22]. In this approach, models are generally devel-
oped relating the machining variables with the material re-
moval rate. Zeng and Blunt built a material removal rate based
on experiments which were carried out on a bonnet polishing
machine in order to investigate the effects of process param-
eters, including process angle, head speed, tool offset, and tool
pressure, on material removal rate [19]. Pan et al. deduced an
empirical material removal rate expression based on the ex-
perimental data about copper chemical mechanical polishing
[21]. Klocke and Zunke finished many polishing experiments
and revealed the influence of pressure and relative velocity on
the material removal rate in polishing of silicon-based ad-
vanced ceramics [22]. This material removal model is restrict-
ed to specific polishing equipment, so it needs to be amended
when some machining conditions change.

The mould surface polishing is a complex material removal
process. The interaction nature is statistical due to the random
distributions of sizes and the irregular geometries of the sur-
face asperities and abrasive grains. For the polishing system

used for finishing large mould, factors affecting the material
removal depth include the polishing force, speed, polishing
pad, workpiece, and slurry characteristics. So, considering the
grain protrusion height distribution in abrasive tool surface
and the material removal mechanism in process of modeling
material removal is the development trend in the future.
However, the material removal models suitable for large
mould free-form surface polishing with varying curvature
slightly have not been reported so far. In this study, aiming
at large mould polishing, the material removal depth model is
developed on the basis of statistical theory and the abrasive
material surface contact mechanics. This paper presents the
material removal profile model in detail and analyzes the
effect laws of process parameters on the material removal
profile shape when the workpiece surface was polished by
using coated abrasives. These research results can provide
theoretical foundation for planning polishing path and con-
trolling process parameters to achieve the uniform material
removal purpose.

2 Modeling material removal profile

2.1 Material removal depth

The action type between the polishing tool and workpiece in
large mould polishing is shown in Fig. 1. The coated abrasives
are suitable for polishing large mould free-form surface with
varying curvature slightly. The contact between the coated
abrasives and workpiece surface is regarded as the plane
contact. So, the pressure in the contact region is equal approx-
imately in this case. The coated abrasives motion diagram of
Fig. 1 is given in Fig. 2.

Firstly, unit removal depth (linear removal intensity) is
defined as the material removal depth of per unit contact
length along the polishing path in the contact region between
the tool and the workpiece, which is equivalent to the liner
wear intensity in sense. The linear removal depth is calculated
as follows [14]:

Dl ¼ dz=dy ¼ N0v tan α=2ð Þ=vað Þ
Z 3σ

3σ−mþδmax

k2 h− 3σ−mð Þð Þ2 f hð Þdh
� �

ð1Þ

Workpiece surface

Abrasive tool

Fig. 1 The action type of the abrasive tool and workpiece
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where Dl is linear removal intensity, namely the material
removal depth of per unit contact length along the polishing
path, dz is the material removal depth at infinitesimalM during
the time interval dt, N0 is the number of the abrasive grains per
unit area, v is the relative velocity between the tool and the
workpiece, α is the apical angle of the abrasive grain, va is
feed rate, σ is the standard deviation of Gaussian distribution,
δmax is maximum overlap of elastic contact, m is the indenta-
tion depth of the abrasive grain, h is the abrasive grain pro-
trusion height, and k is the ratio of the cutting depth to the
indentation depth; Atkins and Liu developed the range of k for
the various critical attack angles [23]. Calculations about the
parameters N0, α, σ, m, and δmax are given in the appendix of
this paper.

The removal depth of unit time refers to the workpiece
surface removal depth of unit time along polishing path.
According to the analysis above, the relation between the
contact length per unit time and feed rate is expressed as
follows:

dy ¼ vadt ð2Þ

where dy is the contact length, va is the feed rate, and dt is the
unit time.

Substituting Eq. (2) into Eq. (1), and defining Dt=dz/dt,
then Eq. (1) may be rewritten as follows:

Dt ¼ dz=dt

¼ N0v tan α=2ð Þð Þ
Z 3σ

3σ−mþδmax

k2 h− 3σ−mð Þð Þ2 f hð Þdh
� �

ð3Þ

where Dt is the material removal depth of unit time. The
relation between Dl and Dt is expressed as follows:

Dt ¼ Dlva ð4Þ

In the polishing process, the material removal depth for one
unit contact length Dl (linear removal intensity) can be calcu-
lated by using Eq. (1) when pressure, abrasive material, tool
speed, feed rate, and other parameters are known. Thematerial

removal depth for a certain position may be obtained by
integrating Dl along polishing path, i.e.

zM ¼
Z L2

L1

DldL ð5Þ

where ZM is the material removal depth for position M, L1 is
the start point of polishing contact path, and L2 is the end point
of polishing contact path.

Using the material removal depth function of unit time, the
material removal depth is expressed as follows:

ZM ¼
Z t2

t1

Dtdt ð6Þ

where t1 is the start time of polishing contact path and t2 is the
end time of polishing contact path.

2.2 Material removal profile

2.2.1 Polishing along straight line

A circle tool of radius R1, with rotation speed vs and feed rate
va moves along straight line paralleling to y axis under a
certain polishing pressure. The motion analysis diagram is
given in Fig. 3a. The polishing contact trajectory is segment
L1L2 for passing position M on the workpiece surface, so the
material removal depth is

ZM ¼
Z y2

y1

Dldy ð7Þ

where y1 is the start point of polishing contact path and y2 is
the end point of polishing contact path.

In Fig. 3a, the coordinates of L1 point and L2 point are

x;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1

2−x2
p� �

and x;−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1

2−x2
p� �

, respectively. The speed

v of every position in the contact region between abrasive tool
and workpiece surface is varied along segment L1L2. For
example, the speed of A point in Fig. 3a is expressed as
follows:

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2s þ v2a þ 2vsvacosθ

q
ð8Þ

where θ is the angle between tool rotation speed direction and
feed rate direction, vs is the tool rotation speed of A point and

F

ns

x

y

ova

R1

Workpiece
surface

Polishing pathPosition M

Abrasive
tool

Fig. 2 Polishing process diagram
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equal to ω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, among ω is angular velocity of tool

rotation and equal to 2πns, ns is also angular velocity of tool
rotation, i.e. rotation per minute.

Because of vs>>va, the velocity of every point along
polishing contact trajectory (e.g. segment L1L2) is

v≈vs ¼ ω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
ð9Þ

So, Eq. (7) is simplified as

Z xð Þ ¼ 2

Z
0

ffiffiffiffiffiffiffiffiffiffi
R1

2−x2
p

Dldy ð10Þ

Substituting Eq. (9) into Eq. (1), then substituting Eq. (1)
into Eq. (10), with the result that

Z xð Þ ¼ 2

Z
0

ffiffiffiffiffiffiffiffiffiffi
R1

2−x2
p

Dldy ¼ 2N 0tan α=2ð Þ=vað Þ
Z 3σ

3σ−m
k2 h− 3σ−mð Þð Þ2 f hð Þdh

� � Z
0

ffiffiffiffiffiffiffiffiffi
R2
1−x2

p
ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
dy

 !
ð11Þ

Since the velocity of center point for circular abrasive tool
is equal to zero, the annular abrasive tools are usually used.
For motion analysis diagram of the annular abrasive tool, as

shown in Fig. 3b, the material removal depth is modeled as
follows:

When −R1≤x≤−R2 and R2≤x≤R1, the material removal
depth is

Z xð Þ ¼ 2

Z
0

ffiffiffiffiffiffiffiffiffiffi
R1

2−x2
p

Dldy ¼ 2N 0tan α=2ð Þ=vað Þ
Z 3σ

3σ−m
k2 h− 3σ−mð Þð Þ2 f hð Þdh

� � Z
0

ffiffiffiffiffiffiffiffiffi
R2
1−x2

p
ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
dy

 !
ð12Þ

When −R2≤x≤R2, the material removal depth is

Z xð Þ ¼ 2

Z
0

ffiffiffiffiffiffiffiffiffi
R2
1−x2

p
Dldy −

Z
0

ffiffiffiffiffiffiffiffiffi
R2
2−x2

p
Dldy

 !
¼ 2N0tan α=2ð Þ=vað Þ

Z 3σ

3σ−m
k2 h− 3σ−mð Þð Þ2 f hð Þdh

� � Z ffiffiffiffiffiffiffiffiffi
R2
1−x2

p
ffiffiffiffiffiffiffiffiffi
R2
2−x2

p ω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
dy

 !
ð13Þ

2.2.2 Polishing along curve

The abrasive tool often moves on the workpiece surface along
curve. On the assumption that the curvature radius of curve is
R0 and the angle velocity of tool rotation is ωo1 along center
pointO1, as given in Fig. 4a, if the contact trajectory is circular

arc L1L2 for passing a certain position M on the workpiece
surface, the material removal depth is

ZM ¼
Z t2

t1

Dtdt ð14Þ

M

L2(x,y2)

x

y

va

w

R1

va

vs

v

o
θ

L1(x,y1)

A(x,y)

M

L2(x,y2)

x

y

va

w

va

vs

v

o
θ

L1(x,y1)

A(x,y)

R1

R2

(a) The circular abrasive tool (b) The annular abrasive tool

Fig. 3 Motion analysis diagram
along line movement. a The
circular abrasive tool and b the
annular abrasive tool
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According to θ=ωo1t, dθ=ωo1dt can be obtained. The ro-
tation linear velocity of the abrasive tool are vs=ω⋅OA and
va=ωo1(R0−x) at point A, respectively. Because of vs>>va, the
velocity of every point along polishing contact trajectory (e.g.
circular arc L1L2) is written as

v≈vs ¼ ω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ R0−xð Þ2−2R0 R0−xð Þcosθ

q
ð15Þ

For Eq. (14), it can be expressed as

Z xð Þ ¼
Z t2

t1

Dtdt ¼ 2

Z θ2

0
Dtdθ=ωo1 ð16Þ

Substituting Eq. (15) into Eq. (3), then substituting Eq. (3)
into Eq. (16), and solving for ZM yields

Z xð Þ ¼ 2

Z θ2

0
Dtdθ

� �.
ωo1

¼ 2N0tan α=2ð Þ=vað Þ
Z 3σ

3σ−m
k2 h− 3σ−mð Þð Þ2 f hð Þdh

� �
Z θ2

0
ω R0−xð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ R0−xð Þ2−2R0 R0−xð Þcosθ

q
dθ

� �
ð17Þ

where θ2 is the angle of the end position of polishing
contact trajectory, which can be obtained from the expression

θ2 ¼ arccos
R2
0 þ R0−xð Þ2−R2

1

2R0 R0−xð Þ ð18Þ

Similarly, for the annular abrasive tool, whenmoving along
curve, as shown in Fig. 4b, the material removal depth is
modeled as follows:

When −R1≤x≤−R2 and R2≤x≤R1, the material removal
depth is

Z xð Þ ¼ 2

Z θ2

0
Dtdθ

� �.
ωo1

¼ 2N 0tan α=2ð Þ=vað Þ
Z 3σ

3σ−m
k2 h− 3σ−mð Þð Þ2 f hð Þdh

� �
Z θ2

0
ω R0−xð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ R0−xð Þ2−2R0 R0−xð Þcosθ

q
dθ

� �
ð19Þ

When −R2≤x≤R2, the material removal depth is

Z xð Þ ¼ 2

Z θ2

0
Dtdθ−

Z θ4

0
Dtdθ

� �.
ωo1

¼ 2N 0tan α=2ð Þ=vað Þ
Z 3σ

3σ−m
k2 h− 3σ−mð Þð Þ2 f hð Þdh

� �
Z θ2

θ4

ω R0−xð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ R0−xð Þ2−2R0 R0−xð Þcosθ

q
dθ

� �
ð20Þ

where θ4 is the angle of the start position of polishing
contact trajectory, which can be obtained from the expression

θ4 ¼ arccos
R2
0 þ R0−xð Þ2−R2

2

2R0 R0−xð Þ ð21Þ

The model established above can be used for predicting
material removal profile under different machining conditions
when the large mould free-form surface with varying curva-
ture slightly is polished by using the coated abrasives. The
advantages of this model are that it not only contains the
machining parameters (polishing force, feed rate, tool rotation
speed, etc.) but also considers the effects of the mechanical

M

L2(x,y2)

x

y

wva

o

L1(x,y1) R0

2θ 2

vs
v

o1

Rx

va

A(x,y)

R1

Polishing path of the

tool center point

M

L2(x,y2)

x

y

wva

o

L1(x,y1) R0

vs
v

o1

Rx

va

R2

A(x,y)

R1
2θ 2

Polishing path of the

tool center point

(a) The circular abrasive tool (b) The annular abrasive tool

Fig. 4 Motion analysis diagram
along curve movement. a The
circular abrasive tool and b the
annular abrasive tool
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properties of the workpiece (material hardness) and abrasive
tool parameters (grit, the circular abrasive tool, and the annular
abrasive).

3 Simulation and experiment verification

3.1 Simulation

The effect laws of some process parameters on the removal
depth were simulated and analyzed when polishing path is a
straight line. The adopted simulation parameters are listed in
the Table 1. The material removal depth profile curves with
various tool rotation speeds are shown in Fig. 5 (material AISI
1045, circle abrasive tool, polishing force 20 N, feed rate
200 mm/min). The material removal depth profile curves with
various feed rates are shown in Fig. 6 (material AISI 1045,
circle abrasive tool, polishing force 20 N, tool speed 500 r/
min). The material removal depth profile curves with various
polishing forces are shown in Fig. 7 (material ductile iron,
annular abrasive tool, tool speed 500 r/min, feed rate 200 mm/
min). The material removal depth profile curves with various
inner circle radii are shown in Fig. 8 (material ductile iron,
polishing force 25 N (R2=7.5 um), 20 N (R2=12.5 um), 15 N
(R2=17.5 um), tool speed 500 r/min, feed rate 200 mm/min).

3.2 Experiment verification

Many polishing experiments were carried out. A kind of
coated abrasives used in the experiment is given in Fig. 9.
The plane workpieces were polished by using annular abra-
sive tools moving along the straight line. Workpiece material
are AISI 1045 and ductile iron, respectively. The workpiece
surface prior to polishing is milled. Milling process conditions
for AISI 1045 are the following: ball-end mill (material high
speed steel, radius 6 mm), radial milling distance 0.5 mm,
spindle rotation speed 1,000 r/min, milling velocity 100 mm/
min, axial milling depth 0.9 mm. Milling process conditions
for ductile iron are the following: ball-end mill (material high

speed steel, radius 10 mm), radial milling distance 0.65 mm,
spindle rotation speed 500 r/min, milling velocity 200 mm/
min, axial milling depth 0.8 mm. Workpieces (ductile iron)
before and after polishing are presented in Fig. 10. There is
clear milling mark in the workpiece surface before polishing
in the Fig. 10a, which is produced by the ball milling cutter.
There are obviously two polishing zones, as shown in
Fig. 10b, in which the surface material have already been
removed uniformly and there is no milling mark except for
polishing marginal areas, workpiece surface becomes smooth,
and surface roughness decreases. The experiment conditions
are given in Table 2. The simulation and experiment results of
the material removal depth with various polishing parameters
are shown in Fig. 11 (no. 1 in the Table 2, outer radius 25 mm,
inner radius 12.5 mm) and Fig. 12 (no. 5 in the Table 2, outer
radius 45 mm, inner radius 27.5 mm).

4 Discussion

It can be seen from Figs. 5 and 6 that the material removal
depth is directly proportional to the tool rotation speed and
inversely proportional to the feed rate and the material remov-
al depth at center point is smaller than that of other positions
except for the fringe region. The increase in the value of tool
rotation speed raises the number of the abrasive grains partic-
ipating in the cutting on workpiece surface; as a result, the
material removal depth increases rapidly. The increase in the
value of feed rate decreases the number of the abrasive grains
participating in the cutting on workpiece surface, so the ma-
terial removal depth decreases. Figure 7 shows the effects ofTable 1 Simulation parameters

Item Content

Abrasive tool Abrasive material: chrome corundum, grit:
150#(75–106 um), E1=4×10

5 MPa, v1=0.3,
circle abrasive tool and annular abrasive tool,
R1=25 mm, R2=12.5 mm

Workpiece Material 1: AISI 1045 E2=2.06×10
5 MPa, v2=0.3

Material 2: ductile iron E2=1.54×10
5 MPa, v2=0.3

Other parameters F=10, 15, 20, 25 N; k=0.04; ns=500, 1,000 r/min;
va=200, 400 mm/min; R2=7.5, 12.5, 17.5 mm
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the polishing force on the removal depth. It shows that the
material removal depth increases with increasing polishing
force. In fact, the material removal depth increases with the
increase of pressure in certain range, and the material removal
depth ceases to increase with any further increase in the
pressure. For example, for circle abrasive tool, the material
removal depth at center point is smaller than that of other
positions except for fringe region. The material removal depth
reaches high far from circle center position about 15mmwhen
the abrasive tool radius is equal to 25 mm, which is a result of
comprehensive effect of various factors at this position, such
as polishing pressure, feed rate, tool rotation speed, and par-
ticipating in numbers of abrasive grains. Figure 8 shows the
effect of the inner circle radius on the removal depth. For the
annular abrasive tool, the removal profile becomes farther
non-uniform with increasing inner circle radius, and the ma-
terial removal depth at center point is also smaller than that of
other positions except for fringe region, which are produced
because of the effective contact area and rotation speed for
various position contacted. For example, the effective contact
areas at center region decrease with increase of inner circle
radius.

For theory simulation curves in Figs. 11 and 12, the mate-
rial removal depth at center position is smaller than that of
other positions except for fringe region curves. However, for
experiment curves in Figs. 11 and 12, the material removal
depth is relatively uniform on the whole and is equal to theory
calculation result of middle position. The reason is that the
contact pressure of every position between the abrasive tool

and workpiece surface is assumed to be equal in theory
modeling, but local contact pressure is not equal due to
different material removal depth in practice. The material
removal amount of workpiece surface having high polishing
pressure is more than that of others, which results that the
uniform removal profile is achieved at last. There are obvious
changes about removal depth at both end positions in Figs. 11
and 12. The width of fringe region is approximately equal to
2 mm, which also provides significant foundation for deter-
mining polishing spacing as planning polishing path. In addi-
tion, Table 2 gives material removal depth of theory and
experiment at center position for each experiment, respective-
ly. Based from those analyses above, it can be concluded that
the experiment results are in agreement with theory simulation
results by and large. So, the material removal depth can be
calculated by using this model presented in this study.

5 Conclusions

(1) A material removal profile model of workpiece surface
polished by coated abrasives was successfully devel-
oped. This model is based on the probability statistics,
the contact plastic mechanics, and the abrasive cutting
theory and suitable for large mould free-form surface
with varying curvature slightly. The material removal
depth profiles were investigated when polishing paths

-30 -20 -10 0 10 20 30

0

0.1

0.2

0.3

0.4

F=20N

F=15N

F=10N

R
em

o
v
al

d
ep

th
Z

(x
)(

u
m

)

x direction perpendicular to the polishing path (mm)

Fig. 7 The removal profile of various polishing forces

- 3 0 - 2 0 - 1 0 0 10 20 30

0

0.1

0.2

0.3

0.4

R2=17.5mm

R2=12.5mm

R2=7.5mm

x direction perpendicular to the polishing path (mm)

R
em

o
v
al

d
ep

th
Z

(x
)(

u
m

)

Fig. 8 The removal profile of various internal radii

Fig. 9 Coated abrasives
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Fig. 10 The workpiece surface. a Workpiece prior to polishing and b
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are straight line and curve, respectively. The factors
affecting the material removal depth include the mechan-
ical properties of the workpiece and tool, the polishing
tool specifications (grain size, etc.), and polishing con-
ditions (pressure, feed rate, tool rotation speed, etc.).

(2) The effect laws of the process parameters on material
removal depth were obtained. The depth of material
removal profile increases with the increase of the tool
rotation speed, and the depth of material removal profile
decreases with the increase of feed rate. For the coated
abrasives given in this paper, the material removal depth
increases when polishing pressure increases within a
certain range. The more workpiece material hardness is,
the less material removal depth is, because the material
with greater hardness needs greater pressure at the same
indentation depth. When other factors such as polishing

pressure remain unchanged, with increasing inner radius
of abrasive tool, the material removal depth decreases at
inner region of the removal profile, and the material
removal depth remain unchanged at annular region of
the removal profile.

(3) The material removal profile curves obtained from
polishing experiments are relatively uniform on the
whole, and material removal depth is equal to that of
center region obtained from theory. The width of fringe
region is about equal to 2 mm. Comparison between
prediction and experimental results provide reasonable
quantitative agreement. This model developed in this
study predicts quantitatively the material removal depth,
which prepares theoretical foundation for achieving
good machining quality and high efficiency.

Table 2 Experiment and
simulation results No. Material Grit Polishing

force (N)
Tool speed
(r/min)

Feed rate
(mm/min)

Center position (um)

Theory Experiment

1 AISI 1045 150# 20 500 30 3.802 3.928

2 AISI 1045 150# 40 500 90 3.627 3.852

3 AISI 1045 150# 20 1,000 90 2.534 2.361

4 AISI 1045 150# 40 1,000 200 1.632 1.564

5 Ductile iron 120# 40 1,000 200 0.613 0.673

6 Ductile iron 120# 40 500 90 0.681 0.730
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Appendix

N0 (The number of the abrasive grains per unit area)

The abrasive grain sizes are determined in terms of the value
of grit. The maximum diameter dmax and minimum diameter
dmin of the abrasive grains can be determined when the grit is
known. The mean diameter dm of the abrasive grains is de-
fined by

dm ¼ dmax þ dminð Þ=2 ð22Þ

Values of dmax, dmin for different grain sizes are shown in
Table 3.

The number of the abrasive grains per unit area N0 is given
by

N0 ¼ 6� Vg= πd2m
� � ð23Þ

where Vg (%) is the grain ratio, Vg=2(31−S), S is structure
number of the abrasive tool.

α (Apical angle)

For a single abrasive grain capped with spherical top of radius
of curvature R, assume that the shape of the abrasive grain is
cone with apical angle α, with an increase of the grain size,
both radius R and apical angle α also increase. α of most
abrasive grains is between 90° and 120°. Table 4 shows the
values of R and α for kinds of the grits.

σ (Standard deviation of Gaussian distribution)

dmax and dmin are very close to the maximum abrasive grain
protrusion height and the minimum abrasive grain protrusion
height, respectively. Standard deviation of Gaussian distribu-
tion σ can be calculated as follows:

σ ¼ dmax−dminð Þ=6 ð24Þ

δmax (Maximum overlap of elastic contact)

The maximum overlap of elastic contact δmax can be calculat-
ed as

δmax ¼ π2RH2
B

16E�2 ð25Þ

where E* is the contact modulus of the abrasive grain and
workpiece, given by 1

E� ¼ 1−v21
E1

þ 1−v22
E2

, where E1 and E2 are
Young’s modulus of the abrasive grain and workpiece, v1 and
v2 are Poisson’s ratio of the abrasive grain and workpiece,
respectively, HB is the Brinell hardness of the workpiece
surface.

m (Indentation depth of the abrasive grain)

Relation between indentation depth of the abrasive grain m
and pressure P can be expressed as

P ¼ Ft þ FS1 þ FS2 ¼ 4NE� ffiffiffi
R

p

3
ffiffiffiffiffiffi
2π

p
σ

Z 3σ−mþδmax

3σ−m
h− 3σ−mð Þð Þ32e

− h2

2σ2

dh

þ NπHB

2
ffiffiffiffiffiffi
2π

p
σ

Z 3σ−mþR

3σ−mþδmax

h− 3σ−mð Þð Þ 2Rþ 3σ−m−hð Þe− h2

2σ2dh

þ
Nπ tan α

.
2

� �� �2
HB

2
ffiffiffiffiffiffi
2π

p
σ

Z 3σ

3σ−mþR
h− 3σ−mð Þð Þ2e− h2

2σ2dh

ð26Þ

Using Eq. (26), m can be calculated.

Table 3 dmax, dmin for different grain sizes

Grit dmax (×10
−3 mm) dmin (×10

−3 mm)

100# 150 125

120# 125 106

150# 106 75

180# 90 63

220# 75 53

W40 40 28

Table 4 R and α for kinds of the grits

Grit 46# 60# 80# W40 W28

R (×10−3 mm) 28 18 13 4 2.7

α 110° 108° 106° 98° 90°
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