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Abstract Joint stiffness often has a significant effect on the
dynamic characteristics of the whole machine tool. In this
paper, a joint stiffness configuration method is developed to
optimize the dynamic characteristics of a whole vertical ma-
chining center, in which the premise is considering the joint
characteristics to create the accurate finite element model
(FEM) of the whole machine tool. Identifying the joints pa-
rameters including the contact stiffness and damping of the
linear guides, bolts, ball screws, and bearings is conducted.
Vibration test and finite element simulation are implemented
to verify the accuracy of the FEM which is created based on
the identified joints parameters by comparing the tested and
simulated frequency-response functions (FRFs). With these
tested and simulated results, taking the dynamic flexibility at
the spindle nose to measure the dynamic characteristics of the
whole machine tool, vibration modes, and joints related to a
higher modal flexibility and elastic energy distribution ratio
can be determined to be the weak modes and joints respec-
tively. Optimization aiming to decrease the modal flexibility is
conducted by adopting the orthogonal experiment method to
instruct the simulations to predict how stiffness of the weak
joints affected the dynamic characteristics of the whole verti-
cal machining center. Thus, an optimal joint stiffness config-
uration can be obtained by using the range analysis and fuzzy
similar preference ratio method to analyze the simulated re-
sults. Redoing the simulation with the optimal configuration,
results indicate that modal flexibility of each weak mode is
decreased obviously. The decreased modal flexibilities and
dynamic responses verify that the optimal configuration meth-
od is feasible to provide a way for improving the dynamic
characteristics of the whole machine tool.

Keywords Joint stiffness .Whole vertical machining center .

Modal flexibility . Orthogonal experiment . Energy
distribution

1 Introduction

Machine tool dynamic behaviors refer to its ability to resist the
vibrations in the machining process, including the vibration
resistance and stability. The machine tool is composed of
many components in a particular way, such as the bolt con-
nection, the guide-slide connection, the welding, etc. The
existence of various joints destroys the continuity of a ma-
chine tool, which cause its dynamic behaviors are not only
affected by the components, but also by the dynamic charac-
teristics of these joints [1, 2]. Researches show that about
60 % of the total dynamic stiffness and about 90 % of the
total damping are caused by the joints [3]. It is significant to
study how the joint dynamic characteristics affect the dynamic
behaviors of a whole machine tool. Researches about the
joints are mainly focused on the dynamic modeling of the
joint, joint characteristics identification and the dynamic be-
haviors of a whole machine tool based on joints [4–14].

Ahmadian et al. [15] proposed a nonlinear model for bolted
lap joints and interfaces, in which the joint interface was
modeled by using a combination of linear and nonlinear
springs and a damper to simulate the dynamic characteristics
of the joints. Parameters of the springs and damper were
identified by minimizing the difference between the model
predictions and the experimental data. Mao et al. [16], accord-
ing to the inverse relationship between the frequency-response
function matrix and the dynamic stiffness matrix of a
Multidegree-of-Freedom system, proposed a high-accuracy
parameter identification methodwhich recognized the dynam-
ic parameters of the fixed joints based on the dynamic exper-
iment data of the whole structure including the joints. The
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effectiveness and accuracy of the identification method had
been validated. Lin et al. [17], on the basis of the finite element
simulation and vibration experiment found that the linear
guide-slide joint was the key factor that affects the dynamic
characteristics of the spindle-column system. With the in-
creasing preload of the linear guide joint, the dynamic char-
acteristics of the spindle-column system could be improved.
Wu et al. [18] introduced the Hertzian contact theory and
applied normal/shear stiffness to contact elements in the over-
all finite element model to study the dynamic characteristics of
the linear guides affected by preload. Yoshihara [19]
established a lumped mass beam dynamic model of a two-
pillar vertical lathe, in which there were 20 joint surfaces with
two rail joints and the rest bolted joints. The experiment
results verified this model which took the characteristics of
joints into account to be accurate. Park et al. [20] proposed an
enhanced receptance coupling methodology by identifying
the joint dynamics between substructures through experimen-
tal and finite element (FE) analyses. With the identified pa-
rameters, dynamic properties of the modular tools could be
predicted, enabling designers to optimize dynamic behavior in
the conceptual stage.

As various types of joints exist in a machine tool and each
joint has different dynamic parameters under different contact
conditions, it is difficult to study the influences to the dynamic
behaviors of a machine tool from each joint. Researches
which consider the synthetical influences of each joint to the
dynamic behaviors of a machine tool and provide an effective
way to optimize the dynamic characteristics are relatively few
[21, 22].

The purpose of this paper is to propose an optimal config-
uration method of the joints stiffness for improving the dy-
namic characteristics of a whole vertical machining center. To
create an accurate FEM of the vertical machining center, in
which the contact parameters of the linear guide, bolt joint,
ball screw, and bearing are taken into consideration, ap-
proaches to identify the contact stiffness and damping are
developed. The accuracy of the FEM is verified by comparing
the measured and simulated FRFs at the spindle nose. Utiliz-
ing the dynamic flexibility to measure the dynamic behaviors
of the vertical machining center, modal flexibility and elastic
energy distribution theory are adopted to determine the weak
modes and joints respectively. A multiobjective optimization
model aiming to improve the dynamic behaviors of the verti-
cal machining center is constructed in which the contact
stiffness of each weak joint and the minimal modal flexibility
of each weak modes are regarded as the design variables and
the objectives respectively. Using the orthogonal experiment
method to instruct the simulations of the optimization, the
optimal configuration of the joints is obtained by adopting
the range analysis and fuzzy similar preference ratio method to
analyze the simulated results. Redoing a simulation with the
optimal configuration, the decreased modal flexibility and

dynamic responses validate the feasibility of this optimization
method.

2 Vertical machining center and its joints

The whole vertical machining center studied in this paper is
mainly composed of the spindle, the headstock, the column,
the bed, the saddle, and the worktable as shown in Fig. 1. The
automatic tool changing system and the electrical cabinet are
simplified as the equivalent blocks. The vertical machining
center has three axes, and its worktable, saddle, and headstock
travels in the X, Y, and Z direction respectively. According to
researches, there are four types of joints in the vertical ma-
chining center. These joints are linear guide, bolt joint, bear-
ing, and ball screw [23, 24].

To establish the accurate FEM of the whole vertical ma-
chining center, in which the joints stiffness and damping are
taken into consideration, we have aimed to identify these
contact parameters and create their dynamic models.

3 Joints simplification and identification

In this section, dynamic modeling and contact parameters
identification of the joints are discussed.

3.1 Stiffness and damping identification of linear guide

The dynamic stiffness and damping of the linear guide are
identified based on the modal frequency and damping ratio.
The identification process combines the finite element analy-
sis and the modal experiment.

Fig. 1 The studied vertical machining center
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The linear guide is composed of a rail, a slider, and several
rollers as shown in Fig. 2.

The rail and the slider are mainly made of alloy steel,
whose elastic modulus E is 206 GPa, density ρ is 7800 kg/
m3, and Poisson’s ratio μ is 0.3. The mass of the slider is
1.09 kg, and its geometric dimensions are also shown in
Fig. 2. In the FEM of the linear guide, the rail and the slider
were meshed with brick elements. Ignoring the mass of the
rollers, we used eight spring-damping elements to connect the
slider and the guides described in Fig. 2.

With the estimated dynamic stiffness and damping coeffi-
cients in the FEM, a modal analysis can be simulated in the
finite element analysis software. Thus, ranges of natural fre-
quencies, damping ratios, and vibration modes can be
obtained.

A modal experiment of the linear guide was carried out to
get the natural frequencies, damping ratios and vibration
modes. The typical vibration modes of a linear guide are
characterized as pitching, rolling, yawing, and vertical mo-
tions as shown in Fig. 3.

To measure the vibration motions of the linear guide, an
accelerometer was adopted to obtain the vibration responses in
different directions. As the studied linear guide system be-
longing to a small size structure, choosing an impulse hammer
to perform the single-point excitation could input enough
energy to the system to have the satisfied FRFs. In the

experiment, the linear guide was fixed and positions to mount
the accelerometer were determined by the points that had the
largest amplitudes in any one of the three directions, which
had been predicted by the finite element modal analysis. Only
one accelerometer was chosen to pick up the outputs avoiding
causing too much added mass to the slider; thus, we divided
the vibration experiment into three parts for measuring the
signals at the positions A, B, and C, respectively, as shown in
Fig. 4. Position Awas used to measure the vertical motion of
the slider, position B was for the rolling and pitching vibra-
tions and position C was for the yawing vibration [10, 18].

We adopted the vibration testing system of LMS Company
to collect and process the data to get the FRFs. With the FRFs,
the natural frequencies, the damping ratios and the vibration
modes of the linear guide were obtained by its modal analysis
module. The impulse hammer was with a force sensor and a
steel tip. Thirty-nine different points were determined as the
positions to exert the exciting force as shown in Fig. 4. To get
the direct FRFs at the points mounted by accelerometer, the
hammer had been as close as possible to the accelerometer
when excited at the positions A, B, and C. Parameters related
to the impulse hammer and accelerometer are illustrated in
Table 1.

The stiffness and damping of the linear guide are identified
based on the optimal algorithm. If the natural frequency and
damping ratio errors between the modal experiment and

Fig. 2 Dynamic model of the
linear guide

Fig. 3 Typical vibration modes
of a linear guide
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simulation are acceptable, the stiffness and damping coeffi-
cients estimated in the simulation can be regarded as the
dynamic stiffness and damping coefficients of the linear
guide. The process of the identification is as follows:

1. Taking the natural frequencies and damping ratios of the
experiment and the simulation to establish the objective
functions, the stiffness coefficient k and the damping
coefficient c are regarded as the designed variables. The
objective functions are given as follows:

min f kð Þ ¼
X
i¼1

n ωc
i −ωe

i

ωe
i

� �2

≤ε1 ð1Þ

min f cð Þ ¼
X
i¼1

n ξci−ξ
e
i

ξei

� �2

≤ε2 ð2Þ

where ωi
c and ξi

c are the ith natural frequency and damping
ratio calculated by the simulation, ωi

e and ξi
e are the ith

natural frequency and damping ratio obtained from the
modal experiment, i is the mode order, n is the number of
fitted modes, ε1 is the acceptable stiffness error, and ε2 is
the acceptable damping ratio error.

2. Using a program to realize the interaction of the numerical
calculation software and the finite element analysis soft-
ware automatically. The numerical calculation software
transfers the initial stiffness and damping coefficients to

the finite element analysis software to actuate the modal
analysis. After the analysis, the modal information is
transferred to the numerical calculation software to calcu-
late and compare the errors. Repeat this process until the
errors are in the acceptable range.

The stiffness and damping coefficients identified by
this optimal algorithm are 6.07×108 N/m and 5280N s/m.

Tables 2 and 3 show the experimental results, simulat-
ed results, and their errors. The natural frequency and
damping ratio errors show that the established FEM of
the linear guide can be used to describe the dynamic
characteristics of the linear guide [10, 18].

3.2 Stiffness and damping identification of bolt joint

As one typical kind of fixed joint, the bolt joint distributes
widely in the vertical machining center. Its dynamic charac-
teristics are affected by the pressure, geometry shape, mate-
rials, surface roughness, etc. [4, 20, 25].

One typical bolt joint which includes part A, Part B, a bolt
and a nut in the vertical machining is shown in Fig. 5b.
Figure 5a shows the torque condition of the nut, in which T
is the tightening torque, Ta is the friction moment from the
screw pair, and Tb is the friction moment due to the interface
between the nut and part B. According to the moment equi-
librium condition of the nut, we can get Eq. (3).

T ¼ T a þ T b ð3Þ

Ta and Tb are calculated by Eq. (4) to Eq. (6).

T a ¼ D0

2
F t ð4Þ

Fig. 4 Modal experiment of the linear guide

Table 1 Parameters related to the vibration experiment

Name Type Sensibility Weight

Accelerometer ICP 99.8 mV/g 4.0 g

Impulse hammer PCB 086D05 0.23 mV/N 0.32 kg

Table 2 Natural frequency comparison between experiment and
simulation

Order Experiment (Hz) Simulation (Hz) Error (%) Vibration mode

1 986.7 985.6 0.1 Rolling

2 3022.1 3025.9 0.03 Vertical ↕

3 3427.6 3592.2 4.80 Vertical ↔

4 3567.8 3647.6 2.23 Yawing

Table 3 Damping ratio comparison between experiment and simulation

Order Experiment (%) Simulation (%) Error (%)

1 1.54 1.57 1.57

2 1.43 1.46 1.46

3 1.81 1.83 1.83

4 1.65 1.64 1.64
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Tb ¼ f crn ¼ μcFnrn ð5Þ

rn ¼
D2

3−D1
3

� �
3 D2

2−D1
2

� � ð6Þ

Where Ft is the circumferential force of the thread pair, D0

is the nominal diameter of the nut, fc is the friction force
between the nut and face c (Fig. 5(b)), Fn is the axial force
between the nut and face c, μc is the friction coefficient
between the nut and the face c, rn is the equivalent frictional
radius of the nut, and D1 and D2 are marked in Fig. 5.

In one screw pair, the axial load of the nut is distributed
along the thread. To simply the analysis, take a concentrated
load to replace the axial load and assume that it acts on one
point which locates at the circumference of a circle with the
pitch diameter. The load condition of a nut can be divided into
two situations based on the thread angle.

1. The thread angle is zero
When the thread angle is zero, the profile of the thread

is a rectangle as shown in Fig. 7b. Spreading the thread
along the circumference of a circle with the pitch diame-
ter, one slope can be obtained as shown in Fig. 6.

The slope angle is equal to the lead angle. When the
nut rotates and has a rise in the axial direction, the nut is
regarded as a slider which moves up along the slope. The
force condition is shown in Fig. 6, in which Ft is the
circumferential force of the thread pair, Fn is the axial
force and βb is the lead angle. According to the force
condition of the nut, we can get Eq. (7) and Eq. (8).

Ft ¼ Fn tan λþ βbð Þ ð7Þ

arctanλ ¼ μ1Fna

Fna
¼ μ1 ð8Þ

Where μ1 is the friction coefficient between the bolt
and the nut.

With Eq. (3) to Eq. (7), Fn can be calculated.

Fn ¼ 2T

D0tan λþ βbð Þ þ 2μcrn
ð9Þ

2. The thread angle is not zero
When the thread angle is 2α, profile of the thread is

like a triangle shown in Fig. 7a. The nut is regarded as a
wedge, which moves up on another wedge that locates at
one slope with a slope angle equaling to the lead angle.
The force condition of the nut is shown in Fig. 8. From
Fig. 8b, we can see that the existence of the thread angle
affects the normal force of the interface between the nut
and the bolt.

According to the force condition of the nut, we can get
Eqs. (10) and (11).

Fw
t ¼ Fw

n tan λw þ βbð Þ ð10Þ

Fig. 5 The blot joint and its loading conditions

Fig. 6 Force condition of a nut with rectangular thread profile
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arctanλw ¼ μ1F
wn
na

Fwn
na cosα

¼ μ1

cosα
ð11Þ

Then, Fn
w can be calculated by Eq. (12).

Fw
n ¼ 2T

D0tan λw þ βbð Þ þ 2μcrn
ð12Þ

Based on Eqs. (6), (8), (9), (11), and (12), Fn can be
obtained by Eq. (13).

Fn ¼ 2T

D0tan ρv þ βbð Þ þ 2μc

D2
3−D1

3
� �
3 D2

2−D1
2

� �
ρv ¼ arctanμ1=cosα

ð13Þ

Where ρv is the equivalent friction angle. When it
equals zero, it meets the first condition. When it does
not equal zero, it meets the second condition.

The pressure of the bolt joint is described as Eq. (14).

Pn ¼ 2T

D0tan ρv þ βbð Þ þ 2μc

D2
3−D1

3
� �
3 D2

2−D1
2

� �
" #

A

ð14Þ

Where A is the area of bolt joint.
In many situations, the bolt joint has many bolts.

Supposing the force of each bolt is equal, which is accu-
rate enough in engineering [23], the pressure of bolt joint
is calculated by Eq. (15):

Pn ¼ 2T

D1tan ρv þ βbð Þ þ 2μc

D2
3−D1

3
� �
3 D2

2−D1
2

� �
" #

AN

ð15Þ

Where N is the number of bolts.
Researches have widely discussed how the pressure

affects the dynamic characteristics of the bolt joint
[26–29]. Researches have presented the contact stiffness
and damping under different pressure. With the pressure
calculated by Eq. (15), we can obtain the contact stiffness
and damping under the same contact conditions by con-
sulting these researches. In this paper, the contact stiffness
and damping of the bolt joint are obtained from Refs. [28]
and [29].

3.3 Dynamic modeling of bearing and ball screw

1. Bearing
Avoiding the complexity to create and mesh the 3D

model of the bearing, the balls and ball groove are ig-
nored. The inner ring and outer ring were connected by
elastic spring elements as shown in Fig. 9. The contact
stiffness was obtained from the product selection guide
[13].

2. Ball screw
As a transfer component with high precision and effi-

ciency, the ball screw studied in this paper is used in the

Fig. 7 Profiles of the thread

Fig. 8 Force condition of a nut with triangular thread profile
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feeding device of a machine tool to carry the major load in
the feeding direction. The studied ball screw and its
simplified 3D models are shown in Fig. 10. To draw the
3D models conveniently, the helical groove around the
screw shaft and the nut are ignored. The axial and radial
stiffness of the ball screw is determined based on the
properties of the screw and nut and their geometrical
relationship. The contact stiffness can be obtained from
the manufacturer [17, 18, 30].

4 FEM of the vertical machining center

The process for establishing the FEM of the vertical machin-
ing center is mainly discussed as follows:

1. Simplification of the components
To save the meshing time, components with complex

structures were simplified according to some certain prin-
ciples. All the structures were meshed by solid elements.

2. Simulation of the joint interfaces

Linear guide. The simulation of linear guide interface
is shown in Fig. 2.

Bolt joint. The simulation of bolt joint interface is
shown in Fig. 11. Table 4 lists the identified contact
parameters of column-bed bolt joint.
Bearing. The FEM of the bearing was created based
on Figs. 9 and 12a, in which the mass of the outer
ring, the balls and the inner ring were ignored. Stiff-
ness matrix elements are distributed evenly around
the shaft to simulate the axial and radial stiffness as
shown in Fig. 12a. Overall contact stiffness of each
bearing obtained from the manufacturer is listed in
Table 5.
Ball screw. The specifications of the ball screw are
listed in Table 6. The screw shaft and the nut were
meshed by solid elements as shown in Fig. 12c. The
contact stiffness at the screw groove were obtained
according to the technical guides, which is 264, 248,
and 149 N/μm in the X, Y, and Z directions respec-
tively [31]. To simplify the modeling process, the
shaft and nut were bonded together, and the spring
elements between the load and nut were used to
simulate the axial contact stiffness between the nut
and screw.

Considering the characteristics of these joints, FEM of the
whole vertical machining center was established as shown in
Fig. 13. Joints characteristics were simulated by the spring-
damping elements and the stiffness matrix elements.

5 Finite element analysis of the whole machining center

With the FEM of the whole vertical machining center, the
modal analysis and harmonic analysis can be simulated.

The modal analysis is simulated to predict the inherent
properties of the vertical machining center, including the
natural frequencies and mode shapes. According to the fre-
quencies, the vertical machining center can avoid working
near them in the machining process. The mode shapes repre-
sent the vibrations of the whole vertical machining center,

Radial Axial

Fig. 9 The bearing

Fig. 10 The studied ball screw

Fig. 11 Simulation of bolt joint
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which relate to the excitations and the relative displacement
between different components, revealing its weak parts. Fo-
cusing on the frequencies below 600 Hz, the fundamental
vibrations of the studied vertical machining center are
depicted in Fig. 14.

As described in Fig. 14a, the column and the headstock
have a bending vibration in the YZ plane at the first natural
frequency 52.1 Hz. The column and the headstock have a
sway movement in the XZ plane at frequency 77.3 Hz as
shown in Fig. 14b. The headstock has a rotation around the
Z axis at the frequency 155.7 Hz as shown in Fig. 14c. The
headstock has a bending vibration in the YZ plane at the
frequency 165.2 Hz as shown in Fig. 14d. Figure 14e shows
the rotation of the worktable and the saddle around the Z axis.
Figure 14f shows the micro vibration of the bed.

Harmonic analysis is simulated to predict the frequency
response of the whole vertical machining center caused by

the external excitation. The amplitude of the external exci-
tation is 1 N, and the directions are illustrated in Fig. 15.
Three simulations were conducted to obtain the direct fre-
quency responses of accelerance at the spindle nose in X, Y,
and Z directions respectively, and the results are described in
Fig. 16.

The maximum accelerance of the FRF in the X, Y,
and Z direction is 0.383 m/s2/N at frequency 509.2 Hz,
0.144 m/s2/N at frequency 540.6 Hz and 0.716 m/s2/N at
frequency 551.8 Hz, respectively. In the frequency range
0∼600 Hz, the whole machining vertical center has a
poor vibration resistance in X and Z direction. Compar-
ing these FRFs, we can find some connections between
two FRFs. For example, there is a peak of the FRF in X
and Z direction respectively at the frequency 217.9 Hz,
which is caused by the torsion of the headstock in the
XZ plane.

Table 4 The identified contact parameters of column-bed joint

Joint Material Rough degree Pressure (MPa) Normal Tangential

Stiffness (N/m) Damping (N·s/m) Stiffness (N/m) Damping (N·s/m)

Column-bed Cast iron-cast iron 1.6 5.04 4.63×1010 1.08×106 6.9×109 1.12×105

Fig. 12 Interface simulations of
the bearing and the ball screw
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6 Vibration experiment of the whole vertical machining
center

The vibration experiment was conducted to measure the char-
acteristics of the whole vertical machining center and verify
the accuracy of the FEM. The experimental devices included
the impact hammer, the acceleration sensors, the LMS vibra-
tion testing system, and a personal computer as shown in
Fig. 17.

In the experiment, the external exciting force was exerted
by the impact hammer and we moved the hammer to exert the
exciting force at different parts of the whole vertical machin-
ing center. The hammering positions were arranged to avoid at
the nodal points predicted by the finite element modal analy-
sis. Three acceleration sensors were pasted at the spindle nose
marked as X, Y, and Z to obtain the response signals in three
directions as shown in Fig. 18. Parameters related to the
impact hammer and acceleration sensors are listed in Table 7.
The force and accelerance signals were recorded by the LMS
vibration testing system, which were processed to obtain the
FRFs.When hammering at the positions marked as X, Y, and Z

to get the direct FRFs, the hammer was as close as possible to
these acceleration sensors. Taking the working conditions of
the machine tool into consideration, we focused on the dy-
namic characteristics between 0 and 600 Hz.

The measured direct frequency responses of accelerance at
the spindle nose in X, Y, and Z directions are depicted in
Fig. 19. Comparing the measured FRFs in Fig. 19 with the
simulated FRFs in Fig. 16, the measured curves agree well
with the simulated curves in the same directions. Frequencies
corresponding to the peaks are also in good agreement in the
same directions. Table 8 lists the experimental and simulated
natural frequencies and their relative errors. All these errors
are close or below 10 %, which meet the requirement of the
project cooperated by our team and the machine tool producer.
Thus, we regarded that the FEM of the whole machining
center was established accurately and the FEM could be used
in predicting the characteristics of the whole vertical machin-
ing center [3, 23, 32].

7 Optimization of the whole machine tool

According to the mode shapes of the whole vertical machining
center obtained in Section 5, vibrations of the column and
headstock are obviously in the frequency range 0∼600 Hz.
Taking the dynamic flexibility to measure the vibration resis-
tance of the whole vertical machining center [33], we mainly
focused on the direct FRFs at the spindle nose in three direc-
tions. Observing the frequencies corresponding to the peaks of
the FRFs in Fig. 16, the FRFs and the mode shapes can be
connected. Mode shapes corresponding to these frequencies
mainly represent the bending vibrations and the sway move-
ments of the column and the headstock. Through the analysis
above we confirmed that the column and the headstock had a
poor vibration resistance in the frequency range 0∼600 Hz.
Studying their vibrations, they were mainly related to the

Table 5 Basic parameters of the bearings

Outer diameter D/mm Inner diameter d/mm Width B/mm Contact angle β Preload P/N Stiffness of bearing

Axial (/N/m) Radial (/N/m)

7012C 60 95 18 15 100 5.3×107 3.45×108

25TAC62B 62 25 15 60 1490 7.33×108 –

Table 6 Basic parameters of the ball screw

Nominal diameter do/mm Ball diameter db/mm Travel Pt/mm Contact angle β/(°) Rows×turns Rigidity (N/μm)

32 6.35 16 45 1×3.5 672

Fig. 13 FEM of the whole machining vertical center
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joints belonging to them, including the linear guide, the ball
screw, the bearing, and the bolt joint.

As researches have shown that the dynamic stiffness of the
joints accounts for 60 % of the whole machine tool stiffness

[3, 34, 35], it is significant to optimize the characteristics of
the whole vertical machining center based on the joints stiff-
ness. The principle and process to implement the optimization
are described in the following subsections.

7.1 The optimization principle

Appling the proportional damping into the machine tool struc-
ture, the dynamic flexibility between the excitation point A
and the response point B can be described as Eq. (27), which
is based on the modal theory for vibration characteristics.

X b

Fa
¼

X∞
r¼1

1

1− ω
ωr

� �2
þ i2ξr

ω
ωr

� �� 	 Aa
rð ÞAb

rð Þ

Kr

� �
ð27Þ

f abð Þr ¼
Aa

rð ÞAb
rð Þ

Kr

� �
ð28Þ

Where (fab)r is defined as the rth modal flexibility between
the excitation point A and the response point B; Aa

(r) and Ab
(r)

is the rth relative displacement amplitude of point A and point
B respectively; Kr is the rth modal stiffness.

(a) 52.1Hz (b) 77.3Hz (c) 155.7Hz

(d) 165.2Hz (e) 180.2Hz (f) 217.9Hz

Z

Z

Y

ZZ

X

Z

Y

Z

X

Fig. 14 Fundamental mode
shapes of the whole machine tool

Fig. 15 Directions of the simulated external force
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If these modes have a small coupling degree, when the
machine tool vibrates at the rth natural frequency, the dynamic
flexibility is mainly determined by the rth mode. Thus,
Eq. (27) can be described as Eq. (29).

X b

Fa

� �
ω≈ωnr

¼ X b

Fa

� �
r

≈
f abð Þr

1− ω
ωr

� �2
þ i2ξr

ω
ωr

� �� 	 ð29Þ

When the exciting frequency is close to zero, we can get
Eq. (30) and Eq. (31).

X b

Fa

� �
ω→0

¼ f abð Þs ¼
X∞
r¼1

f abð Þr ð30Þ

X∞
r¼1

f abð Þr
f abð Þs

¼ f abð Þ1
f abð Þs

þ f abð Þ2
f abð Þs

þ⋯⋯ ¼ 1:0 ð31Þ

Where (fab)s is the static flexibility.

Fig. 16 Simulated FRFs of the spindle nose

Fig. 17 The experimental devices

Fig. 18 Vibration experiment of the whole machine tool
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Equations (30) and (31) mean that when the exciting
frequency is close to zero, the machine tool dynamic
flexibility equals the static flexibility as well as the sum
of each modal flexibility. (fab)r/(fab)s is the ratio between
the rth modal flexibility and the static flexibility, which
reveals the influential degree of the rth modal flexibility
to the static modal flexibility. If ratios of each mode are
roughly equal, it means that the stiffness and the mass
of the whole structure are close to the optimal config-
uration and there are no prominent weak parts.

Based on Eqs. (27) to (31), we can confirm that if each
modal flexibility and the static flexibility are as small as
possible, a smaller dynamic flexibility can be obtained. Re-
searchers have pointed out that the modes with a higher (fab)r/
(fab)s are the weak modes, which determine the dynamic
characteristics of the structure [32]. Hence, the weak modes
of the whole vertical machining center can be determined
according to each modal flexibility, the static flexibility, and
the ratios between them.

To optimize the characteristics of the machine tool, we aim
to decrease the modal flexibility of these weak modes based
on the joints stiffness.

7.2 The design variables and objectives

The optimization based on the joint stiffness is to find a group
of parameters to describe the contact stiffness of each joint,
under which the modal flexibility of the weak modes should
be as small as possible.

1. The design variables
Assuming a system with N modules, its elastic energy

is the sum of N modules’ elastic energy. When one
module vibrates under the rth mode, its elastic energy
and the elastic energy of the system can be defined as
follows:

Vsr ¼ 1

2
Arf gT K½ �s Arf g ð32Þ

VAr ¼
X
s¼1

n

V sr ð33Þ

Rs ¼ Vsr=VAr ð34Þ

Where {Ar} is the column vector of the displace-
ment amplitudes including all the nodes belonging

Table 7 Parameters related to the vibration experiment

Name Type Sensibility Weight

Impulse hammer PCB 086D05 0.23 mV/N 0.32 kg

Accelerometer X ICP 99.8 mV/g 4 g

Accelerometer Y ICP 99.3 mV/g 4 g

Accelerometer Z ICP 101.1 mV/g 4 g

Fig. 19 Experimental FRFs of the spindle nose
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to the sth module when the system vibrates under
the rth mode; [K]s is the stiffness matrix of the sth
module; Rs is the sth module’s elastic energy distri-
bution ratio.

Through Eqs. (32) to (34), the elastic energy of
the joints and the whole machine tool and the elas-
tic energy distribution ratios under the weak modes
can be calculated. Joints with a higher elastic energy
distribution ratio are determined to be the weak
joints with a lower dynamic stiffness. Then stiffness
of these weak joints is taken as the design variables
described as Eq. (35).

k ¼ k1 k2 ⋯ ki ⋯ knf gT i ¼ 1; 2;⋯; nð Þ ð35Þ

Where ki is the stiffness of the ith weak joints.

2. The objectives of the optimization
Taking the minimal modal flexibilities of the weak

modes as the objectives, the multiobjective optimization
mathematical model are established

Minimize f abð Þr ¼
Aa

rð ÞAb
rð Þ

Kr

� �
r ¼ 1; 2;⋯; nð Þ

k ¼ k1 k2⋯ki⋯knf gT i ¼ 1; 2;⋯; nð Þ
s:t: kmin≤ki≤kmax

ð36Þ

Where (fab)r is the modal flexibility of the rth weak
mode.

7.3 The application of the optimized method

The optimization was implemented according to the flowchart
as shown in Fig. 20.

1. The weak modes
The direct dynamic flexibilities of the points at the

spindle nose in three directions were taken as the criteri-
ons to measure the characteristics of the whole vertical
machining center. These points were marked as X, Y, and
Z in Fig. 18, representing the X, Y, and Z directions
respectively.

The simulated static flexibilities in X, Y, and Z direc-
tions were 3.191×10−8, 4.387×10−8, and 3.405×
10−8 N/m. With the relative displacement amplitudes
extracted through the modal analysis, the modal flexi-
bilities and the ratios were calculated based on Eqs. (28)
and (31). Results are shown in Table 9, which lists the
ratios close or above 10 % in the frequency range
0∼600 Hz. Six modes were determined to be the weak
modes, the minimal modal flexibilities of which were
the optimization objectives.

2. The weak joints
As vibrations of the bed, the worktable and the saddle

were very faint according to the mode shapes, the

Table 8 Frequency results of the simulation and the experiment

Order

1 2 3 4 5 6 7 8 9 10

Experiment (Hz) 56.25 81.25 103.1 118.8 171.9 331.3 378.1 393.8 406.3 425

Simulation (Hz) 52.1 77.30 116.3 130..1 165.2 354.6 395.5 405.5 423.7 442.1

Error (%) 7.97 4.87 12.6 9.5 3.90 7.03 4.6 2.84 4.28 4.02

Fig. 20 The flowchart of the optimized method
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configuration of joints stiffness was focused on the joints
belonging to the spindle-column system. These joints
included the spindle bearing joint, the linear guide joint
in the Z direction, the ball screw joint in the Z direction
and the spindle-column bolt joint. Their joints elastic
energy and elastic energy distribution ratios correspond-
ing to the weak modes were calculated from Eqs. (32) to
(34). The results are listed in Table 10.

Comparing the data in Table 10, those that have a
higher distribution ratio were determined to be the weak
joints. Hence, stiffness of the spindle bearing joint, the
linear guide joint in the Z direction, and the spindle-
column bolt joint in the Z direction were regarded as the
design variables. The spindle-bearing joint stiffness was
marked as k1, the linear guide joint stiffness in the Z
direction was marked as k2, and the column-bed bolt joint
stiffness was marked as k3. With the design variables and
the optimization objectives, the multiobjective optimiza-
tion mathematical model were established based on
Eq. (36)

3. The orthogonal experiment design
The aim of the optimization is to select an optimal

configuration of these joints stiffness to make the modal
flexibilities of these week modes as small as possible.

However, under different contact conditions, the joints
have different stiffness values, it is difficult and a waste
of time to study how the stiffness value of each joint
influences the characteristics of the whole machine tool.
Thus, the orthogonal experiment design method was
adopted to improve the calculation efficiency of the opti-
mization [31, 35, 36].

Based on the joint dynamic characteristic parameters
identified in the study of this vertical machining center
and the select demands used by the machine tool producer
to purchase the components including the spindle, the ball
screw, and the linear guide, three stiffness values were
determined for each design variable. The axial and radial
stiffness of the spindle bearing joints were regarded as one
factor, and the normal and tangential stiffness of the bolt
joints were regarded as another factor. Table 11 lists the
factors and levels of the orthogonal experiment.

The orthogonal experiment table L9(3
4) was

adopted to execute nine simulations according to the
factors and levels. With the simulated results, modal
flexibilities of the weak modes were calculated.
Table 12 lists the arrangement of the simulations and
the related results.

4. The orthogonal experiment results analysis
Range analysis described as Eq. (37) was used to

analyze the influence of the joints stiffness to the modal
flexibilities.

Ri ¼ max pi1;⋯; pij;⋯; pin

� �
−

min pi1;⋯; pij;⋯; pin
� � ð37Þ

Where pij (j=1,2, ⋯,n; i=1,2, ⋯,n) is the arithmet-
ic value for the simulated results when the ith factor
adopts the jth level. Analyzing the pij under the same
factor, of how this factor affects the experiment results
can be studied. Then, one optimal level for this factor

Table 9 Weak modes and the rations

Order Direction Modal flexibility (10−9 m/N) Ratio (%)

2 X 8.17 25.6

3 Y 6.53 14.9

7 Y 9.39 21.4

27 Y 4.91 11.2

2 Z 9.72 28.5

8 Z 8.73 25.6

10 Z 3.01 8.84

Table 10 Elastic energy distribution ratio

Joints Distribution ratio (%)

2 3 7 8 10 27

Bearing 1.51 2.06 1.01 3.42 4.98 37.2

Linear guide 8.19 9.98 40.8 38.5 45.7 8.63

Ball screw 3.88 0.42 4.52 1.01 1.42 3.34

Bolt joint 30.9 46.7 8.03 9.97 12.1 4.83

Table 11 Orthogonal factor level table

Level Stiffness (N/m)

k1 k2 k3

axial radial normal tangential

1 5.3×107 3.45×108 5.83×108 4.63×1010 6.9×109

2 1.10×108 5.52×108 7.67×108 6.02×1010 8.28×109

3 1.58×108 7.11×108 9.33×109 7.04×1010 9.94×109
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can be obtained. Based on the optimal level for each
factor, the optimal configuration of these factors are
determined. Ri is the result of the range analysis,
which represents the influential degree of the ith factor
to the simulated results. The higher the Ri, the more
significantly the ith factor influences the simulated
results. Comparing these results of the range analysis,
the affecting orders of these factors can be obtained.

The optimization studied on the vertical machining
center in this paper belongs to a multiobjective opti-
mization problem. Thus, in order to use the range

analysis to analyze the results, the fuzzy similar pref-
erence ratio method was adopted to change the
multiobjective problem into a single objective problem
[37, 38]. Application of the fuzzy similar preference
ratio method is as follows (Fig. 21):

(1) Take the nine sets of modal flexibilities in the or-
thogonal Table 12 to compose the efficient solution
matrix F* for the multiobjective problem.

F* ¼

f 11 ⋯ f 1r ⋯ f 17
⋮ ⋮ ⋮ ⋮ ⋮
f k1 ⋯ f kr ⋯ f k7
⋮ ⋮ ⋮ ⋮ ⋮
f 91 ⋯ f 9r ⋯ f 97

2
66664

3
77775 ð38Þ

Where fkr (k=1,2,⋯,9; r=1,2,⋯,7) is the modal
flexibility of rth weak mode under the kth
simulation.

(2) Take the minimal modal flexibility of each weak
mode in Table 12 to compose the ideal solution F
for the multiobjective problem.

F ¼ f 1ð Þmin ⋯ f rð Þmin ⋯ f 7ð Þmin½ � ð39Þ

Where (fr)min (r=1,2,⋯,7) is the minimal modal
flexibility of the rth weak mode.

(3) Calculate the fuzzy similar preference ratio by
Eq. (40) and measure the similarity between each
efficient solution and the ideal solution. The efficient

Table 12 Results of the orthog-
onal experiment Order Factor Modal flexibility (10−9 m/N)

k1 k2 k3 (fab)2 (fab)3 (fab)7 (fab)8 (fab)10 (fab)27

1 1 1 1 8.17 9.72 6.53 9.39 8.73 3.01 4.91

2 1 2 2 8.07 9.69 6.51 9.15 8.45 3.05 4.61

3 1 3 3 7.69 9.68 6.49 9.11 8.27 3.09 4.35

4 2 1 2 8.05 9.65 6.61 9.49 8.01 2.63 5.29

5 2 2 3 7.94 9.63 6.52 9.32 7.73 2.62 5.21

6 2 3 1 7.91 9.59 6.49 9.23 7.56 2.59 5.14

7 3 1 3 7.35 9.32 6.46 9.09 7.87 2.53 4.85

8 3 2 1 7.59 9.47 6.52 9.15 7.55 2.54 4.77

9 3 3 2 7.47 9.34 6.51 9.17 7.39 2.57 4.73

Fig. 21 Flowchart of the fuzzy similar preference ratio method
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solution with a higher fuzzy similar preference ratio
means it is closer to the optimal solution.

rrst ¼
f rð Þmin− f tr



 


f rð Þmin− f sr



 

þ f rð Þmin− f tr


 

 ð40Þ

Where rrst is the similar preference ratio, fsr and ftr
(s, t=1,2, ⋯,9) are the sth and tth simulated modal
flexibility of the rth weak mode respectively. As-
sume that rrss=rrtt=1. When 0.5<rrst≤1, fsr is prior

to ftr. When 0<rrst<0.5, ftr is prior to fsr. But if rrst=
0.5, the priority cannot be determined.

With the calculated similar preference ratios, the
similar preference ratio matrix Mr of the rth weak
mode can be established.

Mr ¼
rr11 rr12 ⋯ rr19
rr21 rr22 ⋯ rr29
⋮ ⋮ ⋯ ⋮
rr91 rr92 ⋯ rr99

2
664

3
775 ð41Þ

Select a λ, which is 0.5 in this paper. If rrst≥λ,
replace the rrstwith 1. If rrst≤λ, replace the rrstwith 0.
In the matrix Mr, a row whose similar preference
ratios are all replaced with 1 is marked with an
absolute preference number. This number is used to
substitute the modal flexibility of the rth weak mode
in the same row in Table 12. Then, delete the row and
the column with a same sequence number, and chose
another row whose similar preference ratios are all
replaced with 1. Repeat this process until all the rows
have an absolute preference number. Numbers are
from 1 to 9 in this paper and are assigned based on
the order of the row replaced all by 1.

As all the absolute preference numbers of each
weak mode were calculated, add up these numbers in
a same row in the Table 13 to represent the results of
one simulation to do the range analysis.

Based on the range analysis and fuzzy similar
preference ratio method developed above, results
are listed in Tables 13 and 14.

From Table 14, we can determine that stiffness of
the spindle ball screw joint affects the characteristics
of the whole machine tool more heavily and stiffness

Table 13 Results of the similari-
ty priority ratio method Experiment order Factor Absolute priority number Sum

k1 k2 k3 (fab)2 (fab)3 (fab)7 (fab)8 (fab)10 (fab)27

1 1 1 1 9 9 8 8 9 7 6 56

2 1 2 2 8 8 5 4 8 8 2 43

3 1 3 3 4 7 3 2 7 9 1 33

4 2 1 2 7 6 9 9 6 4 9 50

5 2 2 3 6 5 7 7 4 5 8 42

6 2 3 1 5 4 4 5 2 6 7 33

7 3 1 3 1 1 1 1 5 1 5 16

8 3 2 1 3 3 6 3 3 2 4 24

9 3 3 2 2 2 2 6 1 3 3 19

Table 14 Results of the range analysis

Experiment order Factor Sum

k1 k2 k3

1 1 1 1 56

2 1 2 2 43

3 1 3 3 33

4 2 1 2 50

5 2 2 3 42

6 2 3 1 33

7 3 1 3 16

8 3 2 1 24

9 3 3 2 19

P11, P21, P31
P12, P22, P32

P13, P23, P33

44 40.1 37.7

41.7 36.3 37.3

19.7 28.3 30.3

R1, R2, R3 24.3 11.8 7.4

Influence sequence k1>k2>k3
Optimal factor 3 3 3

Optimal configuration (k1)3(k2)3(k3)3
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of the column-bed bolt joint affects the least. The
optimal configuration of the joints stiffness is
(k1)3(k2)3(k3)3.

5. Simulation with the optimal configuration
Appling the optimal configuration of the joint stiffness

into the FEM to have a modal analysis, modal flexibilities
of the weak modes were calculated. Results are shown in
Table 15, in which the natural frequencies before and after
the optimization are also included.

Observing Table 15, the 2nd mode in the X direction,
the 8th and 10th modes in the Z direction and the 27th
mode in the Y direction have an obvious decrease in the
modal flexibility, which are down to 10.5, 16.2, 17.3, and
10.2 % respectively. The 2nd mode in the Z direction and
the 3rd and 7th modes in the Y direction have a decrease in
the modal flexibility about 4.73, 2.85, and 2.25%, respec-
tively. The natural frequencies corresponding to the weak
modes are also improved. The 2nd natural frequency
obtains the maximum increase by 4.58 %.

The direct FRFs at the spindle nose in three directions
after the optimization are depicted in Fig. 22. Comparing
Fig. 22 with Figs. 16 and 19, frequencies corresponding to
the peaks have a little change and the amplitudes are
decreased as the joints stiffness increased.

The decreased modal flexibilities and dynamic re-
sponses validate the feasibility of the optimization.

8 Conclusions

The dynamical characteristics optimization of a vertical machin-
ing center based on the configuration of joint stiffness is pre-
sented in this paper. As methods to identify the joint parameters
were developed, the studied FEM of the whole vertical machin-
ing center was created considering the dynamic characteristics
of the joints, the accuracy of which were verified by the com-
parison between the vibration tested and simulated results.
Using the dynamic flexibility tomeasure the vibration resistance
of the whole vertical machining center, the weak modes and
joints were determined by applying the modal flexibility and
elastic energy distribution theory. Orthogonal experiment was
applied to instruct the optimization to find an optimal configu-
ration of stiffness to decrease the modal flexibility of the weak
modes. The range analysis and fuzzy similar preference ratio
methodwere used to analyze the results of the optimization. The
determined optimal configuration of joint stiffness was applied
in the FEM to redo the simulation. The decreased modal flexi-
bilities and dynamic responses validated the feasibility of this
method. Major conclusions are drawn as follows:

1. FEM of the whole vertical machining center based on the
characteristics of the joints was verified to be accurate by
the experiment. Thus, this model could be used to simu-
late and predict the characteristics of the whole vertical
machining center accurately.

Table 15 Results of the optimization

Order Modal flexibility (10−9 m/N) Frequency (Hz) Rate of change (%)

Before optimization After optimization Before optimization After optimization Modal flexibility Frequency

(fab)2 8.17 7.31 52.1 54.6 10.5 4.58

9.72 9.26 52.1 54.6 4.73 4.58

(fab)3 6.53 6.38 77.3 79.5 2.85 2.59

(fab)7 9.39 8.99 155.7 159.2 2.25 2.25

(fab)8 8.73 7.32 165.2 168.5 16.2 2.00

(fab)10 3.01 2.49 207.3 213.9 17.3 3.18

(fab)27 4.91 4.41 501.5 508.8 10.2 1.46

Fig. 22 FRFs after the
optimization in three directions
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2. With the modal flexibility and the elastic energy distribu-
tion theory, weak modes and weak joints of the vertical
machining center has been determined efficiently.

3. Optimization efficiency was improved by combining the
orthogonal experiment method, the range analysis and the
fuzzy similar preference ratio method to solve the
multiobjective problem.

4. The studied joints stiffness can provide a basic theory
support for the machine tool producer to purchase the ball
screw, the linear guide, and the spindle.
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