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Abstract Feed rate assignment in five-axis surface machin-
ing is constrained by many factors, among which a particu-
larly critical one is the deflection cutting force on the tool:
while a larger feed rate increases the machining productivity
by shortening the total machining time, it nevertheless inevi-
tably enlarges the deflection cutting force as well, which will
cause the tool to be more prone to bending and the machine
more prone to vibration, thus adversely degrading the surface
finish quality. In this paper, we present a new five-axis tool
path generation algorithm that strives to globally maximize
feed rate for an arbitrary free-form surface while respecting a
given deflection cutting force threshold. The crux of the
algorithm is a new concept of the (cutting) force–area quotient
function—at any cutter contact point on the surface, the max-
imal effective material removal rate (with respect to the de-
flection cutting force threshold) is a continuous function of the
feed direction. This function induces a potential field on the
surface and based on which an efficient tool path generation
algorithm is designed. Preliminary experiments show that
substantial reduction in total machining time can often be
achieved by the proposed algorithm.

Keywords Five-axis machining . Cutting force . Tool path
generation . Effective material removal rate

1 Introduction

Nowadays, free-form surfaces are widely used in aerospace,
automobile, mold and die, and other industries. Due to its high
degree of freedom and strong capability of global interference

avoidance, five-axis milling is a preferred means for machin-
ing free-form surface parts, especially at the final finishing
stage. At this stage, high machining efficiency and good
surface finish are always the key objectives. In terms of
machining efficiency, a large material removal rate (MRR) is
desired. However, when MRR becomes larger, the cutter will
suffer from, among others, a larger cutting force, which will
deflect the tool, increase the tool wear rate, and ultimately
degrade the surface finish accuracy. In other words, these two
desired objectives in general conflict each other.

In order to maintain surface finish quality, the cutter needs
to be kept under an acceptable deflection level, wherein the
relationship between the deflection force and machining ki-
nematics should be fully investigated. In the past, various
cutting force models were proposed. In 1996, Altintas et al.
first presented a ball-end milling force model and predicted
the force coefficients [1]. Later, Li and Liang [2] extended the
model to flat-end 2D pocket milling, and Lee and Lin [3]
further established a 3D force model for flat-end milling on
sculptured surfaces. Engin and Altintas later extended the
work of Lee and Altintaş [1] to a variety of helical end mill
profiles by finding the geometric relationship between the tool
periphery and the height from the tool tip [4]. While the
differential force model proposed in Engin and Altintas [4]
is widely used in predicting the instantaneous cutting force,
the calculation of cutter contact region was not discussed in
Engin and Altintas [4]. Therefore, several methods focusing
on the cutter engagement region were developed. Kim et al.
used Z-map to determine the cutter contact area in three-axis
ball-end milling [5], and they also predicted the mean cutting
force using the Z-map method, which is comparatively fast
and accurate [6]. Zhu et al. used Z-map to calculate the cutting
force in five-axis machining, where the workpiece geometry is
updated using a swept envelop [7]. Furthermore, the Octree
method is developed in Kim and Ko [8] to more accurately
calculate the engagement region. An analytical method was
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developed by Ozturk and Lazoglu [9] to calculate the precise
chip load in three-axis machining. As for force coefficient
calibration, most existing methods adopt experimental ap-
proaches, such as [10–12], that gave detailed calculation pro-
cedures, from which it is well-known that force coefficients
vary significantly with both the workpiece material and the
cutter profile.

In the realm of improving machining efficiency, past
approaches have been mostly following two independent
tracks: finding better (i.e., shorter) tool paths and
assigning larger (i.e., faster) feed rate. The former is
done at the so-called computer-aided manufacturing
(CAM) stage where the specific machine tool is not
given yet, while the latter is done at the computer
numerical controlled (CNC) stage in which the machine
tool has been specified. The iso-scallop height tool path
generation method was first proposed for both ball-end
and flat-end cutter [13,14], where the scallop height
formed by adjacent cutter contact curves is kept con-
stant and hence the total path length to cover the whole
surface is minimized as compared to other traditional
methods. Based on this, some more complicated geo-
metric models were proposed for finding a better solu-
tion. Chiou and Lee [15] proposed the concept of ma-
chining potential field whose idea is to generate the tool
path along the direction that achieves the maximum
cutting strip width. Kim and Sarma [16] took the ma-
chine performance into consideration and tried to gen-
erate tool paths based on the machine’s maximum kine-
matic direction. These optimizations, nevertheless, ig-
nore the mechanics of the machining. In [17], a novel
method was presented for the determination of cutter
feed direction that tried to minimize the deflection cut-
ting force. Lazoglu et al. [18] presented a force-
minimum approach to tool path generation that tried to
minimize the average cutting force; the idea is novel but
it is limited to three-axis machining only. As for the
tool orientation optimization, Ko et al. [19] claimed an
inclination angle of 15° would lower the tool wear rate
as well as the cutting force. Toh [20] investigated the
machining process in inclined hardened steel and sug-
gested a vertical upward orientation that would be better
for reducing the cutting force as well as surface rough-
ness. Ozturk et al. [21] fully studied the tool orientation
effect in terms of the cutting mechanics and surface
quality, recommending different lead and tilt angles for
the first cut and the following ones.

After a tool path is generated, at the CNC stage when the
specific machine has been determined, maximal feed rate
should be sought with all the concerned physical loading
constraints respected. Kurt and Bagci [22] gave a thorough
review in respect of MRR-based and force-based feed rate
scheduling strategies. The latter is arguably more accurate but

alsomore complicated. Erdim et al., Salami et al., and Ko et al.
[23–25] developed force-based strategies for the three-axis
machining: after the cutting force model of a specific cutter
profile is built, the relationship between the force and the feed
rate is then established, and finally, the feed rate is regulated
under a referenced force value. Feng and Su implemented an
integrated method [26] in which the tool path is generated first
based on the constant scallop height, and the feed rate is
maximized according to the cutting force model.
Nevertheless, force-based feed rate scheduling for five-axis
machining is scarce in literature, essentially due to the diffi-
culty of modeling the resultant force brought by two addition-
al rotary axes.

To recap, despite many known studies focusing on a
variety of cutting force-related topics in multi-axis sur-
face machining, such as the theoretical cutting force
model, tool path generation based on minimum cutting
force direction at the CAM stage, and feed rate assign-
ment to allow maximum cutting force at the CNC stage,
and with many noticeable results, they are mostly re-
stricted to some simplified conditions and, moreover,
only applicable to three-axis machining. An optimized
tool path computed at the CAM may eventually turn out
to be inferior at the CNC stage as the feed rate along
the tool path must be restricted by some machine-
dependent criteria which are ignored at the CAM stage.
Reversely, a best feed rate assignment planned at the
CNC stage is only applicable to a fixed (given) tool
path, independent of how a tool path is generated in the
first place.

In this paper, we present a cutting force-based five-axis
surface machining tool path generation algorithm that will
take into consideration feed rate scheduling. A cutting force-
oriented potential field is first proposed to encapsulate the
effective MRR as a function of the feed direction for every
point on the part surface. Based on this field, the effective
MRR under a threshold deflection cutting force is maximized,
and the tool orientation is further adjusted to achieve an even
smaller cutting force. The details of the tool path generation
are then presented, followed by computer simulation results
and comparison data with some leading existing tool path
generation algorithms.

2 Preliminary

Before our detailed methodology is introduced, a few termi-
nologies need to be presented first.

Feed rate f: This scalar indicates the tool’s relative mov-
ing speed on the workpiece.
Feed per tooth ft: This value shows the tool’s movement
along feed direction within the time of one tooth rotation.
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For a certain tool, if the number of teeth is n, the spindle

speed s, the feed rate f, then the feed per tooth is f t ¼ f
s⋅n .

Normally, since n is fixed and s always remains un-
changed in a single machining process, ft is proportional
to f.
Tool center: For a ball-end mill cutter, tool center is the
center point of the hemisphere of the tool; this point will
be regarded as the origin of several coordinate systems to
be defined.
Cutter location (CL) curve: When the tool moves along a
cutter contact (CC) curve lying on the nominal part
surface, the CL curve is the trajectory of the tool tip.
Workpiece coordinate system (WCS): This is a fixed
coordinate system defined on the workpiece, formed by
its X-, Y-, and Z-axes.
Machining coordinate system (MCS): This coordinate
system indicates the tool movement; it originated at the
current tool center, consisting of the feed (F), the cross-
feed (C), and the surface normal (N) vector; the MCS is a
translational form of the local coordinate system.
Tool coordinate system (TCS): This system is a rotated
form of MCS with the same origin on the tool center
point; any point on the cutter profile can be described by
using two angular parameters. The cutting force vectors
will be transformed into this coordinate system eventual-
ly. TheW axis of the system is the tool axis, the U axis is
perpendicular to W and lies in the plane formed by the
feed (F) and surface normal (N) (i.e., the tangent plane),
and V axis is orthogonal to U and W.
Feed angle α: This angle is used to describe the feed
direction. The F axis in MCS points toward the feed
direction; we project the F axis onto the X–Y plane in
WCS, and the angle between the X axis and the projected
axis is α.
Lead angle β: This is the angle between the surface
normal and the projection of tool axis in the N–F plane.
Tilt angle γ: This is the angle between the tool axis and its
projection in the N–F plane.
Raw surface: This is the surface to be processed at the
finishing stage, usually a semi-finished surface or a fine
casting with a positive offset plus machining error.
Nominal surface: This is the precise theoretical surface,
usually mathematically defined, where all the CC points
lie. An allowable tolerance is given to gauge the errors
between the final machined surface and the nominal
surface.
Forward step d: When computing the tool path, the
forward step d is the liner distance between any
two adjacent CC points, which is controlled by
the given chord error e and the normal curvature r

along feed direction; more specifically, d ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8er − 4e2

p
(Fig. 1).

3 The force–area quotient potential field

In this section, we introduce the (cutting) force–area quotient
potential field by which the effective material removal rate
(EMRR) will be determined at each CC point along any feed
directions.

3.1 EMRR

First of all, a term named EMRR needs to be defined. In finish
machining, the shape error of the machined surface should
always be controlled within a tolerance r; in other words, the
maximum scallop height h left on the surface should be no
more than r. For a nominal surface S, let S′ be its offset surface
with a positive offset r; the machined surface Sm should then
lie in between S and S′, as shown in Fig. 2. Therefore, the
finish cutting process can be terminated only and only if all the
points on Sm are inside the space between S and S′.

EMRR can be viewed as the removal rate of the material in
between S and S′. No matter what the raw surface is like, the
total machining time only depends on EMRR, which should
be maximized as large as possible. Mathematically, instanta-
neous EMRR can be defined as the product of the feed rate f
and the effective cutting area Ap, as given in Eq. (1) and
illustrated in Fig. 3.

EMRR ¼ Ap⋅ f ð1Þ

3.2 Cutting force–area quotient (FAQ)

As long as the EMRR is enlarged (by increasing the feed rate
f ) at every CC point, the overall machining time undoubtedly
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Fig. 1 Definition of coordinate systems, feed angles, and tool orientation
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Fig. 2 Relationship between the nominal and machined surfaces
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will be reduced. However, as already alluded, when feed rate f
increases, the deflection cutting force Fd also gets larger,
which may cause the finishing surface quality to deteriorate.
So, the relationship between f and Fd should be established
first.

In five-axis machining, when the raw and nominal
surfaces are given, for every CC point, the kinematics
of the tool can be described by four parameters, i.e., the
feed rate f, feed angle α, lead angle β, and tilt angle γ.
With a fixed chip width, the deflection force at this CC
point can also be determined by these four arguments,
i.e., Fd can be described as Fd ( f, α, β, γ). In this vector
field, the lead and tilt angle should be fixed in order to
maintain fairness toward different feed directions, so here
we initially keep the tool axis coincide with the surface
normal at each CC point, i.e., γ and β are set to zero.
Thus, the deflection force simplifies to a function of f
and α, i.e., Fd ( f, α).

It has been a common assumption, based on empirical
models, that the deflection force is linearly proportional to
the feed rate:

Fd f ;αð Þ ¼ kt αð Þ ⋅ f t þ b αð Þ ¼ kt αð Þ
s ⋅ n

⋅ f þ b αð Þ ð2Þ

where kt(α) and b(α) are the two linear coefficients,
which vary with different feed angle α. Physically,
b(α) is the force value under zero feed rate, which is
relatively small.

Suppose that the maximally allowable deflection force is
given as Fd0, which can be determined by the material me-
chanics of the tool and the workpiece. Then, the largest
corresponding feed rate f0 should be:

f 0 αð Þ ¼ Fd0 − b αð Þ
kt αð Þ ⋅ s ⋅ n ð3Þ

However, kt(α) and b(α) cannot be directly deter-
mined since they are related to the local engagement
area and cutting force coefficients. As an alternative, we
introduce another method: the feed rate is first fixed to
be an arbitrary f′; we then calculate the corresponding

force Fd, and the largest feed rate f0 can be obtained by
the following two equations:

Fd

Fd0
¼

kt αð Þ
s ⋅ n

⋅ f 0 þ b

kt αð Þ
s ⋅ n

⋅ f 0 þ b
≈

f 0

f 0
ð4Þ

f 0 ¼
Fd0

Fd
⋅ f 0 ð5Þ

In Eq. (5), Fd0 and f′ are constants, and Fd is the deflection
force under the fixed feed rate f′, which can be denoted as a
function of feed angle, i.e., Fd(α). Therefore, f0 is also a
function of α only:

f 0 αð Þ ¼ Fd0

Fd αð Þ ⋅ f
0 ð6Þ

Also, once the nominal surface is given, due to the chang-
ing local curvature, the effective cutting area Ap varies with
different feed angles, so Ap can be expressed as Ap(α)..
Therefore, according to Eq. (1), the maximally allowable
EMRR as a function of α is:

EMRRmax‐allowable αð Þ ¼ Ap αð Þ ⋅ f 0 αð Þ ¼ Ap αð Þ
Fd αð Þ ⋅ Fd0 ⋅ f 0 ð7Þ

where Fd0 and f′ are constants, and we can now find the
maximal EMRRmax-allowable by maximizing Ap αð Þ

Fd αð Þ , which is a
function of the feed angle α. This function is a combination of
the effective cutting area and the deflection cutting force, to be
called the (cutting) FAQ, that is, FAQ αð Þ ¼ Ap αð Þ

Fd αð Þ . As this
function is defined at every point on the part surface, it induces
a potential field on the surface, i.e., the FAQ potential field. In
particular, for each point on the surface, the feed angle that
maximizes its FAQ(α), i.e., Argα max FAQ αð Þð Þ , will be
called the principal direction and the associated FAQ the
principal FAQ.

3.3 Effective cutting area

The effective cutting area Ap will be derived as a
function of α. In general, the cutting area is influenced
by the surface geometric shape as well as the tool
orientation, i.e., the normal curvature k and the lead
and tilt angle. However, for ball-end milling, the lead
and tilt angle do not affect the effective cutting area as
long as the cylindrical part is not engaged with S′
(Fig. 4). Meanwhile, normal curvature varies with

F
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N

A view

f

EMRR:

Actual cutting area:

Effective cutting area:

Fig. 3 Definition of EMRR and the effective cutting area
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different feed direction, meaning that the effective cut-
ting area is only a function of feed angle α.

The expression of effective cutting area should be derived
differently per the sign of the normal curvature, that is, the
convex and concave case.

3.3.1 Convex case

In this case, the normal curvature along the cross-feed
direction is negative, so that the tool center and the
local curvature center are on the opposite sides of the
nominal surface. The detailed calculation is given be-
low, as also shown in Fig. 5.

l ¼ Rþ r−h
p ¼ 1

2
r þ Rþ lð Þ

Ap ¼ Aþ B−C ¼ cos−1
l2 þ R2−r2

2lR

� �
⋅R2

þcos−1
l2 þ r2−R2

2lr

� �
⋅r2−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p p−lð Þ p−rð Þ p−Rð Þ

p
ð8Þ

3.3.2 Concave case

In this case, the two centers are in a same side of the
nominal surface, where the normal curvature is positive,

and the calculation is different from the convex case
(Fig. 6):

l ¼ r þ h−R

p ¼ 1

2
r þ Rþ lð Þ

Ap ¼ Aþ B−C ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p p−lð Þ p−rð Þ p−Rð Þ

p
þ π−cos−1

l2 þ R2−r2

2lR

� �� �
⋅R2−cos−1

l2 þ r2−R2

2lr

� �
⋅r2

ð9Þ

From Eqs. (8) and (9), it is obvious that, at any CC
point, Ap is a function of radius r of the normal curva-
ture. As r is a function of the first and second funda-
mental form which depends on the direction angle α on
the tangent plane of the CC point, Ap is a function of
α. Figure 7 demonstrates that both the effective cutting
area and the normal curvature are sine-shaped functions
of the feed angle α, while the two show no phase
difference, meaning that the largest normal curvature
represents the largest effective cutting area.

3.4 Instantaneous cutting force model

In general, when the tool cuts a workpiece, the generated
cutting force is an alternating signal varying with different
rotation angle φ. The instantaneous cutting force model is
established next to define this dynamic signal.

The tool we used in this paper is a ball-end cutter with a
diameter of 12 mm, a helix angle of 30°, and two cutting
edges. The maximum allowable axial depth of cut ap is
20 mm, meaning that the cylinder part of the tool may also
get involved in the cutting operation. Based on the above data,
for a given nominal surface as well as the raw surface, the
instantaneous cutting force can be determined by the follow-
ing steps.

3.4.1 Step 1: geometric modeling of the ball-end mill

In the TCS, we use the rotation angle φ and the axial height z
as the two main parameters to define the transient position of
the cutting edge on both the spherical and the cylindrical part.

S
S’

Raw surface

Ap

CF

N

Fig. 4 Effective cutting area

S
S

Ap
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R

l

h

a

b

=
+

-

Ap

A

B

C

Fig. 5 Calculation of the
effective cutting area for the
convex case
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Referring to Fig. 8, any point on the cutting edge can be
defined in TCS as follows.

For the spherical part, where z<0:

xp; yp; zp
� �

¼ Rsin κð Þsin φð Þ;Rsin κð Þcos φð Þ;−Rcos κð Þð Þ
κ ¼ cos−1 −z=Rð Þ

ð10Þ
where κ is the immersion angle.

For the cylindrical part, where z≥0:

xp; yp; zp
� �

¼ Rsin φð Þ;Rcos φð Þ; zð Þ ð11Þ

Starting from the tool tip with an initial rotation angle φ0,
the rotation angle φ varies with different positions due to the
effect of helix angle. Generally, the cutting edge of a ball-end
mill is the projection of a helix on the corresponding cylinder,
which has a constant helix angle i0. Their relationship is
shown below (Fig. 9):

Therefore, the rotation angle φ is defined as a function of
φ0 and z:

φ ¼ φ0−ψ

ψ ¼ zþ R

R
⋅tan i0ð Þ ð12Þ

where ψ is the lag angle which increases along the cutting
edge (Fig. 10).

As a result, the point position p
*¼ xp; yp; zp

� �
of the

cutting edge can be expressed as follows.
For the spherical part:

xp; yp; zp
� �

¼
Rsin κð Þsin φ0− 1−cos κð Þð Þ⋅tan i0ð Þð Þ;
Rsin κð Þcos φ0− 1−cos κð Þð Þ⋅tan i0ð Þð Þ;

−Rcos κð Þ

0
@

1
A

κ ¼ cos−1 −z=Rð Þ
ð13Þ

For the cylindrical part:

xp; yp; zp
� �

¼ Rsin φ0−
zþ R

R
⋅tan i0ð Þ

� �
;Rcos φ0−

zþ R

R
⋅tan i0ð Þ

� �
; z

� �

ð14Þ

From Eqs. (13) and (14), the point position on one cutting
edge is a function of φ0 and z, whereas for the other cutting
edge, a phase angle π should be added so that the initial
rotation angle φ0′ should be φ0+π.
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R

l

b

a
h

= + -

r

R

l
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B

C

A

Fig. 6 Calculation of the
effective cutting area for the
concave case

Fig. 7 The effective cutting area and normal curvature vs. feed angle
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Fig. 8 Point position on the cutting edge
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3.4.2 Step 2: modeling of the differential cutting force

The differential tangent (dFt), radial (dFr), and subtangent
(dFa) cutting force acting on the point of the cutting edge is
first introduced by Lee and Altintas [1] as follows:

dFt ¼ Ktc⋅T φ;κð Þ⋅dbþ Kte⋅dz
dFr ¼ Krc⋅T φ;κð Þ⋅dbþ Kre⋅dz
dFa ¼ Kac⋅T φ;κð Þ⋅dbþ Kae⋅dz

ð15Þ

where Ktc, Krc, and Kac are the shear force coefficients, Kte,
Kre, and Kae the edge coefficients, which can be calibrated by
orthogonal experiments, and db and dz the differential chip
length and differential projected cutting edge, respectively
(Fig. 11). T(φ,κ) is the chip thickness, which is a product of
point position p

*
and the feed per tooth vector f t

*
in TCS.

For the spherical part:

T φ;κð Þ ¼ max 0;∴⇀
f t ⋅⇀p

� �

db ¼ dz

sin κð Þ ¼ Rdκ

dz ¼ Rsin κð Þdκ
ð16Þ

For the cylindrical part:

T φ;κð Þ ¼ max 0;
⇀
f t ⋅⇀p

� �
db ¼ dz

ð17Þ

Substitute Eqs. (16) and (17) into Eq. (15), the differential
cutting force can be determined by just one differential pa-
rameter, dκ or dz, respectively, depending on which part of the
tool. A transformation matrix helps here to project the cutting
force onto TCS, i.e., the u, v, and w direction; thus, the overall
deflection force can be calculated by simply adding up all the
infinitesimal force elements in a unified coordinate system as
follows.

For the spherical part:

dFu

dFv

dFw

2
4

3
5 ¼

−sin κð Þsin φð Þ −cos φð Þ −cos κð Þsin φð Þ
−sin κð Þcos φð Þ sin φð Þ −cos κð Þcos φð Þ

cos κð Þ 0 −sin κð Þ

2
4

3
5 dFr

dFt

dFa

2
4

3
5

ð18Þ
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W

i0

w=0

w=-R

Fig. 9 Construction of a cutting edge
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Fig. 10 Definition of lag angle
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Fig. 11 Differential cutting force exerted on one point of the cutting edge

Fig. 12 Cutting force coefficients
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For the cylindrical part:

dFu

dFv

dFw

2
4

3
5 ¼

−sin φð Þ −cos φð Þ 0
−cos φð Þ sin φð Þ 0

0 0 −1

2
4

3
5 dFr

dFt

dFa

2
4

3
5 ð19Þ

3.4.3 Step 3: determine the engagement region

Once the differential cutting force model is established, the
overall deflection force can be calculated by integrating the
differential element over the engagement region along the
cutting edge, which indicates the actual part of the edge that
lies between the raw surface and nominal surface.

In order to determine this region, a complete description of
nominal surface as well as raw surface is needed. At the CAM
stage, the nominal surface S is usually given in a CAD format
(e.g., Bspline), whereas the raw surface Sr remains unknown
since it highly depends on the previous machining process.
Advanced simulations and digital technologies can be utilized
to reconstruct the raw surface into a triangular mesh. Assume
the nominal surface as:

S u; vð Þ ¼ X u; vð Þ; Y u; vð Þ; Z u; vð Þð Þ ð20Þ

For a given combination of CC point (x(u,v),y(u,v),z(u,v)),
the feed angle α, the rotation angle φ, and the tool orientation
(β, γ), the engagement region due to each cutting edge can be
calculated by the following numerical procedure:

1. Start from the tool tip (xp0,yp0,zp0).
2. Move a differential step Δz along the cutting edge to the

next point and transform the point position (xp,yp,zp) from
TCS to WCS, i.e., to (xpw,ypw,zpw).

3. Check whether this point lies in between S and Sr, if so, go
back to 2 and continue.

4. Record the critical point (xpu,ypu,zpu) as the upper bound-
ary, and the engagement region E is part of the cutting
edge from the tool tip to the upper boundary.

3.4.4 Step 4: coefficients and integration

To perform the force integration, three shear force coefficients
and three edge coefficients are approximated based on Budak
and Altintas’s work [27]. The constant edge force coefficients
are set as Kte=25 N/mm, Kre=43 N/mm, and Kae=5 N/mm.
The shear force coefficients vary with different axial depth z
on the spherical part, whereas for the cylindrical part, they are
set to be constants (Fig. 12).

With these coefficients determined, we can calculate the
total cutting force by the following equation:

Fu

Fv

Fw

0
@

1
A ¼

Z xpu;ypu;zpuð Þ
xp0;yp0;zp0ð Þ

dFu

Z xpu;ypu;zpuð Þ
xp0;yp0;zp0ð Þ

dFv

Z xpu;ypu;zpuð Þ
xp0;yp0;zp0ð Þ

dFw

0
BBBBBBBBB@

1
CCCCCCCCCA

Fd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fu

2 þ Fv
2

p

ð21Þ

where dFu, dFv, and dFw can be calculated using Eqs. (18) and
(19), and Fd is the (magnitude of) instantaneous deflection
force.

Figure 13 depicts the simulation result of the instantaneous
cutting force for 10 cycles, where the maximum value of Fd is
as high as 500 N. Generally speaking, the deflection force
signal can be roughly decomposed into a constant none-zero
signal Fdm and an alternating signal Fdasin(2φ) with zero
mean value:

Fd≈Fdm þ Fdasin 2φð Þ ð22Þ

Fig. 13 Instantaneous cutting
force signal for 10 cycles
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Both signals influence the surface finish quality. If the
constant signal is large, which is the mean deflection cutting
force, it will dominate the machining error; on the other hand,
a large alternating signal Fda will cause vibration and deteri-
orate the surface roughness. Therefore, a natural way to solve
this problem is to restrict the summation of the two, i.e., the
maximal deflection force during one cycle under a given
threshold value.

3.5 Pre-grooving effect

In a typical surface machining process, the workpiece is al-
ways cut in a “parallel” fashion: the entire machining is made
of a sequence of tool paths each of which has a corresponding
(smooth) CC curve. Ignoring the first, when the tool moves
along a CC curve, it is only partially submerged between the
raw and nominal surface as the previous tool path has already
left a “groove” on the surface (see Fig. 14). Because consec-
utive CC curves are very close to each other on the nominal
surface, this so-called pre-grooving effect strongly influences
the cutting force and hence cannot be ignored.

In order to calculate the cutting force under this condition,
we must consider its effect on the engagement region. As the
analytical expression for the groove is virtually impossible to
obtain, an alternative approximation scheme should be
sought. Let us assume that the previous tool path consists of
a series of discrete CC points, i.e.:

P0 ¼ x01; y01; z01ð Þ; x02; y02; z02ð Þ⋯ x0n; y0n; z0nð Þð Þ ð23Þ

Around the neighborhood of each CC point on this CC
curve, the groove can be simplified as part of a straight
cylindrical surface with the same radius R as the tool nose,
and the whole grooved trail generated by this tool path is
formed by many small parts of the corresponding cylindrical
surfaces, as illustrated below (Fig. 15):

Meanwhile, the current tool path has a non-constant side-
step g from the previous one (in order to maintain a constant
cusp height on the surface). This side-step g is perpendicular

to the feed direction and varies at different CC points. For each
CC point (x0i,y0i,z0i) on the previous tool path, we can calcu-
late g so that the corresponding CC point (x1i,y1i,z1i) on the
current path is determined; these two points provide sufficient
information for determining the engagement region, as elab-
orated in the following steps.

1. For each (x1i,y1i,z1i) on the current tool path, we first
calculate the original engagement region E0 without con-
sidering the pre-grooving effect.

2. For the corresponding (x0i,y0i,z0i) on the previous tool
path, calculate the tool center location and transform its
coordinates into MCS, i.e., (f0ci,c0ci,n0ci). The cylindrical
surface around this point can be expressed as:

Sm ¼ u; v;wð Þ
��� v−c0cið Þ2 þ w−n0cið Þ2 ¼ R2; f 0ci−1 < u < f 0ciþ1

n o

ð24Þ

3. The actual engagement region E must be a subset of E0.
For each point in E0, transform its coordinates into MCS;
if the point lies inside the cylindrical surface Sm (see
Fig. 16), remove it.

4. After all the points have been checked and updated in E0,
the remaining region is the actual engagement region with
the pre-grooving effect considered, and the corresponding
cutting force can be calculated accordingly.

Figure 17 shows an example of the pre-grooving effect on
instantaneous deflection force. In the figure, the red curve (with
the pre-grooving effect considered) lies below the black one
(without considering the pre-grooving effect). In this example,
the area below the red curve is only about 60 % of that below
the black curve, indicating that the two corresponding mean
deflection forces also differ by 40 %, which firmly validates
the necessity of consideration of the pre-grooving effect.

4 Tool path generation

In five-axis machining, a tool path is comprised by both a
number of smooth CC curves and the corresponding tool
orientation along them. Based on the (cutting) force–areaFig. 14 Grooved trail of the previous tool path

CC curve

CC point

Approximated grooved trail

Actual grooved trail

Fig. 15 Approximated groove
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quotient potential field model that we have just established,
we now present a tool path generation algorithm as well as a
feed rate scheduling scheme.

4.1 Generation of CC curves

For a given nominal surface S(u,v)=(X(u,v),Y(u,v),Z(u,v)),
we divide its square uv domain into an N×N grid, thus
defining a mesh on S. For each node in the mesh, as the
domain for the feed angle is from 0° to 360°, the FAQ value
is calculated for every δ degree (5 in our current setting),
meaning that a total of 72 values will be recorded for each
mesh node (Fig. 18). As the tool path has not been generated
yet, the pre-grooving effect is not available at this point, and
the cutting force model (Section 3.4) is used for calculating
these 72 values.

A database DFAQ is built for this field, which contains the
discrete nodes’ locations as well as the FAQ values in 72
different directions for each node. After the field is built, the
CC curves are generated by the following steps.

Step 1 Create an N×N binary matrixG with all the elements
initialized to be “1.” This matrix is used to identify
the region that has already been covered by the pre-
viously already generated tool paths, i.e., the ma-
chined area. Another N×N matrix M is created from

DFAQ to store the principal FAQ value for every node
in the mesh.

Step 2 For any newly generated CC curve, the matrix G is
updated accordingly: for each CC point on the curve,
quickly locate the grid square element in G that
covers the point and then set all the four nodes of
this square element to “0.” See Fig. 19 for an
example.

Step 3 Update the square matrixM by simply multiplying it
withG, so that the mesh nodes already covered by the
previous CC curves are removed from further
consideration.

m11 … m1n

⋮ ⋱ ⋮
mn1 … mnn

2
4

3
5
new

¼
m11 … m1n

⋮ ⋱ ⋮
mn1 … mnn

2
4

3
5

�
g11 … g1n
⋮ ⋱ ⋮
gn1 … gnn

2
4

3
5 ¼

m11g11 … m1ng1n
⋮ ⋱ ⋮

mn1gn1 … mnngnn

2
4

3
5
ð25Þ

Step 4 Find a principle node m0=(u0, v0) in the updated M
that has the largest difference of FAQ value along
different directions, together with its associated

F

C

N

(x1i,y1i,z1i)(x0i,y0i,z0i)

Sm

Points inside Sm
Raw surface

Norminal surface

E0:

E:

Fig. 16 Determine the engagement region with the pre-grooving effect

Fig. 17 The deflection force with and without considering the pre-
grooving effect

Part of the field

FAQ variation

Fig. 18 Discrete force field with varying FAQ

A part of tool

path curve

A part of G

CC point

1

0

Fig. 19 Updating the G matrix

1670 Int J Adv Manuf Technol (2014) 75:1661–1679



principal feed angle α0 found inDFAQ. Start from this
initial point along α0 and advance one forward step d
to a new location (u1, v1). For the FAQ function at
this point, instead of calculating from scratch, it is
obtained by interpolating the FAQ values of the four
nodes of the square element in uv that covers the
point (see Fig. 20). Moreover, since we are only
interested in the principal direction at (u1, v1), and
consider also the fact that FAQ as a function of feed
angle changes continuously in uv, the FAQ function
at point (u1, v1) is computed for only a small range
(α0−10°, α0+10°). Numerically, the FAQ(α) in this
range is expressed as a degree-four polynomial, with
the five points {FAQ(α0−10°), FAQ(α0−5°),
FAQ(α0), FAQ(α0+5°), FAQ(α0+10°)} obtained
by interpolating the corresponding FAQ values at
the four surrounding nodes of (u1, v1). The maximum
of this polynomial will then be taken as the principal
FAQ at (u1, v1). The advancement procedure is then
repeated at (u1, v1), in exactly the same manner as
that at (u0, v0), and so forth, until either the surface
boundary or the machined area (the zero zone inG) is
reached. This will conclude the forward part of the
CC curve starting at (u0, v0).

Step 5 Similar to step 4, except this time we start in the
negative principle direction –α0 at (u0, v0) (see
Fig. 21). The thus generated will be the backward
part of the CC curve starting at (u0, v0). Combining
both the forward and backward part, the resultant CC
curve is called a principal CC curve which enjoys a
unique property: the feed direction at every point on
the curve (e.g., the tangent at the point) coincides
with the principal feed direction at the point. Physically,
this means at every point on the CC curve the tangent
direction maximizes the EMRRmax-allowable.

Step 6 With the principal CC curve obtained from steps 4
and 5 as the initial curve, the well-known iso-scallop-
height expansion method [13] is then adopted to
generate “parallel” CC curves one-by-one, first to

the “left” side of the principal CC curve and then to
its “right” side. Since these curves are no longer
principal (optimal) ones, a measure will be per-
formed to gauge the quality of the CC curve being
expanded: in our current implementation, this mea-
sure is the ratio IC/IP, where both IC and IP are the
integrations of the FAQ over the entire CC curve,
except that the former is along the tangent direction
of the curve, whereas the latter is along the principal
direction. If this ratio is less than 80 %, the iso-
scallop-height expansion is terminated.

Step 7 Steps 2–6 generate one group of parallel CC curves.
We then go back to step 2 to generate another group
of parallel CC curves, and so on, until G becomes a
zero matrix, which indicates that the entire nominal
surface has now been covered.

4.2 Tool orientation determination

After CC curves are generated, all the CC points and their feed
directions are now fixed. We yet must determine the tool
orientation at each CC point, i.e., the lead and tilt angle of
the tool, which, as we will explain next, should be carefully
chosen to consider the pre-grooving effect, so that the FAQ
value can be further enlarged.

For ball-end mill, the effective cutting area Ap(α) is only a
function of feed angle α, independent of the tool orientation.
On the other hand, tool orientation does affect the deflection
force. The cutting force model that we have so far established
assumes the normal orientation for the tool—the tool axis is
the same as the surface is normal. If the lead and/or tilt angle is
non-zero, however, the deflection force may alter accordingly.
Therefore, the objective is to find better lead and tilt angle for
the tool at a given CC point so that the maximum deflection
force during one spindle rotation can be reduced, which in
turn will further enlarge EMRRmax-allowable (Eq. (7)).

Figure 22a depicts an example of the maximum deflection
force during one rotation at a CC point, as a function of the
lead and tilt angle, without considering the pre-grooving ef-
fect. The maximum deflection force increases slightly when
lead angle becomes positive, while a negative tilt angle can
drastically increase it, with the minimum occurring at where

(ui, vi)

(ui0, vj0)

(ui0+1, vj0) (ui0+1, vj0+1)

(ui0, vj0+1)

α0

α0-10°

α0+10°

CC
curve

Fig. 20 Feed direction selection

Optimal feed direction

Forward part of the curve

Opposite search direction

Principle CC point
Feed direction

Search direction

Fig. 21 Backward advancement
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the lead angle is negative and the tilt angle is near zero.
Figure 22b shows the same function at the same CC point
except this time the pre-grooving effect is considered (where
the pre-groove locates in the left side of the current CC curve).
The maximum deflection force drops with a decreasing lead
angle and rises slightly with an increasing tilt angle, with the
minimum occurring when both lead and tilt angle become
negative.

From the simulation results shown in Fig. 22, optimal lead
and tilt angle can be selected for the tool orientation at each
CC point. A relatively lower deflection force can be observed
with a negative lead angle, when the axial component of the
cutting force is relatively larger (vs. its deflection component)
due to the “plunge” motion. It is imperative, however, to
emphasize that the determination of tool orientation is affected
bymany factors, such as global collision avoidance, minimum
cutting force requirement, smoothness of the change of tool
axis, etc. We nevertheless mainly focus on the maximum
deflection force, bearing in mind that the analysis here must
be combined with other considerations if the result is to be
eventually used in real machining. When only restricted to the
maximum deflection force, the lead and tilt angle (β, γ) can be
selected differently based on the following three cases.

Case 1 (no pre-grooving effect): The feasible region Of

for (β, γ) is

Of 1 ¼ β; γð Þ
���−0:5 < β < 0:5; −0:2 < γ < 0:2

n o
ð26Þ

Case 2 (the groove lies in the left side of the feed direc-
tion): The feasible region should be

Of 2 ¼ β; γð Þ
���−0:5 < β < 0:5; −0:75 < γ < −0:25

n o
ð27Þ

Case 3 (the groove lies in the right side of the feed
direction): The feasible region is

Of 3 ¼ β; γð Þ
���−0:5 < β < 0:5; 0:25 < γ < 0:75

n o
ð28Þ

Note that the above selection criteria are specific to the ball-
end tool. For other types of tool (e.g., the flat-end), the
selection criteria will be different.

(a) Without pre-grooving effect

(b) With pre-grooving effect

Fig. 22 Maximum deflection
force vs. lead and tilt angle.
a Without pre-grooving effect.
b With pre-grooving effect
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Once the feasible region for each case is determined, an
incremental algorithm is implemented here with an assump-
tion that along one CC curve, the tool orientation as well as the
surface normal should change smoothly. The initial tool ori-
entation (β0,γ0) is set to be (0, 0) for case 1, (0, −0.5) for case
2, and (0, 0.5) for case 3 on the starting point of any CC curve,
and the tool orientation for the next CC point (βi+1,γi+1) is
selected within the intersection regionOi consisting of a small
domain of the previous one (βi,γi) and the feasible region Of

(see Eq. (29)). In light of this incremental nature, the calcula-
tion time for each (βi,γi) is greatly reduced and a smooth
variation of tool orientation assures to reduce the jerk
(Fig. 23).

βiþ1; γiþ1

� 	
∈Oik ¼ Ofk

\
β; γð Þ

��� β−βið Þ2 þ γ−γið Þ2≤ε2
n o

; k ¼ 1; 2; 3

ð29Þ

In Fig. 24, a comparison example is given under a fixed
feed rate of 600 mm/min. The CC curve used is a principal CC
curve generated in our test example (see Fig. 26), and the lead
and tilt angle are selected based on Eqs. (26) and (29) as it is a
principal CC curve with no pre-grooving effect. The data
convincingly confirms our motivation: as the maximum de-
flection force of the optimized lead tilt angle is smaller than
that of the (0, 0) lead tilt angle (i.e., when the tool axis is the

surface normal), the corresponding EMMRmax-allowable in-
versely becomes larger (Eq. (7)), thus reducing the total ma-
chining time.

4.3 Feed rate scheduling strategy

In deriving Eq. (7), it is assumed that the feed rate is kept
constant. In reality, however, at the CNC stage, the feed rate is
not constant but always adjusted adaptively to accommodate
many physical constraints, e.g., the limit on the angular speed
and acceleration. Assuming all these constraints are satisfied,
the feed rate for any CC point (in the feed direction) can be
decided per Eq. (6) as follows:

max f 0ð Þ ¼ Fd0

min Fd β; γð Þð Þ⋅ f
0 ð30Þ

where Fd0 is the given maximum allowable deflection force,
min(Fd(β,γ)) is the minimized maximum deflection force at
the CC point (with respect to the feed direction) within its
corresponding Oi, and f′ is a constant feed rate by which Fd is
determined. Note that as Fd is strictly linearly proportional to
f′, we simply take f′ to be 1.

It is necessary to note that the above assignment can only
be taken as a reference, and the final feet rate assigned by the
CNC controller is usually smaller than this threshold value, as

Small domain of the previous tool orientation

Feasible region

Fig. 23 Incremental algorithm
for optimal tool orientation
assignment

Fig. 24 Comparison of
maximum deflection force with
different tool orientations along
one principle CC curve
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all the physical constraints such as the specific machine’s
kinematics and dynamic capacities must be respected.

5 Experimental results

The presented five-axis tool path generation algorithm based
on the proposed cutting force potential field concept has been
implemented in MATLAB. The test nominal surface S(u,v) is
a parametric free-form surface as shown in Fig. 25 with both
valleys and peaks. Through our algorithm in Section 4.1, only
one group of iso-scallop-expanded CC curves is generated in
this particular example as the ratio IC/IP always stays above
the critical value 80 %. Tool orientation and feed rate for each
CC point are subsequently determined based on the strategies
given in Sections 4.2 and 4.3. Figure 26a plots the FAQ field
of the surface, which shows a rough trend of the generated tool
path shown in Fig. 26b, where the red dot indicates the starting
point of the tool path.

To verify the effectiveness of the proposed tool path gen-
eration algorithm, a controlled group of tool paths generated
by the standard iso-scallop height expansionmethod is used as
the benchmark, as shown in Fig. 27. The tool orientation for
this benchmarking group is set to identify with the surface
normal.

As an alternative to physical cutting, at least for qualitative
verification purpose, a two-phase virtual cutting experiment
was conducted on MACHpro (a highly powerful professional
post-processing CAM software platform specialized in cutting
force simulation). The generated tool paths and feed rate data
are transformed into APT files and then imported into
MACHpro. We manually set the maximum allowable deflec-
tion force Fd0 to be 1,000 N, the spindle speed to be a constant
of 3,000 rpm, and the scallop height to be 0.1 mm. In phase 1,
cutting processes for both tool paths are simulated with a
constant feed rate value 300 mm/min. Next, in phase 2, feed
rate is assigned per CL point to achieve the potential improve-
ment in shorting the machining time. Results are categorized
into four data sets, as explained below.

Figures 28, 29, and 30, respectively, demonstrate the cor-
responding simulation outputs for the benchmarking tool path
and the optimized tool paths without and with the adjusted

feed rate. For each figure, respectively, the first graph shows
the maximal deflection force during the entire machining
process, the second one shows the axial cutting force which
is perpendicular to the deflection force, and the third and
fourth graph depict the chip load and material removal rate,
respectively.

For the comparison under a constant feed rate of Fig. 28 vs.
Fig. 29, the deflection force exhibits higher value on the

Fig. 25 Nominal surface

(a) FAQ field of the surface

(b) The generated optimal tool path

Fig. 26 FAQ field and the generated CL curves. a FAQ field of the
surface. b The generated optimal tool path

Fig. 27 Benchmarking tool path by the iso-scallop height expansion
method
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Fig. 28 Experimental result for the benchmarking tool path with constant feed rate
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Fig. 29 Experimental result for the optimized tool path with constant feed rate
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Fig. 30 Experimental result for
the optimized tool path with
adjusted feed rate
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benchmarking tool path as more than half of the time it
reaches 750 N or above, while on the optimized tool path, it
is lower, albeit more fluctuant. Noticeably though, the axial
force of the optimized tool path is in general larger than that of
the benchmarking one (as a cost of reducing the deflection
force), which though is usually of little concern as the tool
rigidity in the axial direction is much higher than in the lateral
direction. With the chip load being almost the same, the
material removal rate for the optimized tool path reaches the
highest value (as much as 0.03) along the principle curve and
then drops down below 0.01 due to the pre-grooving effect.
As the lengths of the two tool paths are almost the same (as
expected), and with a same constant feed rate, the optimized
tool path achieves little improvement in total machining time
against the benchmark (738.63 vs. 776.33 s). However, the
lower deflection force of the optimized tool path provides the
potential for larger material removal rates after feed rate is
rescheduled adaptively, as to be verified in the phase 2 com-
parison next.

In this comparison (Fig. 30), feed rate is individually ad-
justed at each CL point under a maximum limit of 800 mm/
min to simulate the kinematic capacity of a real machine.
Once the CL data together with the scheduled feed rate are
input into MACHpro, the built-in machine model will further
control the feed rate variation to obey the capacity of ma-
chine’s acceleration and to reduce the jerk. Result in Fig. 30
shows an enhancement in deflection force with less fluctua-
tion, whose value is well-controlled to approach but stay
below the given constraint 1,000 N. The chip load and MRR
are also increased due to the improvement of feed rate,
resulting in roughly a 25 % reduction in total machining time
(Table 1).

6 Conclusion

We have presented a new five-axis tool path generation algo-
rithm for free-form surfaces that takes into consideration the
deflection cutting force on the tool when trying to minimize
the total machining time. As the deflection cutting force at a
CC point depends on many parameters such as the tool orien-
tation, the local geometry of the part surface, the feed direc-
tion, and the feed rate, we first conduct a thorough study on
their relationships. In addition, to make the mathematical
modeling more accurate, we also consider the effect of the
adjacent already-cut-groove on the deflection cutting force.

Together with the cutting strip width as a function of the feed
direction, we then for every CC point define the effective
material removal rate as a function of the feed direction and
feed rate (with respect to a fixed tool axis). As a result, with
respect to a given threshold of deflection cutting force (i.e., the
maximally allowable deflection cutting force), for any CC
point, every feed direction has a corresponding maximum
feed rate. A potential field is then established on the part
surface that identifies for every CC point the principal feed
direction in which the maximum effective material removal
rate can be achieved. Utilizing this potential field, an efficient
tool path algorithm is finally designed that strives to adhere to
the principal feed direction when the CC curves are deter-
mined: at any CC point on a CC curve, the tangent direction
should be as close to its principal feed direction as possible.
Our preliminary experiments and the comparison results with
the popular iso-scallop height tool path generation method
show that the proposed method could reduce the total machin-
ing time as much as 25 %.

The presented analyses and tool path generation al-
gorithm, however, may produce multiple groups of tool
path with some redundant motions such as tool lifting
and plunging, which may eventually lower the already-
improved machining efficiency in real cutting. A further
study is thus needed for a more advanced tool path
algorithm toward the objective of minimizing the total
machining time considering these additional motions.
Moreover, final physical cutting experiments should be
conducted to ultimately verify the proposed approach.
These will be our next tasks.
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