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Abstract The purpose of this paper is to investigate the
model of the static tool influence function (sTIF) of bonnet
polishing (BP). Three kinds of sTIF are mathematically
modeled, which are static tool influence function of tilted
polishing (sTIFt), static tool influence function of discrete
precession polishing (sTIFd), and static tool influence function
of continuous precession (sTIFc), respectively. Pressure distri-
bution in the contact area is confirmed based on finite element
analysis (FEA) technology. A group of experiments to extract
the polishing spots have been conducted to verify the accuracy
of the sTIF model. Meanwhile, the difference between sTIFd
and sTIFc is studied. It turns out that the removal depths of
sTIFd and sTIFc are almost the same, and the continuous
precession polishing can be replaced by discrete precession

polishing to ease control in practical polishing process espe-
cially for the aspheric surfaces polishing.
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Nomenclature
sTIF Static tool influence function
sTIFc Static tool influence function of continuous preces-

sion polishing
sTIFd Static tool influence function of discrete precession

polishing
sTIFt Static tool influence function of tilted polishing
k Removal coefficient
p Polishing pressure
v Relative speed between the tool and the workpiece
vr Velocity of pointQ derived from the rotation of H-axis
vp Velocity of pointQ derived from the rotation of A-axis
vQ Total relative speed of point Q
ω1 Rotation speed of H-axis
ω2 Rotation speed of A-axis
l Z offset of the bonnet
R Bonnet radius
ps Pressure distribution in the contact area
pmax The maximum pressure in the contact area
λ Distance from one of the point in the contact area to

the center
σ Standard deviation
φ Modification coefficient

1 Introduction

Bonnet polishing (BP) combined with precession movement,
developed by Zeeko Ltd in collaboration with the Optical
Science Laboratory at University College London and Loh
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Optikmaschinen, is a novel precision polishing process espe-
cially for aspheric or free-form surface [1, 2]. It uses a rotating
and inflated spherical membrane tool (the “bonnet”), which
naturally molds itself to the local aspheric surface. A wide
range of surface contact area can be achieved between the tool
and the workpiece by changing the tool pressure. The bonnet
polishing technology have shown its flexible tooling ability
and been demonstrated to achieve excellent surface finishing
accuracy when aided with a precision CNC capability and the
built-in process intelligence [3–6].

BP is a member of deterministic polishing, such as
computer-controlled optical surfacing (CCOS) [7], ion beam
figuring (IBF) [8, 9], magnetorheological finishing (MRF)
[10, 11], fluid jet polishing (FJP) [12–14], etc. The material
removal function of deterministic polishing can be expressed
as two-dimensional convolution of tool influence function
(TIF) and dwell time function [15]. Hence, the final surface
of deterministic polishing could be predicted and designed by
controlling the dwell time. Therefore, the modeling of TIF is
important. Jones [7] proposed the theoretical TIF of CCOS by
assuming uniform pressure and orbital velocity and optimized
the process by computer simulations. Jiao [9] built the model
to relate the property factors, such as material removal effi-
ciency, disturbance depth and thermal effect, and process
parameters of the ion beam figuring based on the Sigmund
sputtering theory. Dai et al. [10] established a calibrated and
predictive TIFmodel ofMRF, which can be used to accurately
predict the removal function of a workpiece to be polished
whose material is different from the spot part. Lin [16] devel-
oped an analytical model to describe the relationship between
polishing parameters and TIF, which has been verified exper-
imentally. Yi et al. [17] proposed a new computational tech-
nique called KTIF to increase the predictability of material
removal in pitch tool-based surface figuring, which has been
proven to have superior prediction performance.

Studies on TIF of BP also have been reported. Walker
et al. [3] demonstrated the experimental TIF but not
modeled it mathematically. Kim et al. [18] presented a
theoretical model of static tool influence function (sTIF)
for efficient fabrication of 2 m class hexagonal segment
mirrors for ELT projects. However, its pressure distribu-
tion is derived from the reverse computation of the actual
TIF, which means that the measuring of actual TIF is the
premise to generating the mathematical TIF model. It is
inconvenient for the process practically.

In this paper, a new computational technique to model the
sTIF was proposed. The pressure distribution in the contact
area was achieved using FEA method. Combining with three
kinds of movement of the polishing tool which are tilted
polishing, discrete precession polishing, and continuous pre-
cession polishing, all of their TIFs were modeled and demon-
strated. Experiments have been conducted to generate the
sTIF to verify the simulation model.

2 Modeling and simulation of sTIF

BP adopts a unique precession movement mode. The rotation
axis of the tool is tilted to the surface’s local normal, at an
angle of typically 10–25° (called “precession angle”) [3].
Figure 1 shows the polishing model of BP. The size of the
contact area is controlled by Z offset between the bonnet tool
and the workpiece.

sTIF is the removal function generated without considering
the effect of the feed rate. According to the well-known
Preston’s law, the material removal function can be expressed
as follows:

dz

dt
¼ kpv ð1Þ

where dt is the dwell time, dz is the material removal during
the dwell time, k is removal coefficient, p is the polishing
pressure, and v is the relative speed between the tool and the
workpiece.

2.1 Modeling of the polishing velocity

In order to determine polishing velocity in the contact area, the
schematic diagram of the precession bonnet tool is built in
Fig. 2.Q is a point in the contact area, vr is the velocity of point
Q derived from the rotation of H-axis, vp is the velocity of
point Q derived from the rotation of A-axis, ω1 is the rotation
speed of H-axis, ω2 is the rotation speed of A-axis, O1 is the
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Fig. 1 Polishing model of BP
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Fig. 2 Schematic diagram of the precession bonnet tool
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center of the bonnet tool, O2 is the center of the contact area, l
is the Z offset of the bonnet, and α is the precession angle.

The total relative speed of Q(x, y) can be expressed as
follows:

vQ ¼ vr þ vp ð2Þ

vr ¼ ω1 � lO1Q ¼
ω1j j R−lð Þsinα−ycosα½ �

ω1j jxcosα
ω1j jxsinα

0
@

1
A

T

ð3Þ

vp ¼ ω2 � lO1Q ¼
− ω2j jy
ω2j jx
0

0
@

1
A

T

ð4Þ

where R is the radius of the bonnet.
Deduced from Eqs. (2), (3), and (4),

vQ ¼ vrx þ vpx
� �2 þ vry þ vpy

� �2h i1
2 ¼

ω1j j Rsinα−lsinα−ycosαð Þ− ω2j jy½ �2
þ ω1j jcosαþ ω2j jð Þ2x2

� �1
2

ð5Þ

2.2 Analysis of the pressure distribution in the contact area
based on FEA

Due to the reason that pressure distribution in the contact
area is difficult to extract through the experiment, a finite
element model to simulate the BP process is established.
Figure 3 shows the FEA model. Half of the polishing
model is used to simplify the procedure and improve the
solution efficiency. In the actual polishing process, there

are polishing slurry between the tool and the workpiece,
and the elastohydrodynamic film thickness and the film
pressure of the slurry could impact the contact pressure
[19]. However, it is too complicated to consider this in the
model of FEA, and it is usually ignored in the FEA model
[6, 20]. To simplify the simulation model, just the spher-
ical part of the bonnet tool is used, and the polishing pad
is ignored here [6]. The bonnet tool has two layers, which
are synthetic rubber layer and stainless steel layer, respec-
tively. The radius of the bonnet tool is 80 mm. The
workpiece is BK7 whose dimension is 50×50×5 mm.
The inflated pressure is 0.25 MPa. The precession angle
is 23° and Z offset is 1 mm. Table 1 shows the material
characters of materials used in the FEA model.

The obtained simulation result was shown in Fig. 4. The
pressure in the contact area distributes like a Gaussian shape.
It is the largest in the center and gradually decreases toward
the edge. This is coincident with the pressure distribution
proposed by Kim et al. [18], of which the stress distribution
of the bonnet polishing contact areas can be expressed as a
modified Gaussian function:

pS ¼ pmax exp −
λ2

2σ2

� �� 	φ
ð6Þ

Stainless

steel
Synthetic

rubber

Work-piece

Fig. 3 FEA model

Table 1 Material characteristic for modeling

Material Density
(g/cm3)

Young’s modulus
(MPa)

Poisson’s
ratio

Synthetic rubber 0.95 1.5 0.47

Stainless steel 7.30 1.9E+5 0.26

BK7 2.53 8.1E+4 0.21

Unit: Mpa

Fig. 4 Simulated pressure distribution of the polishing area
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Fig. 5 Fitted results of the simulation data
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where pmax is the maximum pressure in the contact area, λ is
the distance from one of the point in the contact area to the
center, σ is the standard deviation, and φ is the modification
coefficient.

In order to obtain the pressure data in the contact area, the
data was extracted along the black line as shown in Fig. 4. The
least-square method is used to fit the simulation data accord-
ing to Eq. (6). Figure 5 shows the fitting result. It can be seen
that the fitted curve fits the simulation data well. Hence, the
function shown in Fig. 5 could be used to determine the
pressure distribution in the contact area.

2.3 Three kinds of models of sTIF

Theoretically, continuous precession polishing movement is
preferable to be used and can achieve the best texture of the
part surface. However, due to the difficulty to implement

continuous precession movement, discrete precession move-
ment is usually used for instead, and in the pre-polishing
process, only tilted polishing (vp=0) is needed in most cases.
Hence, sTIFs of these three kinds of movement styles are
needed to be modeled.

As the pressure distribution of the polishing area is constant
during the polishing process, combining Eqs. (1), (5), and (6),
the material removal amount of static tool influence function
of continuous precession polishing (sTIFc) in dwell time (T)
can be expressed as follows:

sTIFc x; yð Þ ¼ kp

Z
0

T

vQdt ¼ kpmax exp − x2þy2ð Þ
2σ2

� �� 	φ

Z
0

T
ω1j j Rsinα − lsinα − ycosαð Þ− ω2j jy½ �2

þ ω1j jcosαþ ω2j jð Þ2x2
� �1

2

dt

ð7Þ

The continuous precession is hard to control practically,
especially for polishing aspheric lenses, several steps of tilted

(a) Four different directions of the tilted bonnet tool

(b) Polished mark

Fig. 6 Movement of four-step tilted polishing. a Four different directions
of the tilted bonnet tool. b Polished mark
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Fig. 7 Polishing velocity distribution in the contact area (n1=500 rpm,
ω1=2πn1/60, R=80 mm, l=1 mm, α=23°)
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Fig. 8 Simulation results of the normalized sTIFt (n1=500 rpm, ω1=
2πn1/60, R=80 mm, l=1 mm, α=23°)
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Fig. 9 Experimental prototype of BP process
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polishing in different directions are used instead [3] which
also called N-step discrete precession polishing. Figure 6
shows the movement of four-step tilted polishing. Figure 6a
shows four different directions of the tilted bonnet tool during
the four-step tilted polishing. The polished mark generated in
the contact area under the four-step tilted polishing is shown in
Fig. 6b.

In tilted polishing, of which ω2=0, the material re-
moval amount of static tool influence function of tilted
polishing (sTIFt) in dwell time (T) can be expressed as
follows:

Table 2 Polishing conditions

Spot 1 Spot 2 Spot 3

Inner pressure (p) (MPa) 0.25 0.25 0.25

H-axis speed (n1) (rpm) 500 500 500

A-axis speed (n2) (rpm) 20 0 0

Tool Z offset (l) (mm) 1 1 0.35

Precession angle (α) (°) 23 23 23

Dwell time (T) (s) 12 4×3a 6

a Four-step tilted polishing, each step takes 3 s

(b) Spot 2

PV=2.801um

(a)  Spot 1

PV=2.860um

Fig. 10 Contour of the polishing
spot. a Spot 1. b Spot 2
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sTIFt x; yð Þ ¼ kpmax exp −
x2 þ y2ð Þ
2σ2

� �� 	φ

ω1j j Rsinα−lsinα−ycosαð Þ½ �2
þ ω1j jcosαð Þ2x2

� �1
2

T

ð8Þ

For N-step discrete precession polishing, the direction of
the velocity distribution changes step by step. The dwell time
for each step is T/N, then the material removal amount of static
tool influence function of discrete precession polishing
(sTIFd) can be expressed as follows:

sTIFd x; yð Þ ¼ k pmax exp −
x2 þ y2ð Þ
2σ2

� �� 	φ

ω1j j Rsinα−lsinα−ycosαð Þ½ �2
þ ω1j jcosαð Þ2x2

� �1
2X
i¼1

N

Δi
T

N

ð9Þ

where Δi is the matrix of the velocity direction of each step.
Assuming that the initial velocity direction angle is zero,

the velocity direction angle of the ith step (θi) can be expressed
as follows:

θi ¼ i−1ð Þ⋅ 360
N

ð10Þ

Using the four-step tilted polishing, the polishing velocity
distribution in the contact area is demonstrated in Fig. 7.
Figure 7a shows the velocity distribution according to the tool
tilted direction showed in Fig. 2. It is symmetric in the x-
direction but gradually increases along the negative direction
of y-axis. This is due to that along the negative direction of y-
axis, the further it is from the axis of H-axis and the larger the
corresponding linear velocity. Figure 7b, c, and d are the
corresponding polishing velocity distribution when the bonnet
tool rotates clockwise 90°, 180°, and 270° on the basis of the
initial direction, respectively. It can be observed from Fig. 7
that, with the change in the direction of the bonnet tool, the
velocity distribution of the polishing area changes
correspondingly.

In order to observe the distribution of the influence func-
tions under different polishing directions, Eq. (8) is used to
simulate sTIFt. The simulation results are normalized as
shown in Fig. 8, as the removal coefficient has not been
determined here. Comparing Fig. 8 with Fig. 7, it is interesting
to note that the asymmetric distribution of the velocity leads to
the asymmetric distribution of the corresponding influence
function. Each peak of the removal function deviates from
the center, and the direction of the deviation is the same as the
direction which the velocity increases along with.

3 Experimental device and conditions

In order to determine the value of the removal coefficient (k),
and to verify the simulation results, an experimental prototype
for BP has been designed as shown in Fig. 9. A group of the
polishing spot experiments are conducted on BK7 workpiece.
The initial PV value of the surface is smaller than 0.1λ (λ=
632.8 nm), which is well suited for the extraction of the
polishing spot. R80 bonnet is selected and cerium oxide slurry
is used whose weight percentage is 5.5 %. The material of the
polishing pad is polyurethane. Other detailed polishing con-
ditions are demonstrated in Table 2. The experiment totally
extracts three spots, which are sTIFc, sTIFd, and sTIFt,
respectively.

4 Results and discussion

Figure 10 shows the contours of the generated polishing spot 1
and spot 2. Figure 10a is the contour of the extracted sTIFc,
which is almost a standard Gaussian-like shape. The sTIFd is
shown in Fig. 10b, which is also a Gaussian-like shape but
with obvious polishing mark in four directions. There are
missing data in some region because of the too large wave
front gradient there. In addition, since the center of the bonnet
tool slightly deviated from the A-axis in the experimental
prototype, the center of polishing area in each step did not
coincide. It leads to some protrusions in four directions after
overlapping.

In order to extract the complete data of the tilted polishing
spot, the polishing time is shortened to 6 s in the third
polishing spot extraction experiment, and tool Z offset reduces
to 0.35mm. Figure 11 shows the extracted contour of spot 3. It
can be seen that the tilted polishing spot has obvious mark of
removal, and the shape of the contact area is ellipse. This may
be due to the property of rubber.

PV=0.896um

Fig. 11 Contour of the tilted polishing spot (spot 3)
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According to the above experimental results, it is shown
that the removal depth of sTIFc and sTIFd are almost the same,
which are 2.801 and 2.860 μm, respectively. The functions of
the pressure distribution and the polishing velocity have been
proposed in part 2, and the removal coefficient (k) can be
determined based on the PV value of the polishing spot:

k ¼ max sTIFcð Þ
max p⋅vð Þ ð11Þ

where max(sTIFc) is the PV value of the polishing spot
generated under the condition as shown in Table 2, max(p·v)
is the maximum value calculated according to Eqs. (5) and (6).
As a result, the value of k is −2.4059×10−13. The simulation of
sTIFc, sTIFd, and sTIFt could be carried out based on Eqs. (7),
(8), and (9), which have been demonstrated in Fig. 12.

Figure 12a, b are the simulation results of sTIFt, which are
three-dimensional contour of sTIFt and x/y section curve of
sTIFt, respectively. It is noted that the shape of sTIFt is not
rotating axisymmetric. The x section curve and y section curve

(a) 3-dimentional contour of sTIFt
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(b) x/y section curve of sTIFt
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Fig. 12 Simulation results of three kinds of sTIF. a Three-dimensional contour of sTIFt. b x/y section curve of sTIFt. c Three-dimensional contour of
sTIFd. d x/y section curve of sTIFd. e Three-dimensional contour of sTIFc. f x/y section curve of sTIFc
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do not coincide. It is induced by the asymmetric distribution of
the polishing velocity. Figure 12c, d and e, f, respectively,
shows three-dimensional contour and x/y section curve of
sTIFd and sTIFc. By comparison, it can be found that both
sTIFd and sTIFc are standard modified Gaussian-like shape
and rotating axisymmetric. This confirms the experimental
results in Fig. 10. Thus, it verifies the accuracy of the sTIF
model and also proves the necessity of the precession
movement.

In order to further explain the difference between sTIFd and
sTIFc, the comparison of x-direction section curve of them has
been made. The other two sTIFc are added in, of which A-axis
rotation speed n2 is 200 rpm and 500 rpm, to analyze the effect
of A-axis rotation speed on sTIF. The results are shown in
Fig. 13.

Figure 13 shows the x section curve of sTIFc under differ-
ent rotation speed of A-axis. n2=0 rpm and n2=20 rpm cor-
respond to the aforementioned sTIFd and sTIFc. It is found
that the removal distributions of these four influence functions
are quite similar. Hence, the rotation speed of A-axis does not
have significant effect on sTIF. Besides, the maximum remov-
al depths of these four influence functions are the same. The
reason is that A-axis went through the center of the contact
area, and it does not affect the polishing velocity of the center
point. From the center to the edge, the effect of the rotation
speed of A-axis increases. This is mainly because the velocity
derived from the A-axis rotation at the edge is larger than that
at the center.

5 Conclusions

Three kinds of sTIF are mathematically modeled combining
the geometric model with FEA in this paper, which are sTIFt,
sTIFd, and sTIFc, respectively. Simulation analysis and exper-
iments were also conducted to verify these models, and the
following conclusions were made based on the obtained
results:

1. The polishing velocity distribution is inclined to one
direction, the point with the farther distance from the H-

axis, the larger velocity it would be, and the changing
direction is directly related to the rotating angle of A-axis.

2. The pressure distribution in the contact area is a Gaussian-
like shape with a proper Z offset of the bonnet tool.
Induced by the inclined distribution of the velocity distri-
bution, the shape of sTIFt is asymmetric. The peak of
sTIFt deviates from the center, and the direction of the
deviation is the same as the direction which the velocity
increases along with.

3. The rotation speed of A-axis has few effects on sTIF. It
can be ignored in the practical machining process, and the
continuous precession polishing could be replaced by
discrete precession polishing for the ease of control espe-
cially when polishing aspheric surfaces.
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