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Abstract This paper quantifies the detailed assembly mo-
tions by taking into account the mating gaps and gravities of
fixtures and sheet metals. Finite element (FE) models are
firstly generated for fixtures and parts. Their nodes are ordered
according to an appointed assembly sequence where the last
assembled part is behind the first one by the assembly plat-
form or mating surface. Three noncollinear feature points are
selected from each last assembled part near the mating surface.
Their translational displacements (gaps) represent the part
rigid motion near that surface omitting the local joint defor-
mation. Based on the given feature point gaps, kinematic
formulations are proposed to compute the rigid motions
for any FE nodes behind the mating surface in assembly
sequence. Compliant motions are then reached by the
modified FE analysis where variable mesh method is
applied to change the FE nodal coordinates using the
gap-induced rigid motions and deformations. Code inte-
grations of sequence and parallel assemblies are finally
proposed and validated via simulations and experiments.
Results suggest the following: (1) the proposed method
is effective and accurate for engineer application; (2) the
integration approach requires to be further studied for
the precision analysis of more complex assemblies and
implies a feasible way for adding local deformations of joints
to the deterministic dimensional precision analysis.

Keywords Sheet metal . Assembly . Three-dimensional .

Rigidmotion . Compliant motion

1 Introduction

Sheet metals form the framework of precision industrial
products, e.g., aircraft, radar, vehicle, and so on. Fatigue
tolerance and global deformation of the products are af-
fected by the joints inside [1, 2]. Electronic performance
of large-scale radar directly relates to the framework shape
which is actually deviated from the theoretical shape by
assembly dimensional variations [3, 4]. Product dimension-
al precision control requires formulating the deterministic
quantitative relation between the global deformation distri-
bution and the dimensional error sources, i.e., geometric
error, mating gaps (fixture-to-part locating error and part-
to-part locating error), joint deformation, and gravity.
Then, stochastic statistical models of the error sources will
start further probability analysis based on the deterministic
relation.

Part geometric error is well considered by the tolerance
analysis and allocation using stochastic models such as
probability density function, fuzzy membership function,
and the worst case estimation [5]. The recent tolerance
analysis platform integrates finite element (FE) analysis
module and statistical analysis tool into optimization soft-
ware, which provides the tolerance analysis with the capa-
bility of accommodating the effects of contact force and
acceleration [6]. To handle the influence of fixture-to-part
locating errors and multistage processes, several techniques,
which advance the dimensional variation analysis and fix-
ture layout design, have been proposed especially for the
automotive assembly.

Stream-of-Variation Analysis (SOVA) is as compared to the
6σ probability analysis based on a deterministic relationship
that relates error sources to global deformation [7, 8]. In influ-
ence coefficient method, the linear relation between fixture-to-
part locating error vector and elastic deformation vector gives
born to the Compliant Assembly Variation Analysis software
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using FE analysis [9]. From the point of view of fixture,
“N-2-1” layout is developed from the “3-2-1” layout of
rigid body, and the FE analysis is used for the optimization
of N [10]. Research efforts in compliant digital panel
assemblies also evolve software package Elastic Assembly
Variation Simulation (EAVS). Then, rivet joint deformation
and part-to-part contact behavior are focused. (1) Interpolate
the tested local riveting deformation to FE deformation
result of EAVS [11]. (2) Based on EAVS, the nonlinear
contact behavior and two numerical probability solutions
are discussed [12]. And (3) the contact behavior is added
to the influence coefficient method [13]. In the above
methods, the deterministic relation obeys force closure.

On the other hand, form closure lies in the methods using
kinematic balance with 3-2-1 fixture layout. The form closure-
based analytical and numerical solutions of part resultant
translational and/or orientation errors due to part geometric
errors and/or fixture-to-part errors are comprehensively
studied for the fixture layout design [14]. The transfer
mechanism of three-dimensional (3D) rigid variation is also
studied for the multistage process [15]. State space method
is proposed to handle the influence factors of the rigid
motions in multistage assembly such as lap joints, fixture
errors, and mating gaps between fixture and part [16]. The
state space method drives many control researches for the
variation analysis, design, and diagnosis [17].

At the system level, the product-oriented sensitivity analy-
sis model and the two-step linear model are, respectively,
developed from force closure and form closure models [18,
19]. On the contrary, the aforementioned models are limited
for the detailed variation analysis and consider either mating
feature or fixture.

To deal with this challenge, a 3D rigid SOVA model that
considers both the fixture and mating feature is proposed for
the multistages assembly [20, 21]. Then, its capabilities are
extended by enabling the geometric error via adding a
statistical modal analysis [22]. Meanwhile, many efforts
can be included from the point of view of compliant
assembly. (1) A variation propagation model that considers
the part deformation due to various joining and releasing
schemes is proposed for the use at the preliminary design
phase [23]. (2) Three submodels are combined into a
deterministic detailed relation considering the error sources
in a riveting process, and then finish a probability analysis
by Monte Carlo simulation [24].

Either form closure- or force closure-based method cannot
be easily extended to detailed dimensional precision analysis
for the compliant assembly considering both the mating
feature and fixture. In [25], the fixture layout design
method for minimizing the translational and orientational
variations of key points in the sheet panels is extended from a
form closure-based robust design approach. This work implies
an opportunity using kinematic formulation for the compliant

assembly. In light of this opportunity, we attempt to find a
methodology combining the rigid closure and force closure
properties for the comprehensive dimensional precision
analysis of complaint assembly. Hence, the over constraint
effect is added to the generic rigid assembly process
studied in [20].

From the assembly process, positioning, clamping, and
releasing are focused, while joining is studied in the other
paper [26]. Clamps are removed after assembly, so they are
only considered in related experiments. Because clamping
and joining are neglected by simulation, over constraint
only occurs when involving either the gravity or the two
groups of mating gaps (one mating surface one group) or
both. It also means every mating surface is full constrained.
Thus, rigid motion that is induced by mating gaps (gap-
induced rigid motion) is more obvious at the part region
near mating surface. In contrary, complaint motion is more
obvious at the other regions, i.e., gravity and/or gap-induced
deformations.

We assume the three types of motions can be linearly
stacked. In this paper, kinematic formulations are established
based on an approximation of velocity to micro motion; then,
positions of the related regions in fixtures and/or parts are
modified by the rigid motions solved by kinematic formula-
tions; finally, a FE analysis integrated approach adds the
gravity and/or gap-induced deformations. The entire approach
benefit is the comprehensive dimensional precision analysis
that constitutes a sound basis for the participation of joint
distortions, and further probability analysis and process opti-
mization with the purpose to improve dimensional precision
of compliant assembly.

The following paragraphs are organized as follows.
Section 2 introduces the generic assembly process and
announcements. Section 3 proposes the kinematic forma-
tions for the gap-induced rigid motion. Section 4 presents
the FE analysis integrated approach for calculating the
compliant motion and the specific steps for the dimension-
al precision analysis of sequence and parallel assemblies.
Section 5 shows the performance of the proposed method
through simulations and experiments. Section 6 draws the
conclusion and future work.

2 A generic assembly process and announcement

The generic assembly process in [20] is modified as the
follows.

& Based on the assembly platform, fixtures and parts are
positioned and clamped sequentially to the root part.

& In assembly sequence, last assembled part is behind the
first one by their mating surface that is considered as a
surface belonging to the last part.
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& The resulting subassemblies will form new root parts.
& Root parts are full constrained or over constrained.
& The other parts are positioned by either part-to-part or

part-to-fixture mating surfaces or both.

Assumptions are the following: (1) Geometric error and
joint distortion are neglected. (2) Part-to-part and fixture-to-
part mating gaps are so smaller that they can be represented by
micro velocities. (3) Gap-induced rigid motion, gap-induced
deformation, and gravity-induced deformation can be linearly
stacked. (4) Fixtures and parts are represented by the discrete
nodes of FE models.

The following introduces the unified 3D motion descrip-
tion, the selected points for dimensional precision analysis,
and the related coordinate conversion.

2.1 3D motion description

Rigid motion is well described by three pairs of translational
and rotational displacements, i.e.,

ΔP
! ¼ δx; δy; δz; δα; δβ; δγ½ �T :

The pitch of each pair relates rotation about one axis to
translation along that axis. Figure 1 illustrates this geometric
meaning. Also, three noncollinear points in Fig. 1 can repre-
sent the rigid motion. The minimized form is:

ΔP
!¼ δx1; δy1; δz1; δy2; δz2; δz3½ �T : ð1Þ

Proof

& The rigid part can be represented by any plane in the
part.

& Due to three noncollinear points determine one plane,
three points are sufficient for the part representation, i.e.,

ΔP
!T

1 ;ΔP
!T

2 ;ΔP
!T

3

h iT
.

& As shown in Fig. 1, rigid part means the lengths and
angles of the triangle formed by P1, P2, and P3 will not
change. It yields Eq. 2, where i, j, and k, respectively, take
1, 2, 3, and P1

′ , P2
′ , P3

′ are the new position points for P1,
P2, and P3 after a rigid motion.

PiP j

�→��� ��� ¼ P
0
iP

0
j

�→��� ���
PiP j

�→ � PiPk

�→��� ��� ¼ P
0
iP

0
j

�→ � P
0
iP

0
k

�→��� ���
8<
: : ð2Þ

& If the rigid motion takes the smallest value, the other

components of ΔP
!T

1 ;ΔP
!T

2 ;ΔP
!T

3

h iT
can be determined

by the substitution of components (δx1, δy1, δz1, δy2, δz2,
and δz3) into Eq. 2. Proof of Eq. 1 is finished.

Because the representation of part deformation requires
the translational displacements of a series of points, e.g.,
the discrete nodes in their FE models, the unified motion
description prefers the translational displacements of se-
lected points which at least contain three noncollinear
points.

2.2 The used point announcement

Key and feature points are selected from the FE nodes or
experimental sample. A series of key points locate at the place
where the assembly motion is concerned. Three noncollinear
feature points locate at the last assembled part near the mating
surface.

Mating gaps at the feature points are the displacement
increments causing micro rigid motion of the assembled
part, i.e., the main character of mating feature. Three pairs
of deterministic gaps at the feature points imply that the
part is full constrained while the part that has more is
over constrained.

For each mating feature, the positions and mating gaps of
feature points can be converted to the position and motion of
one reference point. The merit of reference point is quickly
spreading the influence of mating gaps to the other place
behind the mating surface in the assembly sequence, which
is shown in Section 3.

Fig. 1 Rigid motion description. a Two descriptions for rigid motion
with six components; b Rigid motion under six translational components
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2.3 Coordinate conversion

Global coordinate system (GCS) is fixed on the assembly
platform.

Local coordinate system (LCS) which origin coincides
with the reference point is defined for each mating feature.

Mating gaps possible with stochastic models are assumed
or measured in the LCS. If part rotations obey the order z-x-y,
the coordinate transformation satisfies

R
!¼ A r!þ P

!
r;

where R, r are the feature point vectors in GCS and LCS,
respectively. Pr is the reference point vector in GCS and
coordinate conversion transfer matrix

A ¼
cosγP −sinγP
sinγP cosγP

1

2
4

3
5 1

cosαP −sinαP

sinαP cosαP

2
4

3
5 cosβP sinβP

1
−sinβP cosβP

2
4

3
5:

No matter where the LCS origin is, motion satisfies

δ R
!¼ Aδ r! .

3 Rigid motion calculation for one mating feature

Given the mating gaps in the form of (1) in LCS, the whole gap
vectors, δr1, δr2, δr3, can be solved according to the proof of (1).

If δr1, δr2, and δr3 are the same vector, the part is on a
translation. The motion vector equates to δr1.

Otherwise, the part motion at most comprises three
screw motions along three independent axes. The main
motion is focused because it has a little probability that
more than one screw motion can occur with the same
weight, and the motion is very tiny compared to the part
dimensions. It means that the part is on a transient screw
motion, i.e., one pitch relates micro rotation about a fixed
axis to micro translation along that axis. If the reference
point is selected on that axis, [27] suggests any point
motion and the reference point motion satisfy

δx j δy j δz j δα j δβ j δγ j

� �T ¼ I Qjr

I

� �
A

A

� �
ΔP
!

r;

where I is a 3×3 identity matrix, j is the identity number of
point (xj, yj, zj) in GCS, r is the reference point label, and Qjr

satisfies in Eq. 3.

Qjr ¼
0 z j−zr yr−y j

zr−z j 0 x j−xr
y j−yr xr−x j 0

2
4

3
5: ð3Þ

Because translational displacements of a series of points
are efficient for the rigid motion expression, the equation
between any point motion and reference point motion can be
reduced as:

Δx j;Δy j;Δz j
h iT

¼ I Qjr

� �
ΔP
!

r: ð4Þ

Equations 3 and 4 will give 3D rigid motion to any part
nodes behind the mating surface. Thus, determining the posi-
tion and motion of reference point is focused.

3.1 Derivation of the rotational component for rigid motion

The known variables are mating gaps (δr1, δr2, and δr3),
feature point positions (r1, r2, and r3). Due to the displacement
differentiation is velocity, transient micro motions can be
considered as velocities. Figure 2 shows the velocity relation
where n!r is angular velocity, r!i− r!Pi is rotational radius,

Fig. 2 Relation of rotational motions

Fig. 3 Determination of one
reference point position by vector
projections of feature point
positions and gaps. a General
case; b nr is perpendicular to the
normal direction of feature point
plane
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δ r!p is the translation along axis, and Aδ r!i is rotational
velocity in GCS. For three feature points, Eqs. 5 and 6 hold.

n!r � r!1 � r!P1ð Þ þ δr!p ¼ Aδr!1
n!r � r!2 � r!p2

� � þ δr!p ¼ Aδr!3
n!r � r!3 � r!P3ð Þ þ δr!p ¼ Aδr!3

8<
: : ð5Þ

r!P1 ¼ r!P þ k1n
!
r

r!P2 ¼ r!P þ k2n
!
r

r!P3 ¼ r!P þ k3n
!
r

8<
: : ð6Þ

Use Eq. 6 to eliminate r!Pi in Eq. 5. Subtract different
equations in Eq. 5 with subscript taking one feature point
number, e.g., i or j. Thus, Eq. 7 will be reached.

n!r � r!i − r! j

	 

¼ A δ r!i − δ r! j

	 

; ð7Þ

where

n!r ¼ δαP; δβP; δγP½ �T :

Because

r!i − r! j ¼ xi − x j; yi − y j; zi − z j
h iT

;

Eq. 7 equates to

Qij n
!

r ¼ A δ r!i − δ r! j

	 

; ð8Þ

where Qij satisfies (Eq. 3) with subscript r replaced by j. The
least square solution of Eq. 8 gives the rotational component

n!r3 � 1 ¼
Q12

Q23

Q31

2
4

3
5
þ

9 � 3

A δr!1 − δr!2ð Þ
A δr!2 − δr!3ð Þ
A δr!3 − δr!1ð Þ

2
4

3
5
9 � 1

: ð9Þ

3.2 Derivation of the position and motion for reference point

A projection plane that is perpendicular to nr is defined
through the GCS origin.

Fig. 4 3D forms for the sequence and parallel assemblies

For i=2:nFor i=2:n

[ , , ]Tkrij krij krij ri
Ax y z I Q A P

For j=m(i+1):m(n+1)For j=m(i+1):m(n+1)

ndEndkriFP ri
AI QP I A P

Part number of sequence assembly 1 nPart number of sequence assembly 1 n

Extract
Key pointsy p
Extract

Key points

Summarize: part nodal numbers, m(1), ,m(n+1)
feff ature points1, ,3*(n-1) LCS orientation, 1, ,n-1
Summarize: part nodal numbers, m(1), ,m(n+1)
feature points1, ,3*(n-1) LCS orientation, 1, ,n-1

Get the mating gaps, and
test the rigid motion

Get the mating gaps, and
test the rigid motion

ompute refeff rence point positionCompute reference point position

Compute coordinate
transfoff rmation matrix
Compute coordinate
transformation matrix

Compute refeff rence point motionCompute reference point motion

Modifyff nodal coordinatesModify nodal coordinates

Get assembly foff rcesGet assembly forces E analysisFE analysis Key point
compliant motion

Key point
compliant motion

EndEnd

Key point
rigid motiong
Key point

rigid motion

 

Δ Δ Δ Δδ δ

Fig. 5 3D motion calculation process for the sequence assembly

3D variation calculation foff r
sequence assemblyq y

3D variation calculation for
sequence assembly

Get the mating gaps, and
test the rigid motion

Get the mating gaps, and
test the rigid motion

ompute coordinate
transfoff rmation matrix
Compute coordinate
transformation matrix

Feature point variation of
last partp

Feature point variation of
last part

Feature point gaps of
last part

Feature point gaps of
last part

Finite element model
of last part

Finite element model
of last part

Nodal defoff rmationNodal deformation

Defoff rmation energyDeformation energyE analysisFE analysis

Modifyff nodal coordinatesModify nodal coordinates

Key point motionKey point motion

Part number of parallel assembly 1 nPart number of parallel assembly 1 n

Summarize: part nodal numbers, m(1) m(n+1)
feff ature points1 3*(n-1) LCS orientation, 1 n-1
Summarize: part nodal numbers, m(1) m(n+1)
feature points1 3*(n-1) LCS orientation, 1 n-1

Fig. 6 3D motion calculation process for the parallel assembly
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Equations 10 and 11, respectively, give the projections of
position and gap vectors for feature point i.

r!i
0 ¼ r!i − r!i⋅ n!r0

	 

n!r0; ð10Þ

δr!i
0 ¼ Aδr!i − Aδr!i⋅n!r0ð Þn!r0; ð11Þ

where n!r0 ¼ n!r= n!r

�� �� . The normal vector of feature
point plane is given by:

n!FP ¼ PiP j
��! � PiPk

��!
: ð12Þ

Case 1. n!FP is not perpendicular to nr.
As shown in Fig. 3a, reference point is the common point

of three lines which are vertical to the projections of feature
point gap vectors. It yields

r!P ¼ r!1
0 þ k1 δr!1

0 � n!r
� �

r!P ¼ r!2
0 þ k2 δr!2

0 � n!r
� �

r!P ¼ r!3
0 þ k3 δr!3

0 � n!r
� �

8><
>: : ð13Þ

Equation 13 yields the solution of coefficients k1, k2,
and k3.

k1
k2
k3

8<
:

9=
;

3 � 1

¼
−δr!1

0 � n!r δr!2
0 � n!r 0

0 −δr!2
0 � n!r δr!3

0 � n!r
δr!1

0 � n!r 0 −δr!3
0 � n!r

2
4

3
5
þ

9 � 3

r!1
0
− r!2

0

r!2
0
− r!3

0

r!3
0
− r!1

0

8<
:

9=
;

9 � 1

ð14Þ

The position vector of reference point is determined by the
substitution of Eq. 14 into Eq. 13.

Case 2. n!FP is perpendicular to nr.
As expressed by Fig. 3b, projection vectors of δr1, δr2,

and δr3 are paralleled to each other. The position vector of
reference point is determined by

r!P ¼ r!i
0 þ δr!i

0j j
δr!i 0 − δr!i 0j j r!j

0
− r!i

0� �
: ð15Þ

Dot product between one of the three feature point position
vectors and the unit rotational axis vector targets at a same
vector, i.e., the micro translation along this axis,

δr!P ¼ Aδr!i⋅ n!r0

	 

n!r0:

Hence, the reference point motion vector satisfies

ΔP
!

ri ¼ Aδr!j⋅ n!r0

	 

n!

T

r0; n
!T

r

� �T
: ð16Þ

4 Rigid and compliant motions integration method

According to the assembly sequence, visit the mating surface
one by one starting from one fixture and do Step 1 to Step 3
until a part that has three more feature points is met (over-
constraint).

& Step 1. Use the positions and motions of three feature
points to calculate the reference point position and motion
by Eqs. 9, 13–16.

& Step 2. Use Eqs. 3 and 4 to calculate the rigid
motions for any FE nodes which are behind the
mating surface.

& Step 3. Add the solved rigid motions into the related FE
nodal coordinates by variable mesh method.

If a part that has three more feature points is met,
add the solved rigid motions of feature points to their
mating gaps. Once all the mating gaps of the feature
points of the part are updated, the “over-constraint” case

Table 1 Material property for the assembly

Part Material Density Young’s modulus Poisson ratio

Sheet metals 2A05 Al 2.65 g/cm3 70GPa 0.32

Fixtures Q235 Fe 7.8 g/cm3 200GPa 0.33

Table 2 The LCS
orientation of each part
in GCS (unit; rad)

n Part αP βP γP

0 Fixture 1 0 π/2 0

1 Part 1 0 0 0

2 Joint 1 0 0 0

3 Part 2 0 0 π/2

4 Joint 2 0 0 0

5 Part 3 0 0 0

6 Fixture 2 0 π/2 0
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will be handled by one FE analysis where the gravity
can also be involved.

Both the rigid motion calculation and the variable mesh
codes are programmed in FORTRAN where FE analysis
codes are integrated. To indicate the integration approach for
the generic precision analysis codes, classic sequence and
parallel assemblies used in [7] are extended to the 3D forms
in Fig. 4. Fixture, part, and mating surface names are labeled.
The horizontal assembly platformwhere fixtures are located is
not shown.

4.1 3D motion calculation process for sequence assembly

The motion calculation process for the sequence assembly
is given in Fig. 5. All parts are ordered from 1 to n
according to the assembly sequence, e.g., Fixture 1, Part
1, Joint 1, and Part 2. Feature points are grouped and
numbered according to the mating surfaces and the belongings
to related parts.

Arraym records the accumulated numbers of the related FE
nodes in the assembly sequence. m(1) is set to 0. m(i) records

Table 3 The assumed gaps of the
feature points near the mating
surfaces in LCS (unit; mm)

n Name Vector Feature points δx δy δz

1 Part 1 v!1 P11 2.659 −2.657 0.1877

P12 −0.9955 0.2169

P13 −1.905
2 Joint 1 v!2 P21 0.3333 0.3333 0.3333

P22 0.3333 0.3333

P23 0.3333

3 Part 2 v!3 P31 0.3333 0.3333 0.3333

P32 0.3333 0.3333

P33 0.3333

v!4 P34 0.3333 0.3333 0.3333

P35 0.3333 0.3333

P36 0.3333

4 Joint 2 v!5 P41 0.3333 0.3333 0.3333

P42 0.3333 0.3333

P43 0.3333

5 Part 3 v!6 P51 0.3333 0.3333 0.3333

P52 0.3333 0.3333

P53 0.3333

Fig. 7 3D rigid motion of
sequence assembly
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the total node number before part i with i taking 2 to n+1.
This array guarantees visiting the required part nodes in FE
codes.

Thus, two iterations can determine the 3D rigid motions for
the FE nodes behind the mating surface. After all the mating
gaps are considered, one FE analysis can add the gravity-
induced motion for the sequence assembly.

4.2 3D motion calculation process for parallel assembly

The motion calculation process for the parallel assembly is
shown in Fig. 6. Fixtures and parts in the right chart of Fig. 4

contain two sequences. One is Fixture 1, Part 1, and Joint 1.
And the other is Fixture 1, Part 3, and Joint 2. They are
paralleled to the last part, Part 2.

The gap-induced rigid motions for sequence assemblies
and the rigid motions of feature points for Part 2 can be solved
by the rigid motion calculation method.

Then, the gap- and gravity-induced deformations are cal-
culated as follows.

& Apply the rigid motions and mating gaps to the feature
points of Part 2 as the boundary condition.

& Finish the FE analysis of Part 2.

Fig. 8 3D motion of the sequence assembly (unit, mm)

Fig. 9 3D rigid motion of two group sequential parts in the parallel assembly
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& From the FE analysis result, output the reacting forces at
the feature points and every nodal deformations of Part 2.

& Apply the variable mesh method to modify the FE nodal
coordinates using the nodal deformations for Part 2. Be-
cause the deformations are micro displacements, the var-
iable mesh method will not trigger mesh distortion.

& Compute the deformation for the entire assembly based on
the modified FEmodel with the reacting forces and gravity.

5 Simulation and experiment validations

To show the method performance, validations comprise two
aspects. One is the simulations with assumed gaps for se-
quence and parallel assemblies. The other performs a compar-
ison between the simulated and tested results based on two
experiments with different clamps.

5.1 Simulation validation

The rigid motion calculation method and 3D motion calcula-
tion processes are, respectively, validated. The former uses

sequence assembly. The latter uses both the assemblies in
Fig. 4.

Their FE models are firstly generated. In the FE models,
fixtures use solid elements; sheet metals use shell elements;
the detailed joints are replaced by rigid beam elements; the
bottom of fixtures is full constrained; and gravity is applied
along the negative direction of axis Yof GCS. Table 1 lists the
material property.

The parallel assembly has more parts than sequence assem-
bly, i.e., the added Joint 2, Part 3, and Fixture 3. So, their
information is given together. Feature points are selected from
the FE nodes of every last assembled parts near mating sur-
faces. The LCS orientations and mating gaps are, respectively,
given in Tables 2 and 3. v!1 in Table 3 is a rotational gap
vector while the others are translational gap vectors.

5.1.1 3D rigid motion calculation result

Figure 7 directly shows the rotation and translation which are
calculated by Eqs. 4 and 16 using the rigid motion calculation
method. The local amplified charts can also be found in Fig. 7.
It shows the different motion forms at different places.

Fig. 10 Gap-induced
deformation of Part 2 in the
parallel assembly

Fig. 11 The released
deformation of the parallel
assembly (unit, mm)

Int J Adv Manuf Technol (2014) 73:805–819 813



5.1.2 Results of 3D precision analysis with rigid
and compliant motions

Figure 8 shows the mesh comparison before and after the rigid
motion, and the final 3D motion of the sequence assembly.
Figures 9 and 10 display the gap-induced motion of the
parallel assembly while the released deformation of the mod-
ified FE model for the entire assembly is shown in Fig. 11.

5.1.3 Discussion about the simulation results

In Section 5.1.1, rigid motion is calculated from Eq. 4 to
Eq. 16. The root mean square (RMS) error estimation for
Eq. 16 is given by Eq. 17. It can be easily derived from
Eq. 8, so the derivation is not shown.

Erms ¼ 1

C2
3

X
i ¼ 1;…;3; j ¼ 1;…;3;i≠ j

n!r � r!i − r! j

	 

− A δ r!i − δ r! j

	 
��� ���:
ð17Þ

The RMS error for the rigid motion is 0.02590 mm. Com-
pared to the smallest motion magnitude 0.3333 mm, it is
deviated by 7 %. So, Eq. 16 has enough precision for further
application. The precision of the entire approach relates to the
FE analysis error and rigid motion calculation error. Because
these errors are very small, the entire approach is accurate.

Fig. 12 Main dimensions and point locations in the test sample

Fig. 13 Two test samples and the
coordinate system of CMM. a
Test sample with C-clamps; b
Test sample without C-clamps

Fig. 14 Locating point of each three feature points
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The left chart in Fig. 9 shows the rotational and transla-
tional motions of Joint 1 and Part 1 located on Fixture 1, and
the right one is the motions of Joint 2 and Part 3 located on
Fixture 2. Intuitively, the motions in the left are more apparent
than the right. Fortunately, the right can be found in Fig. 10.

Figure 10 illustrates the deformation of Part 2. It is induced
by gaps from Joint 1 and Joint2. In the left side, a rotational
displacement can be easily found. Actually, it is the compound
of rotational and translational gaps in sequence Fixture 1, Part
1, and Joint 1. In the right side, the translational displacement
can be found. It is the accumulated translational gaps in
sequence Fixture 2, Part 3, and Joint 2.

In the right chart of Fig. 8, the maximum displacement
magnitude (0.65 mm) is mainly induced by the gravity. In

Fig. 11, the maximum displacement magnitude (5.5 mm) is
the deformation that releases the gap-induced deformation in
Fig. 10 to the entire assembly.

These figures emphasize the motion transfer mechanism in
the simulation. This mechanism requires a stack up about the
key point motions in related calculation steps for the actual
key point motions.

5.2 Comparison validation between experiments
and simulations

To present the practical prediction performance, two experi-
ments are executed using parallel assembly. Feature and key
points are, respectively, selected from the mating surfaces
and assembly contour. Figure 12 shows the main dimen-
sions and these point locations. As shown in Fig. 13,
experiments contain two samples: one uses C-clamps and
the other uses binder clips to replace C-clamps. The
purpose of the two samples is to find the clamping effect
in the assembly because the C-clamp is much heavy while
the gravity of binder clip can be neglected. Figure 13 also
represents the test coordinate system that is different from
the GCS in the simulation.

5.2.1 The use of the additional points of the experimental
sample

Besides, coordinates of the points in Fig. 12, the other point
coordinates are also measured, i.e., 6 points at the top surfaces

Fig. 15 Deviated distance and direction of pin hole

Table 4 GCS coordinates and
gaps of feature points for test
sample with C-clamps (unit; mm)

Name Feature point x y z δx δy δz

Part 1 P11 122.5 245 −90 0.1837 1.4421 1.3887

P12 122.5 245 −20 0.1154 0.9734 0.7478

P13 122.5 225 −20 0.112 0.9516 0.9971

Joint 1 P21 126.5 240 −111.7 0.4096 0.1028 −0.387
P22 126.5 218 −111.7 0.3013 0.9395 −0.3841
P23 126.5 218 −126.7 0.2676 1.3201 0.7227

Part 2 P31 162.5 260 −151.2 −0.4181 1.1369 0.1649

P32 162.5 245 −151.2 0.0822 0.868 0.1791

P33 132.5 245 −151.2 0.5098 1.3505 −0.0142
P34 542.5 260 −148.7 −0.3796 −0.0505 −0.3884
P35 542.5 245 −148.7 −0.3792 0.5483 −0.6255
P36 572.5 245 −148.7 0.1544 0.8624 −0.4825

Joint 2 P41 578.5 240 −188.2 −0.4286 0.5441 0.2125

P42 578.5 218 −188.2 −0.7096 −0.7817 −0.2993
P43 578.5 218 −173.2 −0.6954 −0.7812 −1.0626

Part 3 P51 582.5 245 −210 0.0159 −0.0801 −0.1579
P52 582.5 245 −280 0.3038 −0.0822 −0.6147
P53 582.5 225 −280 0.2256 −0.3182 −0.613
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of fixtures, locating points of each three feature points
(Fig. 14), complement points of different probe poses of
coordinate measurement machine (CMM), and the pin hole
machining errors between fixture and part (Fig. 15).

& Assembly horizontality is corrected by the points on the
fixture top surfaces.

& Mating gaps are computed from the vector subtraction of
measured r in Fig. 14 to the ideal feature point vector.

& Complement points can be used to modify the tested
coordinates to one unified coordinate system.

& Pin hole errors are used to correct the measured mating
gaps.

5.2.2 Feature point gaps in GCS

Feature point gaps are yielded from the measured data. After
the coordinate system conversion, Tables 4 and 5, respectively,
give the GCS coordinates and gaps of feature points of test
sample with or without C-clamps.

5.2.3 The simulated 3D motion of the experimental sample

Using the data in Tables 4 and 5, the proposed method will
reach the global 3D motions of experimental samples. The
gap-induced motions and the released motions are briefly
represented in Figs. 16 and 17.

Table 5 GCS coordinates and
gaps of feature points for test
sample without C-clamp (unit;
mm)

Name Feature point x y z δx δy δz

Part 1 P11 122.5 245 −90 −0.126 1.5397 0.5959

P12 122.5 245 −20 0.5344 1.5902 1.5633

P13 122.5 225 −20 0.515 1.3380 0.3853

Joint 1 P21 126.5 240 −111.7 0.187 0.2487 0.5415

P22 126.5 218 −111.7 0.3894 0.1500 −0.1880
P23 126.5 218 −126.7 0.2182 0.1495 −0.5878

Part 2 P31 162.5 265 −149.95 0.9470 −1.3142 −0.0463
P32 162.5 215 −149.95 0.0554 −1.3141 1.5039

P33 144.5 215 −149.95 0.0546 −1.1670 1.1457

P34 542.5 265 −149.95 0.1197 0.3564 −0.2364
P35 542.5 215 −149.95 0.0665 0.5738 0.1480

P36 560.5 215 −149.95 0.0946 0.4161 0.2335

Joint 2 P41 578.5 240 −188.2 0.6755 0.0453 −0.0772
P42 578.5 218 −188.2 0.1703 0.6913 −0.1714
P43 578.5 218 −173.2 0.2790 0.6915 −1.7530

Part 3 P51 582.5 245 −210 −1.1871 −0.5418 0.4607

P52 582.5 245 −280 −0.8706 0.2068 −0.1340
P53 582.5 225 −280 −0.9792 −0.6535 −0.1363

Fig. 16 3Dmotion of test sample
with C-clamps (unit; mm)
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5.2.4 Comparison between the simulation and experiment

Key point motion comparison between the simulation and the
experiment is performed in the coordinate system of CMM. It
comprises of 33 tested key points and 303 deviated FE nodes
which are computed from the mating gaps of 18 feature points.

The deviated key points in the simulation result are firstly
converted to test coordinate system using the tested locations
of two points at the top fixture surfaces.

Then, the deviated test key point coordinates are converted
to the same place of the simulated data by Lagrange interpo-
lation using the measured pin hole error in Fig. 15. The final
forms are directly given in Fig. 18.

5.2.5 Comparison discussion

Intuitively, Fig. 18b illustrates a better simulation result for the
tested key point deviations than that in Fig. 18a.

In Fig. 18b, the biggest error is less than 0.5 mm. This error
is caused by the geometric errors of the test sample and the
statistical error of the proposed method. Because the experi-
ment does not use C-clamp, and the simulation does not con-
sider the gravity of C-clamps, the comparison effect is good.

In Fig. 18a, the biggest error is about 2 mm. Subtracting the
geometric and method errors 0.5 mm, about 1.5 mm will be
left for the error in Fig. 18a. The related regions of test sample
and the deviated key points are shown in Fig. 19. There are six
C-clamps on the sample in the left chart. C-clamp that is made
by steel has a bigger density than the aluminum-made test
sample. The four clamps near the regions (A and B) induce the
drop-down of related dimensions along Z-axis. That is the
growth along Z-axis of dimensions at regions A and B which
are the sources for the distribution changing of the coordinates
of tested key points in the right chart of Fig. 19. However, FE
models do not consider the gravity of any clamp. Thus, the
additional 1.5 mm error is yielded.

Fig. 17 3Dmotion of test sample
without C-clamp (unit; mm)

Result comparison for the sample with C-

clamps

Result comparison for the sample without 

C-clamp

a bFig. 18 Result comparisons
between tests and simulations
(unit; mm). a Result comparison
for the sample with C-clamps; b
Result comparison for the sample
without C-clamp
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The proposed method does not consider the clamp-
induced deformation due to the clamp-induced deformation
will spring back when clamps are removed after the
assembly. The spring-back can be validated by the comparison
of Fig. 18b.

Because the 3D precision result error of a 460×400×
257 mm test sample without C-clamp is less than 0.5 mm,
the proposed method has enough precision for practice
application.

6 Conclusion

This paper establishes the feasible kinematic formulations
between the mating gaps and any point 3D rigid motion in
sheet metals, and proposes an integrated 3D precision analysis
method with rigid and compliant motions for sheet metal
assembly. Hence, the comprehensive contour motions of sheet
metals under the influence of mating gaps and gravities are
solved. The proposed method is validated by the case studies
of sequence and parallel assemblies.

Result comparisons suggest: (1) kinematic formulations
which are yielded from the approximation of velocity to micro
motion can accurately compute the gap-induced rigid motion;
(2) 3D precision analysis approach is the integration of differ-
ent types of codes which are handling the gap-induced rigid
motion, gap-induced deformation, and gravity-induced defor-
mation; (3) the proposed method has enough precision for
engineering application based on the result comparison for the
experimental sample without C-clamp.

In the future, two perspectives are focused. One is, for
more complex assembly, the integration approach of the

codes handling the gap-induced rigid motion, gap-induced
deformation, and gravity-induced deformation. The other is
an effective integration with the local deformations at the
joints, which makes true the comprehensive dimensional
precision analysis for further precision control and process
optimization of sheet metal assemblies.
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