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Abstract Polishing is usually indispensable process when
better surface roughness is required for the parts such as
injection mold. However, polishing process is often per-
formed by manual operations. In this paper, an automatic
polishing method for the metal parts with curved surfaces is
proposed based on a machining centre. In order to realize the
control of contact force, the relationship between the displace-
ment of polishing disk and the force impacted on the polished
part is first established. Then, within the contact zone between
the polishing disk and the polished part, a pressure distribution
model is derived for planar and curved surface polishing
according to the specific process parameters. On this basis,
the model of removal depth distribution along the vertical
direction of feed is built for each polishing pass, and thus a
suitable stepover size is further obtained so as to reduce the
fluctuations of remove depth to most extent. Finally, an effec-
tive planning algorithm of cutter location data in polishing is
proposed for a given CNC machine tools, and validation
experiments are performed on planar and curved parts. The
results show that the proposed automatic polishing scheme is
able of achieving a mirror effect surface and keep a good
global uniformity, at the same time it improves the polishing
efficiency and realizes the integration with milling process.

Keywords Automatic polishing . Curved surface . NC
machining . Removal rate . Pressure distribution

1 Introduction

Currently, the requirements of the industry for high quality
precision parts with complex geometries have become higher
[1–5]. The final surface finishes of some metal parts such as
molds are usually implemented by polishing operations in
order to reduce the surface roughness of the machined part.
However, the polishing process after numerical control (NC)
milling of these parts mainly depends on manual operations. It
not only is time-consuming and easily producing severe de-
pendence on the worker’s experience, but also is difficult to
maintain a stable polishing operation for a long time. There-
fore, no matter from the perspective of productivity, cost, or
the stability of product quality, automatic polishing process is
highly desirable due to the advantages of robot or machining
centre in force and trajectory control.

The construction of automatic polishing system is mainly
based on industrial robot platform [6–11]. For example, Tsai
[6–8] developed an AMPS platform which integrates mold
geometry process kernel, path planner, process planner, and
force control robot into the system. On the other hand, some
researchers conducted the automatic polishing on machining
centres or grinding machines [12–14] to realize the integrated
production from milling or grinding to polishing process.
Generally, robot arm-based polishing often uses an active
end-effector while the machining centre-based polishing usu-
ally uses a passive tool due to the difference of position
accuracy of two types of polishing platform. According to
the validation results, both two types of polishing patterns can
achieve similar finished surface since their fundamental
polishing mechanisms are the same for the specific parts.
Once the polishing platform is built, the remaining task is to
develop the systematic techniques for some concrete materials
and parts.

The polishing of curved surface is very complicated and
many factors can affect the final polishing results. For
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example, Tam [15] investigated the effects of different tool
paths on the removal of material in polishing. Rososhansky
and Fengfeng [16] proposed the coverage based tool-path
planning. They plan the polishing path use the Contact Area
Map (CAM) to ensure a complete coverage for polishing. In
the study of Huisson et al. [17], the effects of various param-
eters on the resulting surface are researched for polishing die
with a flexible abrasive disk. Zhang [18] investigated the
material removal in polishing with fixed abrasives. Lin [19]
proposed a path-planning method using an industrial robot. Xi
et al. [20–22] developed a complete robotic polishing/
deburring system that consists of a hybrid robot and a dual-
purpose compliant tool head, and a model of contact stress
between the polishing tool and the part is established for an
automated polishing process. Then, the experiment results
demonstrate the effectiveness of the methods.

As above mentioned, during polishing processes, maintain-
ing a uniform removal depth is very important for precision
surface polishing. However, investigations on the model of
material removal depth are limited in the existing references
for different polishing patterns and polishing tools. In this
paper, systematic techniques are developed for the automatic
precision polishing of curved surface on a five-axis machining
centre with an elastic polishing disk. A pressure distribution
model is first derived and validated. Then, a removal depth
model is subsequently built and testified. Following, the
stepover size determination and cutter location planning strat-
egy for uniform material removal depth are given. Finally, the
experimental results are reported in which the proposed
polishing method has ability of achieving a precision finish
surface with mirror effect.

2 Pressure distribution model

As shown in Fig. 1, an elastic disk is mounted on the spindle
of a five-axis machining centre to conduct the polishing
operation. Compared with the elastic polishing disk, the
milled metal part can be regarded as rigid. Therefore, only
the elastic deformation of polishing disk is considered in
calculating the contact pressure between the polishing disk
and part. In Fig. 1, point A is the critical point between the
undeformed region and deformed region of polishing disk on
the plane constructed by the tool axis direction and feed
direction. Vector n represents the unit surface normal vector
at point A, and u represents tool axis direction. θ is the angle
between u and n direction. When the elastic polishing disk
contacting the part with a given pressure, it will generate
contact deformation due to the elastic deformation of the
polishing disk. From Fig. 1, it can be seen that the tool
displacement E has relationships with the cutter diameter
and the tilt angle of cutter. When polishing a metal part using
a given polishing disk with a fixed tilt angle, the contact

pressure p at an arbitrary point within the contact zone is
proportional to the amount of deformation e in this point and
the relation function is assumed as follows:

p ¼ k Eð Þe ð1Þ

where k(E) is a coefficient related to the tool displacement E
and the polishing status. In this section, the pressure distribu-
tion model is derived on the planar firstly, and then it is
expanded to the free-form surface.

2.1 Polishing force

For establishing the pressure distribution model in polishing,
the relations between the contact force F and tool displace-
ment E should be obtained first. Therefore, a pressure exper-
iment is curried out and the polishing forces corresponding to
some given tool displacements are measured with a MINI45
force sensor produced by ATI company. In the experiments, a
rubber-polishing disk with 120-mm diameter and a sponge
disk with 100-mm diameter are used, and three different tilt
angles (5°, 10°, and 15°) are chosen to carry out the experi-
ment. The shaft of polishing disk is first connected with the
force sensor and the other end of the sensor is mounted on the
spindle of the machine.

When the polishing disk contacts with the part with a
minimal contact force, at the moment the displacement of
polishing disk is given as 0 and the position is viewed as the
initial position of contact. Then, under the condition of keep-
ing a fixed tilt angle of polishing disk, gradually increase the
tool displacement with a uniform interval 0.1 mm, and the
corresponding values of contact force are sequent measured
and recorded. After that, the axial components of these mea-
sured forces can be used to build the analytic relations be-
tween the tool displacement and contact force.

According to the variation trend of contact force with
respect to an increasing tool displacement, a quadratic
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Fig. 1 The position of the part and polishing tool
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polynomial about tool displacement is used to express the
contact force.

F Eð Þ ¼ aE2 þ bE þ c ð2Þ

where a, b, and c are the unknown variables which need to be
determined according to the measured data of contact force.
To fit the measured value, a least square method is used and
the coefficients a, b, and c can be obtained by solving the
following equations:
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For the given polishing disk and corresponding tilt angles,
the values of coefficients a, b, and c are calculated and
summarized in Table 1. The measured contact forces and
fitting curves are illustrated in Fig. 2. The fitting results show
that the coefficient of determination R2 were greater than 99%
for each case and indicates that the regression curves have
good agreement with the experimental values.

2.2 Contact pressure on the plane

In planar polishing, the contact zone between the
polishing disk and the machined part can be easily deter-
mined for a fixed tool displacement E. Theoretically, it is
the region enclosed by a chord segment and a circular
segment. To obtain the contract pressure, a contact model
for the tilting polishing tool is proposed. As illustrated in
Fig. 3, taking the critical point A as an original point, then
a local coordinate system xAy can be established. The
x-axis is along the feed direction of tool and the y-axis
is perpendicular to the feed direction of tool on the con-
tact plane. The tilt angle of the polishing disk with respect
to the vertical direction of contact plane is set as θ, and
the radius value of polishing disk is R. At contact line BC,
namely the transition position from undeformed region to
the deformed region, the contact pressure can be viewed

as 0. However, the contact pressure at point G is up to
maximum value since a maximum deformation occurred
at the contact position. From this point, a linear distribu-
tion of pressure along x-axis direction is assumed to
construct the pressure distribution model.

As shown in Fig. 3, along x-axis direction let the length
from the origin to the outward edge of polishing disk edge be
L, and then L is calculated as

L ¼ E=tanθ ð4Þ

The pressure distribution along x-axis direction is a linear
function of variable e, and then we have

p xð Þ ¼ k Eð Þe ¼ k Eð Þtanθx ð5Þ

where e represents the amount of deformation at a point within
the contact zone; k(E) represents the proportion coefficient
and it will vary with the change of tilt angle and displacement
E of the given polishing disk.

Meantime, the compression deformation along y-axis
direction keeps constant in plane polishing process. For
example, at the critical contact position BC (x=0) be-
tween the part and polishing disk, the pressure values
along the line are all 0.

Therefore, let kθ(E)=k(E)tanθ, then the pressure within the
contact zone in planar polishing can be defined as follows:

p x; yð Þ ¼ kθ Eð Þx ð6Þ

Further, the contact force F(E) is given as

F Eð Þ ¼
ZZ

S
p x; yð ÞdS ¼

Z y max

−y max
dy

Z f yð Þ

0
p x; yð Þdx ð7Þ

Table 1 The valves of coefficients

Tilt angle 5° 10° 15°

Rubber disk a 0.594 0.815 0.501

b 8.493 3.378 2.394

c 0.087 −0.031 0.043

Sponge disk a 0.271 0.086 0.053

b 0.264 0.426 0.212

c −0.007 −0.021 0.011
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where y_max denotes the half-width of the contact zone, and
f(y) is the boundary of the contact zone, they can be expressed,
respectively, as

y max ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2− R−Lð Þ2

q
; f yð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
R2−y2

q
−Rþ L

According to Eq. (7), the coefficient kθ(E) can be described
as

kθ Eð Þ ¼ 2F Eð ÞZ y max

−y max
f yð Þ2dy

ð8Þ

Thus, according to the given tool displacement E in
polishing, the polishing force can be derived using Eq. (2),
then from Eq. (8) the proportional coefficient kθ(E) is calcu-
lated and the final pressure distribution in planar polishing can
be obtained using Eq. (6). Figure 4 shows the pressure distri-
bution within the contact zone in planar polishing with a 120-
mm diameter rubber disk. The related parameters are E=
1.0 mm, θ=10°, and kθ(E)=0.0092.

2.3 Contact pressure on the curved surface

Using the same way, the pressure distribution model on the
regular curved surface such as spherical surface or cylindrical
surface can be built. For a given polishing force, in calculating
the contact pressure distribution the most important step is to
get the compression deformation e of a point within the
contact zone. As illustrated in Fig. 5, without losing generality,
the machined surface is described as a Bspline surface s(u,v).
The bottom plane of the polishing disk is intersected with the
surface at BC, where BC represents the critical position from
unreformed region to the deformed region of the given
polishing disk. Similarly to the case of planar polishing, the
contact pressure at the critical position can be viewed as 0.

As shown in Fig. 5, point P is an arbitrary point on the
bottom plane of the polishing disk. u is a unit vector which
represents the tool axis direction. A straight line, which is
parallel to the u direction and through point P, intersects with
the free-form surface in point Q. If (Q−P)·u>0, P is below
the machined surface. In this case, it means the polishing disk
has contacted the machined surface and generated an elastic
deformation amountPQ. Else if (Q−P)·u>0, it means point P
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is above the machined surface and the polishing disk does not
contact the machined surface at the position.

Given a point P on the bottom place of a polishing disk, the
line parallel to the u direction and through point P can be
described as

L eð Þ ¼ P þ eu ð9Þ

where e is a variable. Thus, the intersection point Q between
the line L(e), and the machined surface s(u,v) can be derived
from the following equation:

P þ eu ¼ s u; vð Þ ð10Þ

Eq. (10) is a vector form and thus provides three individual
component equations. Therefore, three unknown variables u,
v, and e can be obtained from the above equations by using a
quasi-Newton method.According to Eq. (10), a function
R(u,v,e) can be defined as follows:

R u; v; eð Þ ¼
r1 u; v; eð Þ ¼ Qx u; vð Þ−Px−eux
r2 u; v; eð Þ ¼ Qy u; vð Þ−Py−euy
r3 u; v; eð Þ ¼ Qz u; vð Þ−Pz−euz

8<
: ð11Þ

where R(u,v,e) is a ternary system of nonlinear equations.
Then, a quasi-Newton method can be used to solve the Equa-
tion R(u,v,e)=0, and the iteration relations are described as

wkþ1 ¼ wk−Ck
−1R wkð Þ

Ckþ1 ¼ Ck þ tk−Ckskð Þ skð ÞT
skð ÞT sk

8><
>: ð12Þ

where

wk ¼ uk ; vk ; ekð ÞT sk ¼ wkþ1−wk

tk ¼ R wkþ1ð Þ−R wkð Þ

When k=0,w0=(u0,v0,e0)
T is the initial value of the iteration

process. u0 and v0 are the same as the parameters of the cutter
contact (CC) point A, and e0 is usually set as 0. Then the initial
matrix C0 is described as follows

C0 ¼
∂r1

.
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∂v ∂r1

.
∂e

∂r2
.
∂u ∂r2

.
∂v ∂r2

.
∂e

∂r3
.
∂u ∂r3

.
∂v ∂r3

.
∂e

0
BBB@

1
CCCA

0

Setting the termination conditions by sk, when sk meets the
termination conditions, the iteration will be finished. Then, the
value of e can be obtained.Thus, using the given algorithm a
series of position point on the critical curve BC can be obtain-
ed and therefore the contact zone is subsequently determined.
Further, if an arbitrary given point P is within the contact zone,
and then the deformation amount e at this point can be
calculated by Eq. (10). And finally, the total force impacted
on the contact zone can be built

F ¼
ZZ

S
k Eð ÞedS ð13Þ

where F represents the polishing force. Further, the coefficient
k(E) can be described as

k Eð Þ ¼ FZZ
S
edS

ð14Þ

where S represents the contact zone. Therefore, once the
coefficient k(E) is obtained, the pressure distribution at each
point within the contact zone can be described as

p ¼ k Eð Þe ð15Þ

3 Material removal profile

The removal profile in polishing describes the distribution of
removal depth along the direction perpendicular to the tool
path [18]. It plays an important role in controlling the material
removal rate and determining the stopover size. When
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Fig. 5 Contact form on free surface
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polishingwith a tilting polishing disk, the deformation amount
at each point within the contact zone is variable, so the
removal depth perpendicular to the feed direction is unable
to keep constant in one pass. Hence, in order to acquire a
uniform removal depth, it is necessary to allow the overlap of
polishing area when planning two adjacent tool paths. That is
to say, the same area may be covered more than once in one
step.

3.1 Removal depth distribution

Since the contact zone only occupies a small proportion
relative to the overall polishing disk, it is assumed that the
sliding velocity due to the rotation of the spindle is the same
within the contact zone. In actual polishing, the linear velocity
due to rotation of the spindle is far greater than the feed speed.
So, ignore the feed speed, and then the sliding velocity within
contact zone can be expressed as

vs ¼ 1

2
� 2πn R1 þ R2ð Þ ¼ πn 2R−Lð Þ ð16Þ

where n is the speed of spindle. R1 and R2 are the max and min
radii of the contact zone. L is the difference between the two
radius values, which is defined as contact length.

As seen in Fig. 6, the contact zone between the polishing
disk and the metal part is a part of circle. The feed motion of
polishing disk is at the speed of vf. Taking a point A on the
critical position as the original point, a coordinate system xAy
in the bottom plane of the polishing tool is also built. After
determining the critical position BAC and the circular segment
BGC, the pressure at an arbitrary point M within the contact
zone can be obtained by Eq. (15).

According to the theory of Zhang [18], the removal depth
value at point M can be expressed as

dh ¼ k1F0s

HVdxdy
¼ k1pvs

v f HV
dl ð17Þ

where k1 is a dimensionless coefficient associated with ma-
chining system; HV is the material hardness; vs represents the
sliding speed at the point; vf is the projection of the feed speed
of the polishing tool. Substitution of Eq. (15), (16) into
Eq. (17) gives

dh ¼ A
n

v f
2R−Lð Þk Eð Þedl ð18Þ

where A=k1π/HV, is a special coefficient which combines the
effect of k1, and the hardness of the metal part; e is the
deformation amount of the polishing disk at different contact
point.

The removal distribution perpendicular to the feed direc-
tion is obtained by integrating the Eq. (18), then

h yð Þ ¼ A
n

vf
2R−Lð Þ

Z y end

y start
k Eð Þedx ð19Þ

where y_start and y_end are the coordinate values at different
y locations such as point E and F in Fig. 6. For calculating
Eq. (19), the following approximation method can be used

h yð Þ ¼ A
n

vf
2R−Lð Þy end−y start

N

X
1

N

k Eð Þe ð20Þ

where N is the number of the discrete points. Thus, the
removal depth distribution can be obtained. For the case of
planar polishing, the value of y_start and y_end are expressed
as

y start ¼ 0; y end ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
R2−y2

q
−Rþ L
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Fig. 6 The contact zone
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So, in planar polishing the removal depth distribution may
be simplified as

h yð Þ ¼ Akθ eð Þ n

2v f
2R−Lð Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
R2−y2

q
−Rþ L

� �2

ð21Þ

From Eq. (21), it can be seen that the removal depth is
proportional to the spindle speed n, and inversely proportional
to the feed rate vf.

3.2 Removal profile experiment

An experiment is performed to evaluate the model of calcu-
lating material removal profile. A planar block of mold steel
NAK80 is polished with a rubber disk pasted by a sand paper.
The experimental parameters are shown in Table 2. The re-
moval profile corresponding to 80# Al2O3 abrasive is mea-
sured, respectively, by contour gauge (Prismo navigator pro-
duced by Carl Zeiss AG). According to the measured value,
the coefficient A is derived and the results associated with 80
grade abrasive are 0.2911 under the process parameters listed
in Table 2. The experimental and theoretical removal profiles
are illustrated in Fig. 7. The results show that the removal
profile values predicted by the established theoretical model
have a good agreement with the experimental values.

3.3 Stepover size determination

The polishing process includes two steps, namely pre-
polishing and final-polishing. Pre-polishing is performed after
the milling process to eliminate tool marks. In addition, the
uniform removal of machined surface in pre-polishing is also
crucial for maintaining the profile accuracy and reducing the
waviness of the finished surface to most extent. However, due
to the uniformity of pressure distribution, the removal depth
perpendicular to the feed direction is different. Therefore, an
effective control strategy of uniform removal must be consid-
ered in planning two adjacent paths. One of main parameters
used to keep the uniform removal in polishing is the stepover
size.

Equation (20) describes the removal depth formed by one-
pass polishing. When an area is polished by multi-pass paths,
the removal depth of this area is calculated by

H yð Þ ¼ h yð Þ þ
X
i¼1

n

h yþ iMdð Þ ð22Þ

where Md is the stepover size. To keep the uniform removal
during the polishing process, one solution is to try to maintain
a constant removal depth through making the polishing

domains of two adjacent tool paths generate suitable overlap.
For example, as shown in Fig. 8, in planar polishing if the
removal depth at y=0 location is half of the maximum value
Hmax of removal depth, such an overlap between two adjacent
tool paths can lead to generate a removal peak at the middle
position of stepsize. And, it is an effective means to reduce the
fluctuation of remove depths. Let h(yd)=h(0)/2, then the
following equation can be obtained

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2−yd2

q
−Rþ L

� �2

¼ 1

2
L2 ð23Þ

Through Eq. (23), the position coordinate yd can be further
derived

yd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2−

Lþ ffiffiffi
2

p
R−Lð Þ� �2

2

s
ð24Þ

Thus, in this case, the stepover size between two adjacent
tool paths can be selected as twice as yd. Generally, for the case
of polishing a large mold surface with a small polishing disk,
the curvature effect of the surface at local contact zone is
usually negligible and the stepover size determination method
in planar polishing can be directly utilized.

4 Cutter location planning

Cutter location planning is crucial to improve the machining
efficiency and ensure the quality of the products. In planning
tool paths, an initial path is first constructed in the parameter
or planar domain. Correspondingly, the real tool contact point
path is obtained in physics space [23, 24]. Then according to
the stepover size derived from computation, the unidirectional
contact trajectories are sequent implemented both in parame-
ter space and physical space. For the given contact length L
and tilt angle of polishing disk, the tool contact point (CC)
paths can be converted into cutter location (CL) point paths.
Finally, the CL data also needs to be transformed to machine
control data based on the concrete machine configuration.

Table 2 The parameters of test

Diameter Spindle speed Feed speed Displacement

120 mm 1,500 r/min 5 mm/s 1.0 mm
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4.1 Parametric increment calculation

Free-form surface in manufacturing is often expressed as
parametric Bspline surface s(u,v), and thus the two parameters
u and v of the surface is usually defined in parametric range [0,
1]. For a given tool path, the path interval and its correspond-
ing parametric increment will be obtained first to determine
the next path. As illustrated in Fig. 9, Pi−1 and Pi are two
adjacent tool paths and Pi−1,j is a point on the tool path,
according to the given stepover size, the Pi,j corresponding
point Pi−1,j on the path Pi will satisfy the following equation:

∂s u; vð Þ
∂v

Δvþ ∂s u; vð Þ
∂u

Δu ¼ Mdb ð25Þ

where s(u,v) is the equation of free-form surface, andMd is the
stepover size between the adjacent paths. b is a unit vector
tangential to the surface and is defined as

b ¼ n� f ð26Þ

where n denotes the unit normal vector at point Pi−1,j of the
surface. f denotes the unit vector in the direction cutter feed,
which can be obtained by the derivation of Pi−1 path in the
actual surface.

From Eq. (25), it can be seen that the parametric increment
Δc=[Δu,Δv] at point Pi−1,j should be obtained in order to the
point Pi,j on the Pi path. Eq. (25) is in a vector form and
provides three individual component equations. Among them,
one component depends on the others, so only two axial
components of the equation are needed to calculate the para-
metric increment Δu and Δv.

∂X
∂u

∂X
∂v

∂Y
∂u

∂Y
∂v

0
B@

1
CA Δu

Δv

� �
¼ Md

bX
bY

� �
ð27Þ

By solving Eq. (27), the parameter increment Δu and Δv
are described as

Δu ¼
Md

bx X v

by Y v

				
				

X u X v

Yu Y v

				
				
; Δv ¼

Md
bx X u

by Y u

				
				

X v X u

Y v Y u

				
				

ð28Þ

where Xu is X/ u; Xv is X/ v. In the same way, Yu is Y/ u; Yv is
Y/ v. Then, the parametric coordinate of point Pi,j(ui,vi) can be
written as

ui
vi

� �
¼ ui−1

vi−1

� �
þ Δu

Δv

� �
ð29Þ

-0.03

-0.02

-0.01

0

Experimental value Theoritical value

M
at

er
ia

l r
em

ov
al

de
pt

h 
(m

m
)

Polishing path cross section (mm)

Fig. 7 The removal profile

Hmax

Hmax /2

-yd yd0

Fig. 8 The superposition of removal depth

1632 Int J Adv Manuf Technol (2014) 72:1625–1637



When all location points of tool paths are implemented
using the above planning strategy, the operation of generating
tool contact point path is finished. Specially, when construct-
ing uniform contact paths, we should pay more attentions to
the following issues:

1. Theoretically, the initial contact path can be selected at
any position of the surface. An initial path that is helpful
to reduce the geometric complexity of paths is more
desirable.

2. In determining corresponding point of adjacent path, if
u+Δu or v+Δv exceed their parameter ranges, the point
should be neglected.

3. With the consideration of removal uniformity, the paths of
different polishing steps had better not coincide with each
other and keep suitable spacing.

4.2 Cutter location point generation

To polish a given part on a five-axis machining centre with a
polishing disk, although it is different from conventional
milling with a ball-end or flat-end cutter, it also faces the
problem of converting CC points to the CL points. Generally,
in the existing CAM software, there are no tool path-planning
modules for polishing, so a path-planning algorithm is pro-
posed here for surface polishing with a tilting-polishing disk.
According to the given CC point paths and the machined
surface, the position coordinates of each CC point and the
unit normal vector at this point of the surface can be derived.
Then, these CC points and their associated surface normal
vector can be used to generate CL data. Once the machine
configuration is given, NC codes can be generated from these
CL data to control the machine to perform the polishing task.

The position relation between the CL point and the CC
point in polishing is shown in Fig. 10. Point A is a CC point
and it has a distance L from the outward edge of the polishing
disk, where L can be obtained by the Eq. (4). PointD is the CL
point corresponding to the CC point A. It is the central position

of the bottom plane of polishing disk. The CL data consists of
the tool axis vector u and space location vector D. Vectors A
and n, respectively, represent the space position of the CC
point and the unit normal vector at the point of the machined
surface. f is a unit vector along the feed direction.

During polishing process, the tool axis vector u lies in the
plane formed by vectors n and f. Related to the surface normal
vector n, the main shaft of polishing disk has a fixed tilting
angle θ. Then the unit direction vector u of tool axis can be
determined with the following expression:

u ¼ ncosθ− f sinθ
ncosθ− f sinθk k ð30Þ

The length LAD of the line segment AD between the CC
point A and CL point D can be given as LAD=R−L, and the
direction vector υ from point A to point D can be calculated
using the following formula:

υ ¼ f cosθþ nsinθ
f cosθþ nsinθk k ð31Þ

Tool path Pi-1

Tool path Pi

Pi-1,j

Pi,j

Δc

u

v

O

Pi,j: CC point along tool path Pi

Fig. 9 Construction of the u-v
curves in parametric domain

n
u

f
L

D

A

CL point

CC point

Fig. 10 The tool center point and the cutter contact point
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Then the position coordinates D of the CL point D can be
given as

D ¼ Aþ R−Lð Þυ ð32Þ

Thus, the position vector D and orientation vector u con-
stitute the CL data CD at point D corresponding to the CC
point A. That is CD=(D u).

4.3 Machine tool configuration

The cutter axis vector and the cutter location coordinates
mentioned above describe the posture of cutting tool in the
workpiece coordinate system. However, it cannot be directly
used to drive the machine. The same CL data will be convert-
ed to different machine control data due to the difference of
machine configurations. Therefore, a necessary post-
processing operation will first be performed to generate NC
code according to the concrete machine configuration.

In the surface polishing on a five-axis machining centre, a
machine with a table/spindle tilting type of configuration is
used here. As shown in Fig. 11, coordinate systems, which are
necessary for building the kinematic transformation between
the cutter’s physic locations and the desired machine tool’s
motions. OW-XWYWZW is the work coordinate system (WCS);
OT-XTYTZT is the tool coordinate system (TCS); Om1-Xm1Ym1-
Zm1 is a coordinate system connected to the rotating axis C′,
and Om2-Xm2Ym2Zm2 denotes a coordinate system connected
to the rotating axis B. In TCS,Om2 is defined as rm2=(0,0,M2),
the position vector and axis direction of the cutting tool are
defined as (0,0,0) and (0,0,1). In WCS, the position of Om1 is
defined as rm1=(mx,my,mz). In order to describe each axis
movement quantitatively, the movement of the translational
axis is defined as rs=(rx,ry,rz); the movement of the rotation
axis are defined as θB and θCwhere the anticlockwise direction
is positive.

In the initial status, the spindle direction is parallel to the ZW
direction of WCS. Meanwhile, coordinate system WCS is
initially aligned with coordinate systemMCS. Then the trans-
formation relationship between the given CL data and the
machine control data is described as

ux; uy; uz; 0
� �T ¼ T rm1ð Þ⋅RZ −θCð Þ⋅T rs−rm1 þ rm2ð Þ

⋅RY θBð Þ⋅T −rm2ð Þ⋅ 0; 0; 1; 0ð ÞT
Dx;Dy;Dz; 0
� �T ¼ T rm1ð Þ⋅RZ −θCð Þ⋅T rs−rm1 þ rm2ð Þ

⋅RY θBð Þ⋅T −rm2ð Þ⋅ 0; 0; 0; 1ð ÞT

8>>><
>>>:

ð33Þ

where

T rm1ð Þ ¼
1 0 0 mx

0 1 0 my

0 0 1 mz

0 0 0 1

0
BB@

1
CCA; RZ −θCð Þ ¼

cosθC sinθC 0 0
−sinθC cosθC 0 0

0 0 1 0
0 0 0 1

0
BB@

1
CCA

T rs−rm1 þ rm2ð Þ ¼
1 0 0 sx−mx

0 1 0 sy−my

0 0 1 sz−mz−M2

0 0 0 1

0
BB@

1
CCA;

RY θBð Þ ¼
cosθB 0 sinθB 0
0 1 0 0

−sinθB 0 cosθB 0
0 0 0 1

0
BB@

1
CCA; T −rm2ð Þ ¼

1 0 0 0
0 1 0 0
0 0 1 −M 2

0 0 0 1

0
BB@

1
CCA

Then, the unknown parameters rs, θB, and θC can be ob-
tained by solving Eq. (33).

5 Experimental verification

In order to validate the proposed approach, polishing experi-
ments are carried out on a DMU60 five-axis machining centre
with a table/spindle tilting type of configuration. The tested
parts all are made of NAK80 pre-hardened steel. The Rock-
well hardness of used material is 42 HRC. Two types of parts,
namely planar part and curved part, are used in the
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ZW
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Xm1
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C
rm1

TCS

WCS

Fig. 11 Machine configuration of C′-B
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experiments. The total experiments include two parts: the first
is the validation of removal model, where two kinds of path
interval on the removal depth profile are conducted in the
validation tests. The second is the validation of the polishing
results that may be reached using the proposed method.
Polishing disk with aluminum oxide (Al2O3) abrasives and
120-mm diameter is adhered on the rubber support and used to
polishing the workpiece with a 10° tilting angle.

5.1 Validation of removal depth model

Pre-polishing process plays an important role in ensuring the
uniform material removal, especially for relatively large par-
ticle size of abrasive. For the uniform material removal, the
stepover size is an important parameter which needs to be
determined. For further confirm the removal depth model on
the overlap area, two kinds of stepover size which are 36 and
46 mm are selected to conduct the unidirectional polishing.
Two pieces of planar parts with the dimensions of 200 mm×

80 mm×30 mm are used to conduct the experiment. For the
polishing tools, a rubber disk with 80# grade of abrasive is
chosen and themachining parameters are illustrated in Table 2.
In polishing process, the feed direction is along the width
direction of the part. Close to the two boundaries of the part
along the length direction, the two marginal areas of the part
are kept not removed in experiment in order to be taken as the
measuring basis of the follow-up measurement. In the exper-
iment, the surface profile of three positions along the direction
of 200-mm length for each part is measured with a contour
gauge (Prismo navigator produced by Carl Zeiss AG).
Figure 12 describes the removal depth distribution under the

Md=36mm Position (mm)

D
ep

th
 (

m
m

)
D

ep
th

 (
m

m
)

Md=46mm Position (mm)

The overlap area

The overlap area

a

b

Fig. 12 The removal depth superposition

Table 3 Analysis of material removal depth

Md (mm) Expected
Hmax(μm)

Have(μm) Hpro(μm)

Actual Expected Actual Expected

a 36 25 −18.87 −18.91 3.41 4.14

b 46 25 −13.59 −15.15 6.42 6.92
Fig. 13 The curved surface model
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condition of polishing with two different stepover sizes. The-
oretically, the polishing areas of two adjacent tool paths have
some overlap using the given two types of stepover size. Even
so, are shown in Table 3, the actual profiles have good agree-
ments with theoretical profiles. Further, for comparing the
consistent degree between actual profile and expected one in
the superposition area, an evaluation criterion Hpro, which
reflects the value of fluctuation, is introduced with the follow-
ing expressions:

Hpro ¼ 1

N

X
i¼1

N

H ið Þ−Havej j ð34Þ

where

Have ¼ 1

N

X
i¼1

N

H ið Þ

where N is the number of measuring point;H(i) represents the
removal depth in each point. As can be seen in Table 3, the fact
that the actual value is close to the expected value further
confirms the correctness of the removal depth model. Mean-
while, the maximum removal depth can be got easily, which is
helpful for predict the overall removal depth of polishing
process. From the experimental results, it also can be seen

that stepover size has an effect on the magnitude of fluctua-
tions of material removal depth. As shown in Fig. 8, such
fluctuations can be reduced to the minimum extent by
selecting a reasonable stepover size.

5.2 Polishing experiment

In the polishing experiments, a planar part and a curved part
are selected with dimensions of 100 mm in length and
100 mm in width. The geometric model of the curved part,
whose minimum curvature radius is about 350 mm, is shown
in Fig. 13. Before polishing operation, the two parts are both
milled with a 12 ball-end cutter. The process parameters in
milling and polishing are summarized in Table 4. The cusp
height in milling is about 10 μm and the final surface rough-
ness Ra of the two milled parts is about 1.26 μm. For the two
milled parts, a rubber disk sticked by 80# sandpaper is first
used to remove the tool marks as quickly as possible, then
240#, 600#, and 800# sandpapers are sequent used to reduce
the surface roughness gradually. And last, a synthetic diamond
paste of grade 2.5 μm is used for the final polishing. In the
polishing process with sandpaper, the path interval is calcu-
lated using the proposed algorithm with control of uniform
removal depth.

Once the two sample parts are polished, the surface rough-
ness of the two parts are measured with a 3D noncontact
profilemeter (Newview 5002, Zygo). During planar polishing,
corresponding to the 80#, 240#, 400#, and 800# abrasive, the

Table 4 Process program
Steps n (rpm) vf (mm/s) Md (mm) ap (mm) Angle Time (min)

Milling (Φ12) 1,500 7.5 0.34 0.2 30° 75

Steps n (rpm) vf (mm/s) Md (mm) Angle E (mm) Cycle

80 grade 1,500 5 28.2 10° 1.0 6

240 grade 1,500 5 28.2 10° 1.0 6

400 grade 1,500 5 28.2 10° 1.0 6

800 grade 1,500 5 28.2 10° 1.0 6

W2.5 diamond abrasive 1,500 6.7 35.9 10° 2.0 2

Polished planar part; Polished curved part

a bFig. 14 The final surface
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final surface roughness of each process step is 0.218, 0.068,
0.042, and 0.023 μm, respectively. After final polishing, the
measurement results of planar part and curved part are Ra=
9.077 nm and Ra=17.351 nm, respectively. From the results, it
can be seen that the proposed automated polishing method has
the ability to reach the degree of mirror finish. The final two
polished parts are shown in Fig. 14a and b. The mirror effect
of the final polished parts is very obvious. From the reflected
images of English characters and crossed meshes, we can see
that the two polished surfaces both have good global unifor-
mity of mirror polishing.

6 Conclusion and future work

An automatic precision polishing method for free-form sur-
faces has been proposed. It is implemented on a machining
centre and is helpful for realizing the integration with milling
process. Using the proposed polishing model, mirror effect
surface are achieved and further validated by the experimental
results. In the proposed method, the relation between the
polishing force and tool displacement is built using a regress
model. It is helpful for realizing the pressure control in
polishing surface with a passive tool. For polishing free-
form surfaces with a tilting elastic polishing disk, a model of
polishing pressure distribution is built within the contact zone
of the polished part and the elastic polishing disk. Subsequent-
ly, a removal depth model is derived and it is further validated
by experimental results. By means of the built removal depth
model, suitable stepover size between two adjacent polishing
paths is also given to reduce the fluctuations of removal depth
to most extent. Then, a cutter location planning algorithm is
proposed. The proposed polishing strategy is well tested for
the automatic precision polishing of planar and curved parts
made of NAK80 mold steel on a machining centre. The
validation results show the effectiveness and feasibility of
the model as well as its ability to achieve mirror effect sur-
faces. A further extended work of the model is the realization
of specific surface topography.
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