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Abstract Several solutions can be considered to resolve the
problem of positioning a cutting tool on a free-form surface
when five-axis milling. To choose a unique solution, in addi-
tion to the cutter–workpiece contact, an additional criterion
can be taken into account. This may concern the local geom-
etry of the surface or yet again the width milled to maximise
the metal removal rate, but technological criteria relating to
the cutting phenomenon and the quality of the surface pro-
duced are not considered. The present article introduces a
strategy applying positioning combined with balancing of
the transversal cutting force. This method involves using the
ploughing effect of the milling cutters by simultaneously
engaging the teeth located to the front of the cutter in relation
to the feed movement and also those to the rear. The position-
ing obtained stabilises the cutter and contributes to making a
net improvement in its dynamic behaviour. This leads in turn
to significantly higher quality of the milled surface. The article
presents a method to apply balancing of the transversal cutting
force to two types of machining passes and elaborates an
associated strategy to plan cutter paths enabling an improve-
ment in surface quality to be achieved.

Keywords Five-axismilling .Machiningstrategy .Balanceof
the transversal cutting force . Complex-shapedworkpiece

1 Introduction

Various methods for the management of local interference in
five-axis milling position the cutter at the point considered Cc
of the surface (Fig. 1). The axis of the cutter concerned is then
aligned with the normal to that surface on Cc. With the cutter
being positioned through consideration for a single point, a
part of the cutter may come to be at the intersection with the
surface. There will then be local interference (Fig. 1).

To free the cutter from the interference, an angular correc-
tion is applied to the orientation of its axis. A first major family
of positioning strategies [1–4] uses the curvatures of the por-
tion of the surface located under the cutter, but in this case, the
computed solution will be unique. It will thus be impossible to
take an additional criterion into account. These positioning
solutions will not be given in detail here. The other big posi-
tioning family relies on calculating the distance between the
cutter and the surface. In practical terms, several distances are
computed between points of the cutter and the surface. These
are expressed in the local reference to the surface whose origin
(Fig. 1) is the point considered Cc, while n is the normal
vector, t the vector tangent in the feed direction and b the
binormal vector such that b =n ∧t . The orientation of the cutter
axis is computed such that these distances always remain
positive so the cutter has no intersection with the surface and
local interference is eliminated. Lee [5] and Fan and Ball [6]
use this type of method to calculate a cutter orientation using
angles taken about b and n . By the same principle, Warkentin
et al. [7] and Gray et al. [8] determine the orientation of the
cutter from three points of contact between the cutter and the
workpiece. This is thus referred to as multi-point positioning.
Adopting a different approach, Rubio [9] uses an offset surface
and an equivalent cutter to calculate the positioning of a torus
milling cutter on free-form surfaces determining an angle α
taken about b and an angle β taken about t . He thus defines a
domain of positioning solutions within which a particular
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solution can be chosen through introducing an additional cri-
terion. The torus milling cutters (Fig. 2) considered by Rubio
[9] and Gilles et al. [10–13] are interesting as they combine the
advantages of both cylindrical and hemispheric tools. Firstly,
they admit a change in orientation (Fig. 2) by a rotation around
the insert centre, then the cutting edges are kept away from the
axis of rotation and the cutting speed is thus never null.
Furthermore, some torus cutters with round inserts can handle
ploughing (Fig. 2), meaning that the rear part of the cutter can
be engaged and contribute to machining. This ploughing is
defined by an angle α between the cutter axis and the normal
to the surface n .

Most of the positioning methods that have just been men-
tioned suggest orienting the axis of the cutter with a positive tool
axis inclination. Contrary to such conventional methods, Gilles
et al. [13] use torus cutters with a negative rearward inclination,
meaning in a ploughing situation (Fig. 2) to define a positioning
that is an adaptation of that used by a number of authors
(Redonnet et al., Monies et al., and also Gilles et al. [14–16]).
As with Rubio [9], this relies on computing the distances di
(Fig. 3) between points Mi of the cutter and the surface to be
machined and requires that they must remain positive.

To each point Mi, there correspond a relation βi=
function(αi) and a curve (Fig. 4). A domain of solutions is
highlighted. In their works, Gilles et al. [13] choose a solution
that integrates “balance of the transversal cutting force”: the
minimum angle αmini defined byMonies [15] that eliminates
local interference is increased by the value of the balance
angle αeq whose determination is recalled in Section 2.1.1.
The angle β retained is that whose absolute value is minimal
in order to limit angular displacement during passes and thus
produces a smoothing effect.

This method [13] improves the dynamic behaviour of the
cutter [12] and allows better surface quality to be obtained. It
uses an additional criterion considering the cutting force.
However, these previous works are limited to local positioning
of the cutter on the surface and the case of full slotting.

In what follows, the transversal cutting force balance prin-
ciple will be recalled for the case of full slotting, and balancing
of rework passes centred between two passes executed in full
slotting will be defined. A complete machining strategy using
these two types of passes will then be devised, and experi-
mental validation will show the gains obtained in terms of
roughness—thanks to this new strategy.
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2 Machining strategy associated with torus cutter
positioning using balance of the transversal cutting force

2.1 Balance of the transversal cutting force

2.1.1 Reminder of the balance principle: case of full slotting

The model for the initial cutting force is defined by its com-
ponents Ft, Fr and Fa (Fig. 5). Ft is the tangential force, Fr the
radial force and Fa the axial force defined as follows:

Ft θð Þ ¼ Kt θð Þ � S θð Þ ¼ Kt θð Þ ⋅ da ⋅ ft ⋅ sin θð Þ ð1Þ

Fr θð Þ ¼ Kr ⋅ Ft θð Þ ð2Þ

Fa θð Þ ¼ Ka � Ft θð Þ ð3Þ

In these expressions, S (θ) is the chip cross-section instan-
taneously seen by the insert, f t is the feed per tooth and da the
axial engagement. The two coefficients Kr and Ka are con-
stants. Coefficient Kt(θ ) depends on the mean thickness of the
chip emoy (θ) at position θ (Eq. 4).

Kt θð Þ ¼ Kto� emoy θð Þð Þυ ð4Þ

Kto and υ are constant coefficients. For the position con-
sidered θ , the chip mean thickness (θ) is defined (Eqs. 5 and 6)

by Gilles et al. [10] from the feed per tooth f t, the axial
engagement da and the radius of the round insert R (Fig. 6).

emoy θð Þ ¼ 1

R ⋅
π
2
−ϕo

� �
Z π

2
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ft ⋅ sin θð Þ ⋅ cos ϕð Þ ⋅Rdϕ ¼ ft ⋅ sin θð Þ ⋅ da
R ⋅
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−ϕo

� �

ð5Þ
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ϕo ¼ sin−1
R−dað Þ
R

� �
ð6Þ

Gilles et al. [11] adapted the model thus defined to the
ploughing situation characterised by angle α : to take into
account the specific nature of the cut on the interior and
exterior of the inserts, coefficient Kto (Eq. 4) is replaced by
two coefficients Kint and Kext and axial engagement da is
characterised on each of these two zones using engagements
daint(θ ) and daext(θ ) calculated for each position θ (Fig. 7).

The model obtained therefore allows components Ft and Fr
to be calculated and thus components Fx and Fy of the force in
the fixed reference (O , X ,Y,Z) defined in Fig. 5 (Eq. 7):

Fx θð Þ

Fy θð Þ

0
@

1
A ¼

cos θð Þ −sin θð Þ

cos αð Þ � sin θð Þ cos θð Þ � cos αð Þ

0
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Ft θð Þ

0
@

1
A

ð7Þ

The transversal cutting force is defined by Gilles et al.
[11–13] as the cutting force component that is perpendicular
to the plane formed by the direction of feed and the cutter axis.
Where this feed direction is Y, this will involve a force Fx
(Fig. 8). Balancing involves calculating the angle αeq by
equalising the absolute maximum and minimum values (Eq. 8):

αeq =MAX Fxð Þ ¼ MIN Fxð Þ ð8Þ

The example given in Fig. 8 corresponds to full slotting in
C35-E (standard NF EN 10083-1) with a milling cutter D=
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ting force
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16 mm, R=4 mm, da=2 mm, f t=0.2 mm and a cutting speed
of 140 m/min. The corresponding balance angle will then be
αeq=−9.022°. This balancing reduces the amplitude of the Fx
component and ensures improvement in the cutter’s dynamic
behaviour. Works by Gilles et al. [12] show that in full slotting
work, this results in a significant improvement in the surface
condition.

2.1.2 Case of re-machining passes

A re-machining pass is a machining pass located in the middle
of two other passesmade previously in full slotting (Fig. 9) with

the balance angle calculated in Section 2.1.1. Contact between
the cutter and the workpiece occurs in accordance with the
envelope curve (Fig. 9) defined by Chiou and Lee [17]:

ntool ⋅V ¼ 0 ð9Þ

In this expression, n tool is the normal to the cutter at the
point considered and V is the speed vector at the point
considered for the cutter in relation to the workpiece.

The quantity of material a re-machining pass will remove
will depend on the cutter axis inclination αr. Meanwhile, the
force model implemented in Section 2.1.1 requires the axial
engagements d aint(θ ) and d aext(θ ) (Fig. 7) to be known.
These depend in turn on the angle αr sought: the problem is
thus recursive and will be resolved in what follows iteratively
in two stages. This means a re-machining pass is performed
with a cutter axis inclination αr (Fig. 10) to the rear of the
cutter. The surface Ssup is milled by the front of the cutter,
mainly by the exterior of the insert (Fig. 10). Then, similarly,
the surface Sinf is removed by the rear of the cutter with the
interior of the insert.

– First stage: An angle αrinit is computed (Eq. 10) by
equalising the axial engagement of the front and the rear
of the cutter (Fig. 10):

Fig. 6 Mean chip thickness for
round inserts

Fig. 7 Interior and exterior of inserts
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αrinit = A ¼ B ¼ da=2 ð10Þ
– Second stage: An envelope curve (Fig. 9) is computed

using the initial tool axis inclination for recovery
toolpaths αrinit. Surfaces Sinf and Ssup are expressed
and weighted by coefficients Kint and Kext of the cutting
force model presented in Section 2.1.1. The angle αr is
then computed by Eq. 11:

αr=Sinf � Kint ¼ Ssup� Kext ð11Þ

This method was applied for a cutter with two teeth (D =
25 mm, R =5 mm). The material milled was C35-E (standard

NF EN 10083-1) and the coefficients from the Gilles et al. [11]
force model were Kint=1,550 MPa, Kext=1,470 MPa, Kr=
0.35 and ν =−0.2. The cutting parameters were da=2 mm and
f t=0.2 mm with a cutting speed of 140 m/min. In these condi-
tions, the balance angle for full slotting is αeq=−4.673°. The
width to rework Dec=6 mm was chosen arbitrarily (Fig. 10).
The balance angle αr=−2.899° corresponding to that configu-
ration was computed using the Maple 32 program. The trans-
versal force Fx was constructed for the two-teeth cutter consid-
ered, and its theoretical curve can be plotted for the cutting
parameters used. In addition, an experiment in the correspond-
ing operating conditions was conducted. Before the re-
machining pass, two full slotting machining passes were
performed using a balance angle ofαeq=−4.673° spacing them
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Fig. 9 Re-machining pass and
associated envelope curve
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out by 27.939 mm to obtain the chosen offset Dec=6 mm.
Figure 11 shows the force modelled by the proposed method,
the force measured and the nominal force that is the force
obtained for flat machining without using the ploughing angle
(for αr=0).

Conclusion on balance of transversal cutting force for re-
machining passes

– The force measured is consistent with the computed
force.

– The cutting entry and exit angle values are consistent as
no angular offset is visible on the curves of Fig. 11.

– The amplitude of the Fx nominal force calculated for
machining without ploughing angle (for αr=0) is
1,088 N while the balanced force has an amplitude of
669 N. This means a reduction of 39 % enabling the
sought improvement in the cutter’s dynamic behaviour
to be achieved.

– The computation method for the balance angle for re-
machining passes is thus validated.

2.2 Machining strategy principle

To obtain finished surfaces that comply with their initial
specifications, the machining strategy using balancing of the

transversal force will incorporate three types of milling passes
(Fig. 12):

– Passes in full slotting performed first and using the trans-
versal cutting force balance angle αeq (Eq. 8): Their
spacing will be computed below.

– Re-machining passes located between the full slotting
passes: These passes can remove a considerable quantity
of material, and it is therefore necessary to calculate a
balance angle using the method given in Section 2.1.2.

– Finishing passes, positioned between the full slotting
passes and re-machining passes to obtain the specified
scallop height: They will only remove a small quantity of
material and balancing is therefore not required.

2.3 Strategy associated with balance of the transversal cutting
force

The problem posed involves spacing out the passes in full
slotting, re-machining passes and finishing passes (Fig. 12) so
as to obtain the specified scallop height hc. The planning
flowchart (Fig. 18) authorises two outcomes corresponding
to the following cases of machining:

– Machining with full slotting passes and re-machining
pass

– Machining with full slotting passes, re-machining pass
and finishing passes

Consider a surface (Fig. 12) on which two full slotting
passes have been made with the balance angle; the width of
material between these two passes is characterised by param-
eter Dec to which corresponds a balance angle αr of the re-
machining pass computed previously. The parameter Dec is
initialised at the cutter outer diameter value, and the envelope
curves and scallop height are calculated. The parameter Dec is
reduced and the various computations iterated until the speci-
fied scallop height hc is reached. If the parameter Dec becomes
null without the scallop height hc being obtained, finishing
passes will have to be added. The value of parameter Dec is
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Fig. 11 Experimental validation of tool axis inclination for recovery
toolpaths
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thus reinitialised to the cutter outer diameter to start up a
second full computation loop with finishing passes. The entire
strategy as just described is shown in flowchart (Fig. 18).

3 Experimental validation of the method

In this section, the balance of the transversal cutting force
strategy is compared with the “iso-scallop” strategy common-
ly used in five-axis milling. To this purpose, a spherical dome

(Fig. 13) milled at constant levels is chosen as representing a
free-form surface with regular geometry for which there is no
interference. The various calculations are implemented on a
dome arc. The cutter used (Fig. 2) is a torus milling cutter with
two teeth (D =16 mm, R =4 mm). The cutting parameters are
da=2 mm, f t=0.2 mm and a cutting speed of 140 m/min. The
spherical shape of the workpiece leads to a variation in depth
of pass (Fig. 15) under the cutter by just 14 %, allowing the
balance angle calculated for machining in full slottingαeq=−9°
to be used.
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Iso-scallop 
machining Measurement

areas

Machining with 
balance of transversal 
cutting force

Groove

Fig. 17 Execution of two types
of milling on the same workpiece

Data:
- balance angle eq and machined width L in full slotting
- specified scallop height on surface hc

Initialisation of parameter Dec:
Dec = tool diameter

Compute spacing between two paths in full slotting

Compute balance angle for re-machining pass

Compute scallop height obtained after re-machining pass 

Scallop height lower than 
specified scallop height 

Parameter Dec >0

Add finishing passes and reinitialisation of parameter Dec:
Dec = tool diameter

Compute scallop height obtained after re-machining pass and 
finishing passes

Scallop height lower than 
specified scallop height 

Reduction of 
parameter Dec

Reduction of 
parameter Dec

END

No

Yes

No

Yes
END

No

Yes

α

Fig. 18 Toolpath planning
flowchart

1384 Int J Adv Manuf Technol (2014) 72:1377–1387



3.1 Iso-scallop strategy

In the positioning adopted for iso-scallop machining, the tool–
workpiece point of contact is located in front of the cutter
(Fig. 14). Furthermore, as this milling does not lead to inter-
ference, positioning involves bringing in and orienting the
cutter at the point considered on the surface. A first milling
pass is set up on the exterior of the workpiece. The second
pass is calculated such that the scallop height is equal to the
specified scallop height hc. The third pass is calculated in
relation to the second on the same principle and so on. Tool
path planning thus comes down to calculating the angular
increment ϕinc shown on Fig. 14 to respect the scallop height
criterion. From the machining direction point of view, the
workpiece is subjected to climb milling. There is thus only
one path direction and a return trip is required between each
pass to reposition the cutter. In this case, six passes are neces-
sary to cover the surface.

3.2 “Balance of transversal cutting force” strategy

To replace the parameter Dec (Fig. 12), parameter ϕinc illus-
trated in Fig. 15 is used. To apply the method adopted
(Fig. 18), two full slotting passes are positioned (Fig. 15) on
the dome with angular spacing 2×ϕinc and a re-machining
pass is introduced between them. In accordance with the first
loop in the flowchart (Fig. 18), the increment is gradually
reduced to obtain the scallop height hc. The smallest scallop
height it is possible to obtain in this instance is 0.205 mmwith
a tool axis inclination for recovery toolpaths αr=−5.766°

calculated using the method developed in Section 2.1.2. It is
thus impossible to mill the surface and respect the scallop
height criterion by just using full slotting and re-machining
passes. Finishing passes are needed and planning is to be
performed using a second loop in the flowchart (Fig. 18).

The computed planning includes two passes in full slotting,
three re-machining passes and six finishing passes. The corre-
sponding angular increment is ϕinc=3.25° and the calculated
scallop height 0.064; the criterion hc=0.07 is thus respected.
The tool paths do not require a particular direction and the passes
are sequenced in the form of successive to and fro movements
(Fig. 16): full slotting passes 1 and 2 correspond to a to and fro
movement starting from the exterior of the workpiece towards
the interior, while re-machining passes 3, 4 and 5 correspond to
a to and fro and a single outward movement from the interior of
the workpiece to the exterior. Finally, the finishing passes 6 to 11
correspond to three to and fro movements from the exterior of
the workpiece to the interior.

3.3 Comparison between the two methods

The spherical dome is divided into two by a groove (Fig. 17)
and iso-scallop machining and machining with balance of
transversal cutting force are performed consecutively and
without either dismounting the workpiece or cutter replace-
ment on either of the parts. Both machining operations are
performed in identical conditions and can thus be compared
(Fig. 18).

The set of tool paths was calculated to cover the entire
spherical dome, but in practice, the presence of the groove that

Table 1 Results obtained after
machining Toolpath number Iso-scallop machining

1 2 3 4 5 6 – – –

Measure 1 10.05 10.7 12.13 9.56 12.04 7.85 – – –

Measure 2 10.25 10.95 12.08 9.45 11.78 7.64 – – –

Measure 3 10.11 10.85 12.16 9.61 11.68 7.97 – – –

Wt (μm) 10.14 10.83 12.13 9.5 11.83 7.82

Toolpath number Machining with balance of transversal cutting force

1 2 3 4 5 6 7 8 9

Measure 1 7.35 7.72 7.17 9.32 10.93 10.36 8.16 5.21 5.51

Measure 2 6.95 7.81 7.48 9.07 11.17 10.72 8.45 4.13 5.38

Measure 3 7.04 7.48 7.41 8.93 11.23 10.52 8.52 4.65 5.55

Wt (μm) 7.11 7.67 7.35 9.1 11.1 10.53 8.38 4.99 5.48

Table 2 Comparison of the re-
sults obtained after machining Strategy Machining time (min, s) Wt (μm) Variation

Iso-scallop machining 1 min, 32 s 10.38 0

Machining with balance of transversal cutting force 1 min, 30 s 7.97 −23 %
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divides it into two removes passes. There are therefore only
six for iso-scallop machining and nine for balanced machin-
ing. As the finishing passes present in the balance of transver-
sal cutting force strategy only remove a very small quantity of
material, the feed rate f t is increased to 0.3 mm (instead of
0.2 mm).

To observe the surface quality obtained, the waviness cri-
terion Wt was measured (standard NF EN ISO 4287). Mea-
surements were made using a Surtronic 3+ roughness meter
and the TalyProfile 1-2-0 software. The length for evaluation
used was 4 mm and the cut-off was 0.8. On both portions of
the dome, measurements were made in the same zone remote
from cutting entries and exits (Fig. 17). Three measurements
of the waviness criterion Wt were noted on each pass and a
mean was then computed (Table 1). Despite a higher number
of passes for the balance of transversal cutting force strategy,
the machining times remained comparable as the feed rate
used for the finishing passes was increased to f t=0.3 mm. A
mean was calculated in order to compare the results obtained
with the two strategies. These results are shown in Table 2.

3.4 Discussion of results

The most effective milling in terms of surface quality was
performed using the balance of transversal cutting force strat-
egy; this thus validates the proposed method that makes for a
23 % enhancement on the waviness criterion Wt as compared
with the iso-scallop method generally used to machine free-
form surfaces in five-axis milling. This improvement in sur-
face quality that derives from the dynamic behaviour of the
cutter will be all the more significant in so far as the cutter is
deformable, this being the case for long, fine cutters used to
work mould cavities or aeronautical fittings. For such work-
pieces, the improvement obtained will thus be distinctly better
by 23 %. In addition, this improvement in mean roughness
represents a major advantage for tools that then have to go on
to a polishing stage.

4 Conclusion

Themachining strategy that has been presented above uses the
balance of transversal cutting force criterion together with
cutter positioning combined with five-axis milling in order
to obtain an improvement in surface quality. Its principle
involves implementing a distribution of different passes (full
slotting, re-machining and finishing) so as to manage the
scallop height criterion. This method means finished surfaces
of better quality can be obtained than those produced using the
iso-scallop method generally used. The improvement
obtained means the polishing time required for moulds and
matrices can be optimised, and manufacturing time as a whole

can be reduced through increasing the feed rate in so far as a
constant level of surface quality can be maintained.

Another aspect of the present method is that it improves the
dynamic behaviour of the cutter (as already recounted in
previous works [12, 13]). Indeed, using cutter ploughing
effects leads to those cutters being stabilised during machin-
ing, thanks to much smoother cutting entries and exits. The
global stress on the cutter is thus reduced and its dynamic
behaviour improved. The findings described here show how
this improvement in dynamic behaviour contributes to a gain
in surface quality. Work is now in progress for a further
publication to explain the special cutting mechanism of a
cutter in a ploughing situation and how that mechanism tends
to smooth out the stresses sustained by the cutter and increase
its lifetime.
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