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Abstract In this paper, a novel 6-DOF parallel manipulator
with coaxial actuated arms is introduced and investigated. This
mechanism has six rotating arms, and by rotation of arms about
the base, positioning and desired movement of the mechanism
is achieved. Sine parallel mechanisms have a nonlinear motion
while moving from an initial position to a desired position,
investigation of nonlinear error in such mechanisms is of par-
amount importance. In this paper, inverse and forward kine-
matics of the mechanism are studied. Nonlinear error of the
mechanism’s motion in its workspace is extracted using mid-
oscillating circle and kinematic relations as well. Moreover,
effective parameters on nonlinear motion error of mechanism
are determined. The results obtained by theoretical method are
further verified through image processing experimental tests. It
is found that the results of the theoretical analysis and experi-
mental test are in good consistency.

Keywords Parallel mechanism . Hexarot . Kinematics .

Nonlinear error . Image processing

1 Introduction

The general demand on the mechanism design lies primarily in
the high acceleration capability of the mechanism axes while at
the same time meeting the high demands on accuracy [1].
Currently, most of the mechanisms are designed on the basis of
using simple open kinematic chain. Such multiaxes mechanisms
suffer from the disadvantage that each axis must either move or
carry all other axes that are situated further along the kinematic
chain. In order to overcome this weakness, parallel mechanism
has found extensive application in the industry. The accuracy is
among the primary requirements for all mechanisms. This needs
a thorough understanding of the tool path programming. The
purpose of the present study was to partially meet this need and
fill the gap existing in the literature in this respect.

Both the inverse and forward kinematics of parallel mecha-
nisms exhibit nonlinear behaviors. In the inverse kinematics, the
pods’ lengths do not change linearly with a linear path travelled
by the platform [2–4]. In the forward kinematics, when pods are
actuated linearly, the platformmoves along a nonlinear path. This
makes the path control and interpolation functions in parallel
mechanisms become more complex than in serial manipulators.
Zheng et al. [5] investigated path control for a novel 5-DOF
parallel mechanism. They demonstrated the nonlinearity of both
inverse and forward kinematics of themechanism, they proposed
a novel interpolation algorithm, and however they did not elab-
orate the nonlinearity of the mechanism. Beale [6] made the first
serious attempt to measure nonlinearity and proposed four mea-
sures of nonlinearity. This problem has been tackled in several
research works. Guttman and Meeter [7] showed that Beale’s
measures tend to predict that a model will behave linearly even
when considerable nonlinearity is present. Box [8] presented a
formula for estimating the bias in the LS estimators. Using
simulation studies, Gillis and Ratkowsky [9] found that this
formula not only predicted bias to the correct order of magnitude
in yield density models but also gave a good indication of the
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extent of nonlinear behavior of the model as well. Bates and
Watts [10] developed newmeasures of nonlinearity based on the
geometric concept of curvature. They utilized the maximum
relative intrinsic and parameter effects curvatures of the solution
locus for estimating the extent of nonlinearity. They showed that
the projections of the straight and equispaced parametric lines in
the parameter space onto the plane tangent to the solution locus
are, in general, neither straight nor equispaced. Karimi and
Nategh [11] employedBates andWatts’measures of nonlinearity
to investigate the nonlinearity of the forward kinematics. They
demonstrated that the length of the region, defined as the linear
approximation of the lifted line, has a significant impact on the
nonlinearity of themechanism. Dasgupta andMruthyunjaya [12]
developed an algorithm for singularity-free path planning of the
Stewart platform manipulator. The limitations of their algorithm
were its lack of confidence in detecting the nonexistence of a
singularity-free path and its sensitivity to intersections of singu-
larity hypersurfaces. Shaw and Chen [13] investigated an algo-
rithm for generating the cutting path of a parallel kinematic
machine. Iso-scallop method and genetic algorithm are utilized
respectively in the process of generating the cutting path and
finding the configurations of the tool without a singular position
in their research work. Merlet [14] investigated trajectory verifi-
cation for a classical Gough-Stewart platform. In his study, the
real-time method has been developed and errors have been
controlled. Pugazhenthi et al. [15] developed an optimal trajec-
tory planning algorithm for a parallel kinematic machine during
contour machining. They developed a code to maximize the
stiffness of the structure and minimize the force requirement of
the actuator, and the constraints of workplace and singularity
have been taken into account in their study. Dash et al. [16]
presented a numerical technique for path planning within the
workspace of parallel manipulators. Isolated singularities have
been eliminated through local routing method based on
Grassmann’s line geometry in their study. Afroun et al. [17, 18]
presented a technique for generating optimalmotion for a parallel
DELTA robot and Gough parallel robot. In their study, the
sequential programming quadratic method has been applied to
find the optimal position of the spline control points. Harib et al.
[19] developed an analytical model for trajectory planning of a
redundant hybrid machine tool structure consisting of a Stewart
platform and a two-degree-of-freedom rotary tilting table.
Having presented eight coordinates, they defined five coordi-
nates through conventional part programming and other three
coordinates via trajectory planning. Li [20] investigated recon-
figuration and tool path planning of hexapod machine tools. In
his study, appropriate trajectory planning is considered to reduce
a nonlinear error in the path. Jinsong et al. [21] utilized kinematic
nonlinearity of parallel machine tools to investigate their interpo-
lation accuracy.

In this paper, inverse and forward kinematic relations of
hexarot mechanism are developed. By having instantaneous
velocity and acceleration in any point, it is possible to obtain

error. Therefore, nonlinear error of the mechanism’s motion in
its workspace is extracted using mid-oscillating circle and
kinematic relations as well. Effective parameters on nonlinear
motion error of mechanism are also determined. The results
obtained by theoretical method are also examined through
image processing. It is found that the results of theoretical
analysis and experimental test are in good consistency.

2 Description of hexarot mechanism

The mechanism under investigation consists of a triangular
platform, a cylindrical base column, and six actuated rotating
arms with coinciding axes of rotation (Fig. 1). Each arm
connects by a 5-DOF link to a manipulated platform at its
connection point Ui (i=1 to 6). The platform is triangular, and
the three pairs of joints on the rotating arms approximately
form a triangle. The two triangles compose the two sides of an
octahedron. There are six actuated rotational joints Ri between
the central cylindrical base column and the upper arms ai.
Each upper arm is connected to a lower arm li by a spherical
joint Si. There are six universal joints Ui between the lower
arm li and the manipulated platform. The location and orien-
tation of the moving platform frame {P} is specified accord-
ing to the base frame {W}. ai and li are respectively the length
vectors of the upper and lower arms in the base frame of the
reference. The physical specifications of the manipulator are
presented in the Appendix.

The actuators are placed on the base column, and since the
lower arms are not susceptible to bending or torsion, their
design can be lightweight. Hence, the total movingmass of the
octahedral hexarot is low. The proposed mechanism has six
manipulated DOFs. Since the upper arms can rotate indefi-
nitely around the base column, its positional workspace is
comparatively large for a parallel manipulator. The arrange-
ment of the joints on the manipulated platform and the upper
arms reduces the risk of collisions between the lower arm links
and enables a sizable range of platform rotations. With careful
choice of structural parameters, this manipulator can also
achieve favorable isotropic properties [22, 23]. The possibility
of using identical drivelines, identical upper arms, and identi-
cal lower arm links ensures that the number of different
components can be kept low, which would reduce the cost
of manufacturing of the manipulator. Hexarot could be useful
in haptics or for work inside cylindrical spaces, such as repair
work inside pipes, positioning, or assembly tasks inside the
body of an airplane.

3 Inverse kinematics

Inverse kinematic problem of the platform involves de-
termination of the rotation, angular velocity, and
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acceleration of six arms through considering a specified
position, velocity, and acceleration of the moving plat-
form center.

Considering a vectorial representation of the mech-
anism, position vector of the ith spherical joint with
the reference in base frame, ai, can be obtained as
follows:

ai ¼ ai cos φi ai sin φi hi½ �T ð1Þ

where φi is the angle between the ith upper arm and X-axis of
the reference frame {W} and indicates the rotation of the ith
upper arm around the base column.

Considering the moving platform as an equilateral triangle,
and taking into account s1 as the length of its sides and s2 as
the distance between the universal joint and the vertex, the
position of each universal joint, Ppi, with reference in frame
{P} can be presented as follows:

Ppi ¼
s1−s2ð Þ=2 s2=2 s1−2s2ð Þ=2 − s1−2s2ð Þ=2 −s2=2 − s1−s2ð Þ=2

−s1 þ 3s2ð Þ=2
ffiffiffi
3

p
2s1−3s2ð Þ=2

ffiffiffi
3

p
−s1=2

ffiffiffi
3

p
−s1=2

ffiffiffi
3

p
2s1−3s2ð Þ=2

ffiffiffi
3

p
−s1 þ 3s2ð Þ=2

ffiffiffi
3

p
0 0 0 0 0 0

2
4

3
5 ð2Þ

These vectors can be expressed in the base frame of refer-
ence by a translation and rotation transformation as follows:

pi ¼ Oþ R Ppi ð3Þ

in which O is the position vector of the geometrical
center of the moving platform in base frame and
R=RZYZ is the rotation matrix which can be obtained
as:

R ¼
cos θ1 cosθ2 cosθ3−sinθ1 sinθ3 − cos θ1 cosθ2 sinθ3−sinθ1 cosθ3 cos θ1sinθ2
sinθ1 cosθ2 cosθ3 þ cos θ1 sinθ3 −sinθ1 cosθ2 sinθ3 þ cos θ1 cos θ3 sinθ1sinθ2

−sinθ2 cosθ3 sinθ2 sinθ3 cos θ2

2
4

3
5 ð4Þ

in which θ1, θ2, and θ3 are the Euler angles.
The length of the ith lower arm, li, can be expressed as follows:

l2i ¼ pi−aij j2 ð5Þ

Substituting Eqs. (1) and (3) into Eq. (5) gives the follow-
ing equation:

di1 þ di2 sin φi þ di3 cos φi ¼ 0 ð6Þ

Fig. 1 The hexarot manipulator
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in which

di1 ¼ x2 þ y2 þ z−hið Þ2−l2i þ a2i þ p2ix þ p2iy þ p2iz þ 2 z−hið Þ piz cos θ2
−2 z − hið Þ pix sinθ2 cos θ3 þ 2z z − hið Þ piy sin θ2 sin θ3

−2x pix sin θ1 sin θ3 þ piy sin θ1 cos θ3 − piz cos θ1 sin θ2
� �

þ 2y pix cos θ1 sin θ3 þ piy cos θ1 cos θ3 þ piz sin θ1 sin θ2
� �

þ 2x cos θ1 cos θ2 cos θ3 pix − piyð Þ þ 2ypix sin θ1 cos θ2 cos θ3
−2ypiy sin θ1 cos θ2 sin θ3

ð7Þ

di2 ¼ −2ai yþ pix cos θ1 sin θ3 þ piy cos θ1 cos θ3 þ piz sin θ1 sin θ2
�

þpix sin θ1 cos θ2 cos θ3−piy sin θ1 cos θ2 sin θ3
�

ð8Þ

di3 ¼ −2ai x−pix sin θ1 sin θ3−piy sin θ1 cos θ3 þ piz cos θ1 sin θ2
�

þpix cos θ1 cos θ2 cos θ3−piy cos θ1 cos θ2 sin θ3
�

ð9Þ

φi can be obtained by substituting Eqs. (7), (8), and (9) into
Eq. (6), which yields the following equation:

φi ¼ −2arctan di2−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−d2i1 þ d2i2 þ d2i3

q� �
=di1−di3

� �
for i ¼ 1; 2; 5; 6

φi ¼ −2arctan di2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−d2i1 þ d2i2 þ d2i3

q� �
=di1−di3

� �
for i ¼ 3; 4

ð10Þ

Considering Eq. (3), ai can be obtained as follows:

li ¼ Oþ RPpi − ai ð11Þ

Considering ni as the unit vector of the ith lower arm (i.e.,
li=lini) and maximizing Eq. (11) to the power of 2 and then
taking the derivative with respect to time on both sides of the
resulting equation, yields the following equation:

ni � aið Þ : φ
:
i ¼ X

:
⋅ni þ ni � pið Þ⋅ω ð12Þ

where X
:

and ω are respectively the linear and angular
velocity of the moving platform center in the base frame. φ

:
i

is also the angular velocity of the ith upper arm.
The angular velocity is only in the Z-direction. Therefore,

only the Z parameter of (ni×ai) will be considered in the dot
product of φ

:
i . By considering nazi as the Z parameter of (ni×

ai), this parameter can be defined as follows:

nazi ¼ ainiy cos φi−ainix sin φi ð13Þ

The angular velocity of the ith upper arm can be obtained
by substituting Eq. (13) into Eq. (12), which yields the fol-
lowing equation:

φ
: ¼ J−1 X

:

ω

� �
ð14Þ

in which J−1 is the inverse Jacobian matrix and can be
expressed as follows:

J−1 ¼
n1=naz1ð ÞT n1 � p1=naz1ð ÞT

⋮ ⋮
n6=naz6ð ÞT n6 � p6=naz6ð ÞT

2
4

3
5
6�6

ð15Þ

Taking the product of the two sides of Eq. (14) with nazi
and then taking the derivative with respect to time on both
sides of the resulting equation, the angular acceleration of the
ith upper arm, φ

::

i , can be calculated from the following
equation:

φ̈i ainiy cos φi−ainix sin φi

	 

−φ̇i ainixφ̇i cos φi þ ainiyφ̇i sin φi

� �

þφ̇i ainixωlzi cos φi þ ainiyωlzi sin φi−ainizωlyi sin φi−ainizωlxi cos φi

	 

ð16Þ

¼ J−1 X
::

α

� �
þ dJ−1

dt
X
:

ω

� �

where X
::

and α are respectively the linear and angular accel-
eration of the moving platform center in the base frame of
reference and ωli ¼ ωlxi ωlyi ωlzi

� �T
is the angular ve-

locity of the ith lower arm.

4 Forward kinematics

The forward kinematic problem of the platform is determina-
tion of the position, velocity, and acceleration of the moving
platform center through considering a specified rotation, an-
gular velocity, and acceleration of the six arms. Therefore, in
forward kinematics, unknown parameters are divided in to
two groups of position and orientation of the moving platform.
Therefore, there will be six unknown parameters which are x,
y, z, θ1, θ2, and θ3.

By substituting Eqs. (7), (8), and (9) into Eq. (6), the
function fi(xn) can be expressed as follows:
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f i xnð Þ ¼ εi ¼ x2 þ y2 þ z−hið Þ2− l2i þ a2i þ p2ix þ p2iy þ p2iz þ 2 z−hið Þ piz cos θ2
−2 z−hið Þ pix sin θ2 cos θ3 þ 2z z−hið Þ piy sin θ2 sin θ3

−2x pix sin θ1 sin θ3 þ piy sin θ1 cos θ3−piz cos θ1 sin θ2
� �

þ 2y pix cos θ1 sin θ3 þ piy cos θ1 cos θ3 þ piz sin θ1 sin θ2
� �

þ 2x cos θ1 cos θ2 cos θ3 pix−piy
� �

þ 2ypix sin θ1 cos θ2 cos θ3

−2ypiy sin θ1 cos θ2 sin θ3−2ai sin φi yþ pix cos θ1 sin θ3 þ piy cos θ1 cos θ3
�

þ piz sin θ1 sin θ2 þ pix sin θ1 cos θ2 cos θ3−piy sin θ1 cos θ2 sin θ3
�

−2ai cos φi x−pix sin θ1 sin θ3−piy sin θ1 cos θ3 þ piz cos θ1 sin θ2
�

þ pix cos θ1 cos θ2 cos θ3−piy cos θ1 cos θ2 sin θ3
�

ð17Þ

in which εi is the error for coordination of the ith joint.
The output of forward kinematics is X ¼ x y½ z θ1
θ2 θ3�T . By replacing the value of X in Eq. (17), the
evaluation function is determined, and the more X
approaches to its real value, the more the function
approaches to zero, so that error stays in the desired
domain. Regarding six rotating joints, it should be
noted that Eq. (17) must be used for calculation of
each joint.

In this study, for solving the equation, the Newton-
Raphson method [24, 25] is utilized, because this meth-
od only needs repeating the prior calculation. This fea-
ture leads to stability of the calculations and also leads
to convergence of the method to final answer in less
time and with less error.

f i xð Þ ¼ f i
0 xð Þ xnþ1−xn½ � ð18Þ

where xn are the available values and xn+1 are the values
obtained from the available values. fi

′(x) is the fractional de-
rivative of evaluating function which can be calculated as
follows:

f i
0 xnð Þ ¼ ∂ f i xnð Þ

∂xn
¼ ∂εi

∂xn
¼

∂ε1
∂xn

∂ε1
∂yn

∂ε1
∂zn

∂ε1
∂θ1n

∂ε1
∂θ2n

∂ε1
∂θ3n

⋮ ⋮ ⋮ ⋮ ⋮ ⋮
∂ε6
∂xn

∂ε6
∂yn

∂ε6
∂zn

∂ε6
∂θ1n

∂ε6
∂θ2n

∂ε6
∂θ3n

2
6664

3
7775
6�6

ð19Þ

which yields the following equations:

∂εi
∂x

¼ 2x−2pix sin θ1 sin θ3−2piy sin θ1 cos θ3 þ 2piz cos θ1 sin θ2
þ 2pix cos θ1 cos θ2 cos θ3−2piy cos θ1 cos θ2 sin θ3−2ai cos φi

ð20Þ

∂εi
∂y

¼ 2y−2pix cos θ1 sin θ3−2piy cos θ1 cos θ3 þ 2piz sin θ1 sin θ2

þ 2pix sin θ1 cos θ2 cos θ3−2piy sin θ1 cos θ2 sin θ3−2ai sin φi

ð21Þ

∂εi
∂z

¼ 2z−2hi þ 2piz cos θ2 þ 2piy sin θ2 sin θ3−2piz cos θ1 sin θ2

−2pix cos θ1 cos θ2 cos θ3 ð22Þ

∂εi
∂θ1

¼ 2x pix cos θ1 sin θ3−piy cos θ1 cos θ3−piz sin θ1 sin θ3
� �

−2y pix sin θ1 sin θ3 þ piy sin θ1 cos θ3−piz cos θ1 sin θ2
� �

þ 2y cos θ1 cos θ2 cos θ3 pix−piy
� �

−2xpix sin θ1 cos θ2 cos θ3

þ 2xpiy sin θ1 cos θ2 sin θ3 þ 2ai sin φi pix sin θ1 sin θ3 þ piy sin θ1 cos θ3
�

−piz cos θ1 sin θ2−pix cos θ1 cos θ2 cos θ3 þ piy cos θ1 cos θ2 sin θ3
�

þ 2ai cos φi pix cos θ1 sin θ3 þ piy cos θ1 cos θ3 þ piz sin θ1 sin θ2
�

þ pix sin θ1 cos θ2 cos θ3−piy sin θ1 cos θ2 cos θ3
�

ð23Þ

∂εi
∂θ2

¼ 2piz hi−zð Þ sinθ2 þ 2xpiz cos θ1 cos θ2 þ 2ypiz sin θ1 cos θ2

þ 2zpix cos θ2 cos θ3 þ 2zpiy cos θ1 sin θ3 þ 2hipix cos θ2 cos θ3

−2hipiy cos θ2 sin θ3−2xpix cos θ1 sin θ2 cos θ3

þ 2xpiy cos θ1 sin θ2 sin θ3−2ypix sin θ1 sin θ2 cos θ3

þ 2ypiy sin θ1 sin θ2 sin θ3

−2ai sin φið−pix sin θ1 sin θ2 cos θ3 þ piy sin θ1 sin θ2 sin θ3

þpiz sin θ1 cos θ2Þ
−2ai cos φið−pix cos θ1 sin θ2 cos θ3 þ piy cos θ1 sin θ2 sin θ3

þpiz cos θ1 cos θ2Þ ð24Þ

∂εi
∂θ3

¼ −2xpix cos θ1 cos θ3 þ 2xpiy sin θ1 sin θ3 þ 2ypix cos θ1 cos θ3

−2ypiy cos θ1 sin θ3−2zpix sin θ2 sin θ3 þ 2zpiy sin θ2 sin θ3

−2hipix sin θ2 sin θ3−2hipiy sin θ2 cos θ3−2xpix cos θ1 cos θ2 sin θ3

−2xpiy cos θ1 cos θ2 cos θ3−2ypix sin θ1 cos θ2 sin θ3

−2ypiy sin θ1 cos θ2 cos θ3

−2ai sin φiðpix cos θ1 cos θ3−pix sin θ1 cos θ2 sin θ3
−piy cos θ1 sin θ3−piy sin θ1 cos θ2 sin θ3Þ

−2ai cos φi pix sin θ1 cos θ3−pix cos θ1 cos θ2 sin θ3ð
þpiy sin θ1 sin θ3−piy cos θ1 cos θ2 cos θ3Þ ð25Þ

By substituting Eqs. (20) to (25) into Eq. (19) and then by
substituting the resulting equation and Eq. (17) into Eq. (18),
xn+1 can be calculated from xn.

In this step, there are six linear equations and six unknown
parameters in which using the Gauss-Jordan method, it is
possible to obtain xn+1 from xn. This repeating continues till
the error get in the desired domain which is assumed to be
10−3 (millimeters) in this study.

Taking the product of the two sides of Eq. (14) with nazi J,
gives the following equation:

X
:

ω

� �
¼ naziJφ

: ð26Þ
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Therefore, using the Jacobian matrix, which is obtained
from the position of the platform, and using the angular
velocity of the spherical joints as well, it is possible to calcu-
late the velocity of the moving platform center.

Considering

ui ¼ ainiyωlzi sin φi−ainizωlyi sin φi þ ainixωlzi cos φi

−ainizωlxi cos φi−ainixφ i cos φi−ainiyφ i sin φi
ð27Þ

and taking the product of the two sides of Eq. (16) with J,
gives the following equation:

X
::

α

� �
¼ J naziφ

::
i

	 
þ J uiφ
:
i

	 

−J

dJ−1

dt
X
:

ω

� �
ð28Þ

Therefore, using the Jacobian matrix, which is ob-
tained from the moving platform position, and using
the angular velocity and acceleration of the spherical
joints as well as the velocity of the platform, it is
possible to calculate the acceleration of the moving
platform center.

5 Nonlinear error

In order to control the error in an acceptable range, the
value of nonlinear error must be obtained. Here in this
research, a mid-oscillating circle is utilized to obtain the
kinematic error.

Oscillating circle of a curve abuts the curve at a
point. In other words, it has the same tangent and
curvature as the curve has at that point. Just as the
tangent line is the best line for approximating a curve
at a given point, the oscillating circle is the best circle
that approximates the curve at a point. The radius of the
osculating circle is simply the inverse of curvature.
This, however, is of critical importance both in nonlin-
ear motion of the platform and its path programming.

Curvatures vary throughout the whole path, and the radii of
the oscillating circles at the start and end points of the path are
different. Therefore, the radius of the mid-oscillating circle is
taken into account in this research (Fig. 2).

The normal vector of the plane consisting of the mid-
oscillating circle, H, can be presented as follows:

H ¼ L� N ¼
i j k
Lx Ly Lz
Nx Ny Nz

2
4

3
5 ð29Þ

where L is the vector connecting two interpolated points A
and B and N is the unit vector which is normal to the tangent
vector. N can be obtained as follows:

N ¼ X
::
= X
::� X

:  ð30Þ

in which X
::

and X
:

are respectively the linear velocity and
acceleration vectors of the moving platform between A and B.

Since points A and B are in the plane with the normal
vector H, the center of the circular path can be obtained by
solving the system of nonlinear equations as follows:

Fig. 3 Block diagram of image processing

Fig. 2 Real and suitable paths
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L
0
x−Cx

� �2
þ L

0
y−Cy

� �2
þ L

0
z−Cz

� �2
¼ ρ2

L
0 0
x−Cx

� �2
þ L

0 0
y−Cy

� �2
þ L

0 0
z−Cz

� �2
¼ ρ2

Hx Cx−Lxð Þ þ Hy Cy−Ly
	 
þ Hz Cz−Lzð Þ ¼ 0

8>>><
>>>:

ð31Þ

where L ′=(Lx
′ ,Ly

′ ,Lz
′ ) and L ′ ′=(Lx

′ ′,Ly
′ ′,Lz

′ ′) are respectively the
position vectors of points A and B and C=(Cx, Cy, Cz) is the
center of the mid-oscillating circle. ρ is the radius of the mid-
oscillating circle and can be obtained as follows:

ρ ¼ ρA þ ρBð Þ=2 ð32Þ

ρA and ρB are respectively the radius of the oscillating
circle at points A and B and can be defined as follows:

ρA ¼ 1=κA ð33Þ

ρB ¼ 1=κB ð34Þ

where κA and κB are the curvatures in points A and B,
respectively. The curvature in these two points can be deter-
mined by kinematics of arms and platform.

Considering direct kinematic equations and substituting
Eq. (31) into Eqs. (33) and (34), kinematic error equation
can be written as follows:

e ¼ ρ−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2− S=2ð Þ2

q
ð35Þ

where S is the length of the curve between two interpolated
points A and B. If kinematic error exceeds acceptable range, S
has to be mitigated. In this condition, changing S is of key
importance in controlling the path length and kinematic error.

6 Experimental test

Image processing is one of the available methods for measur-
ing the movement of various dynamic systems. In this meth-
od, using a camera, determined positions of target motion on
the platform are captured. Photographs are imported to the
MATLAB Image Processing Toolbox. First, this toolbox pro-
vides a matrix for each photo. The elements of this matrix are
the amount of pixels in each photo. For each matrix element,
numbers between 0 and 256 are selected by the software. For
example, white and complete black have numbers 0 and 256,
respectively. Target coordinate is imported to the software by
the first photo. So the application finds the status of this small
matrix in a larger matrix and it follows the motion in the next
photos. Thus, in the end of the movement, motion coordinate
is obtained in pixels. Finally, regarding the relationship be-
tween the number of pixels and targets diameters, using a
coefficient, the equation of motion is obtained (Fig. 3).

For the test, two cameras are used in two directions in order
to capture the target motion (Fig. 4). After photographing
starts, the motion of the rotational joints between the upper
arms and base are provided so that the moving platform and

Fig. 4 Image processing setup

Fig. 5 Cross section of the workspace for hexarot in X=300 mm

Table 1 Different parameters considered as full factorial classes and
levels

Classes Workspace S (mm) X (mm)

Level 1 From areas 1 to 1 20 100

Level 2 From areas 1 to 2 40 200

Level 3 From areas 2 to 2 60 300

Level 4 80 400

Level 5 100 500
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target on it starts to move. Camera numbers 1 and 2
record movements in the YZ- and XZ-planes, respective-
ly. In order to make the camera lens perpendicular to
the spherical target, the camera base is completely
aligned with the ground level. To adjust the lens in
the direction of the coordinate axes in the XY-plane,
the platform target is moved in the Y- and Z-directions
and the distance between the camera and target is mea-
sured. This distance is kept fixed in a perpendicular
direction with rotating the camera and moving the plat-
form. It should be noted that this process is performed
for both cameras.

In this paper, two general conditions have been experimen-
tally tested and results have been compared with each other. In
the first case, the orientation of the platform is conserved. In
the latter case, the rotation of the platform is taken into
account.

Since the nonlinear error rate differs in various areas of the
workspace, the workspace of the mechanism is of utmost
importance in determining and controlling this error.
Assuming a cross section of the workspace in the X-direction,

and regarding the origin of coordinates which is at the
center of the platform, one symmetrical plane with two
areas can be considered within the workspace of the
platform (Fig. 5).

Considering one symmetrical plane shown in Fig. 5, all
motions within the workspace and with the specified distance
from the base column can be provided with three motions.

One of the effective parameters is the X-direction of the
workspace. The closer the distance to the base, the larger the
curvature of the curve will be. In this paper, the parameter X is
examined in five cases of 100, 200, 300, 400, and 500 mm.

The movement distance is the other parameter which af-
fects the error rate. In a way that by increasing the movement
distance, the error will increase. In this paper, the movement
distance is examined in five cases of 20, 40, 60, 80, and
100 mm.

The test has three effective factors including the
workspace, the distance to the base, and the movement dis-
tance. Workspace factor has three levels; however, the other
factors have five levels (Table 1). Thus, full factorial of test
equals to 75.

After considering the corresponding outputs of each
camera, the motion diagram of the platform center will
be obtained (Fig. 6). Having this motion diagram at
hand, the nonlinear error can be calculated using the
mid-oscillating circle. In Fig. 6, the distance from the
platform center to the line obtained from the projection
of its motion diagram on plane X=300 provides a
nonlinear error in experimental testing.

7 Results and discussions

Neglecting the rotational motion of the platform, Fig. 7
illustrates the platform’s motion error both theoretically
and experimentally. The maximum difference between
the results obtained from the experimental test and
theoretical method is 1.1 mm. This, however, shows
the accuracy of the results.

Fig. 7 Comparison of
experimental and theoretical
results by neglecting the
nonlinear motion of the platform

Fig. 6 The motion diagram of the platform center regardless of its
nonlinear motion, S=200 mm, moving from areas 1 to 2, and X=300 mm
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Fig. 9 Effects of changes in movement distance on error in platform motion by neglecting the rotational motion of the platform from areas 1 to 2: a X=
100 mm; b X=200 mm; c X=300 mm; d X=400 mm; e X=500 mm

Fig. 8 Effects of changes in movement distance on error in platform motion by neglecting the rotational motion of the platform from areas 1 to 1: a X=
100 mm, b X=200 mm, c X=300 mm, d X=400 mm, and e X=500 mm
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Fig. 11 Effects of changes in distance between the platform and base onmotion error neglecting the rotational motion of the platform from areas 1 to 1: a
S=20 mm, b S=40 mm, c S=60 mm, d S=80 mm, and e S=100 mm

Fig. 10 Effects of changes in movement distance on error in platformmotion by neglecting the rotational motion of the platform from areas 2 to 2: a X=
100 mm, b X=200 mm, c X=300 mm, d X=400 mm, and e X=500 mm
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Fig. 13 Effects of changes in distance between the platform and base onmotion error neglecting the rotational motion of the platform from areas 2 to 2: a
S=20 mm, b S=40 mm, c S=60 mm, d S=80 mm, and e S=100 mm

Fig. 12 Effects of changes in distance between the platform and base onmotion error neglecting the rotational motion of the platform from areas 1 to 2: a
S=20 mm, b S=40 mm, c S=60 mm, d S=80 mm, and e S=100 mm

Int J Adv Manuf Technol (2014) 72:1361–1376 1371



Figures 8 and 9 present the effects of the changes in
movement distance, S, on error regardless of the plat-
form’s orientation. Regarding Figs. 8a–e, 9a–e, and
10a–e, it should be noted that the error increases by
an increase in S. Moreover, it is obvious that the error
in movement from areas 1 to 1 is larger to that of the
platform movement from areas 1 to 2, and the error in
movement from areas 1 to 2 is larger compared to that
of the movement from areas 2 to 2.

Figures 11, 12, and 13 present the effects of changes in the
distance of the platform from base, X, on error regardless of
the platform’s orientation. Regarding Figs. 11a–e, 12a–e, and

13a–e, it should be noted that the error decreases by an
increase in X.

By considering the rotational motion of the platform,
Fig. 14 illustrates the platformmotion errors both theoretically
and experimentally. In this bar chart, the maximum difference
between the results obtained from theoretical and image pro-
cessing is approximately 0.9 mm. The results of both methods
are close to each other.

By taking the rotational motion of the platform into ac-
count, Figs. 15, 16, and 17 show the effects of the changes in
movement distance, S, on error. Comparing Figs. 15, 16, and
17 with Figs. 8, 9, 10, and 11 makes it evident that error

Fig. 15 Effects of changes in movement distance on error in platform motion considering the rotational motion of the platform from areas 1 to 1: a X=
100 mm, b X=200 mm, c X=300 mm, d X=400 mm, and e X=500 mm

Fig. 14 Comparison of
experimental and theoretical
results taking into account the
rotational motion of the platform
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Fig. 17 Effects of changes in movement distance on error in platform motion considering the rotational motion of the platform from areas 2 to 2: a X=
100 mm, b X=200 mm, c X=300 mm, d X=400 mm, and e X=500 mm

Fig. 16 Effects of changes in movement distance on error in platform motion considering the rotational motion of the platform from areas 1 to 2: a X=
100 mm, b X=200 mm, c X=300 mm, d X=400 mm, and e X=500 mm
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Fig. 19 Effects of changes in distance between the platform and base onmotion error considering the rotational motion of the platform from areas 1 to 2:
a S=20 mm, b S=40 mm, c S=60 mm, d S=80 mm, and e S=100 mm

Fig. 18 Effects of changes in distance between platform and base on motion error considering the rotational motion of the platform from areas 1 to 1: a
S=20 mm, b S=40 mm, c S=60 mm, d S=80 mm, and e S=100 mm
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increases by an increase in S where the platform’s rotational
motion is taken into consideration.

Figures 18, 19, and 20 present the effects of changes in the
distance of the platform from the base, X, on error considering
the platform’s orientation. Comparing Figs. 18, 19, and 20
with Figs. 11, 12, and 13 makes it evident that error increases
by an increase in X where the platform’s rotational motion is
considered.

8 Conclusions

In this study, a novel parallel mechanism with 6 degrees of
freedom has been introduced and considered. Inverse and
forward kinematic relations have been extracted. Using in-
verse and forward kinematics of position, movement error of
the platform has been considered while moving from an initial
position to a desired position and effective parameters have
been determined. The results obtained by theoretical method
have further been verified through experimental tests. It is
found that the results of both analytical and experimental
analyses are in agreement. Finally, it could be concluded that
the error increases with increasing movement distance, and
nonlinear error for the platform’s motion in closer distances of
platform from the base is more than that of larger distances.
Furthermore, the error in movement from areas 1 to 1 is the

largest, whereas in movement from areas 2 to 2, the error is the
smallest. Changes in the orientation of the platform during
motion lead to a more nonlinear error.

Appendix

The physical specifications of the test manipulator are as
follows (all the quantities are given in SI units):

ai ¼ 0:225; li ¼ 0:285 ;
s1 ¼ 0:12 ; s2 ¼ 0:02 ;
h1 ¼ 0:1; h2 ¼ 0:15; h3 ¼ 0:325;
h4 ¼ 0:375; h5 ¼ 0:55; h6 ¼ 0:6
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