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Abstract A good adaptive feedrate will be helpful for im-
proving machining accuracy and efficiency, as well as
avoiding the excess of the machine’s physical capabilities
and feed fluctuations during machining. Therefore, it is highly
desirable to consider the constraints of geometric error, cutting
performance, and drive constraints in the feedrate scheduling
of the parametric curve interpolator for five-axis computer
numerical control machining. In this paper, a novel
multiconstraints feedrate scheduling method is proposed for
the parametric curve interpolator in five-axis machining. In
the method, the feed optimization model is first built with the
constraints of geometric error, the maximum feedrate and
acceleration of cutter tip, and the maximum feedrate and
acceleration of five-drive axes. Then, the relations between
each constraint and the cutter tip feedrate are derived by
means of near arc length parameterization. After that, a linear
programming algorithm is applied to obtain the optimal feed
profile on the sampling positions of the given tool path.
Finally, illustrated examples are given to validate the feasibil-
ity and applicability of the proposed feedrate scheduling
method. The comparison results show that the proposed meth-
od has an ability of the simultaneous guarantees of geometric
accuracy, cutting performance, and drive characters of ma-
chine tools.

Keywords Feedrate scheduling . Interpolator . NURBS .
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1 Introduction

With the development of modern CAD design system, para-
metric surface is widely used in the expression of sculptured
parts such as impellers, propellers, biomedical parts, and
molds. Accordingly, during numerical control (NC), machin-
ing parametric curve interpolator has aroused more and more
attention. On the other hand, conventional computer numeri-
cal control (CNC) machine tools often provide only linear and
circular interpolators, so the tool path needs to be approximat-
ed with tiny lines or arc segments according to the predefined
chord error. Actually, the linear approximated path is not
smooth enough and thus it often leads to feed fluctuations.
Moreover, relatively large code data, which will drastically
increase the data transform load of the CNC controller, will be
generated in curved surface machining.

In order to overcome the disadvantages of the linear inter-
polators, various kinds of parametric interpolators have been
developed respecting different application backgrounds for
three-axis machining [1–7]. For example, uniform interpolator
on B-spline curve [8], constant feedrate interpolator [9], PH
curved-based interpolation [10], universal real-time non-
uniform rational basis spline (NURBS) interpolator [11],
adaptive NURBS interpolator with confined chord error or/
and acceleration [12–16], curve evolution based jerk-limited
feedrate interpolation [17], feedrate interpolation with con-
stant material removal rate [18, 19], feedrate scheduling with
drive constraints [20–24], and NURBS interpolator with min-
imal feedrate fluctuations or other special purposes [25–34].
Generally, most of the existing parametric interpolators in
three-axis machining are capable of making the geometric
error, the drive constraints of machine, and the kinematic
characters of cutter under control.

However, as is well known, due to the two additional
rotation axes in five-axis machining, the relations between
the pivot space and Cartesian space usually is nonlinear.
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When machining along a curved path at high speed, it is
necessary to prevent excess feed fluctuation of the cutter tip
in order to maintain even cutting load, and at the same time
preventing each drive axis beyond its saturation limit. Hence,
developing an adaptive parametric interpolator algorithm
available for five-axis machining is becoming increasingly
important to improve the machining efficiency and ensure
machining quality, especially under the condition of high-
speed machining.

Recently, some researchers have focused their efforts to the
issues of the control of geometric error and kinematic perfor-
mances in five-axis toolpath planning and feedrate scheduling.
Feng [35] presented a method to access the geometry-based
errors for interpolated tool paths in five-axis surface machin-
ing. Lavernhe et al. [36] investigated the kinematical perfor-
mance prediction in five-axis machining for process optimi-
zation. Li et al. [37] presented a NURBS pre-interpolator
based on a series of linear/circular segments. In [38], a
NURBS machining strategy is proposed for five-axis machin-
ing and the nonlinear error could be adaptively controlled
within a user-defined tolerance. Sencer et al. [39] established
a feed optimization model on cubic B-spline curve, respecting
velocity, acceleration, and jerk limits for each axis with an
objective function aiming to minimize the machining time.
Generally, the calculation related to the nonlinear optimization
is time-consuming, and an improvement work was done in
[40–42] to reduce the computational complexity. Sun [43]
proposed an adaptive feedrate scheduling method for dual

NURBS curve interpolator, respecting geometric and kine-
matic constraints, which paid an attention to develop a uni-
versal parametric interpolator regardless of what type of con-
figuration the machine has.

As above mentioned, most of the existing feedrate sched-
uling methods mainly consider the drive constraints or geo-
metric error constraints. However, the simultaneous con-
straints of drive axes, geometric error, and cutting perfor-
mance are seldom considered in the existing works despite
that the cutting performance of the cutter also has an influence
on the quality of the machined surface. In this paper, as shown
in Fig. 1a suitable multiconstraint feedrate scheduling method
is proposed for five-axis machining to ensure the satisfaction
of the drive constraints and the cutting performance of cutter
tip simultaneously. In the method, chord error is also confined
within a specified tolerance. The implementation of this pro-
posed method is mainly based on the following two premises.
(1) Cutter tip path curve and axis displacement curve can be
described with the same parameter which is the normalized
arc length parameter in cutter tip path curve. By taking the first
and second derivatives with respect to time for the cutter tip
path curve and the coordinate curve of each axis, the analytical
relation between the cutter tip and axis displacements can be
built. (2) Sampled cutter tip points are enough to appropriate
the analytical solution of real continuous movement of the
cutter tip. Hence, if the given tool path curve is sampled with a
suitable number of sample points, it is reasonable to substitute
the original nonlinear analytic expressions with discrete

Data input

Interpolator period
Distance from cutter tip to machine pivot
Number of sampling points
Chord error limit
Axis velocity limit
Axis acceleration limit
Velocity limit of cutter tip
Tangential acceleration limit of cutter tip

Initial feedrate determination at each sampling position

NURBS feed curve with 
respect to parameter u.

End
Feedrate optimization with acceleration 
constraints using a linear programming. 

Five-axis toolpath

Drives path curve: M5× 1(u)

Cutter tip path curve: P3× 1(u)
Cutter axis orientation: H3× 1(u)

Inverse kinematic 
transformation

Fig. 1 Proposed feed scheduling
method for five-axis machining
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formats, and further the constraints in the model can be
converted into linear patterns.

The rest of this paper is organized as follows. Section 2
generalizes the proposed adaptive feed interpolation method.
The analytic relations between the geometric parameters of
tool path and the kinematic performances of machine and
cutter, the feed optimization model, constraint conditions,
and concrete algorithms are all given in detail. In Section 3,
the final results are provided by illustrative examples.
Section 4 concludes the paper.

2 The proposed feedrate scheduling method

2.1 Description of toolpath

In five-axis NC machining, cutter location data (CL data)
consists of cutter position data and tool orientation data,
whether it is expressed in the form of discrete points or dual
parametric curve. If the original CL data is assumed as the
former, namely a sequence of discrete positions along the
toolpath in workpiece coordinate system, then according to
the original CL data the trajectory of cutter tip and the orien-
tation function of cutter axis can also be further fitted to a well-
developed dual parametric curve with a normalized arc length
parameter. Also, combined with the inverse kinematic trans-
formation, the original CL data can be converted into the
position coordinates of each axis or can be further fitted to
axis spline with the same parameter as that of in tool path.
Therefore, the initial given CL data is defined here as para-
metric format.

As the specific parametric curve to describe the tool
path, NURBS curve is usually adopted due to that
NURBS itself offers great flexibility and precision for
handling both analytic and modeled shapes. The
NURBS spline used as the description of five-axis
toolpath is expressed as follows.

P uð Þ ¼ Px uð Þ;Py uð Þ;Pz uð Þ� �
¼

X
i¼0

n

Ni;k uð Þωipi=
X
i¼0

n

Ni;k uð Þωi

H uð Þ ¼ Hx uð Þ;Hy uð Þ;Hz uð Þ� �
¼

X
i¼0

n

N i;k uð Þωihi=
X
i¼0

n

N i;k uð Þωi u∈ 0; 1½ �

ð1Þ

where the NURBS curve P(u) describes the cutter tip
path, and H(u) stands for the unit cutter axis orientation.
pi and hi represent the control points, and n + 1 is the
number of control points. ωi is the weight factor, and κ
is the degree of the NURBS spline. Besides, u is de-
fined as the normalized arc length parameter in cutter
tip path curve P(u), the real arc length at parameter
position u can be expressed as s = κu, where κ is the

total length of the path curve P(u). Ni,k(u) is the B-spline
basis function with the following recursive formulas.

Ni;0 0ð Þ ¼ 1 ui≤u≤uiþ1

0 otherwise

�
Ni;k uð Þ ¼ u − ui

uiþk − ui
Ni;k−1 uð Þ þ uiþkþ1 − u

uiþkþ1 − uiþ1
Niþ1;k−1 uð Þ

ð2Þ

where [u0, ⋯,un + k + 2] represents the knot vectors.
Thus, for the discrete five-axis cutter location data, they can

be fitted by two NURBS spline with the same parameter u for
ensuring that the motion of cutter tip and the tool axis is
synchronized. For each cutter location data in workpiece
coordinate system, there also exists a corresponding
postprocessing data in machine coordinate system through
inverse kinematic transformation. Similarly, the sequence of
discrete positions of drive axes can also be fitted by five
NURBS axis splines with the same parameter u in formula
(1). They are

M uð Þ ¼ X uð Þ; Y uð Þ; Z uð Þ;A uð Þ;C uð Þ½ � ð3Þ

Without losing generality, a spindle-rotating/tilting type
machine tool is adopted to implement the proposed feedrate
scheduling method as an example. The coordinate system of
spindle rotating/tilting AC-type configuration is shown in
Fig. 2. Through inverse kinematic transformation, the dis-
placements of drive axes can be obtained on the basis of the
given dual NURBS toolpath, and they are expressed as

A uð Þ ¼ cos−1 Hz uð Þð Þ
C uð Þ ¼ −tan−1 Hx uð Þ=Hy uð Þ� �
X uð Þ ¼ Px uð Þ þ Lsin A uð Þð Þsin C uð Þð Þ
Y uð Þ ¼ Px uð Þ−Lsin A uð Þð Þcos C uð Þð Þ
Z uð Þ ¼ Pz uð Þ þ Lcos A uð Þð Þ−L

ð4Þ

2.2 Feedrate optimization model

Generally, feed optimization mainly aims at minimizing the
machining time under the given constraints. The key differ-
ence among diverse feed optimization models is in the differ-
ence of constraint conditions. In feed optimization model, the
minimum time optimal objective function can be described as
the following form.

Min T∑
� � ¼ min

ṡ

Z
0

s ds

ṡ
¼ min

u̇

Z
0

1du

u̇
ð5Þ

From the above formula, it is easy to deduce that the
machining time is minimum means the feedrate is maximum
at any parameter u under the premise of satisfying preset
constraints. In other words, the quadratic sum of the feedrate
at all sampled positions along the toolpath should reach their
maximum limit. So, for discrete cutter location data, it is
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reasonable to make a substitution of the feedrate optimization
objective function in formula (5) with the following expres-
sion.

Max Γ ¼
X
i¼1

n

ξi ξ ¼ ξ1; ξ2;⋯; ξnð ÞT ξi ¼ V uið Þ2

s:t: Aξ≤b
ξi≥0

ð6Þ

where V(ui) is the feedrate of cutter tip at the sampled param-
eter position ui, and n is the number of the sampled positions.
The matrix inequalityAξ≤ bmakes the optimal feedrate under
the predefined constraints. The main purpose of using the
substitution is to convert nonlinear constraints as linear ones,
and thus the constrained optimization model can be
simplified.

In the proposed feedrate schedulingmethod, the constraints
in formula (6) mainly include the limits of geometric error,
drive characters, and cutting performance. These constraints
are all converted into linear constraints. Compared with for-
mula (5), optimization model (6) avoids integral computation,
and establishes a linear relation among all predefined con-
straints, instead of the complex, interactional, and nonlinear
relations. Also, it is easy to know that model (6) is suitable for
discrete CL format only if the parametric toolpath is sampled
with a suitable sampling interval.

2.3 Geometric and kinematical constraints

Mathematical formalism of geometric constraint, drive con-
straint, and cutting performance constraint will be derived in
this section. These constraints, including maximum chord
error, maximum velocities, and accelerations of five-drive
axes, maximum feedrate, and feed acceleration of cutter tip
are given for the purpose of ensuring machining accuracy, the
kinematic performance of machine tool, and the stability of
cutting process.

2.3.1 Geometric constraint

Geometric constraint is here referred to as chord error.
According to the relation between the chord error and the
kinematic characters and geometric characters of the path
curve, it is known that the chord error will get larger with
the increase of feedrate, and therefore the chord error is most
likely to exceed its limit at large-curvature regions of the path
curve. Therefore, the feedrate has to be limited by the chord
error constraint to ensure the machining accuracy. As shown
in Fig. 3, the computation formula of the chord error can be
derived as follows

εi ¼ ρi −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2i −

V uið ÞTs

2

� 	2
s

ð7Þ

:Rotation axes
:Machine pivot 
:Tool length offset 

:Tool holder offset

:Distance form cutter tip to machine pivot 

: Cutting tool coordinate system

: Workpiece coordinate system

WorkpieceCutting tool

Fig. 2 Coordinate system of
spindle rotating/tilting AC type
configuration
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where Ts is the interpolator period of the CNC system and ρi is
the radius of curvature at the parameter position u of the path
curve.

Given a maximum chord error δmax, the feasible feedrate
with chord error constraint can be obtained according to the
following formula.

V uið Þ≤2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρi2 − ρi − δmaxð Þ2

q
=Ts ð8Þ

Neglecting the second-order small qualities, formula (8)
can be further simplified as

V uið Þ≤2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ρiδmax

p
=Ts ð9Þ

where ρi can be calculated with the following formula.

ρ uð Þ ¼ Pu uð Þk k3
Pu uð Þ � Puu uð Þk k ð10Þ

2.3.2 Drive constraints

In five-axis machining, if the velocities and acceleration of
drive axes exceed their physical saturation limits, the mechan-
ical structure of the machine will probably get damaged, and
the machinemotionwill also probably become unstable which
will seriously affect the machining precision. In a word, the
drive constraints in the feedrate scheduling for five-axis CNC
machining are absolutely necessary.

In general, the feedrate of cutter tip is defined as

V uð Þ ¼ dP uð Þ
dt










 ¼ dP uð Þ

du

du

dt










 ¼ dP uð Þ

du










 du

dt
ð11Þ

As defined in the previous section, the normalized
path parameter u and the total path length κ have such
relation that s = κu.

dP uð Þ
du










 ¼ dP u sð Þð Þ

ds

ds

du










 ¼ κ ð12Þ

Combined with the above two formulas, the following
equation can be obtained.

du

dt
¼ V uð Þ

κ
ð13Þ

Then, take the derivative of formula (12) with respect to
time t.

d2u

dt2
¼ d V uð Þ=κð Þ

dt
¼ a uð Þ

κ
ð14Þ

Using the above formulas (11)–(14), the analytical relation
between the motion of cutter and five-drive axes can be built
via inverse kinematic transformation. Thus, according to the
concrete expressions of five-axis splines as illustrated in for-
mula (3), the velocities and accelerations of five drive axes can
be defined as follows.

V τ uð Þ ¼ dM τ uð Þ
dt

¼ M τ
u

du

dt
¼ M τ

u

V uð Þ
κ

Aτ uð Þ ¼ dV τ uð Þ
dt

¼ M τ
uu

V uð Þ
κ

� 	2

þM τ
u

a uð Þ
κ

9>>=
>>; ð15Þ

where τ is the symbol of each drive axis, τ = x, y, z, a, c. By
means of formula (15), the relations between the feedrate and
acceleration of cutter tip and those of five drive axes are
established so that the kinematic characters can be evaluated
according to the kinematic characters of cutter.

In the feed optimization model (6), the path curve needs to
be continuously sampled with a suitable parameter interval.
Hence, the acceleration of each sample position is usually
obtained by numerical calculation. For a given parameter
position ui, the tangential acceleration of cutter tip can be
approximated by the following formula.

a uið Þ ¼ V uiþ1ð Þ2−V uið Þ2
� �

= 2κ uiþ1 − uið Þð Þ ð16Þ

Substitute a(ui) into formula (15), then the drive constraints
can be written as the following form

−V τ
max ≤ Μ τ

u uið Þ V uið Þ
κ

≤ V τ
max

−Aτ
max≤Μ

τ
uu uið Þ V uið Þ

κ

� 	2

þ
Μτ

u uið Þ V uiþ1ð Þ2−V uið Þ2
� �
2κ2 uiþ1−uið Þ ≤Aτ

max

9>>>=
>>>;

ð17Þ

Circle

Cutter tip path

Fig. 3 Chord error
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where Vmax
τ and Amax

τ stand for the maximum feedrate and
acceleration of each drive axis, τ= x, y, z, a, c, and the formula
(17) can be further arranged as

0 ≤
Μ τ

u uið Þ
κ

� 	2

V uið Þ2 ≤ V τ
max

� �2
− Aτ

max ≤
Μ τ

u uið Þ
2κ2 uiþ1 − uið ÞV uiþ1ð Þ2 þ

Μ τ
uu uið Þ
κ2

−
Μ τ

u uið Þ
2κ2 uiþ1−uið Þ

� 	
V uið Þ2≤Aτ

max

9>>>>>>>=
>>>>>>>;

ð18Þ

2.3.3 Cutting performance constraints

In five-axis machining, the kinematic transformation between
the Cartesian space and joint space is nonlinear because of the
existence of two rotational axes. That means the feedrate of
cutter tip may change abruptly, even under the satisfaction of
drive constraints. In order to alleviate the feed fluctuation of
cutter tip to maintain constant cutting load and ensuring
machining quality, it is necessary to take into account the
constraints of kinematic characters of cutter tip, namely max-
imum feedrate and tangential acceleration of cutter tip. The
corresponding expressions are as follows.

V uið Þ ≤ Vmax

−amax≤ V uiþ1ð Þ2−V uið Þ2
� �

= 2κ uiþ1−uið Þð Þ≤amax

)
ð19Þ

After that, analytical formulas for all preset constraints in
feed optimization have been established including formulas
(9), (18), and (19). Through the three formulas, the constraint
matrix of the linear programming issue in formula (6) can be
easily obtained.

2.3.4 Detailed algorithm

For the proposed method, in feed optimization the first key
issue is to obtain the matrix A and b in formula (6). Generally,
the matrixes can be calculated directly according to the ineq-
uity formulas (9), (18), and (19), but the computation com-
plexity can be further simplified in practice. At each sampled
position u, the maximum velocity of each axis has relation
with the feedrate of current cutter tip and related geometric
information of this point. In addition, feedrate constrained by
chord error is also only related to the given geometric infor-
mation. Therefore, at each sampled parameter position u, the
maximum feasible feedrate satisfying the chord error limit, the
feedrate limits of cutter tip and the maximum velocity limits of
five drive axes, can be easily obtained by performing a simple
comparison with the following expression.

Vub uið Þ ¼ min
Vcf uið Þ
Vpf uið Þ
V τf uið Þ

2
4

3
5 ¼ min

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ρiδmax

p
Ts

Vmax
κV τ

max

M τ
u uið Þ  τ ¼ x; y; z; a; c:

2
66664

3
77775

ð20Þ

Taking Vub as the up boundary of feedrate in the feed
optimization model solved by a linear programming algo-
rithm, it can reduce the computation time dramatically.
Then, the feedrate scheduling problem can be finally arranged
as

Max Γ ¼
X
i¼1

n

V uið Þ2

s:t:

− amax≤ V uiþ1ð Þ2 − V uið Þ2
� �

= 2κ uiþ1−uið Þð Þ ≤ amax

− Aτ
max ≤

Μτ
u uið Þ

2κ2 uiþ1 − uið ÞV uiþ1ð Þ2

þ Μτ
uu uið Þ
κ2

−
Μτ

u uið Þ
2κ2 uiþ1 − uið Þ

� 	
V uið Þ2≤Aτ

max τ ¼ x; y; z; a; c:

0 ≤ V uið Þ2 ≤ Vub uið Þ2

8>>>>>>><
>>>>>>>:

ð21Þ

Thus, from the above formula, it can be seen that the
feedrate optimization is transformed as a standard linear pro-
gramming problem, and it can be solved by the existing well-
developed algorithm. The procedure of computing the maxi-
mum feasible feedrate at sampling positions is summarized as
follows

Input: the original CL data, the preset values of all con-
straints, interpolator period, the distance from cutter tip to
machine pivot, and the number of sampling positions.

& According to the geometric expressions of cutter tip and
the unit orientation function of cutter axis, build the spline
function of each drive axis using the inverse kinematic
transformation with the same parameter as the normalized
arc length parameter in cutter tip path curve.

& Divide parameter u of the path curve with a suitable
parameter interval, and then calculate the first and second
derivatives of the path curve with respect to parameter u,
as well as the curvatures associated with all sampled
positions of the cutter tip path.

& Using related formulas (9), (18), and (19), calculate the
matrix of the optimization objective function and the
constrained conditions.

& Make use of the well-developed algorithm of linear pro-
gramming to get the optimal feedrate at each sampled
position, and then fit NURBS spline to the sampled
feedrate data with respect to parameter u.
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3 Illustrative examples

Illustrative examples are conducted to validate the proposed
feedrate scheduling method. Except the one to demonstrate
the validness of the new proposed method which is denoted as
“PC-FI”, the other two comparative examples are also con-
ducted by relaxing the preset constraints. The first comparison
is conducted with the case of feedrate scheduling limited by
maximum axis velocities, and the second comparison is con-
ducted with the case of feedrate scheduling constrained by
geometric error and drive limits. The two algorithms used to
compare are denoted as “C-FI” and “P-FI”, respectively. In
order to distinguish the items of constraints for each example
intuitively, the corresponding constraints of each algorithm is
listed in Table 1, and the feed interpolation parameters is
arranged in Table 2. The given cutter axis surface used in
the illustrative examples is shown in Fig. 4, and the simulation
results are shown in Fig. 5.

From Fig. 5a, it can be seen that although axis velocity limit
is taken into account in C-FI module, the corresponding feed
profile varies greatly. In the parameter range u ∈
{[0.05,0.16],[0.59,0.79],[0.96,1]}, the cutter tip feedrate de-
rived by C-FI module exceeds its limit value 40 mm/s.
Especially at parameter position u = 0.63, the cutter tip
feedrate reaches its maximum peak value 84 mm/s, which is
twice more than the allowable limit value 40 mm/s. Moreover,
it is clear that the discontinuities of the tangential direction of
the cutter tip feedrate curve occurs at parameter position u =
0.06, 0.13, 0.63. Generally, an abrupt change of the feedrate

curve of cutter tip also leads to a more rapid change of the
tangential acceleration of cutter tip. It can be seen from Fig. 5e
that the tangential acceleration of cutter tip changes abruptly at
the same parameter position u = 0.06, 0.13, 0.63. The maxi-
mum value of tangential acceleration of cutter tip reaches 1,
054 mm/s2, which is far from the preset allowable limit
50 mm/s2. As shown in Fig. 5c, d, using the C-FI algorithm
the velocities of three translation axes and two rotation axes
are all constrained within the preset ranges. However, the C-FI
algorithm is unable to control the dramatic change of acceler-
ation of each drive axis and cutter tip, which has been verified
by Fig. 5f–j. Compared with the preset allowable magnitudes
of acceleration of five drive axes, it can be seen that using the
C-FI algorithm the magnitudes of acceleration of two rota-
tional axes reach 142 and 200°/s2, respectively, which are all
lager than the allowable limits 80°⁄s2. Also, From Fig. 5h–j,
one can see that the maximum acceleration magnitudes of
three translation axes reach 1,029, 1,156, and 706 mm/s2,
respectively, which are all beyond the preset allowable limit
200 mm/s2. In general, C-FI algorithm has no ability to ensure
the cutting performance and the drive performance in terms of
axis acceleration constraints.

On the basis of C-FI algorithm, P-FI algorithm considers the
chord error constraint and axis acceleration constraints addition-
ally. Obviously, the feedrate curve of cutter tip corresponding to
P-FI algorithm in Fig. 5a becomes more flat than that in C-FI,
and the maximum value also becomes smaller, despite that it
still exceeds the preset allowable limit 40mm/s. As illustrated in
Fig. 5e, the same trend occurs in the tangential acceleration
curve of cutter tip. The maximum valve of tangential accelera-
tion of cutter tip is reduced from 1,054 mm/s2 in C-FI to
134 mm/s2 in P-FI, although both of them exceed the allowable
limit 50 mm/s2. In addition, from Fig. 5c, d, f, g, h, i and j, it can
be seen that the drive performances of five axes in P-FI are
constrained within the preset ranges. Compared with P-FI algo-
rithm, PC-FI is further constrained by two additional limits,
namely the velocity and tangential acceleration limits of cutter
tip. Under these constraints, the feedrate associated with PC-FI
algorithm is further reduced in the sensitive regions of cutter tip
velocity and acceleration and the feedrate curve becomes most
flat compared with other two feedrate curves. From Fig. 5a and
e, one can see that using the PC-FI algorithm, both the maxi-
mum feedrate and tangential acceleration of cutter tip are

Table 1 Predefined constraints
for each illustrative example Method C-FI P-FI PC-FI

Predefined constraints Axis velocity limit Chord error limit Chord error limit

Axis velocity limit Axis velocity limit

Axis acceleration limit Axis acceleration limit

Velocity limit of cutter tip

Tangential acceleration
limit of cutter tip

Table 2 Five-axis feed interpolation parameters

Parameter Value

Interpolator period 0.004 s

Chord error limit 0.0005 mm

Velocity limit of X-axis,
Y-axis, Z-axis, A-axis, C-axis

60 mm/s, 60 mm/s, 60 mm/s,
12°/s, 12°/s

Acceleration limit of X-axis,
Y-axis, Z-axis, A-axis, C-axis

50 mm/s2, 50 mm/s2,

50 mm/s2, 120°/s2, 120°/s2

Velocity limit of cutter tip 40 mm/s

Tangential acceleration limit of
cutter tip

50 mm/s2
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Fig. 4 Cutter axis surface

c)

e) f)

g) h)

a) b)

d)

j)i)

Fig. 5 Simulation results. a
Cutter tip feedrate, bchord error, c
translation axis velocity, d
rotation axis velocity, e cutter tip
tangential acceleration, f A-axis
acceleration, gC-axis
acceleration, h X-axis
acceleration, i Y-axis acceleration,
j Z-axis acceleration
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restrained below the preset values 40 and 60 mm/s2. The results
prove that the proposed PC-FI method is not only able to make
the drive constraints under control, but also ensure the cutting
performance of cutter tip simultaneously.

Figure 5b show the chord error curves of three feedrate
scheduling methods. Although the chord error of each method
is within the allowable region, there still exist some obvious
differences among three curves. Meanwhile, one can see that
the curve shapes of chord error and feedrate of cutter tip have
some similarity through the comparison between Fig. 5a and
b. The reason is the change of the curvature of cutter tip path is
not notable, and thus the chord error gets larger with the
increase of the feedrate of cutter tip. The chord error constraint
in the illustrated examples has no effect on the final resulting
feedrate curve even giving a very small chord error limit. Even
so, it is necessary to constrain the chord error in feedrate
scheduling for five-axis machining considering the require-
ments of high-speed machining. Therefore, the proposed PC-
FI method still takes chord error limit into account.

In summary, C-FI algorithm which takes axis velocity limit
into account is a simple and well-understood way to determine
the feedrate in parametric curve interpolator, but its disadvan-
tages are also obvious. It possibly violate machine’s axis
acceleration limit and the chord error may become overlarge
so that it will affect the accuracy of the machined part. At the
same time, the cutting performance of cutter tip cannot be well
ensured during machining. On the basis of C-FI method, P-FI
method adds the axis acceleration constraint and chord error
constraint, and therefore the drive performance of the machine
has an obvious improvement compared to C-FI, but the cut-
ting performance of cutter tip is still not taken into account, so
the overload of cutter probably occurs due to the abrupt
change of the feedrate of cutter tip. The proposed PC-FI
method simultaneously respect drive constraints and cutting
performance of cutter tip in feedrate scheduling, and it can
obtain better kinematic characters of both the drive axes and
cutter compared with P-FI and C-FI algorithms.

4 Conclusions

Adaptive feedrate scheduling is highly desirable for five-axis
machining, especially machining at high speed. However,
only drive constraints or geometric constraint are considered
in existing scheduling methods. In this paper, an adaptive
feedrate scheduling method, which incorporates the chord
error limit, drive constraints, and cutting performance con-
straints of the cutter into the feed optimization model, is
proposed for improving the machining quality, accuracy, and
reducing the cutter wear. The multiconstraint based feed mod-
el is first built and analytic relations between the constraints
and geometric characters as well as the kinematic characters of
the given path curve are subsequently derived. Through the

linearization treatment of constraint conditions, the calculation
complexity of the feed optimization model is reduced signif-
icantly and thus a linear programming algorithm can be used
to solve the model. Illustrative examples are carried out to
validate the proposed method. The results show that the
proposed method is able to get more smooth motion no matter
from the aspect of drive axes or the cutter compared with other
methods. The proposed method provides a good solution to
the issue of feedrate scheduling for five-axis CNC machining,
and it has potential to be applied in five-axis machining of
geometrically complex parts. Real-time feedrate scheduling of
the proposed method is the future work.
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