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Abstract Plunge milling is the most effective way for rough
machining of impeller parts, but previous research had not
considered the optimization of plunge cutter selection and tool
path. In this paper, a new method for optimizing the plunge
cutter selection and tool path generation in multi-axis plunge
milling of free-form surface impeller channel is proposed in
order to improve the efficiency in rough machining. Firstly, in
the case of fixing a rotation axis at a certain angle in five-axis
machine, a mathematical representation is formulated for the
geometric model of the cutter interfering the impeller, and an
optimization model of the cutter size is established at a cutter
contact point on the impeller channel surface, so the largest
tool could be determined. Secondly, by analyzing the machine
tool movement characteristics, the geometric constraint model
of the plunge tool path which relative to the largest tool, step
distance, and row space is established, and a tool orientation
calculation method of impeller channel machining is given, and
then, the plunge tool path and tool orientation could be obtain-
ed. Finally, the generated tool path and tool orientation are
simulated and verified in practical processing. Simulation and
experimental result shows that the rough machining efficiency
of the impeller part is improved up to 40 % with this method.
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1 Introduction

Plunge milling is the most effective way for rough machining,
as it can rapidly mill away a large volume of metal in the

machining process, and it is suitable for machining some
complex surface parts, such as free-form surface impeller.
Although the plunge milling as a new processing technology
is widely used in industry, the research of it is still very
insufficient.

In only few published literatures, El-Midany et al. [1]
presented a novel method called “Ocfill” for optimizing the
selection of multi-plungers sizes and tool path. The Ocfill
methodwas used to fill a 2D area with a number of overlapped
circles with multi-diameters. The 2D area was expressed as a
plunged area, and the circles were known as the plunged
holes. Although Ocfill method enhanced the filling of plunged
area, the direction of inclination angle of the filling was
always selected to be constant and parallel to zero direction.
Tawfik [2] proposed a novel algorithm to calculate the optimal
inclination angle of filling and to fill the plunged area with
multi-plungers sizes. This algorithm used the geometry of the
2D area of the shape that is being cut to estimate the optimal
inclination angle of filling. It was found that the optimal
inclination angle for filling of the plunged area was the same
direction as the longer width of the equivalent convex polygon
of the boundary contour, and the residual volume was mini-
mized when comparing the proposed algorithm with the pre-
vious method [1]. Wakaoka et al. [3] studied the high-speed
and high-accuracy plunge cutting for vertical walls. Gan et al.
[4] presented a novel method of tool path planning for plunge
milling of pocket walls based on constant scallop height. The
results indicated that iso-scallop machining achieved the spec-
ified machining accuracy with fewer cutter location (CL)
points than existing tool path generation approaches. Liang
and Wang [5] presented a method for plunge milling, a ruled
surface impeller, which improved the efficiency of rough
machining of impeller parts and made up the deficiency of
commercial computer-aided manufacturing (CAM) software
in five-axis plunge milling, but the calculation of row space
and step distance based on the boundary tool orientations
made the method to have limitations in application.
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Meanwhile, the five-axis tool path planning method for
plunge milling has also been studied by Hu et al. [6], and
the tool path for plunge milling blisk’s tunnel region was
generated by linking the corresponding points between CL
points and tool axis drive curves in this method, but it did not
consider row space and step distance calculation criteria, so
the plunge milling material removal rate and efficiency cannot
be guaranteed. In order to reduce processing costs of blisk, the
four-axis tool path planning method for plunge milling has
also been studied [7]. In this method, first, the ruled envelope
surface was directly created from the surface of the blade, and
then, the ruled envelope surface was offset; the errors were
inevitable when calculating the tool path according to the
offsetting ruled envelope surface, since the offsetting surface
was still regarded as a ruled envelope surface. Ren et al. [8]
improved the above method [10]; first, the surface of the blade
was directly offset, the offsetting blade surface was generated,
and then, the ruled envelope surface was created from the
offsetting blade surface, so the errors can be fundamentally
avoided when calculating the tool path according to the ruled
envelope surface. Nevertheless, the disadvantages of this ap-
proach were that the tool paths have not been optimized, and
the collision problems between the plunge cutter and the
blades have not been solved.

Selection of a plunge cutter is important for plunge
milling, since a larger plunge cutter size helps to obtain
efficient plunge tool path which is closely related to the
row space and the step distance, whereas the row space
and the step distance are both determined by the cutter size.
In the actual processing, a human process planner selects the
smaller tool size using his/her prior experience or from
handbooks based on the part geometry and technological
requirements. Disadvantages of this manual approaches led
to the development of automated approaches that aimed to
reduce the processing time. The correct choice of cutting
tool is determined by the overall part configuration, rather
than by individual contour section or workpieces. Therefore,
some papers have been written for solving plunge cutter
selection problem in recent years but mainly aimed at the
cutter selection of cavity type parts [9–19], Nadjakova and
McMains [9] described an approach to finding the radii of
an optimal set of cutters for machining a pocket by using
Voronoi diagrams. Based on their Voronoi diagrams, Elber
et al. [10] provided a scheme to generate trochoidal tool
paths for high-speed machining of free-form pockets. Be-
sides the Voronoi diagram-based methods, Chen and Zhang
[11] plotted the radius graph of the maximum circles along
the medial axis of a pocket in order to find the largest tool
for finish cutting of a free-form pocket without gouging and
interference. Moreover, Chen and Liu [12] proposed a new
intelligent approach to select multiple largest cutters for
aggressive roughing of sculptured surface in three-axis ma-
chine. Yang et al. [13] decomposed pockets into regular

features to best fit multiple cutters of various sizes so that
they can efficiently cut the corresponding features without
overcut, and then Joneja et al. [14] applied this greedy
technique to different layers of pockets surrounded by sculp-
tured surfaces. Yao et al. [15, 16] proposed a geometric
algorithm to determine the largest feasible cutter size for
2D milling operations, and an optimal sequence of cutters
for machining a set of two-and-a-half-dimensional parts was
selected automatically. Zhang and Li [17] tried to select
multiple tools to achieve the optimal roughing of pockets
with an arbitrary shape in terms of the minimum machining
t ime and the maximum mater ia l removal ra te .
Narayanaswami and Choi [18] provided a grid-based 3D
navigation algorithm for generating CNC tool paths for
three-axis milling of pockets with sculptured concave sur-
faces. D’Souza et al. [19] introduced an efficient method of
finding the tool sequence with the minimum cost of rough
machining of free-form pockets on a three-axis milling
machine. Unfortunately, no research has been found that
optimizes the cutter selection for multi-axis milling of com-
plex impeller parts.

To address the above problems, an automated approach to
calculate the largest cutter size and tool paths for five-axis
rough milling of free-form surface impeller with high effi-
ciency is studied. This paper includes four sections. In
Section 2, a mathematical representation for the geometric
model of the cutter gouging the impeller is formulated, and
an optimization model of the largest cutter is established in
the case of fixing the swing spindle at a certain angle in five-
axis machine. In Section 3, a geometric constraint model of
tool path is established to obtain the plunge tool path by
analyzing the machine tool movement characteristics. Then,
in Section 4, a practical example is provided to demonstrate
the validity of this approach. Finally, conclusions are given
in Section 5.

2 The largest cutter size calculation for impeller channel
machining

On a five-axis machine tool with swing spindle, if the angle
of swing spindle is fixed at an appropriate angle, it can
increase the rigidity of five-axis machine tool and signifi-
cantly improve the cutting stability, especially beneficial for
plunge milling. Because the movement of plunge milling is
performed in a fixed axial direction which remains un-
changed in the movement process when machining a single
point. Thus, supposing the swing spindle is fixed at an
angle of 45°, an approach to calculate the largest cutter
for milling the impeller channel is proposed under this
mechanical structure (see Fig. 1), and the details are intro-
duced in this section.
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2.1 Feasible tool orientation representation in the workpiece
coordinate system

In this section, the feasible tool orientation in the workpiece
system is calculated first; namely, a visibility map [20–22] of a
parametric surface represents the feasible tool direction along
which a cutter that can safely reach the surface is determined
first.

As shown in Fig. 1, assume that the workpiece coordinate
system {OW;XW,YW,ZW} and the machine coordinate system
{OM;XM ,YM ,ZM} are met the right-hand rule and their coor-
dinate origins are coincided with each other (see Fig. 1), so
there has the following relationship.

A five-axis machine tool has three translations and two
rotation axes (see Fig. 1). It can move linearly along the XM-
YM - and ZM -axis in the machine coordinate system, and si-
multaneously, the pallet on the work table can rotate around its
axis, which is called B-axis, and the swing spindle can rotate
around its axis, which is called A-axis. The rotation angle of B-
axis is denoted by β, and its range is [0,360°]; the rotation
angle of A-axis is considered as a constant value α, because A-
axis is assumed to be a fixed axis in this study. In this case, the
five-axis machine tool (see Fig. 1) is equivalent to a four-axis
machine tool, but it is unlike a conventional four-axis machine
tool. During the tool path planning, when the work table
rotates around its axis with angle β, the impeller workpiece
rotates around the ZW-axis in the workpiece coordinate system
at the same time; thus, the relative orientation between the tool
axis and the impeller is changed. The rotation of the work
table is considered to be the tool axis’s rotation around the ZW-
axis, so the tool axis is no longer bounded in the tool motion
plane of the conventional four-axis machining, but it is
constrained on a cone surface that its rotation axis is ZW -axis
and its half-apex angle is π/2−α. So the tool axis which meets
the constraint condition of the five-axis machine (see Fig. 1) is
located on a series of cone surfaces, and the rotation axis of

these cones is parallel to ZW -axis, and the half-apex angle of
these cones is π/2−α.

As shown in Fig. 1, in the workpiece coordinate system
{OW;XW,YW,ZW}, assume that the rotation axis of ZW -axis is
(0,0,1), when the tool is rotating around YW -axis with angle α
in clockwise, the initial tool axis can be expressed as

TW0 ¼
sin α
0

cos α

2
4

3
5: ð1Þ

Then, when the work table rotates around the ZW -axis with
an angle β, that is equal to the tool axis rotating with an angle
−β on a cone surface which passes through the work table
center and its half-apex angle is π/2−α. According to the
rotation transformation method of computer graphics, when
the work table rotates, the representation of tool orientation
TW(β) in the workpiece coordinate system is

TW βð Þ ¼
cos α ⋅ cos − βð Þ
cos α ⋅ sin − βð Þ

sin α

2
4

3
5 ð2Þ

where TW(β ) represents the tool orientation when the work
table rotates around the ZW -axis with an angle β in the
workpiece coordinate system.

2.2 Rotation angle range of interference-free tool axis

The feasible tool orientation is considered to be constrained on
a cone surface with a half-apex angle π/2−α in the five-axis
machining (see Fig. 1). The rotation axis of the cone is ZW -
axis, and the feasible tool orientation can rotate around the ZW-
axis with angle β on the cone surface, so the tool orientation
can be represented with rotation angle β of the ZW -axis.

Due to the complex blade shape of an impeller and small
tool accessible space between two adjacent blades, the select-
ed cutter cannot safely access each impeller channel point in
all of the feasible tool orientations. For machining the impeller
channel surface, the cutter has to access every impeller chan-
nel point along a feasible tool orientation without gouging or
colliding with the surrounding blades. This kind of tool ori-
entation is called valid tool orientation, and all valid tool
orientations of an impeller channel point can be represented
with a range of angle β. Hence, it is necessary to find out the
range of angle β of each impeller channel point for a given
cutter, which is addressed in this section.

In the workpiece coordinate system, suppose S is the ma-
chined surface of an impeller channel, and C (u,v) is a cutter
contact (CC) point on the surface S, TW (β) is a valid tool
orientation when milling this CC point with a multi-axis
machine tool (see Fig. 1), and n(u,v) is the surface normal
vector of this CC point. As shown in Fig. 2, TW(β), n(u,v), and

Fig. 1 Five-axis machine tool
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unit vector v are located in the same plane, and those three
vectors form a right triangle, both unit vectors of TW (β ) and v,
are normal to each other. Based on the valid tool orientation

TW (β ) and the unit surface normal n(u , v), the unit vector v can
be found as

v ¼
vx
vy
vz

2
4

3
5 ¼

nx − TW;x βð Þ ⋅ nx þ TW;y βð Þ ⋅ ny þ TW; z βð Þ ⋅ nz
� �

⋅ TW;x βð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nx ⋅ TW;y βð Þ − ny ⋅ TW;x βð Þ� �2 þ ny ⋅ TW; z βð Þ − nz ⋅ TW; y βð Þ� �2 þ nz ⋅ TW;x βð Þ − nx ⋅ TW; z βð Þ� �2q

ny − TW;x βð Þ ⋅ nx þ TW; y βð Þ ⋅ ny þ TW; z βð Þ⋅nz
� �

⋅ TW;y βð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nx ⋅ TW; y βð Þ − ny ⋅ TW;x βð Þ� �2 þ ny ⋅ TW;z βð Þ − nz ⋅ TW;y βð Þ� �2 þ nz ⋅ TW;x βð Þ − nx ⋅ TW; z βð Þ� �2q

nz − TW;x βð Þ ⋅ nx þ TW;y βð Þ ⋅ ny þ TW; z βð Þ ⋅ nz
� �

⋅ TW;z βð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nx ⋅ TW; y βð Þ − ny ⋅ TW;x βð Þ� �2 þ ny ⋅ TW; z βð Þ − nz ⋅ TW; y βð Þ� �2 þ nz ⋅ TW;x βð Þ − nx ⋅ TW; z βð Þ� �2q

2
666666666664

3
777777777775

:

ð3Þ

Then, the equation of the CL point P is derived as

P u; v;βð Þ ¼
Px u; v;βð Þ
Py u; v;βð Þ
Pz u; v;βð Þ

2
4

3
5 ¼

Cx u; vð Þ þ R ⋅vx
Cy u; vð Þ þ R ⋅vy
Cz u; vð Þ þ R ⋅vz

2
4

3
5:

Suppose Q(ui , vi) (i=1,2,…,n) is the checking points of an
impeller blade surface, P(u0 , v0 ,β) is a CL point. The perpen-
dicular point on the tool axis can be found, whose parameter li is

li ¼
Qx ui; við Þ−Px u0; v0;βð Þð Þ ⋅TW ;x βð Þþ
Qy ui; við Þ−Py u0; v0;βð Þ

� �
⋅TW ;y βð Þþ

Qz ui; við Þ−Pz u0; v0;βð Þð Þ ⋅TW ;z βð Þ:

8><
>:

The distance between the checking point on the blade
surface and the tool axis can be calculated as follows:

di ¼
Qx ui; við Þ− li ⋅TW;x βð Þ−Px u0; v0;βð Þ� �2þ
Qy ui; við Þ− li ⋅TW;y βð Þ−Py u0; v0;βð Þ

� �2
þ

Qz ui; við Þ− li ⋅TW; z βð Þ−Pz u0; v0;βð Þ� �2

2
664

3
775

1
2

: ð4Þ

Since the distance between the checking point and the tool
axis vector of the cutter location point can be obtained by
Eq. (4), then the interference-free rotation angle can be ob-
tained from the method based on distance monitoring. If the
distance between any tool axis which corresponds to a rotation
angle and each checking point meets the following condition
(Eq. (5)), there is no interference occurred. The non-gouging
and non-interference conditions are listed in the following:

di≥0; li < 0
di≥R; 0≤ li≤ lT
di≥R; lT < li

8<
: ð5Þ

where R represents the cutter radius, and lT is the cutter length.
If at an impeller channel CC point Eq. (5) cannot be

satisfied, it means that the cutter will overcut the impeller part
in machining. By using the mathematical representation,
whether the selected cutter gouges or collides with the impel-
ler can be found quickly, if the answer is yes, the tool orien-
tation of the angle β is invalid; otherwise, the angle β is valid.

For a given cutter, there are three steps to calculate the valid
angle β during machining. Firstly, the rotation angle β corre-
sponding to the initial tool axis TW0(sinα,0,cosα) is consid-
ered as 0°, and Eq. (5) is used to judge whether there has
interference under the initial tool axis. Secondly, if there has
no interference, the angle β is increased to a larger one until it
does not meet Eq. (5). Finally, the maximum and minimum
value of the valid angle β without interference was written
down. Since the range of angle β is [0,360°], so the valid angle
βwithout interference is also within the range [0,360°], which
is represented as [βmin, βmax].

2.3 The largest cutter size calculation

The valid tool orientation of each CC point corresponds to a
range of angle β, the range of angle β is different at different

T

b

n

P

R

C

Y
W

Z
W

X
W

O
W

v

Fig. 2 Workpiece coordinate system
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CC points, and it should be determined in order to find the
largest cutter to mill the impeller channel surface.

2.3.1 Relationship between cutter size and range of valid
angle β

Suppose a cutter of radius R is used to mill the impeller
channel surface, a CC point on the impeller channel surface
C(ui , vi) (i=1,2,…,mCC) is to be cut, the impeller workpiece
must rotate around the rotation axis ZW −axis with angle βi so
that the cutter can touch the impeller channel at this point
without collision. If the cutter can safely access the CC point
along a tool orientation of angle β, this angle is valid. In
general, there is a range of βi [βi, min,βi, max], each of which
represents a valid tool orientation. Thus, this range is called
the valid range of βi for the impeller channel CC point. On the
contrary, it is easy to understand that by increasing the cutter
radius R, the valid βi range will be reduced. Until the cutter
radius reaches maximum, the βi range is minimum with only
one valid tool orientation of a single value of βi. This means
that, in this critical situation, any larger cutter cannot safely
access the impeller channel CC point. In other words, if the
cutter cannot access the impeller channel point in any feasible
tool orientation, the range of angle βi is void. Therefore, the
cutter size directly affects the range of valid angle βi. To
represent the above relationship in this work, the valid βi range
[βi, min, βi, max] is a function of the radius of the cutter that can
cut this impeller channel CC point C(ui, vi), denoted as Ri,α.
This function is represented as

Bi;min;Bi;max

� � ¼ f C ui; við Þ;Ri;α;Bi

� � ð6Þ

where βi∈[0,360°] and α is fixed at 45° in this study.

2.3.2 Algorithm procedure

In general, if the root of the surrounding blades of an impeller
channel can be machined without interference by a given
cutter, then the whole impeller also can be machined without
interference by this cutter. Since the root of surrounding
blades of an impeller channel is the most difficult part to be
machined, usually, the given cutter is said to be the available
machining cutter. According to the analysis of Section 2.3.1,
there exists the available largest machining cutter in milling,
given an impeller part. The brute force approach is conducted
in this section in order to find out the largest cutter.

Suppose the CC point of cleanup tool path of the impeller
channel on one side is C={C1(u1,v1),C2(u2,v2),…,Ck (uk , vk)},
and the cleanup tool path is varied as the increase of the cutter
radius. The brute force approach for this issue follows the
general procedures:

Step 1 Suppose the angle of swing spindle is fixed at an
appropriate angle α (0°<α<90°), and there are some available
cutters in standard size, such as R1;R2;…;Ri…;RmT½ � , where
mT represents the number of the available cutters, and the
largest cutter should be selected from this list.

Step 2 According to Section 2.2, the valid angle range which
corresponds to the feasible tool orientations of every CC
point on the cleanup tool path is calculated when using the
initial cutter R1 as the machining cutter, and the valid
angle range can be represented as wR1;1;wR1;2;…;wR1;k

	 

,

where k represents the number of the CC point on the
cleanup tool path, and R1 indicates the cutter radius. The
intersection of all the valid angle ranges can be expressed as
ΩR1

¼ wR1;1∩wR1;2∩;…;∩wR1;k

	 

:

Step 3 If the intersection ofΩR1
is not void, increase the cutter

radius to R2 and repeat the step 2, and so on, and according to
the cutter radius list R1;R2;…;Ri…;RmT½ � , calculate the
intersectionΩRi of all the valid angle ranges at each CC point
until the intersection ΩRi is void, where i∈[1,mT]. There are
two possible situations when the intersection ΩRi is void: one
case is that every element within the intersection ΩRi is not
void, but there is no intersection, and another case is that any
element within the intersection ΩRi is void and results in a
void intersection. On the first situation, it means that the
largest cutter size is Ri, and on the second situation, the largest
cutter size is considered to be Ri−1. Then, write down the
largest cutter size as Rlargest, 1, so R largest, 1 is the largest cutter
for the cleanup machining of one side of the impeller channel.

Step 4 In terms of the above steps, the largest cutter size
Rlargest, 2 for the cleanup machining of another side of the
impeller channel is obtained, and then, the largest cutter size
for the whole impeller machining can be calculated as

Rlargest ¼ min Rlargest;1;Rlargest;2

� � ð7Þ

3 Tool path calculation of plunge milling

Plunge milling is an efficient method for rough machining. In
plunge milling, small step distance and row space may result
in dense cutting line which will cost much processing time.
Therefore, too many cutting lines will make the plunge mill-
ing lose its high production efficiency, although it can get a
better surface quality. On the contrary, large step distance and
row space may result in sparse cutting line which will bring
much residues metal in milling. Hence, too little cutting lines
will make the plunge milling lose its machining precision,
although it can get a high production efficiency. Accordingly,
the value of step distance and row space should meet the
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requirement of machining precision and high production effi-
ciency simultaneously. So the determination of step distance
and row space should be considered from two aspects. In this
section, an approach is presented to determinate the step
distance and the row space considering the above factors.

3.1 Tool path calculation

In general, the radial cutting depth αe is defined as the row
space, and s represents the step distance along the side direc-
tion in plunge milling, as shown in Fig. 3. The maximum
radial cutting depth αe,max depends on the blade size of the
plunger df [23], and the maximum radial cutting depth is
expressed as

αe;max ¼ d f ⋅ coskr ð8Þ

where kr is tool cutting edge angle, but the blade size dfmainly
determines by the diameter of plunger. According to the
approach discussed in Section 2.3, the largest cutter size can
be determined, and then, the maximum row space can be
obtained by solving Eq. (8).

As we have known, there is a constraint relationship among
cutter size, step distance, and row space in numerically con-
trolled (NC) machining, which make the plunge tool path
meet the requirements of machining precision and efficiency
at the same time. Once the cutter size and the row space are
determined, the constraint relationship among cutter size, step
distance, and row space can be established in the following
text.

Firstly, a series of circular curves with the same radius of
gyration in the impeller channel surface are determined in the
machine coordinate system; these circular curves are denoted
as {S1,S2,…,Si , Si+1,…,Sn}, and the distance of two adjacent
curves in the height direction of the impeller is the radial
cutting depth αe. Assume that the initial CL path is distributed
in these circular curves {S1,S2,…,Si , Si+1,…,Sn}, Si and Si+1 are
two adjacent circular curves on the impeller channel surface,
and the distance of them is αe, as shown in Fig. 4.

Secondly, the initial CL path Si is projected to the plane
XMOMYM in the machine coordinate system along the direc-
tion which is vertical to the plane XMOMYM (the direction of
ZM -axis) in order to make the x-and y -coordinate values
remain unchanged after projection. Si′ is the projection curve
on the plane XMOMYM as shown in Fig. 5. In the machine
coordinate system, the bottom of the tool section surface
which is perpendicular to the tool movement direction is a
circular surface before projecting, and its projection surface on
the plane XMOMYM is an ellipse surface (see Fig. 5). Oi

′

and Oi+1
′ are two adjacent points on the plane XMOMYM, and

there are two projection points of the CL pointsOiandOi+ 1 on
the initial tool path Si; M and N are two intersection points of
the two adjacent ellipse surfaces which are the projection
surface of the tool section surface, and point P is the intersec-
tion point of line Oi

′Oi+1
′ and lines M and N.

Finally, assume that the coordinate value of the point Oi
′ is

(xi, yi) (it can be obtained from the corresponding point
Oi (Xi, Yi), since the X- and Y-coordinate value remains un-
changed after projection). Based on the requirement of high
efficiency and precision, the constraint model is established to
obtain the next point Oi+1

′ (xi+1,yi+1), the expression of the
constraint model is as follows:

lm ¼ min MP;PNð Þ
lm≥aemax=2:

�
ð9Þ

The coordinate value of projection point Oi+1
′ is obtained

by solving Eq. (9) with the penalty function, and then, the X-

s

aemax
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Fig. 3 Plunge milling schematic
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and Y-coordinate value of the pointOi+1 can be obtained in the
machine coordinate system {OM ;XM ,YM ,ZM}, and it is repre-
sented as

X iþ1 ¼ xiþ1; Y iþ1 ¼ yiþ1:

Since the different CL points on the same initial tool
path have the same value of Z-axis and the distance of two
adjacent initial tool paths on the impeller channel surface
is ae, so the Z-axis coordinate value of the point Oi+1 is
calculated as follows:

Ziþ1 ¼ αe � i; i∈ 1; n½ �

where n represents the number of the tool paths. Due to the
initial CL point distributed on the impeller channel surface, so
there must be existing local interference in the initial CL point
(Xi + 1, Yi + 1, Zi + 1). Hence, in order to avoid local interference,
the cutter is moved along direction of the tool axis away from
the impeller channel surface. Meanwhile, the method ad-
dressed in Section 2.2 is used to determine whether there is
interference; if there is interference, the cutter is continued to
move until there is no interference. Then, the CL point is
recalculated after moving, and the CL point in the machine
coordinate system without interference can be found as
follows:

XMiþ1 ¼ X iþ1 þ Tiþ1 xð Þ ⋅d
YMiþ1 ¼ Y iþ1 þ Tiþ1 yð Þ ⋅d
ZMiþ1 ¼ Ziþ1 þ Tiþ1 zð Þ ⋅d

8<
: ð10Þ

where d is the moving distance, and Ti + 1 is the current tool
orientation.

3.2 The calculation of tool orientation

Because the tool orientation can be represented by the valid
angle, so the tool orientations of the whole impeller channel
machining can be obtained by interpolating the valid angle of
each corresponding CL point on both sides of the cleanup tool
paths. So, the valid angle of each CL point on either side of the
cleanup tool path is calculated first, and the calculation pro-
cedure is presented in the following steps:

Step 1 Suppose the CL point of cleanup tool path on one side
of the impeller channel is Si(i=1,2,…,n), where n is the
number of the CL point, it is same as the number of the tool
paths distributed on the impeller channel surface. The valid
angle ranges of each CL point can be noted as wi=[βi,min,
βi,max], i∈[1,n], and the valid angle ranges of all the CL points
can be represented as {w1,w2…wi…wn}. Find out the maxi-
mum element in the sequence {β1,min,β2,min…βi,min…βn,min}
and record it as p, and then find out the minimum element

in the sequence {β1,max,β2,max…βi,max…βn,max} and record
it as q.

Step 2 If p≤q, it specifies that there is a public interval of the
valid angle ranges that correspond to the tool orientations of
every CL point Si(i=1,2,…,n), so the tool orientations of all
the CL points must have a same valid angle β, and β=(q−p)/2,
as shown in Fig. 6, where x is the value of valid angle β, and y
is the arc length between the current CL point and the initial
CL point.

Step 3 If p>q, it specifies that there is no public interval of the
valid angle ranges that correspond to the tool orientations of
every CL point Si (i=1,2,…,n). A rectangular coordinate sys-
tem is built to obtain the valid angles of every CL point in this
situation, as shown in Fig. 7, where x is the valid angle β, and y
is the arc length between the current CL point and the initial CL
point. There is a one-to-one correspondence between the arc
length and the valid angle ranges {w1,w2,…,wn} of every CL
point in the coordinate system (see Fig. 7). The interval w1 and
wn is divided into k−1 equal to subintervals, respectively, and
the nodes of the subintervals are represented as {u1,u2,…,uk}
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and {v1,v2,…,vk}. Connect the subinterval nodes ui(i∈k) and
vj( j∈k) in sequence, and then, k×k straight lines can be obtain-
ed, and the linear equation is represented as follows:

axþ byþ c ¼ 0

where a, b, and c are coefficient.

Step 4 Among the valid angle ranges [βi,min,βi,max] (i=1,
2,…,n) that correspond to the tool orientation of every CL
point, the value βi,min,βi,max and arc length yi of the CL point
are brought to the function g(x,y)=ax+by+c, respectively. So
the function can be expressed as

g1 ¼ aβi;min þ byi þ c
g2 ¼ aβi;max þ byi þ c

�
: ð11Þ

If the valid angle [βi,min,βi,max] (i∈[1,n]) of every CL point
on the cleanup tool path can make the inequality equation g1×
g2≤0 to be established, then the valid angle β of all the CL
points can be obtained by interpolating along this straight line.

Step 5 Find out these lines which satisfy the interpolation
condition and form a set G. If the set G is not void, the line of
the set G with the maximum absolute value of slope is selected
as the final interpolation line in order to make the change of two
adjacent tool orientations minimal. Then, the valid angle β of
every CL point on the cleanup tool path can be obtained by
interpolating along this line. If the set G is void, the valid angle
of every CL point on the cleanup tool path can be expressed as

βi ¼ βi;min þ βi;max

� �
=2; i ¼ 1; 2;…; n

where βi,min and βi,max are the minimum and the maximum
valid angle of a CL point Si.

Step 6 Use the above approach to calculate the valid angles of
all the CL points on another cleanup tool path of the impeller
channel. Then, interpolate the valid angle of the CL points that
corresponds to each other on both cleanup tool paths, and the
valid angle of the tool orientation in the impeller channel
machining can be obtained after interpolation.

4 A machining simulation and verification

In order to verify the correctness and effectiveness of the
proposed method in this paper, the proposed method has been
realized byMATLAB programming language and implement-
ed on machining a free-form surface impeller part. Figure 8 is
the CAD model of the impeller part, the impeller with 11
blades, and the height is about 50 mm, the inner diameter is
about 45.88 mm, outside diameter is about 111.5 mm, the
narrowest width of impeller channel is about 24.185 mm, the
blade surface is a free-form surface, and the highest height of
which is about 39.35 mm.

Table 1 Determine parameter of the largest cutter size

Cutting line Intersection of valid angle (°)/radius (mm)

4 5 6 7 8 9

Left cleanup (−21.19°, 3.60°) (−21.60°, −1.33°) (−22.79°, −6.52°) (−23.54°, −12.02°) (−24.21°, −17.86°) ∅
Right cleanup (−173.78°, −163.22°) (−169.76°, −163.24°) (−166.43°, −163.25°) (−163.58°, −161.81°) ∅ ∅

Fig. 8 Impeller model
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Table 1 shows the largest cutter size for five-axis machin-
ing of the impeller (see Fig. 8) using the method described in
Section 2. It can be seen from Table 1 that the intersection of
valid angle of the left cleanup tool path is void when the cutter
radius is 9 mm, but the intersection of valid angle is [−24.21°,
−17.8°] when the cutter radius is 8 mm. Therefore, the largest
cutter radius for the left cleanupmachining is 8mm. It can also
be seen from Table 1 that the intersection of valid angle of the
right cleanup tool path is void when the cutter radius is 8 mm,
but the intersection of valid angle is [−163.58°, −161.81°]
when the cutter radius is 7 mm. Therefore, the largest cutter
radius for the right cleanup machining is 7 mm. So the largest
cutter radius for machining the whole impeller is 7 mm.
Compared to the experience cutter (radius=5 mm), the cutter
size (radius=7 mm) is significantly increased by using the
presented algorithm in this study.

After the determination of machining cutter size, the tool
path of plunge milling with the largest cutter and the experi-
ence cutter are calculated using the algorithm presented in
Section 3, respectively, and the tool orientation of the tool path
that corresponds to the largest cutter is calculated using the
presented method in Section 3 (see Fig. 9b), but the tool
orientation of the tool path which corresponds to the experi-
ence cutter is obtained using the normal vector of the impeller
channel surface (see Fig. 9a). Figure 9 shows two kinds of

cutting tool path and the tool orientation calculated by two
different machining cutters. It can be seen from Fig. 9 that the
trajectory points of the largest cutter are sparser than the
experience cutter, although the tool path calculation method
is the same as each other.

Figure 10 shows the simulation result of the impeller
plunge milling using the largest cutter and the experience
cutter, respectively. It can be seen from Fig. 10 that there are
no obvious pits and high residual metals in the machined
surfaces I and II, and it illustrates that the tool path planning
method is effective. Moreover, the tool path of the largest
cutter is less than the experience cutter in the visual display
of Fig. 10. In order to illustrate this issue, the NC machining
tool path length L of both cutters is compared, and the result
shows that the NCmachining tool path using the largest cutter
(L=9,315.3 mm) can be reduced by 43.9 % compare to the
experience cutter (L=16,596 mm), which is consistent with
the visual display of Fig. 10.

In order to further illustrate the presented method, a con-
trast machining test is carried out on the Cincinnati Milacron
H5-800 five-axis milling center by using two cutters of differ-
ent sizes for plunge milling an impeller channel, respectively.
The cutters are plunger of 10 and 14 mm in diameter, and the
length of cutter holder is 95 mm. In machining, the maximum
spindle speed is 1,500 rpm and the feed rate is 850 MMPM.

I II

(a) the experience cutter (b) the largest cutter

Fig. 10 Plunge milling
simulationwith different cutters. a
The experience cutter. b The
largest cutter

(a) the machining progress (b) the final finished results
I II

Fig. 11 The plunge milling test
with different cutters in
processing. a The machining
progress. b The final finished
results
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Figure 11 shows the actual machining in progress and its final
shape after machining. In Fig. 11, the surface I is the final
shape milled by the experience cutter, and the surface II is the
final shape milled by the largest cutter. It can be seen from
Fig. 11b that the actual machining tool path of the largest
cutter (the finished surface II) is less than that of the experi-
ence cutter (the finished surface I) and the finished surfaces I
and II of the impeller channel without pits and high residual
metals. That is consistent with the simulation and calculation
results (see Figs. 9 and 10). The actual machining time of the
largest cutter is reduced by 28min compared to the experience
cutter, and the actual efficiency is increased by 40 %.

5 Conclusions

A new method of cutter selection and tool path generation for
free-form surface impeller plunge milling is proposed in this
paper. Compared with the existing plunge milling method, the
main advantages of the proposed approach are as follows:

1. The cutter selection approach presented in this paper
provides a theoretical basis for cutter selection for the
impeller parts machining.

2. Through the establishment of constraint model between
cutter size and plunge tool path, the plunge tool path can
be obtained, and after actual milling, there are no obvious
pits and high residual metals in the finished surface, and it
verifies that the tool path plan method is effective.

3. Simulation and machining experiment shows that the
plunge milling algorithm can significantly improve the
efficiency of rough machining for the impeller parts.
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