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Abstract This paper proposes a theoretical method for
predicting the formability of magnesium alloy sheets at ele-
vated temperatures by combining the Marciniak and
Kuckzinsky model with the Logan–Hosford yield criterion.
In addition, the material sensitivity under different strain rates
from 0.001 to 0.1 s−1 and elevated temperatures on forming
the magnesium alloy was also investigated in this study.
Forming limit tests on AZ31B magnesium alloy sheets were
performed concurrently for the theoretical forming limit dia-
gram (FLD) verification using a self-developed forming facil-
ity at elevated temperatures of 200, 250, and 300 °C and,
simultaneously, the material sensitivity effect under a selective
strain rate of 0.01 s−1. Based on the verified FLD prediction
results, numerical simulations of warm-forming a AZ31B
camera casing of thickness 0.8 mm as an example were then
carried out. The warm forming experiments for this camera
casing, under the identical conditions, were also performed for
verification. As a consequence, it was found that the effect of
strain rate on the prediction of FLDs did have a significant
influence with increasing temperatures. Furthermore, the re-
sults of numerical simulations showed a good agreement with
those of the warm forming experiments at different elevated
temperatures. The proposed theoretical method offers a rela-
tively accurate prediction in warm-forming magnesium alloy
sheets and should lead to a remarkable reduction of trials, at
least in the sense of both time and cost benefits, before a large
batch production. Such outcomes of the study are expected to

be very helpful and contributive to professionals, engineers,
and the magnesium alloy-related applications in industry.
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1 Introduction

Presently, magnesium alloy parts are used widely in many
structural components due to the light weight and high spe-
cific strength of magnesium [1, 2]. However, the magnesium
alloy has poor formability at room temperature due to the
close-packed hexagonal structure of magnesium. Therefore,
the warm forming process has been developed to improve the
formability of magnesium alloy sheets [3]. It has been report-
ed that the formability of AZ31B magnesium alloy sheets can
be improved significantly at elevated temperatures between
200 and 300 °C [4–7]. Therefore, the warm forming process
of AZ31B sheets at elevated temperatures has been investi-
gated by many scholars [8–13].

In the magnesium alloy sheet forming process, the accurate
prediction of sheet metal formability plays a pivotal role. A
predominant method of estimating the sheet metal formability
is the forming limit diagram (FLD) introduced by Keeler and
Backofen [14]. The FLD provides information on the maxi-
mum strain the sheet metal can undergo before fracturing or
necking. The diagrams are constructed by using test strips of
sheet metal and measuring the deformation. However, the
determination of FLD is a complex task; therefore, a series
of tests, together with extensive theoretical studies, should be
addressed [15].

A lot of earlier research has explored plastic instability in
the sheet metal forming process and the determination of
FLD. Swift proposed a criterion for predicting the onset of
diffuse necking with the assumption that plastic instability
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occurs at a maximum load [16]. Hill developed a localized
necking method [17]; this method assumes that the necking
band develops normally to the direction of the zero extension
in a sheet metal. Marciniak and Kuckzinsky introduced the
groove hypothesis into sheet metals, based on which a local-
ized necking takes place. This method is the well-known
Marciniak and Kuckzinsky (M–K) theory [18]. The inhomo-
geneity of physical property or thickness can be caused by
factors such as local grain size variation, alloys elements, or
texture. Hutchinson and Neale [19] extended the M–K theory
based on a J2 deformation theory. Therefore, both the positive
strain ratio and negative strain ratio can be calculated byM–K
analysis. Due to the clear physical significance and simple
mathematical formula, the M–K theory has been employed
widely. The implementation of different yield criteria in the
M–K model have been investigated by several authors
[20–23]. In this study, a yield criterion proposed by Logan–
Hosford was employed since it can describe well the magne-
sium alloy sheet yield surface at high temperatures [24].

In this paper, the theoretical computation of FLD (M–K
model+Logan–Hosford yield criterion) is addressed in
Section 2. Then, the forming limit tests of AZ31B sheet at
elevated temperatures are described in Sections 3 and 4 de-
scribes a further comparison that was done to evaluate the
effectiveness of the theoretical FLD model. Subsequently, a
numerical simulation of the warm forming process, based on
the verified FLD prediction results, is given in Section 5. The
numerical simulation results are explored and compared with
the results of the warm forming experiment in Section 6.
Conclusions are given in Section 7.

2 Theoretical computation of FLD

In this study, the M–K model was employed to predict the
FLD of the AZ31B magnesium alloy sheet. Before describing
the study, it is necessary to define a hardening law, a yield
function, and a flow rule.

2.1 Hardening law description

The Fields–Backofen equation [25] was employed to investi-
gate the plastic behavior of the AZ31B sheet. This equation
indicates the relationship between the stress and the strain.
The Fields–Backofen equation for most metal materials is
given by:

σ ¼ Kεn ε̇=ε̇0
� �m

ð1Þ

where σ is the equivalent stress, K is the stress coefficient, ε
is the equivalent strain, ε̇ is the strain rate, ε̇0 is set as 1 s−1 to
use the dimensionless strain rate. The work-hardening

phenomenon is expressed by the strain-hardening exponent
n and the strain rate sensitivity exponent m . The parameters
mentioned above can be obtained by using the equations as
tabulated in Table 1 [26].

2.2 Logan–Hosford yield criterion

The Logan–Hosford yield criterion [27] is a function that is
used to determine whether a material has carried out a plastic
yielding under the action of stress. Under plain stress condi-
tions, the Logan–Hosford yield criterion can be formulated
by:

1þ rð ÞσM ¼ r σ1 − σ2ð ÞM þ σ1
M þ σ2

M ð2Þ

whereM is the material exponent. For this study, the value of
M was suggested as 6 [28]. r is the anisotropic coefficient of
the AZ31B sheet; it can be obtained from uniaxial tensile tests
[29]. Table 2 shows the values of the anisotropic coefficient
under different temperatures when the angles between the
tensile direction and rolling direction are 0°, 45°, and 90°.
The normal anisotropy coefficient, rn, is obtained from the
Eq. (3). In this study, the value of rn was adopted as the
anisotropic coefficient for the theoretical analysis.

rn ¼
r0 þ 2r45 þ r90

4
ð3Þ

2.3 Marciniak–Kuckzinsky model for formability prediction

The M–K model assumes that there is a narrow groove on the
surface of a sheet metal (see Fig. 1). The strain localization is
due to the presence of an imperfection. This appears in the
zone of a material. The sheet specimen includes a safe zone
and a groove zone which are shown as A and B . This groove
causes a localized necking on the sheet metal. The initial
groove is developed when proportional loading is applied
outside the groove.

To model the groove, an imperfection factor, f0, is intro-
duced which represents the sheet thickness ratio f0=t0

B/t0
A,

Table 1 Material characteristics of AZ31B magnesium alloy sheet

Elasticity Plasticity

Young’s modulus,
E=44.5 GPa

Fields–Backofen equation, σ MPað Þ ¼ Kεn ε̇=ε̇0ð Þm

Poisson’s ratio,
ν=0.35

K MPað Þ ¼ 3:24�105

tþ273 − 406 , t ¼ T �Cð Þ
1 �Cð Þ

n ¼ 0:016log ε̇=ε̇0ð Þ þ 62
tþ273 þ 0:053

m ¼ −105
tþ273þ 0:303
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where t0
A and t0

B are the initial thickness in the safety and
groove region, respectively.

With respect to Fig. 1, we can formulate the force equilib-
rium in the 1 direction:

σ1A ⋅ tA ¼ σ1B ⋅ tB ð4Þ

The compatibility requirement assumes that the elongation in
the direction of the necking band is identical in both regions:

dε2A ¼ dε2B: ð5Þ

Assuming that compatibility and equilibrium are satisfied
in the groove region, the strain increment inside the groove
dεB is greater than that outside the groove dεA. Therefore,
plain strain deformation occurs inside the groove, which
causes the localization failure.

According toM–K theory, the basic equations for theM–K
model in this study are expressed in the following:

1. The incompressibility in plastic forming:

dε1 þ dε2 þ dε3 ¼ 0 ð6Þ

2. The condition of strain compatibility at the interface of
areas A and B:

dε2A ¼ dε2B ¼ dε2 ð7Þ

3. The force equilibrium condition at the interface of areas A
and B:

σ A
nn tA ¼ σ B

nn tB; σ A
nt tA ¼ σ B

nt tB ð8Þ

where σnn
A (σnn

B ) and σnt
A(σnt

B) are normal and tangential
stress components at the interface of area A (B), respec-
tively. tA(tB) is real-time thickness of area A (B).

4. The J2 deformation theory of plasticity:

dεi ¼ dc
∂σ
∂σi

; i ¼ 1; 2 ð9Þ

5. Defining several parameters as follows:

φ ¼ σ

σ1
; α ¼ σ2

σ1

; ρ ¼ dε2
dε1

; β ¼ dε

dε1
ð10Þ

where σ1 and σ2 are the major stress and the minor stress
respectively. ε1 and ε2 are the major strain and minor strain
respectively, σ is the equivalent stress and ε is the equivalent
strain.

The iterative equation for calculation can be obtained based
on the above basic formulae as well as the constitutive relation
mentioned before.

1

φA
εA þΔεA

� �n tð Þ βA

ρA

� �m tð Þ
exp ε3Að Þ ¼ f 0

φB
εB þΔεB

� �n tð Þ βB

ρB

� �m tð Þ
exp ε3Bð Þ

ð11Þ
where ε3 is through-thickness strain and has the expression
of −(1+β )ε1, and during iteration Δε1B is given to be 0.001
which can meet the requirement of computational precision
[30].

From the Eqs. (2) and (10), we can obtain:

φ ¼ σ
σ1

¼ 1þ αM þ r 1−αð ÞM
1þ r

" # 1
M

ð12Þ

ρ ¼ dε2
dε1

¼ α M−1ð Þ − r 1−αð Þ M−1ð Þ

1þ r 1−αð Þ M−1ð Þ ð13Þ

The implemented solution strategy for this mixed boundary
value problem can be solved with the iterative method of
Eq. (11) [30]. The iterative flow chart used in the analysis is
shown in Fig. 2.

Table 2 Anisotropic coefficient of AZ31B sheet under different
temperatures

Temperature (°C) Anisotropic coefficient

r0 r45 r90 rn

200 1.29 1.87 1.52 1.64

250 0.82 1.29 1.11 1.13

300 0.63 0.83 0.82 0.78

Fig. 1 Schematic diagram of M–K model
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3 Forming limit tests of AZ31B sheet

A magnesium alloy sheet (AZ31B: Mg-3 %, Al-1 %, Zn) with
0.8mm thickness and 18μmaverage grain size was used for the
forming limit tests. The widths of specimens ranging from 10 to
110mmwith laser marked grids were used in the test. In order to
provide an isothermal condition during the test, a tailor-made die
set with inner heaters [31] was employed in this study, as shown
in Fig. 3. The heaters built in the die and punch were controlled

by a temperature controller Omron E5CN. The controller was
able to keep a stable temperature within ±5° through the tem-
perature sensor installed in the tool [29]. The standard test
method (ASTM E2218) was adopted to determine the FLD of
the AZ31B sheet at the temperatures of 200, 250, and 300 °C.

The deformed specimens are shown in Fig. 4. The test
results were used for evaluating the FLDs of the AZ31B sheet.
Three types of grids were measured to plot the experimental
FLD, namely good, marginal, and cracked grids as shown in
Fig. 4. The experimental method of acquiring the FLD is
expensive and time consuming, so the experiments were
performed at only one punch speed (1 mm/s) with elevated
temperatures at 200, 250, and 300 °C. The forming limit test
results were compared with the theoretical results and to
evaluate the correctness of the theoretical prediction.

4 Comparison of FLDs from theoretical computation
and experiment

In this section, the FLDs obtained from forming limit tests at
different temperatures are compared with the theoretical ones.
Although the strain rate was changing during each test [32],
the effective plastic strain rate at the final stage of the tests was
0.01 s−1 when the punch speeds was 1 mm/s. Since the M–K
model is sensitive to the initial imperfection factor f0, different
values of f0 (0.998, 0.995, and 0.990) were considered for the
theoretical calculation and the proper value of f0 was deter-
mined by comparing with the testing results.

Figure 5a–c show the comparison of the experimental and
theoretical FLDs at different temperatures (200, 250, and
300 °C). It can be seen from Fig. 5 that the values in the FLDs
of the AZ31B sheet increase as the temperature increases,
which means the formability of the AZ31B sheet can be
improved at higher temperatures. The theoretical results show
that the initial imperfection factor f0 has a significant impact
on the forming limits of the AZ31B sheets, a greater value of
f0 indicating that the defects in the sheet material are less
obvious, thus enabling better formability of the material. By
comparing the FLD results of experiments and theoretical
predictions, it can be seen that the theoretical curves are most
consistent with the forming limit test results when the f0 is
equal to 0.995. Therefore, the value of f0 is given to be 0.995
in subsequent simulations.

So far, it is known that the magnesium alloy sheet pos-
sesses a strong rate sensitivity at high temperatures [5, 24,
32–34]. Therefore, the theoretical analysis of this study has
been conducted on the effect of the strain rate on the FLDs of
AZ31B sheet. Figure 6a–c show the FLDs obtained from M–
K theory for three different strain rates at 200, 250, and
300 °C. Comparing these results, it can be seen that the
formability of the AZ31B sheet improves gradually as the
strain rate decreases from 0.1 to 0.001 s−1 and the influence

Input and given values 1B , A

Calculate 1 1 0.001B B

Calculate 1 1 1.0 6A A e

Calculate the left side of Eq. 11, 
C1, and the right side, C2

Calculate 1 2, , ,A A A B

and solve 1 2 1, , , ,A A A B B

If 1 2 1.0 6C C e
No

Yes

If 1

1
10B

A

End
Yes

No

Fig. 2 The iterative flow chart of limit strains based on M–K theory

Temperature controllerDie set with inner heater

Forming test machine

Fig. 3 Forming limit test machine with closed loop temperature
controller [31]
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of the strain rate on the FLDs becomes more significant with
increasing temperatures, the increased effect of strain rate at
high temperature can be explained by the increase ofm value;

this is because the critical resolved shear stress decreases and
the number of slip systems of the crystals increases with
temperature rise, and the formability improves.

5 Numerical simulations for warm forming process

In this study, the commercial software package ABAQUSwas
employed for the numerical simulation to investigate the
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Fig. 4 Specimens and types of
grids for FLD measurement
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Fig. 5 Experimental and theoretical FLDs of AZ31B sheet at elevated
temperatures
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Fig. 6 The theoretical FLDs of AZ31B sheet at elevated temperatures
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formability of the magnesium alloy at elevated temperatures.
A camera casing was used as an example for the numerical
simulation as shown in Fig. 7. The 3D geometric models of
the forming tool are shown in Fig. 8. During the simulation,
the blank model was stamped and transformed into a box-
shaped part (the final product), and the punch speed was set to
be 1 mm/s. The size of the blank was 80×140 and 0.8 mm in
thickness. AZ31B magnesium alloy sheets were selected as
the material blanks. The sheet was modeled by shell elements
(S4R) where five integration points had been used through the
thickness. The interaction module between the tool and the
blank was adopted as Coulomb friction, and the friction
coefficient set as 0.25.

During the forming processes at the three specific elevated
temperatures, the distributions of deformation speed of the
camera casing were not uniform at different load steps due to
the complex shape of the component. Therefore, in the FE
simulation of the camera casing at a specific temperature (e.g.,
250 °C), the strain rate of each element was determined from
the quotient of the calculated strain value of an element
divided by the increment of time step. With the input of FLCs
obtained from three different strain rates, 0.001, 0.01, and
0.1 s−1 (see Fig. 6) in the preprocess of the simulation, the
forming limit values at various strain rates between 0.001 and
0.1 s−1 were calculated using the interpolation method. Thus,
FLCs could be used to identify fracture throughout the casing
surface area with different strain rates at specific temperatures.

During the simulations, the variable FLDCRT was
employed to analyze the formability of the component. The
definition of FLDCRT is shown in Fig. 9. If the data points are

on or above the curve (FLDCRT ≥1), a fracture will occur, and
vice versa.

Figure 10a–c show the numerical simulation results for the
camera casing at different temperatures. It can be seen clearly
that the formability of the AZ31B sheet improved significant-
ly as the temperature increased from 200 to 300 °C. In addi-
tion, the values of the FLDCRT at the corners are seen to be
greater than the values in other regions, which means that

Fig. 7 3D model of the camera casing

Punch

Blank holder

Blank

Bottom die

Fig. 8 3D model of forming tool
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Fig. 9 Schematic diagram of the definition of FLDCRT
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Fig. 10 The distribution of FLDCRT of a camera casing: a 200 °C, b
250 °C, c 300 °C
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these corner regions may lead to cracking after a period of
deformation. The simulation results show a big crack region at
the lower left corner of the stamped product when the forming
temperature was 200 °C. The crack region still appeared at the
lower left corner when the forming temperature increased to
250 °C, but the area had decreased substantially. Finally, the
crack region disappeared when the forming temperature
increased to 300 °C.

The thickness distribution (STH) of the simulated camera
casing at different punch strokes under selected temperatures
of 200, 250, and 300 °C were shown in Figs. 11, 12, and 13,
respectively. At the initial stage of the forming process, the
thickness variation of the blank was small and even. When the
punch stroke increased to 12 mm, the thickness reduction of
the four corners, especially the lower left corner of the blank,
became more obvious. Finally, the blank was formed into a
camera casing (punch stroke=18 mm), and the thickness of
the thinnest region (the lower left corner) decreased from 0.8
to 0.69 mm. Due to the complex shape and poor flowability, it
was difficult to form the lower left corner, which indicates that
this corner may crack during the forming.

The thickness variation shows a great influence on the
formability of the warm forming component, i.e., the thicker
the thickness, the greater the possibility of wrinkling; On the
contrary, the likelihood of cracking is greater. As shown in
Figs. 11, 12, and 13, the maximum value of the thickness

Punch stroke=6mm

Punch stroke=12mm

Punch stroke=18mm

a

b

c
Fig. 11 The thickness distributions of the simulated camera casing at
different punch strokes (T=200 °C)

Punch stroke=6mm

Punch stroke=12mm

Punch stroke=18mm

a

b

c
Fig. 12 The thickness distributions of the simulated camera casing at
different punch strokes (T=250 °C)

Punch stroke=6mm

Punch stroke=12mm

Punch stroke=18mm

a

b

c
Fig. 13 The thickness distributions of the simulated camera casing at
different punch strokes (T=300 °C)
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decreases significantly from 1.349 mm at 200 °C to 1.212 mm
at 250 °C. Then the value experiences a slight decline, with
the temperature increasing to 300 °C. Therefore, the possibil-
ity of wrinkling defects of the component can be reduced by
increasing the forming temperature. Although the minimum
value of the thickness keeps changing slightly when the
forming temperature increases from 200 to 300 °C, the crack-
ing defects of the component tend to decrease due to the better
flowability of magnesium alloy at higher temperatures.

6 Comparison between numerical and experimental
of warm forming results

To verify the results generated from the numerical simula-
tions, a corresponding warm forming experiment was carried
out in this study. The warm forming experimental apparatus
employed is shown in Fig. 14. The material used in this study
was a commercial AZ31B magnesium alloy sheet with
0.8 mm in thickness. The punch and the die were heated to
elevated temperatures by cartridge heaters, and the punch
speed was 1 mm/s during the forming process. The blank at
room temperature was sandwiched between the high tempera-
ture tools and it was detected at temperatures of approximately
200, 250, and 300 °C.

A comparison between the experimental results and the
predicted results from the numerical simulation is shown in
Table 3. The simulation results show that the cracking ap-
peared at the lower left corner of the components when the
forming temperatures were 200 and 250 °C. There was a
corresponding cracking appearing at approximately the same
location in the experimental results, but the crack regions were
larger than those of the simulation results. This is because the
theoretical analysis in this paper only considered the crack
initiation in the necking zone without considering the crack
propagation, while the crack region of the experimental test
was the final result after crack propagation. Both the numer-
ical simulation and the experimental results show that we can
get qualified (no cracking) forming products when the
forming temperature reaches 300 °C.

Fig. 14 160-Ton hydraulic press for carrying out warm forming
experiment

Table 3 Comparison between numerical and experimental results of the specimens

Temperature (°C) Experimental results Numerical simulated results

200

250

300

20mm

20mm

20mm
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7 Conclusions

In this paper, a theoretical method has been proposed for
predicting the formability of AZ31B sheets at elevated tem-
peratures by combining the M–K model with the Logan–
Hosford yield criterion. By comparing the theoretical analysis,
numerical simulations and experimental results, the following
conclusions were obtained:

1. The forming limits of the AZ31B magnesium alloy sheet
increase with temperature rise and with strain rate de-
crease. In addition, the influence of strain rate on the
FLDs becomes more significant with increasing temper-
atures, the increased effect of strain rate at high tempera-
ture can be explained by the increase of m value; this is
because the critical resolved shear stress decreases and the
number of slip systems of the crystals increases with
temperature rise, thus the formability improves. Both the
numerical simulations and warm forming experiments
show that the qualified (no cracking) products can be
obtained when the forming temperature reaches 300 °C.

2. The results of the numerical simulation show a good
agreement with the results of the warm forming experi-
ment in terms of the crack location and whether cracking
appears or not under different temperatures. Therefore,
the proposed theoretical method is valid for the warm
forming process of magnesium alloy sheets.
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