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Abstract Cutting force prediction plays very critical roles
for machining parameters selection in milling process. Chip
thickness calculation supplies the basis for cutting force
prediction. However, the chip thickness calculation in five-
axis ball-end milling is difficult due to complex geometrical
engagements between parts and cutters. In this paper, we
present a method to calculate the chip thickness in five-axis
ball-end milling. The contributions of lead and tilt angles in
five-axis ball-end milling on the chip thickness are studied
separately in detail. We prove that the actual chip thickness
can be decoupled as the sum of the ones derived from the two
individual cutting conditions, i.e., lead and tilt angles. In this
model, the calculation of engagement boundaries of tool–
workpiece engagement is easy; thus, time consumption is
low. In order to verify the proposed chip thickness model, the
chip volume predicted based on the proposed chip thickness
calculation model is compared with the theoretical results.
The comparison results show that the desired accuracy is
obtained with the proposed chip thickness calculation model.
The validation cutting tests, which are in a constant material
removal rate and with only ball part engaged in cutting, are
carried out. The optimized lead and tilt angles are analyzed
with regard to cutting forces. The geometrical as well as the
kinematics meaning of the proposed method is obvious
comparing with the existing models.

Keywords Ball-endmill . Chip thickness . Tool inclination .

Five-axis . Cutting force

1 Introduction

Five-axis ball-end milling is used extensively in the
manufacturing of three-dimensional (3D) free-form surfaces
such as turbine engine components, dies, and molds. In most
of these cases, the manufacturing tolerances are very tight
due to the required high quality and dimensional integrity. In
practice, to improve part quality and avoid undesirable re-
sults such as tool breakage or excessive deflection based on
the resultant cutting forces in five-axis ball-end milling, the
selection of process parameters is conservative, which comes
at cost of lowering the productivity. Much effort has been
devoted to the optimization of milling process based on
cutting forces [1–7]. Hence, analysis of the cutting force in
machining of free-form surface is critical for process plan-
ning in order to optimize the production rates and reduce the
cost. Cutting force models for ball-end milling are based on
the chip thickness, which is the thickness of the material
removed instantaneously by the cutting edge in the normal
direction.

Chip thickness calculation has been receiving great at-
tention over the past several decades. The chip thickness
calculation models can be divided into three types. One is
the solid modeling method. Takata [8] used a solid model-
ing approach for 2.5-axis machining and feedrate schedul-
ing as did by Spence and Altintas [9]. El Mounayri et al.
[10] used a solid modeling system to compute the volume
removed for a given three-axis tool path followed by a ray
casting technique to compute the instantaneous chip thick-
ness. Imani et al. [11] developed a simulation system for
three-axis ball-end milling of sculptured surfaces using the
ACIS solid modeling kernel. The authors used a NURBS
curve to model the cutting edge of the tool. However,
extracting the instantaneous chip thickness from the model
was computationally inefficient, and therefore, the authors
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relied on the simple geometry of a ball nose-end mill and
restricted the simulations to inclined cuts.

The second type of chip thickness calculation is the
discretization method, which employs discretization of the
workpiece and the tool. Kim et al. [12] discussed the appli-
cation of a Z-map to the prediction of three-axis ball-end
milling forces, but relied heavily on the simple geometry of
the sphere and linear movements. Fussell et al. [13] integrat-
ed an extended Z-buffer model representing the workpiece
with a swept envelope of tool path to determine the contact
area between cutter and workpiece for a given tool path in
five-axis milling. In the simulation, with maintaining a de-
sired level of accuracy, the five-axis tool movement is ap-
proximated by the three-axis to simplify calculations.
Although Z-buffer algorithms have been implemented ex-
tensively for various kinds of mill cutters, different proce-
dures for calculating the chip geometry are necessary for
each method. To overcome the universality concerns of
modeling techniques, an adaptive depth buffer method for
mechanistic modeling of three-axis machining was presented
by Roth et al. [14] and later generalized to five-axis machin-
ing using an adaptive and local depth buffer [15]. Antoniadis
et al. [16] simulated precisely the tool kinematics and con-
sidered the effect of the cutting geometry on the resulting
roughness by using the so-called MSN-Milling Software
Needle program for ball-end milling. Guo et al. [17]
presented a method to calculate the chip thickness in five-
axis ball-end milling according to the real kinematic trajec-
tory of cutting edges under continuous change of cutter axis
orientation along the given tool path. Lazoglu et al. [18]
presented a novel and generalized approach for prediction
of cutting forces of complex free form surfaces machining.
Engagement simulations between cutter and workpiece are
performed precisely along the tool path by boundary repre-
sentation method. Gonzalo et al. [19] used both mechanistic
and numerical methods together to model a milling opera-
tion, which employed the FEM cutting model analyzed in the
software AdvantEdge™.

However, all of these works involve a certain amount of
computationally intensive Boolean operations and sophisti-
cated curve/body intersection algorithms, and their accuracy
is dependent to the grid size selected. The third type of chip
thickness calculation is the analytical method, in which there
is no need for a grid size selection; thus, there is no tradeoff
between grid size and calculation time and the computation
is high efficiency. Lamikiz et al. [20] proposed a model to
estimate the cutting forces in inclined surfaces machining
considering both up- and down-milling, which takes the
piece slope effect into account. Fontaine et al. [21] deter-
mined the cutting forces by decomposing the working cut-
ting edges into a series of axial elementary cutting edges
based on a thermomechanical model of oblique cutting. The
chip thicknesses are obtained by projecting the feed per tooth

onto the normal vectors of the tool envelope at exact points.
Yet, the experiments did not consider the situations with both
lead and tilt angles.

Ozturk et al. [22] developed an analytical approach for
determining the cutter/workpiece engagement region in the
machining of 3D freeform monotonic surfaces with ball-
end mill. Later, Ozturk et al. [23] studied the effects of lead
and tilt angles on the engagement limits between the mill-
ing tool and the workpiece in five-axis ball-end milling
process and predicted the cutting forces. Subrahmanyam
et al. [24] investigated the cutting force for ball nose milling
of inclined surface, which considered only the lead angle,
and a method for the determination of the coefficients using
the inclined plane milling data is proposed. Ferry and
Altintas [25] presented a method to compute the chip thick-
ness in five-axis flank milling by splitting the total chip
thickness into horizontal and vertical feed components, and
this model is adopted by Zhang [4] to predict cutting forces,
tool deflections and optimize the feedrates. Tsai and Liao
[26] analyzed the geometrical model in ball-end milling
with inclined feed. The influences of changing different
feed angles and helix angles on three-dimensional cutting
force are simulated. In these works, essential rules of the
engagement conditions of ball-end cutter with workpiece
are not clear with both lead and tilt angles. Few literatures
have evaluated the accuracy of the chip thickness calcula-
tion algorithm. Kurt and Bagci [7] declared it is inevitable
that mechanistic force-based feedrate optimization ap-
proaches, for which the calculation time is improved, will
be integrated into commercial CAM software packages. It
indicates that the reduction of cutting force calculation time
consumption is also important.

The contribution of this work is that we develop an
analytical and efficient and geometrically intuitional mod-
el of chip thickness calculation in five-axis ball-end mill-
ing. First, in this model, the chip thickness is decoupled
into two components determined by tilt and lead angles.
The geometrical as well as the kinematics meaning of the
proposed method is obvious comparing with the existing
works. The differences between the proposed model and
several existing analytical methods are analyzed in detail,
and the proposed one shows better accuracy. The deviation
of the model is assessed by a series of numerical calcula-
tion, Moreover, the exact engagement boundaries is deter-
mined at the same time when chip thicknesses are calcu-
lated. Then, cutting tests are conducted, in which a con-
stant material removal rate is kept in order to validate the
chip thickness model as well as to investigate the effects of
lead and tilt angles on the cutting forces. The process of
cutter tooth engaging in the workpiece is figured out and
how it influences the cutting forces are discussed. The
optimized lead and tilt angles are obtained with regard to
cutting forces.
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The rest of this paper is organized as follows. In Section 2,
the representation of coordinate systems is given as the basis
to the geometry analysis of five-axis milling operations.
Section 3 presents the method of chip thickness calculation
in a five-axis slot milling. The cutting process is divided into
two individual motions, with only tilt angle and only lead
angle, and the contributions of each one are studied in detail.
In Section 4, boundaries of workpiece–cutter engagement
region are determined in order to extend the proposed meth-
od from the five-axis slot milling operation to a general five-
axis one. In order to verify the proposed chip thickness
model, the chip volume predicted based on the proposed
model is compared with the theoretical results in Section 5.
In Section 6, validation tests are carried out, the effects of
lead and tilt angles on the cutting forces are analyzed in
detail. Conclusions are reached in Section 7.

2 Representation of coordinate systems

In order to determine instantaneous engagement regions,
one has to present the ball-end cutter and workpiece coor-
dinate systems. Ball-end cutter and workpiece are repre-
sented with different Cartesian coordinates. Actually, there
are at least three coordinates needed to define the position
and orientation of the cutter in the milling process. The first
one is a fixed coordinate system, MCS, formed by the (X),
(Y), and (Z) axes of the machine tool. The second one is the
process coordinate system, FCN, consisting of feed (F),
cross-feed (C), and surface normal (N) axes. Finally, TCS
is the tool coordinate system, which is the rotated form of
the FCN. In TCS, the tool axis is the (z) axis of this
coordinate system where (x) and (y) axes are in the trans-
versal directions of the cutting tool, while (y) and (z) axis
are coplanar with (N) axes.

In five-axis ball-end milling, the tool tip contact with the
workpiece should be avoided as the contact can result in
extra-indentation and ploughing forces [27, 28] as well as
tool tip marks on the resulting surfaces. To avoid tool tip
contact as well as tool–workpiece collision, the tool inclina-
tion is adopted. The tool orientation is determined by lead

and tilt angles, which are measured with respect to the
surface normal axis (N). The lead angle is the rotation of
the tool axis about the cross-feed axis (C), and the tilt angle is
the rotation about the feed axis (F). In this paper, α and γ as
shown in Fig. 1, are used to determine the tool orientation,
which are equivalent to the traditional representations of lead
and tilt angles, as stated in [29]. The coordinate translation
matrix is represented:

F
C
N

2
4

3
5 ¼

−sinγ −cosγcosα cosγsinα
cosγ −sinγcosα sinγsinα
0 sinα cosα
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5 x
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z

2
4

3
5 ð1Þ

As discussed in the literature, positive lead angles are
favorable to avoid tool tip contact [23]. In the representation
with α and +, it means that the angle + should be better in the
range − π

2 ;
π
2

� �
. We only consider + in the range − π

2 ;
π
2

� �
in the

remainder of this paper.
For a ball-end cutter, local radius is zero at tool tip and

increases along the tool axis in the ball part and has a
constant value in the cylindrical part. In our discussions,
the cutting condition and chip thickness of the cylindrical
part are not mentioned. However, the approach proposed
here can be utilized to solve it similarly.

3 Chip thickness calculation with tool inclination

In the case with tool–surface inclination, the intersection
curve between the hemisphere and workpiece surface is a
circle, which is shown in Fig. 2. The center is stated as O′.
Line O′A′ is the projection of tool axis on the workpiece
surface. In Fig. 2a, the direction of feed per teeth f is along
the F axis. The blue region means the cutting contact area,
which has positive effect on chip thickness, while the yel-
low region means the tool moves away from workpiece and
has negative effect on chip thickness. In order to calculate
the chip thickness, the cutting process is divided into two
resolved motions: one is the milling with only tilt angle
(Fig. 2b), and the other is with only lead angle (Fig. 2c).
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Fig. 1 Representation of tool
inclination
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The disc movement after the decomposition is shown in
Fig. 2d. The feed vector f can then be decomposed into two
components, ft along unit vector {OX1} and fl along unit
vector {OX2} which can be expressed by:

OX1f g ¼ zf g � Nf g
zf g � Nf gk k ; f t ¼ OX1f g f sinγ

OX2f g¼ Nf g � OX1f g
Nf g � OX1f gk k ; f l ¼ OX2f g f cosγ

ð2Þ

where ft denotes the feed with only tilt angle and fl the feed
with only lead angle.

For those engaged cutting edge element, the chip thick-
ness model determines the instantaneous undeformed chip
thickness distribution along the cutting edges. The uncut
chip thickness at a certain location along the cutting edge
on ball part can be approximated as hj (8 , θ)= f sin8 j (θ) sinθ
if feed direction is perpendicular to the tool axis, without lead
and tilt angles, where f is the feed per tooth and 8 j (θ) is the
immersion angle for the flute (j) at disc position angle θ. For
a specific disc, the uncut chip thickness is known if we get
the radial uncut chip thickness hj(8 , θ)/sinθ, which is per-
pendicular to the cutter axis. Hence, chip thickness of a disc
in the following words refers to the radial uncut chip thick-
ness equal to hj(8 , θ)/sinθ.

As discussed above, the uncut chip thickness of a disc can
be either positive or negative. In Fig. 2a–c, we can see that
the blue region dictates the area on ball part where the discs
have positive uncut chip thickness, yet the yellow region the

area where the discs have negative one. Then, the uncut chip
thickness of a disc can expressed as the sum of uncut chip
thickness distributed from two decomposed motions respec-
tively:

h ¼ ht þ hl ð3Þ

where ht is the chip thickness distributed from the motion
with only tilt angle, and hl is the one distributed from the
motion with only lead angle. The calculation of ht and hl are
discussed in detail later. The disc is engaged in cutting when
h is greater than zero, while it is not at the condition h is less
than or equal to zero. In five-axis ball-end milling, lead and
tilt angles result in the complicated uncut chip thickness. In
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Fig. 2 Decomposed motion
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Fig. 3 Cutting condition of discs in milling with only tilt angle
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the following discussions, we will use a straightforward way
to study the effects of tilt and lead angles on chip thickness,
with a geometrical intuitional meaning.

3.1 Tilt angle effect on chip thickness

Tilt angle effect in milling process is shown in Fig. 3, where
lead angle is eliminated and +=π/2. The position angle of the
disc that participates in cut satisfies θs≤θ≤θe. The lower and
upper limits can be calculated by:

θs ¼ max α−arccos
OHj j
R

; 0

� �

θe ¼ αþ arccos
OHj j
R

8>><
>>:

ð4Þ

where R is the radius of cylindrical part of the ball-end cutter.
The cutting radius of the disc at position angle θ is described
as Rθ=|AD|=Rsinθ. The start and exit immersion angles of
the disc can be stated as:

Φst ¼ arccos min
yE
Rθ

; 1

� �� �

Φex ¼ 2π−Φst

8<
: ð5Þ

where yE is the y coordinate of pedal point E (as shown in
Fig. 3b):

AEj j ¼ OHj j ABj j
HBj j ¼ OHj j OBj j− OAj j

OH tanαj j

¼ OHsecαj j− Rcosθj j
tanα

ð6Þ

As shown in Fig. 3b, the chip thickness is positive from
Φst to π (pointD) and negative from π (pointD) toΦex. It can

be described as follows:

ht ¼ f tsinφ j θð Þ þ Rθ−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rθ

2− f tcosφ j θð Þ� �2q
ð7Þ

where 8 j (θ) is in the range Φst≤8 j (θ)≤Φex.

3.2 Lead angle effect on chip thickness

The angle +=0 when only lead angle arise. The material
removed by a tooth of a disc at position angle θ is not based
on path formed by the previous tooth of the same disc, but
another disc at a position angle θ′ (Fig. 4), which has greater
radius. The relation between θ′ and θ can be expressed by
equations as follows:

� f θ ¼ Rsinθþ f lcosα−Rsinθ
0

Rcosθ ¼ Rcosθ
0 þ f lsinα

ð8Þ

where ±fθ is the radial feed per tooth at position angle θ. The
plus sign is applied in the positive blue region, while the
minus sign in negative yellow region. Then, fθ and θ satisfy
the following equation derived from Eq. (8):

Rsinθþ f lcosα∓ f θð Þ2 þ Rcosθ− f lsinαð Þ2 ¼ R2 ð9Þ
In milling with only lead angle, the radial feed per tooth of

each disc varies at different position angle θ. The four
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Fig. 4 Radial feed per tooth relates to the previous tooth in milling with
only lead angle
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Fig. 5 Cutting condition of discs in lead angle milling
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positions with different cutting conditions are shown in
Fig. 5. The cutting characteristics of the four typical discs
are described respectively as follows.

In milling with only lead angle, the range of position
angle θ of a disc, which participates in cut is as same as the
one in milling with only tilt angle (Eq. (4)). The start immer-
sion angleΦst and exit immersion angleΦex of a disc can also
be calculated using Eq. (5).

3.2.1 Position 1

As shows in Fig. 5b, the material removed by the tooth has
nothing to do with the previous tooth. Position angle θ
satisfies:

arccos
Rcosθe þ f lsinα

R
≤θ < θe ð10Þ

where θe is calculated using Eq. (4). The start Φst and exit
angle Φex of disc 1 are calculated using Eq. (5).

When the immersion angle φj (θ) satisfies the condition
Φst≤φj(θ)≤Φex, the chip thickness can be expressed as:

hl ¼ Rsinθþ O2Ej j
cosφ j θð Þ ð11Þ

|O2E| using Eq. (6) by replacing point A with point O2.
The value of hl is always positive.

3.2.2 Position 2

In position 2 (as shown in Fig. 5c), position angle θ satisfies:

arccos
OHj jcosα

R
≤θ < arccos

Rcosθe þ f sinα
R

ð12Þ

There are two different cutting conditions. The first con-
dition happens when the tooth begins to start in or exit out of
immersion. That means when the immersion angle φj (θ)
satisfies:

Φst < φ j θð Þ ≤ π − arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rθ

0 2−
			O1E

			2
r
			O1E

			− f lcosα

or πþ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rθ

0 2−
			O1E

			2
r
			O1E

			− f lcosα
≤φ j θð Þ < Φex

For the first condition, the cutting condition is the same as
that in the position 1, so the chip thickness can be calculated
using Eq. (11). The value of hl is always positive. The

second condition happens when the engagement relates
to the previous cut, and φj (θ) satisfies:

π−arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rθ

0 2−
			O1E

			2
r
			O1E

			− f lcosα
< φ j θð Þ

< πþ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rθ

0 2−
			O1E

			2
r
			O1E

			− f lcosα

then the chip thickness has:

hl ¼ Rsinθ− O2Pj j ð13Þ

where |O2P| is obtained by:

O2Pj j2 þ f lcosαð Þ2−2 O2Pj j f lcosαcosφ ¼ Rsinθ
0
 �2 ð14Þ

The value of hl is always positive.

3.2.3 Position 3

As shows in Fig. 5d, the chip thickness is negative in a period
that the tooth starts in or exits out of immersion, while
positive in the rest period. Position angle θ satisfies:

α� arcsin
f l
2R

≤θ < arccos
OHj jcosα

R
ð15Þ

where α is the lead angle. The chip thickness can be calcu-
lated using Eq. (13). The value of hl can be either positive or
negative.

3.2.4 Position 4

As shown in Fig. 5e, the chip thickness relates to the previ-
ous cut and has negative value. Position angle θ satisfies:

θs < θ < α� arcsin
f l
2R

ð16Þ

The chip thickness can be calculated using Eq. (13). The
value of hl is always negative.

Four positions indicate the different cutting conditions of
element discs engaged in cutting. To make a comparison
with two frequently used methods of uncut chip thickness
calculation in [23] and [25], the differences of this work from
the related works are declared in detail. Ozturk and Budak
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[23] determined the uncut chip thickness ct at a point q on the

cutting edge by the product of the feed vector t
*
and the unit

outward surface normal vector u
*

of the tool at the cutting
point (Fig. 5 in [23]). However, considering a point q on
intersecting curve of cutter surface with the surface of work-
piece, take the case of position 1 as an example, the start

point of vector ct
*
(see Fig. 5 in [23]), which is on the cutter

surface of previous cutting position, is not engaged in cutting
at that time actually. Thus, uncut chip thickness given by ct is
greater than the actual one. The deviation induced by this
approximation increases with greater inclination angle α
according to the analysis above. On the other hand, Ferry
and Altintas [25] presented a method to compute the chip
thickness in five-axis flank milling by splitting the total chip
thickness into horizontal and vertical feed components. The
cutting conditions of an element throughout the cutting pro-
cess are treated as the same, i.e., the start in and exit out of
immersion cutting conditions were not discussed separately;
thus, deviation grows. For instance, at positions 1 and 2, the
uncut chip thicknesses are calculated with specific expres-
sions when cutter flutes start in or exit out of immersion in
this work. With the method in reference [25], some redun-
dant material is added. The ignorance of the effect of start or
exit is not significant in [25] because of the large axial depth
of cut in flank milling. However, in ball-end milling, the
deviation is relatively more considerable with much smaller
chip volume. The conclusion that the deviation increases
with greater radial cutting depth and greater feed rate per
tooth is reached from the analysis in this work. Furthermore,
the horizontal and vertical feed components include feed
velocity components in the normal direction of the machined
surface, which lead to a different engagement boundaries
from current cutting position to the previous one, even in a

flat surface machining. Thus, the further analysis of chip
thicknesses is more complex. As a comparison, the
decomposed feed components in this work are tangential to
the machined surface.

4 Boundaries of engagement region

From the discussion in the previous sections, it is clear that
the total chip thickness has the value of zero on the bound-
aries of engagement region. However, relative boundaries,
out of which the tooth will absolutely be not engaged in
cutting and within which the tooth will be possibly engaged
in cutting, should be obtained before the calculation. As
shown in Fig. 6, the relative boundaries consist of curve C1
( in blue) and C2 (in red), where C1 shows the intersection
curve between ball-end cutter and the previous machined
tool path surface, while C2 shows the intersection curve
between the cutter and the uncut workpiece surface after
previous machining. Considering a disc element as a circle,
intersection points of the circle with a plane or a cylindrical
surface are obtained from analytical solutions of quadratic
equations.

Each point P (Fig. 6) on the relative boundaries belongs to
an exact disc with position angle θ, which can be calculated
as follows:

θ ¼ arccos
POf g zf g
POf g zf gk k ð17Þ

where the vector {PO} is from point P to the center point O
of the semisphere of the cutter, and {z} is the vector of the
tool axis. The immersion angle of a tooth at the boundary
point P can be calculated:

Φ Pð Þ ¼ arccos
zf g � OPf g � zf g yf g
zf g � OPf g � zf g yf gk k ; xP > 0;Φ Pð Þ ¼ π; xP ¼ 0;Φ Pð Þ ¼ 2π−arccos

zf g � OPf g � zf g yf g
zf g � OPf g � zf g yf gk k ; xP < 0

�

ð18Þ

where {y} is the y axis of tool coordinate system TCS. xP is
the x coordinate of point P in tool coordinate system TCS.

Hereto, the relative boundaries are modeled. In order to
get the exact boundaries of engagement region, the calcula-
tion of chip thickness is adopted. The points at which the
chip thickness is zero and within the relative boundaries are
extracted as the exact engagement boundary points.

By this means, the calculation of engagement boundaries
is much easier. As a comparison, Ozturk and Lazoglu [22]
developed an analytical approach for determining the tool–
workpiece engagement region in the machining of 3D
freeform monotonic surfaces with ball-end mill. The bound-
aries of engagement surfaces, depending on whether process

is in constant z value or downward motion or upward mo-
tion, are presented for the three cases separately. Three
boundaries are discussed in detail for each case. While in
this work, only two relative boundaries, which are not the
exact ones and easier in calculation, are determined. On the
other hand, both lead and tilt angles are considered in this
work, while tilt angle is neglected in [22]. Ozturk and Budak
[23] presented a unified formula in chip thickness calculation
and developed a series of inequalities for determination of
engagement boundaries correspondingly. However, the
method given in [23] cannot be employed directly to handle
the thickness calculation in our work because of utilization of
various chip thickness calculation formulas.
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5 Verification and example applications

In order to verify the proposed chip thickness model, the chip
volume predicted using this model is compared with the
theoretical results. Because the volume of residual material
between teeth is quite smaller than static chip volume, an
ideally cut-off volume per tooth is illustrated in Fig. 6 as an
approximate measurement of chip volume. It is equivalent to
the volume that is extruded by length of the feed per tooth
from its orthogonal section A as shown in Fig. 6. The
theoretical volume, denoted as Vf is given as:

V f ¼ f SA ð19Þ
where SA is the exact area of section A. The predicted chip
volume, denoted as Vp based on the proposed method can be
calculated:

V p ¼
X

hr φ;θð Þ>0

hr φ; θð ÞΔS ð20Þ

where

hr φ; θð Þ ¼ h φ; θð Þsinθ ¼ hl φ; θð Þ þ ht φ; θð Þ½ �sinθ
ΔS ¼ RθΔφRΔθ ¼ R2sinθΔφΔθ

From the discussions in Section 3.1, the cutting of a disc
in milling with only tilt angle is based on the tooth path
formed by the previous tooth of the same disc. In reality,
when there are both lead and tilt angles in the cutting oper-
ation, the previous tooth path is not formed by the tooth of
the same disc, but another disc that has greater radius. Hence,
the volume given by the proposed method (Eq. (20)) will be
theoretically greater than the theoretical results.

5.1 Case 1

The slot milling is utilized and the cutting tool is a 10-mm
diameter ball-end cutter with helix angle 30° and left spiral. The
depth of cut and the cutting speed are constant at ap=1 mm and

Table 1 Volumes calculated on different discrete intervals and error ranges

Vp (e−10m
3) α=10° α=20° α=30° α=40° α=50°

Δ8 =3°, Δθ=3°

+=0° 4.179 4.064 4.255 4.187 4.194

+=10° 4.178 4.066 4.256 4.189 4.198

+=20° 4.183 4.076 4.259 4.197 4.200

+=30° 4.187 4.095 4.264 4.206 4.201

+=40° 4.192 4.116 4.271 4.218 4.202

+=50° 4.192 4.135 4.271 4.224 4.202

+=60° 4.188 4.149 4.263 4.227 4.199

+=70° 4.184 4.161 4.248 4.225 4.194

+=80° 4.185 4.171 4.226 4.224 4.185

+=90° 4.187 4.177 4.209 4.224 4.180

Error range −0.59–4.48 %

Δ8 =1°, Δθ=3°

+=0° 4.171 4.063 4.229 4.216 4.226

+=10° 4.170 4.067 4.232 4.216 4.227

+=20° 4.174 4.076 4.236 4.220 4.231

+=30° 4.178 4.091 4.240 4.225 4.237

+=40° 4.182 4.107 4.243 4.232 4.241

+=50° 4.182 4.124 4.242 4.235 4.244

+=60° 4.178 4.137 4.238 4.234 4.243

+=70° 4.174 4.149 4.227 4.229 4.239

+=80° 4.176 4.159 4.209 4.222 4.234

+=90° 4.180 4.166 4.196 4.217 4.230

Error range −0.61–3.82 %

Δ8 =1°, Δθ=1°

+=0° 4.144 4.158 4.165 4.173 4.175

+=10° 4.146 4.161 4.167 4.176 4.176

+=20° 4.151 4.168 4.173 4.207 4.183

+=30° 4.157 4.178 4.181 4.215 4.194

+=40° 4.163 4.186 4.189 4.222 4.222

+=50° 4.167 4.192 4.195 4.227 4.227

+=60° 4.168 4.193 4.197 4.229 4.229

+=70° 4.167 4.189 4.194 4.227 4.228

+=80° 4.167 4.185 4.188 4.222 4.226

+=90° 4.168 4.183 4.184 4.218 4.224

Error range 1.37–3.54 %

Δ8 =1°, Δθ=0.5°

+=0° 4.162 4.155 4.162 4.171 4.181

+ =10° 4.163 4.157 4.164 4.174 4.182

+=20° 4.168 4.165 4.170 4.193 4.188

+=30° 4.173 4.175 4.179 4.202 4.196

+=40° 4.177 4.192 4.188 4.211 4.213

+=50° 4.179 4.195 4.196 4.218 4.218

+=60° 4.177 4.194 4.203 4.222 4.221

+=70° 4.173 4.188 4.198 4.222 4.222

+=80° 4.170 4.180 4.189 4.219 4.220

+=90° 4.169 4.176 4.183 4.213 4.217

Error range 1.64–3.28 %

C1

C2

Section A

O
P

f

f

z

y

Fig. 6 Chip volume and intersection curve between cutter andworkpiece
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f=0.1 mm per tooth, respectively. Then, the volume calculated
using Eq. (19) is given by Vf=4.088e−10 m3. The volumes
predicted by Eq. (20) with different discrete intervals are listed
in Table 1. The prediction error can be approximated given by:

err ¼ V p−V f

� �.
V f � 100% ð21Þ

It is obvious that the error range becomes narrow with the
smaller of discrete interval. It is shown in Table 1 that the
volume calculated has a deviation about 1.64–3.28 % greater
than the theoretical value, and this coincides with the previ-
ous discussion. The model error will be <5 % with discrete
interval Δ8 =3° and Δθ=3°.

5.2 Case 2

Some other cases with different process parameters are tested
with the proposed method, and the results are listed in Table 2.
The discrete intervals are chosen to be Δ8 =1°, Δθ=1°, and
inclination angles are set to be α=30°, +=30°. It shows that
the volume errors are at the same level with those presented in
Table 1.

5.3 Case 3

In the remaining of this section, the results for the chip thickness
calculation of several examples for following cut operation are
addressed. Step over is set to be half of cutter diameter and cross-
feed direction is positive. The cutting tool is a 10-mm diameter
ball-end mill with helix angle 30°and left spiral. The depth of cut
and the cutting speed were constant at 1 and 0.1 mm per tooth,
respectively. Process parameters and tool–workpiece inclinations
involved are listed in Table 3.

Table 2 Volumes calculated with different process parameters

Volume and error Vf Vp Error (%)

ap=2 mm, f=0.2 mm 22.36 23.12 3.40

ap=2 mm, f=0.1 mm 11.18 11.36 1.61

ap=1.5 mm, f=0.2 mm 14.78 15.30 3.52

ap=1.5 mm, f=0.1 mm 7.39 7.55 2.17

Table 3 Process parameters for following cut

Parameters and unit value

Cutter diameter (mm) 10

Feed per tooth (mm) 0.1

Cross feed (mm) 5

Cutting depth (mm) 1

Inclination angle α (deg) 0–50

Inclination angle + (deg) −90–90
Fig. 7 Chip thickness of discs in a rotation period
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The cutting conditions of discs in a rotation period are
shown in Fig. 7. X and Y axes label the rotation angle of the
tool and the position angle of discs, respectively. The posi-
tive chip thicknesses are given with color bar. The discrete
intervals are chosen to be Δ8 =Δθ=3°.

In the process with parameters in Table 3, the theoretical
volume given by Eq. (19) results in Vf=3.92e−10 m3. The
volumes calculated using the proposed method, as well as
the errors, are shown in Table 4. We can see that the chip
thickness model for the following cut operation has the same
error level comparing with the slot milling.

From Fig. 7, we conclude that the chip thicknesses at most
disc elements are reduced to zero as the tool rotates, while the
angle + is negative, yet most of them are increased from zero
while the angle + is positive. Another difference between the
cases with negative or positive angle + is the contact duration
of a tooth with workpiece, especially with greater angle α in
the last five pictures of Fig. 7. It can be seen that the contact
duration in the case with negative angle + is longer than that
with positive angle +. Thus, the chip volume removed by a
tooth is relatively dispersed and the maximum cutting forces

is reduced with a negative angle +. This is confirmed with the
cutting experiments in Section 6.

6 Results of cutting experiments and simulations

The experiments for validation were performed on Mikron
UCP800 Vertical Machining Center. In order to verify the
model, five-axis ball-end milling tests on Al-7075 aluminum
alloy were performed. The cutter was two fluted carbide ball-
end mill cutter with 12 mm diameter, 37 mm projection
length and 30° nominal helix angle (R216.42-12030-
AK22A, Sandvik). A Kistler table type dynamometer (type
9257A) was used to measure cutting forces.

Cutting forces are calculated by cutting edges discreti-
zation. The cutting edge is discretized as a sequence of linear
segments. For each segment, a set of simple expressions is
used for the calculation of the cutting forces of the kind shown
in Eq. (22). Expressions presented by Lee and Altintas [30],
which are wildly used for cutting forces calculation and mill-
ing process optimization such as in [1, 5, 18, 19, 31–33], are

Table 4 Volumes of the follow-
ing cut operation and errors α=20° α=40°

+ −60° −30° 0° 30° 60° −60° −30° 0° 30° 60°

Volume e−10m3 4.02 3.94 3.88 3.92 3.97 4.02 4.02 4.05 4.00 4.00

Error (%) 2.55 0.51 −1.02 0 1.27 2.55 2.55 3.32 2.04 2.04

Tool Geometry
Cutting Parameters

Define:

Calibration Tests

Cutting Force Coefficients

Tool Geometry
Inclination Angles
Workpiece Surface

Define :

Lead/Tilt Angle Decomposition
Relative Engagement Boundaries

Total Chip Thickness:

Exact Engagement Boundaries:
t           lh    h     h
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Fig. 8 The chart of the model
simulation and validation
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Table 5 Parameters of charac-
terization tests Test code Depth of cut Feed per tooth Test code Depth of cut Feed per tooth

(mm) (mm/z) (mm) (mm/z)

Al7075-1.1 1 0.03 Al7075-2.4 4 0.07

Al7075-1.2 2 0.03 Al7075-2.5 5 0.07

Al7075-1.3 3 0.03 Al7075-2.6 6 0.07

Al7075-1.4 4 0.03 Al7075-3.1 1 0.1

Al7075-1.5 5 0.03 Al7075-3.2 2 0.1

Al7075-1.6 6 0.03 Al7075-3.3 3 0.1

Al7075-2.1 1 0.07 Al7075-3.4 4 0.1

Al7075-2.2 2 0.07 Al7075-3.5 5 0.1

Al7075-2.3 3 0.07 Al7075-3.6 6 0.1

Table 6 Lead and tile angles of
cutting tests Lead Tilt α + Lead Tilt α +

(deg) (deg) (rad) (rad) (deg) (deg) (rad) (rad)

10 −40 0.7088 1.3637 30 −40 0.7946 0.9681

−30 0.5431 1.2744 −30 0.6847 0.7854

−20 0.3843 1.1197 −20 0.5989 0.5625

−10 0.2444 0.7854 −10 0.5431 0.2964

0 0.1745 0 0 0.5236 0

10 0.2444 −0.7854 10 0.5431 −0.2964

20 0.3843 −1.1197 20 0.5989 −0.5625

30 0.5431 −1.2744 30 0.6847 −0.7854

40 0.7088 −1.3637 40 0.7946 −0.9681

20 −40 0.7408 1.1615 40 −30 0.7946 0.6027

−30 0.5989 1.0083 −20 0.7408 0.4093

−20 0.4754 0.7854 −10 0.7088 0.2071

−10 0.3843 0.4511 0 0.6981 0

0 0.3491 0 10 0.7088 −0.2071

10 0.3843 −0.4511 20 0.7408 −0.4093

20 0.4754 −0.7854 30 0.7946 −0.6027

30 0.5989 −1.0083

40 0.7408 −1.1615

Fig. 9 Generated tool paths and the machined workpieces
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Fig. 10 Comparison of measured and predicted cutting forces and contact areas
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adopted for the calculation of cutting forces. The tangential,
radial, and binormal components are calculated as shown:

dF t Φ; θð Þ ¼ K tch Φ; θð Þdbþ K tedS
dF r Φ; θð Þ ¼ Krch Φ; θð Þdbþ KredS
dFa Φ; θð Þ ¼ Kach Φ; θð Þdbþ KaedS

ð22Þ

where dFt, dFr, and dFa (N) are the tangential, radial, and axial
components; Ktc, Krc, and Kac (N/mm2) are the shear specific
coefficients; Kte, Kre, and Kae (N/mm) are the edge specific
coefficients; dS (mm) is the length of each discrete elements of
the cutting edge; h (mm) is the undeformed chip thickness;
and db (mm) is the chip width in each cutting edge discrete
element. The coordinate transformation relationship is given
by Eq.(1). The cutting force model of [30] is not the only one
that can be employed in this work. After the undeformed chip
thicknesses are obtained, the exponential models [34] or other
type of nonlinear models (such as polynomial models) are also
can be adopted, only if the cutting force model expression
contains the undeformed chip thickness as variable, i.e., F=
F(h) in which F is the cutting force and h the undeformed chip
thickness.

The summary chart of the proposed model is given in
Fig. 8. As it is seen from this chart, the force model consists
of four modules, which are calibration, chip thickness, and
tool–workpiece engagement region, force validation, and
inclination angles optimization modules. The calculation of
cutting coefficients is necessary to characterize the couple
tool/material and to calculate the cutting force. Different
methods of calibrations for cutting force coefficients are
discussed. Lee and Altintas [30] used data from orthogonal
turning experiments for determining the cutting coefficients
with varying chip thickness. Zhu et al. [35] proposed a
method of obtaining the cutting force coefficients for ball-
end milling using the average chip thickness of slot milling
experiments. Oztruk et al. [36] presented an algorithm for
calibration of coefficients with inclined slot cutting tests after
the contact region determination is analyzed for monotonic
free-form surfaces. Cutting force coefficients considering the
size effect of undeformed chip thickness and the influence of
effective rake angle in ball-end milling are used by Liu et al.
[37]. Assuming that the cutting force coefficients of ball-end
mill cutting edge varies along the edge and depends on the
position angle θ of each element. A similar method referring
to [20, 34] for the calculation of the coefficients is adopted in
this paper. References [20, 34] discussed the cutting force
coefficients considering the influence of cutting edge incli-
nation, which also depends on position angle θ. Linear,
quadratic, and cubical polynomial coefficients have been
calculated, and it is concluded that the improvement intro-
duced by the quadratic and cubic coefficients is practically
inappreciable. However, in this work, to verify the proposed
model, it is expected to eliminate the errors from cutting tests

as far as possible, so the θ dependent cubic polynomial shear
coefficients have been selected, while the plowing coeffi-
cients have been considered as constant values. For the Al-
7075 aluminum alloy, 18 characterization tests are carried
out in Table 5. All characterization tests are half-immersion
cutting. The polynomials of the coefficients obtained for the
Al-7075 aluminum alloy are performed:

K tc ¼ 751:5þ 382θþ 120:4θ2−169:6θ3

Krc ¼ 195:4þ 83:1θþ 35:6θ2 þ 10:9θ3

Kac ¼ 65:5� 3:42θ−43:7θ2−72:2θ3

K te ¼ 5:7
Kre ¼ 4:2
Kae ¼ �1:6

ð23Þ

To demonstrate the model’s effectiveness in different
cases, comparisons between simulated cutting forces and
measured ones are presented. Totally, 34×3 inclination cut-
ting tests were carried out. The cutter runout has been regu-
lated to an acceptable limit through several trials of
clamping. All tests are slot cutting at 600 rpm with a constant
feed of 120 mm/min and constant cutting depth of 1.5 mm. In
order to ensure that only the spherical part of ball-end cutter
participates in cutting and keep a constant material removal
rate, the lead and tilt angles are restricted, and they are given
in Table 6. The inclination angles of the 34 tests are different
from each other. As it is easier to define lead and tilt angle in
tool path generation software, it should be transformed to
angles α and + before calculation. Two copies of the cutting
tests in Table 6 are added to achieve soundness and the
measured cutting forces show good accordance between
the three groups of tests. The tool paths generated by soft-
ware Unigraphics, and the machined workpieces are illus-
trated in Fig. 9.

The comparisons for nine representative cutting condi-
tions of them are shown in Fig. 10. The cutting forces are
simulated for two revolutions of the milling tool. The full

Fig. 11 Maximum forces Fxy vs. lead and tilt angles
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lines are the simulation results, whereas dotted lines are the
measured force values. The forces are plotted in the TCS
(xyz). The biggest deviations between measured and predict-
ed cutting force occur in several tests with negative tilt angle
because of the sticking effect as disc elements start in cutting
with zero chip thickness. Sticking effects can be easily ob-
served from the machined surface. The deviation is <10 % in
most of the cutting cases.

From Fig. 10, it is seen that inclination angles exert
tremendous influence on the values of cutting forces.
For example, the maximum value of Fx is over 300 N
when lead/tilt angles are 10/−40°, while it is only about
150 N when they are 10/40°. It is because the numbers
of disc elements engaged in cutting at a same time
varies a lot and contact duration is different with di-
verse inclination angles, especially tilt angles. This has
already been discussed in Section 5 and can be seen
intuitionally in Fig. 10.

To optimize the inclination angles. Ozturk and Budak [23]
presented a model used as an optimization method while
designing five-axis ball-end milling process, and it con-
cludes that the minimum force is obtained when the lead
angle is 0° and the tilt angle is 10° for an exact example.
However, there is a question that the forces fluctuation is not
only due to inclination angles but also the material removal
rate. As the cylindrical part of ball-end cutter participates in
cutting, material removal rate varies when the tilt angle
changes, i.e. greater tilt angle leads to a higher material
removal rate. However, the experiments in this work keep a
constant material removal rate and assert that the fluctuation
of forces is caused only by inclination angles. Another con-
clusion in [23] is that the effect of the tilt angle on the Fxy is
more than the effect of the lead angle. However, the inter-
nality reason is not given out. In this work a similar graphic is
shown in Fig. 11 at a constant material removal rate (the
values at (40,40) and (40,−40) is suppositional as it does not
meet the requirement that only ball part participates in cut).
The minimum Fxy is obtained at (10,0) or (40,30). It can be
explained: When lead and tilt angle is (10,0), the contact area
is near to cutter tip, and value of Fz component is big, which
leads to smaller Fxy. For the other case at (40,30), the shear
coefficients is decreased at higher position angle θ as the
polynomials (Eq. 23) have negative cubic terms. This is a
compensation that makes the effect of the lead angle on the
Fxy less than that of the tilt angle.

7 Conclusion

The prediction of cutting force in five-axis ball-end milling is
discussed in this paper. The cutting force prediction is based
on the decoupled chip thickness calculation model. We give
the proposition that the chip thickness of cutting with both

lead and tilt angles can be decoupled by the sum of chip
thickness distributed from the two individual resolved cut-
ting conditions. The proposition is proved using the inten-
sive numerical analysis and experimental verification.
Although the geometrical as well as the kinematics meaning
of the proposition is obvious, it cannot be proved easily
because of the complex engagement between parts and cut-
ters involved. To assess the accuracy of proposed model, the
numerical analysis and experiments are carried out. The
material removal volumes based on the proposed chip thick-
ness model are compared with the theoretical results. The
cutting experiments validate the cutting force prediction re-
sults based on the chip thickness calculation model and the
effects of inclination angles on cutting forces are analyzed,
which is helpful for the selection of an appropriate tool
posture.
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