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Abstract The collapsing deformation of an outer flange is
the key factor affecting the forming quality of a thin-walled
rectangular tube during the rotary draw bending process.
Therefore, the collapsing deformation is a problem that
needs an urgent solution. Firstly, based on the simplified
model for loads and deformation of the outer flange, the
force acted by the core die and the bending moment acted by
the clamp die are obtained analytically. Then, the analytical
formula of collapsing deformation is deduced based on the
theory of plate and shell, and finally, the analytical model is
validated by comparison with simulated and experimental
results. The study is of great significance to elevate the
forming quality of a thin-walled rectangular tube during
the rotary draw bending process.

Keywords Thin-walled rectangular tube - Rotary draw
bending - Collapsing deformation - Analytical model

1 Introduction

The numerical control (NC) rotary draw bending technology
of a thin-walled rectangular tube has attracted more and
more applications in various high-technology industries,
such as aviation, aerospace, radar, and satellite communica-
tions, due to its realization of the manufacturing of a thin-
walled bent rectangular tube accurately, flexibly, and effi-
ciently [1]. However, the bending is a complex process with
multi-nonlinearity under multi-dies constraints, and the
cross-section distortion is the key factor determining the
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bending limit and quality during the process with small
bending radius. The cross-section distortion is mainly in-
duced by the collapsing deformation of the outer flange
during the bending process. The analytical solution can
provide designers a more global view in terms of the general
tendency and the effect of individual parameters on the
forming quality of the rectangular tube. Therefore, it is
necessary to establish an analytical model to describe the
collapsing deformation of a thin-walled rectangular tube
during the rotary draw bending process.

Great efforts have been made previously for cross-section
distortion in bending processes of tubes with different sec-
tions. The collapsing deformation of thin-walled box section
beams in pure bending process was studied through combined
experiment and analytical analysis by Kecman [2], and math-
ematical equations were developed to predict the axial and
bending resistance based on limit analysis. Cimpoeru [3]
investigated the large deflection of a thin-walled square tube
experimentally and obtained the relationship between the
bending moment and angle of rotation. It was found that a
small tension could affect the post suck-in deformation great-
ly. Kim [4] studied the bending collapse of thin-walled rect-
angular columns and established a new collapse mechanism
analytically. Stretch bending of a rectangular tube was inves-
tigated by Clausen [5, 6] experimentally and numerically, and
a numerical model using the code LS-DYNA was obtained.
An efficient formulation was presented by Corona [7] to
predict the cross-section distortion and springback of extru-
sions with arbitrary, thin-walled cross section, and it was
found that higher tensions induced a relatively large, perma-
nent cross-section distortion. In reference [8], the authors
investigated the shearing bending process of a circular tube
experimentally, and an elastoplastic 3D finite element simula-
tion was conducted, aimed at clarifying the forming mecha-
nism. Miller [9-11] made a systematic study on the effects of
tension and pressure on distortion and then established 2D and
3D analytical models of the bend—stretch forming. The
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analytical expressions were derived by Zhu [12, 13] for the
amount of distortion and the needed internal pressure in
stretch bending of the rectangular tube based on energy min-
imization. The analytical models were developed by Paulsen
[14—16] to predict the distortion of cross-section members in
the stretch bending of a rectangular tube based on the plastic
theory and the energy method. Most of these studies are
focused on stretch bending and pure bending, and the effects
of dies are neglected. Although they have played positive
roles on studies of tube bending, all the investigations are
confined to pure bending instead of considering the potential
effects of bending modes and other externally applied forces.
A comprehensive computer-based methodology, Tube
ProDes, is proposed for process design of the rotary draw
bending of tubes [17]. It is useful for us to design and manu-
facture various dies in rotary draw bending of tubes. In refer-
ence [18], the effect of the internal pressure on the cross-
section ovality, wall thickness, and wall thickening was stud-
ied for the rotary draw bending of aluminum alloy tubes. For
the rotary draw bending process of a thin-walled rectangular
tube, it is a complex forming process under the coordination of
multi-dies, and the effects of dies on forming quality of
rectangular tube are significant. These studies are mainly
carried out by finite element (FE) simulation [19, 20]. Up to
now, the analytical analysis on the effects of various dies on
collapsing deformation for the rectangular tube during the
rotary draw bending process is scarcely reported previously.

In this paper, the effects between rectangular tube and
dies are analyzed, and the force between the outer flange
and core and the bending moment acted by the clamp die
are obtained analytically. Under these loads, the collaps-
ing deformation function of the outer flange is deduced
based on the small deflection hypothesis and the theory
of plate and shell. And then, the analytical model is
validated by comparison with experimental and FE-
simulated results.

2 The establishment of analytical model for collapsing
deformation of outer flange

2.1 The simplified model for loads and deformation of outer
flange

The rotary draw bending of a thin-walled rectangular tube is
shown in Fig. 1. In the bending process, the forward parts of
the tube are clamped by the clamp die and clamp insert die
externally and supported by a clamp plug die internally. The
clamp die provides a bending moment to force the tube to
bend around the bending die. The backward parts are clamped
by a pressure die and wiper die externally and supported by a
mandrel die internally. The pressure die gives a boost force at
a certain boost velocity. It can be considered that the forward
and backward zones of the bent tube are clamped tightly by
the dies against the deformation. The mandrel and cores are
inserted into the hollow tube to prevent cross-section distor-
tion. Therefore, there are only two dies affecting the deforma-
tion of the outer flange directly, i.e., clamp die and core die.
The collapsing deformation w (as shown in Fig. 1) can be
divided into two parts: w,. (as shown in Fig. 2a) acted by force
q. between cores and outer flange and wy, (as shown in
Fig. 2b) acted by bending moment M provided by the clamp
die. Because both deformations are in opposite directions, the
total collapsing deformation w is given in Eq. (1).

W= Wy Wge (1)

2.2 The analytical analysis of force g, acted by cores
and bending moment M acted by clamp die

In the bending process, the rectangular tube is cut away
along the bending direction and width direction, as shown
in Fig. 3. To analyze the stress of the tube, the element is
extracted from the outer flange. The stress acted on the
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Fig. 2 The collapsing deformation of outer flange: (a) w,. acted by force g., (b) w), acted by bending moment M

element is shown in Fig. 4, including o, in the bending
direction, o in the width section, and o, in the radial
direction. The stress equilibrium equations of the element
are given in Eq. (2) in the width direction and Eq. (3) in the
bending direction.

(0 + do,)(r + dr)dB(R + dR)da—o,rRdBda]  cosf 2)
*[(05 + d(rg)dr(R + dR)da*(rﬂRdrda] sinf3 + o,rdrdad = 0

[(o, + do,)(r + dr)dB(R + dR)da—o,rRdda]sin 3
+ (05 + dog)dr(R + dR)da—osRdrdo] cos3 = 0 (3)

where « is the angle between the section and bending
reference plane; [ is the angle between the section and the

section

Fig. 3 The cutaway in three views and the element extracted from the
outer flange

middle section;  and R are the bending radius of the outer
flange in the width direction and bending direction, respec-
tively; R, is the bending radius of the rectangular tube, as
shown in Fig. 2b. In the bending process, the geometric
relationship between R, and R is given in Eq. (4).

R~Ro + h / 2 (4)

where / is the height of the rectangular tube.
By (3)xcos S—(2)xsin 3 and then eliminating drda in
both sides, Eq. (5) can be given:

RdO"g + O'ﬁdR = Jarsinﬂdﬂ (5)
It can be converted into Eq. (6):
d(Rog) = orsinfid3 (6)

In the bending process, the variation of flange width can
be neglected. So the following equation can be derived as

rsinBdp = dl (7)

where /3 is the arc length corresponding to the angle (3 in the
width direction.
Substituting Eq. (7) into Eq. (6), Eq. (6) can be written as

d(RO’J@) = O’adlg (8)

It is mentioned that the circumferential stress is 0 in the
middle section according to the symmetrical character. The
boundary condition can be written as 3=0, /3=0, 05=0.
Integrating Eq. (8) and combining the boundary condition,
Eq. (9) can be derived as

RO’(; = O'alg (9)

For the rectangular tube with dimensions 24.86x12.2 x
1 mm, the width/thickness ratio is up to 24.86, and it is
bigger than 15. Therefore, the outer flange is seen as a shell
in the analytical model. So the radial stress is neglected.
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Fig. 4 The stress of element

. . . VA
shown in two views: a in the a 4

b ‘\Z

width direction, b in the
bending direction

According to the Tresca yield criterion, the relationship
between o, and o4 is given as

(10)

0a—0p3 = Oy

where o, is the yield strength of the tube material.
By the combination of Egs. (9) and (10), the following
expression can be given as

h
Ro + /2 Iy
Oa sy  0p

=, SR — (11)
Ro+" /51 DR+l

In the bending process, the tube and core die are compressed
to contact in the local area. The relationship between the
contacted stress and the external force is highly nonlinear, so it
is difficult to obtain g. between the core die and rectangular tube
from the external force acting on the tube. The Hertz theory is
initially restricted to frictionless surface and perfectly elastic
solids. However, the development of the theories of plasticity
and linear viscoelasticity has enabled the stresses and deforma-
tions at the contact of inelastic bodies to be examined [21, 22].
The large lubricant is applied in the core—tube interface to
reduce the friction between core die and tube. The core die is
simplified as rigid with no deformation, and plastic deformation
of the rectangular tube had occurred in the bending process.
Therefore, it is reasonable to obtain the stress between tube and
core die g, according to the Hertz contact theory. The core and
outer flange can be seen as cylinders. Initially, the flange and
core are contacted at one point and then in a surface. So the force
q. between cores and outer flange can be obtained as follows:

1- 2 1— 2
211202 CRR( —Le 4 L
E. | E

(R-R.)(C* + 1)

(12)

qc =

where 11 and 1, is the Poisson ratio of tube and cores, respec-
tively; C is the clearance between core and outer flange; /, as
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shown in Fig. 3, is the arc length of the flange in the bending
zone; [, is the length of the core; R.. is the radius of the core, as
shown in Fig. 1; and E. and E are Young’s modulus of the
cores and tube, respectively.

Assuming the core is seen as a rigid body, i.e., E.—~+w,,
and C« [, Eq. (12) can be simplified to:

_ 2nL20%C*R.R(1-11?)
e = E(R—R.)?

(13)

According to the principle of virtual work, the total bending
moment that acted on the outer flange can be determined as

b/2
R0+h/2

M:Z/ U“Tthdzﬁ —th(Ro+h/2)ln<W) oy

(14)

where ¢ and b are the thickness and width of the rectangular
tube, respectively.

2.3 The determination of collapsing deformation
2.3.1 The equilibrium function of outer flange

For a plate subjected to the force, the following differential
equation should be satisfied according to the theory of plate
and shell.

oMw oMw
+2——+

otw _q
ox2oy: o D

i 15
where w is the collapsing deformation of the outer flange,
D= ﬁfﬂ?) is the flexural rigidity of the outer flange,
and ¢ is the transverse load on the outer flange.
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To determine the collapsing deformation function, firstly,
the general solution is obtained through solving the differen-
tial equation. And then, the coefficients of the general solution
are derived by combination with the boundary conditions. The
collapsing deformation function is obtained finally.

2.3.2 The collapsing deformation w,. acted by force q.
between cores and outer flange

The collapsing deformation w,, is disintegrated into two parts
according to single trigonometric series as shown in Eq. (16).

= ;fm@)sm? (16)

The force g. between core and outer flange is also ex-
panded in single trigonometric series as follows:

qu sm— (17)

So it can be obtained that

2 (b mmy 2q,
qn(x) —Z/O qcsdey—ﬂ(l coSmT) (18)

And it can be simplified as:

q. o
gn(x) = {m (m=1,3,5,~) (19)
0 (m=2,4,6,-)

Substituting Eqs. (16) and (18) into the differential Eq.
(15), it can be derived

£ =2 (") )+ (20) ) = 2

It is employed that

It is easy to confirm that /* is the particular solution
of Eq. (20). And the general solution of Eq. (20) can be
given as follows:

mTX | mMmX
mmx

D,y N Nl 22
+ b 5 (22)

So the solution of Eq. (20) is calculated as:

X | MTX
A p 1 B, n Cn ch
Flo) = Anch =5 4 Bush =5 4 G Zch

+ D, h@ +r (23)

b

For the collapsing deformation w,. acted by force ¢,
between core and tube, the boundary condition can be
supposed that two edges of the outer flange in the bending
direction are simply supported, and the other two edges of
the outer flange in the width direction are fully fixed.
Therefore, the boundary conditions can be given by combi-
nation Fig. 2a with Fig. 3.when

OWye

oy

x=0,l,wge =0, =0; y=0,b, wge =0 (24)
where x=Ra, « the angle between the section and bending
reference plane.

Substituting Eq. (24) into Eq. (23), the coefficients in Eq.
(23) are given as

chk,,—
= B,
771 f hk + k’n f C
chk,,— shk,,
- — — * 2
shk,, + kmf » D shk,, + k,,,f (25)

where k,, = e
So the collapsing deformation function acted by the force

= ;ng: (1=cosmn) (21) between core and outer flange is obtained:
T m
—ch mmx n chk,,—1 g mmx _ chk,—1 mmx  mmx
N b shky+kn b  shkp+kn b b | e mmy
Woe = Zl 4 shk,, mmx X L " J'sin b (26)
m= S

shk,, +kyn D b

2.3.3 The collapsing deformation wy, acted by bending
moment M

For the collapsing deformation w,, acted by bending mo-

ment M, there is no transverse load acted on the flange, so
¢»=0. And then function (15) can be simplified as

VAV2wy =0 (27)

It is easy to determine that w;,=0 is the particular
solution of Eq. (27). And the general solution is given
as

o0

WM(xay) = Z

n=1

. nTx . nm ATEY i T
(anch b + b, sh b +cn b ch b +d b sh b) 5
(28)
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For the collapsing deformation w,, acted by bending mo-
ment M provided by the clamp die, the boundary condition
can be supposed that four edges of the outer flange are simply
supported. The boundary conditions can be given in the
following equation by the combination of Fig. 2b with Fig. 3.

when

GZWM

=0,/ =0,D———
X y L WM P o2

= M;when y=0,b,wy; =0
(29)

Substituting Eq. (29) into Eq. (28), the coefficients are
given as

nml nml

sh— +3ch—-—3 3
ay=0,b, =—Db b (i) M,
shn—ﬂl mm
b
/ /
H;h% e ch%fl B3
Cp = — M7 dn =——|—| M
sh™ \mm il o \mm
b b b

(30)

So the collapsing deformation w,, acted by bending mo-
ment M can be derived as

sh%rl + 3chn77rl—3 o
< nrl sh b 3
Wi (¥,) = Z mrlb nml (%) Msin ™~ (31)
n=l I=ch “p nmx . nmx ch b e
P T BN
b b b
Finally, substituting Egs. (26) and (31) into Eq. (1), the total
collapsing deformation of outer flange w can be obtained
analytically.
sh%ﬂ+3ch’%ﬂ—3 X
nl sh b
- sh b b\’ nmy
WM = Z nml nrl (n_ﬂ> Msin b
=l I_ChT nTx | nmx ChT_l nTX | NmX
Shn_7rl TChT+—n_7ﬂ_shn_7|'lTs T (32)
b b b
B ch mmx n chk,,—1 g mnx chk,,—1 mmx . mnx
_ Z b shi, + ki, b shk, +k, b b r sin ™Y
=\ 4 shk,, mmx o T 41 b
shkw +kn b b

The collapsing deformation w for 3A21 aluminum alloy
thin-walled rectangular tube when m, n=1, m, n=3, and m,
n=5 are listed in Table 1, respectively. It can be seen that the
collapsing deformation when m, n=3, and m, n=5 is

shk + 3chk-3  =x

infinitesimal to the collapsing deformation when m, n=1.
So the simplest case of m, n=1 is selected to measure the
collapsing deformation of the outer flange within the accept-
able accuracy, and Eq. (32) is simplified as shown in Eq. (33).

_ Ve AN
W= l-chk mx  mx chk—1mx  mx <;> Msmb—
shk b b kshk b b (33)
—(—chﬂ—l— chk—1 h™ chk—1 ™ T shk Bshﬂ—&—l)f*sinﬂ
b shk+k b shk+k b b shk+k b b b
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Table 1 The value of collapsing deformation w

The angle (°) m, n=1 m, n=3 m, n=5

0 0.2311 0 0

2.25 0.28856 0.000687 0.000115
4.5 0.30811 0.001043 4.91E-05
6.75 0.34679 0.003125 0.000178
9 0.39181 0.003742 0.000259
11.25 0.43783 0.001345 4.26E-05
13.5 0.4826 0.000826 0.000192
15.75 0.52635 0.006483 0.000836
18 0.56874 0.001741 0.000217
20.25 0.60888 0.002218 0.00013
22.5 0.64647 0.005455 0.000239
24.75 0.68053 0.006839 0.000549
27 0.711 0.001927 2.1E-05
29.25 0.73833 0.000781 0.000281
31.5 0.76101 0.009307 0.001183
33.75 0.77995 0.002926 0.00027
36 0.79558 0.00306 0.000206
38.25 0.80668 0.006321 0.000186
40.5 0.81516 0.008565 0.000774
42.75 0.82047 0.001887 3.38E-05
45 0.82199 0.000351 0.000288
47.25 0.82033 0.009914 0.001231
49.5 0.81565 0.003624 0.000239
51.75 0.80724 0.003223 0.000236
54 0.79608 0.005736 8.03E-05
56.25 0.78087 0.008527 0.000847
58.5 0.76172 0.001405 8.55E-05
60.75 0.73885 0.000131 0.000226
63 0.71192 0.008461 0.001014
65.25 0.68145 0.003497 0.000151
67.5 0.64727 0.002643 0.000202
69.75 0.60975 0.003997 1.09E-05
72 0.56959 0.006428 0.000689
74.25 0.52706 0.00071 9.54E-05
76.5 0.4835 0.000364 0.000121
78.75 0.43867 0.005101 0.000584
81 0.39208 0.00228 5.23E-05
83.25 0.34683 0.001427 0.000111
85.5 0.30827 0.001814 3.8E-05
87.75 0.28789 0.003339 0.00038
90 0.23024 0.000187 5.63E-05

3 Validation of the analytical model

3.1 The comparison between the analytical
and experimental collapsing deformation

The geometric dimensions of rectangular tube and cores
used are shown in Table 2. The material of the rectangular

Table 2 The geometric dimensions of core and 3A21 aluminum alloy
rectangular tube

Experimental parameters The value
Core length L./mm 22.66
Radius of cores R./mm 5

The height of rectangular tube #/mm 12.2

The width of rectangular tube b/mm 24.86
The thickness of rectangular tube #/mm 1

tube is 3A21 aluminum alloy, and the material parameters
are obtained by tensile test using CSS-44100 electric uni-
versal testing machine, shown in Table 3. The analytical and
experimental studies are conducted respectively in the con-
ditions as shown in Table 4.

The experiments are conducted in the NC bending ma-
chine W27YPC-63, as shown in Fig. 5a. And all the various
dies used are shown in Fig. 5b. The tube after being bent is
shown in Fig. 6. To investigate the collapsing deformation
of the outer flange during the rotary draw bending process
of the rectangular tube, the sections are selected in the bent
zone of the tube shown in Fig. 7, and the angle between the
two adjacent sections is 10°. The section of angle 0° is the
bending reference plane unchanged with the bending pro-
cess. The collapsing deformation obtained by experiment is
shown in Fig. 8.

In order to predict the collapsing deformation thoroughly
and precisely, the sections are selected in the bent zone of
the tube, and the angle between the two adjacent sections is
2.25°. Substituting the data in Tables 2, 3, and 4 into Eq. (1),
the collapsing deformation of the outer flange using the
analytical model can be obtained, and then the result is
shown in Fig. 8.

From Fig. 8, it can be observed that the collapsing defor-
mation of the outer flange increases firstly and then de-
creases with the bending angle. And the maximum
collapsing deformation is located in the cross section with
angles of 40-50°, which is in the same tendency as that of
the experimental result. The error between analytical and
experimental collapsing deformation does not exceed 15 %.
Good agreement between analytical and experimental col-
lapsing deformation is found. So it can be concluded that the
proposed analytical model of collapsing deformation is val-
idated to be credible.

Table 3 The material parameters of 3A21 aluminum alloy

Experimental parameters The value
Elastic modulus £/GPa 60.2
Yield strength o/MPa 120
Poisson’s ratio p 0.33
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Table 4 The process parameters used in experiment, analytical analysis, and FE simulation

Parameters Experimental value Analytical value Simulated value
Bending angle 6/° 90 90 90

Bending radius R/mm 40 40 40

Core number n 3 Tube is supported fully in bent zone 3

Friction state between mandrel and tube Lubricated by aero oil - 0.1

Friction state between clamp dies and tube Dry friction - 0.7

Clearances between dies and tube/mm 0.1 0.1 0.1

3.2 The comparison between the analytical
and FE-simulated collapsing deformation

A 3D FEM model of rotary draw bending of a thin-walled
rectangular tube is built under the ABAQUS/Explicit envi-
ronment as shown in Fig. 9. The model has been validated to
be credible[19]. The rectangular tube is meshed using linear,
four-node shell elements with reduced integration (S4R).
Four-node 3D bilinear rigid quadrilateral discrete rigid ele-

ments are selected to describe the discrete rigid dies during
the bending process. The collapsing deformation of the
outer flange is obtained by using process parameters listed
in Table 3, and then it is also shown in Fig. 8.

It can be seen that the collapsing deformation of the outer
flange obtained from FE simulation and analytical analysis
is symmetrical with the section of 45° from Fig. 8. The
difference between analytical and FE-simulated collapsing
deformation in the middle zone is minor, and the difference

Bending die

Wiper die
Mandrel+flexble cores

Fig. 5 Tube bender and dies: a NC bending machine W27YPC-63, b various dies

Fig. 6 The tube after being bent by experiment
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Fig. 8 The comparison among analytical, simulated, and experimental
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in the forward and backward zone is major. Fortunately, the
major difference is within acceptable limits of 20 %.

In the backward zone between the sections with the angle
of 0° and 20° and the forward zone between the sections
with the angle of 70° and 90°, the collapsing deformation
obtained by the analytical model is the smallest. The reason
is that in the analytical model, it is supposed that the tube
cannot deform in the two terminals under the constraint of
dies. However, the tube can deform in a small scale by
experiment and FE simulation. In the zone between the
sections with the angle of 20° and 70°, the collapsing
deformation obtained by analytical model is the biggest. In
order to elevate the computational efficiency, the single
trigonometric series of collapsing deformation is simplified
with n=1. It induces that the collapsing deformation
obtained by the analytical analysis is bigger than those
obtained by FE simulation and experiment.

In addition, the analytical approach has a great advantage

and convenience. It would take much work and time to
assembly the dies experimentally, and a trial-and-error ap-
proach costs highly. Even though the mass scaling factor of
10,000 is adopted to reduce the computation time for FE
simulation, it still takes 25 h of CPU time to simulate the
collapsing deformation. By using the presented analytical
model, usually less than 100 s is needed. From this point of
view, the analytical method provides an efficient way of
predicting the collapsing deformation of the outer flange.

4 Conclusions

1. The constraints of various dies on the rectangular tube
in the rotary draw bending process are analyzed, and the
simplified model for loads and deformation of outer
flange is made. Based on the simplified model, the force
between core and outer flange is obtained according to
Hertz contact theory, and the bending moment acted by
the clamp die is derived by principle of virtual work.

2. The collapsing deformation function of the outer flange
is divided into two parts: one acted by force between
core and outer flange, and the other acted by bending
moment. Based on the small deflection hypothesis and
theory of plate and shell, the analytical model for the
collapsing deformation is established employing the
single trigonometric series.

3. The analytical, experimental, and FE-simulated collaps-
ing deformation of the thin-walled rectangular tube in
rotary draw bending processes are investigated respec-
tively. It is found that the collapsing deformation of the
outer flange obtained by analytical model agrees well
with the results obtained by experiment and FE simula-
tion. It is validated that the analytical model for the
collapsing deformation of the thin-walled rectangular
tube in rotary draw bending process is credible and

over FE simulation and experiment in computational time efficient.
Fig. 9 3D FE simulation model Rectangu}ar tube  Pressure die Boost direction
using ABAQUS
Clamp die
IR NANERNE
L] IEARRAENENENENREEEN] INNERNEENE
VIV TR IR TR TP IR T TV T T T T P LR ]
| U INEANEENENEEEEEE N
_ 22N
Wiper die N\
/Y
Flexible cores i
Mandrel Bneding direction
Bending die
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