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Abstract Non-uniform rational b-spline (NURBS) tool
path is becoming more and more important due to the
increasing requirement for machining geometrically
complex parts. However, NURBS interpolators, particu-
larly related to five-axis machining, are quite limited
and still keep challenging. In this paper, an adaptive
feedrate scheduling method of dual NURBS curve in-
terpolator with geometric and kinematic constraints is
proposed for precision five-axis machining. A surface
expressed by dual NURBS curves, which can continu-
ously and accurately describe cutter tip position and
cutter axis orientation, is first used to define five-axis
tool path. For the given machine configuration, the
calculation formulas of angular feedrate and geometric
error aroused by interpolation are given, and then, the
adaptive feedrate along the tool path is scheduled with
confined nonlinear geometric error and angular feedrate.
Combined with the analytical relations of feed acceler-
ation with respect to the arc length parameter and fee-
drate, the feed profiles of linear and angular feed
acceleration sensitive regions are readjusted with
corresponding formulas and bi-directional scan algo-
rithm, respectively. Simulations are performed to vali-
date the feasibility of the proposed feed scheduling
method of dual NURBS curve interpolator. It shows
that the proposed method is able to ensure the geomet-
ric accuracy and good machining performances in five-
axis machining especially in flank machining.

Keywords Interpolator . NURBS . Feed rate . Five-axis
machining . Tool path

1 Introduction

Five-axis tool paths, respectively, include cutter tip and
orientation data. Compared with discrete data format, the
five-axis tool path that is defined in terms of non-uniform
rational b-spline (NURBS) has the advantage of improved
path smoothness and reduced size of machining codes.
However, geometrically smooth tool path does not mean
that it must generate a smooth cutter movement. Different
from three-axis machining, five-axis machining involves
simultaneous and coupled translation and rotation move-
ments, the coupling effects between two types of move-
ments lead to that the feed interpolation with constrained
geometric error and kinematic characteristics has become a
challenging issue. It gets more and more significant due to
the increasing requirements of high-speed and high-
accuracy machining [1–3].

After a long-term evolution process of parametric
interpolator, particularly NURBS interpolator, in NC
machining, some methods [4–15] with constraints have
been proposed respecting different application back-
grounds for three-axis machining. For example,
NURBS interpolator for short linear segments [16],
NURBS curve interpolator with acceleration/deceleration
(Acc/Dec) control [17–19], dynamics-based NURBS in-
terpolator [20–22], NURBS interpolator with minimal
feed fluctuation and continuous feed rate [23, 24],
NURBS surface interpolator [25, 26], and NURBS
curve interpolator based on control of speed and preci-
sion [27–29]. Generally, the interpolator algorithms used
in three-axis machining cannot be directly translated to
five-axis machining owning to the two additional rota-
tion axes. Currently, limited methods are available for
five-axis machining. For example, aiming at constant
feed interpolator for five-axis machining, Fleisig and
Spence [30] presented a reduced angular acceleration
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interpolation algorithm for off-line interpolation of a set
of discrete cutter location points consisting of a position
vector, representing the tool tip, and an orientation unit
vector, representing the tool axis. In the method, three
splines, namely position, orientation, and reparameteri-
zation, are computed. Among them, the position and
orientation splines are both near arc length parameter-
ized splines. Also, the coordinated motion is accom-
plished with an orientation reparameterization spline.
To some extent, the ability of controlling angular accel-
eration is limited since adaptive feedrate is not used in
the interpolator. Xu. et al. [31] proposed a novel angular
interpolation method for bi-parameter curves. Fatan and
Feng [32] presented a method to access the geometry-
based errors for interpolated tool paths in five-axis
surface machining. Their work focused on the error
due to tool path discretization done by the CAM soft-
ware. They pointed out that besides the local surface
geometry, the configuration of the kinematic chain of
the CNC machine has been found to be the primary
factor controlling the resulting value and type of the
geometry-based errors. Implementations with a typical
complex free-form surface validated that the convention-
al chordal deviation method was not reliable and could
underestimate significantly the geometry-based errors in
five-axis machining. Li et al. [33] presented a NURBS
pre-interpolator with three function options for a CNC
system so that the NURBS interpolator can be thor-
oughly applied for five-axis machining. The first func-
tion is called the NURBS converter function, which is
used to convert a series of linear/circular segments
exactly into a NURBS curve. The second function is
the NURBS smoother function, by which, a series of
linear segments are fitted to a NURBS curve. The third
option provides two kinds of NURBS G code definition,
by which, the NURBS trajectory with five axes can be
represented directly. Upon using the three options of the
NURBS pre-interpolator, a unified NURBS curve can be
obtained for further interpolation.

In five-axis machining, the feed in machining codes
is very different from that of cutter tip due to the
nonlinear coupling relations between the rotation axes
and translation axes of the machine. Even constant feed
of machine control center is also possible to generate
significant feed fluctuations of tool center point (TCP).
Therefore, with a view to ensure the machining accura-
cy and quality, an effective interpolator with rotation
tool center point (RTCP) function, which has the ability
of accurate control of cutter tip, has become a research
focus. To achieve this goal, the data format of dual
NURBS tool path [34, 35] has been developed recently.
Different from others, RTCP interpolator usually defines
the five-axis tool path in part coordinate system. Then,

inverse kinematic transformation is carried out in the
NC unit, and thus, the TCP coordinates are transformed
to the actual position of each machine axis.

This paper presents a rapid off-line feedrate scheduling
method of NURBS interpolator for five-axis NC machining
in order to simultaneously consider the factors that affect
machining accuracy such as geometric and kinematic con-
straints. The main features in the proposed method are (1)
geometric error limit—the nonlinear geometric error gener-
ated in five-axis machining especially with a long cutter is
usually larger than the chord error; (2) maximum angular
feed limit—it is helpful for reducing the rotation angle of
cutter axis at regular time interval and the inconsistency of
cutting feed; (3) kinematic constraints of cutter axis—the
change rate of cutter axis rotation speed is restricted to avoid
the excess fluctuations of angular feed; (4) kinematic con-
straints of cutter tip: the linear feed Acc/Dec is limited for
maintaining feed steadiness of cutter tip. Using the off-line
scheduled feed spline, the complicated calculation of adap-
tive feedrate profile in real time is avoided while maintain-
ing the desired geometric precision and kinematics
characters. In the real-time process, it only needs to perform
inverse transformation according to the two splines of tool
path and feed profile for generating interpolation point.

2 Dual NURBS curve interpolator

2.1 Dual NURBS curve

As one of the most popular industry standards, NURBS are
widely used in tool path planning due to its exact analytic
representation and the ability of local adjustment. Since the
cutting location data consists of a position vector and an
orientation unit vector, as shown in Fig. 1, a continuous
spatial trajectory segment of a given cutter in five-axis

Fig. 1 Tool path surface defined by a ruled surface
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machining is essentially described by dual NURBS
curves with the following expressions in the part coor-
dinate system.

S u; vð Þ ¼ 1� vð ÞPðuÞ þ vQðuÞ v 2 0; 1½ �; u 2 0; 1½ � ð1Þ

where v is the parameter of the tool path surface, P(u)
is the trajectory of the cutter tip point in part coordinate
system, and Q(u) is the trajectory of a fixed point
except the cutter tip point on the cutter axis. To make
the two trajectories keep pace with each other, the two
curves are given the same parameter u. P(u) and Q(u)
are two NURBS curves given as follows:

PðuÞ ¼ Pn
i¼0

Ni;kðuÞwipi
Pn
i¼0

Ni;kðuÞwi

�

QðuÞ ¼ Pn
i¼0

Ni;kðuÞwiqi
Pn
i¼0

Ni;kðuÞwi u 2 0; 1½ �
� ð2Þ

where pi and qi represent the control points, ωi is the
weight factor, u is the normalized arc length parameter
of the spline curve P(u). n+1 is the number of the
control points, and Ni,k(u) is the b-spline basis function
with the following recursive formulas:

Ni;0ð0Þ ¼ 1 ui � u � uiþ1

0 otherwise

�

Ni;kðuÞ ¼ u� ui
uiþk � ui

Ni;k�1ðuÞ þ uiþkþ1 � u

uiþkþ1 � uiþ1
Niþ1;k�1ðuÞ

where [u0,⋯,un+k+2] represents the knot vectors.
The unit vector H(u)=(Hx(u), Hy(u), Hz(u)) of cutter axis

orientation at parameter u is calculated as

HðuÞ ¼ QðuÞ � PðuÞð Þ QðuÞ � PðuÞk k= ð3Þ

2.2 Principle of NURBS interpolation

NURBS curve interpolator involves the computation of the
next sampling period parameter according to the curve
information and the feedrate of current sampling period.
By using the Taylor series expansion of u(t) at t= ti, the
second-order interpolation algorithm for parameter u with
respect to time t is expressed as

uiþ1 ¼ ui þ T
du

dt

����
t¼ti

þ 1

2
T2 d

2u

dt2

����
t¼ti

þ HOT ð4Þ

where T is sampling period and HOT represents the high-
order truncation error.

The instantaneous feed rate V(ui) along the cutter tip path
P(u) is written as

V uið Þ ¼ dPðuÞ
dt

����
����
u¼ut

¼ dPðuÞ
du

����
����
u¼ui

du

dt

����
t¼ti

ð5Þ

Then Eq. (4) can be further given as

uiþ1 ¼ ui þ V uið ÞT
dPðuÞ
du

��� ���
u¼ui

þ T2

2

d2u

dt2

����
u¼ui

ð6Þ

where

d2u

dt2
¼

d V dPðuÞ
du

��� ���.� �
dt

¼
dV
dt

dPðuÞ
du

��� ���� Vd dPðuÞ
du

��� ��� dt=

dPðuÞ
du

��� ���2

Furthermore, if the path parameter u is normalized arc
length parameterization, then ‖dP(u)/du‖=κ where κ is the
length of the curve. Thus, Eq. (6) can be simplified as

uiþ1 ¼ ui þ V uið Þ
k

T þ a uið Þ
2k

T2 ð7Þ

where a is acceleration. From Eq. (7), it can be seen that the
position of next sampling point in interpolator has relations
with the feedrate and geometric properties of the cutter tip
path. However, once the path parameter is given as normal-
ized arc length parameter, the position of next sampling
point has only relations with the kinematic parameters of
cutter tip.

3 Proposed interpolator method

Compared to the three-axis machining, the cutter movement
is more complex and difficult to control in five-axis machin-
ing owning to the orientation change of cutter axis. The
structure of the proposed feedrate scheduling method of
five-axis NURBS interpolator is shown in Fig. 2, which
mainly includes four function modules: maximum angular
feedrate calculation module, geometry-based error calcula-
tion module, adaptive feedrate scheduling module, and
Acc/Dec control module. The first module is mainly used
to confine the excess rotation of cutter axis and thus prevent
the dramatic change of cutting parameters such as cutting
load. Otherwise, excessive orientation fluctuations will
cause the deterioration of machining surface quality.
Geometry error calculation module is used to ensure the
machining accuracy. Nonlinear error rather than chordal
error is considered in case that the geometric error in five-
axis interpolator is underestimated. The third module, adap-
tive feedrate scheduling module, will schedule the feedrate
to confine chord error and angular feedrate within the pre-
scribed value. The angular/linear feed Acc/Dec control
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module is to detect the feed sensitive region in interpolator
and readjust feed profile using a derived formula and bi-
directional scan scheme. Excessive Acc/Dec may probably
lead to the significant change of cutting load. As a result, it
will cause the unsteadiness of machining process. The max-
imum Acc/Dec is limited within a preset value when the
angular or linear feed Acc/Dec exceeds the desired range. It
is also helpful to reduce the shock to the machine and cutter
caused by feed Acc/Dec and improve the machining quality.
After the feedrate scheduling, the corresponding parameter
value of the sampling point can be calculated with Taylor
series expansion formula.

3.1 Adaptive feedrate scheduling

3.1.1 Feedrate determined by geometric error

In five-axis machining, only considering chord error will
underestimate the geometry error aroused by parametric
interpolation. At each sampling period, the resulting nonlin-
ear error is related to the configuration and size of a specific
five-axis machine. For a cutter location pointW(P,H) in part
coordinate system, where P=(Px,Py,Pz) is the cutter position
data and H=(Hx,Hy,Hz) is the unit orientation vector, to
make the cutter tip move to the exact position with a desired
cutter orientation, the corresponding machine control dataM
(G, D) needs to be defined with five parameters, namely the
two rotation angles G=(a, b) and three translation coordi-
nates D=(x, y, z). The transformation relations between the
machine control data and cutter location data are derived by
establishing a kinematic model according to the concrete
machine configuration. Without losing generality, a five-
axis with dual rotary head machine configuration is used

here as an example [36]. Let the direction of each
coordinate axis of part coordinate system be aligned
with that of machine coordinate system, and at initial
status, the origin of the part coordinate system be coin-
cided with the cutter tip. For the spindle-tilting machine
configuration, the inverse kinematic transformations are
given as

Hx Hy Hz 0
� 	T ¼ TðEÞBðbÞBðaÞ 0 0 1 0½ �T
Px Py Pz 1
� 	T ¼ TðEÞBðbÞBðaÞ 0 0� L 1½ �T ð8Þ

where T is translation matrix, E is the coordinate of the
origin of machining coordinate system in the part coor-
dinate system while the machine is in the original
status, B is unit rotation matrix, r1=[0, 0,−L]T, and L
is the distance from the machine pivot to the cutter tip
center.

Then, for a given cutter location Px
i;Pi

y;Pz
i;Hx

i;Hy
i;Hz

i
� �

, the corresponding rotation angle of machine control data about
the primary and second rotation axes are obtained as

ai ¼ arcsin �Hi
y

� �
ai 2 � p

2

p
2

h i

and

bi ¼ arctan 2 Hi
x;H

i
z


 �
Hi

z 6¼ 0
bi ¼ p=2 Hi

z ¼ 0;Hi
x � 0

bi ¼ �p=2 Hi
z ¼ 0;Hi

x � 0
bi ¼ 0 Hi

z ¼ 0;Hi
x ¼ 0

8>><
>>:

Yes

Input information: 

Dual NURBS curve 

Command feedrate;  

Maximum allowable geometric error 

Maximum angular feedrate 

Maximum angular feed Acc/Dec;  

Maximum linear feed Acc/Dec 

Distance from cutter tip to machine joint  

Number of sampling points 

Sampling period 

Number of control points of feed profile 

Current sampling point parameter 
ui ui+1

Adaptive feedrate schedule

Angular feedrate based feedrate schedule 

Geometric error based 
feedrate scheduling 

<= max

Linear feed Acc/Dec control using a 
two-pass traversing algorithm 

End point

No

Yes

End

No

Angular feed Acc/Dec control using a 
given calculation formula 

NURBS feedrate curve with respect to parameter u

Save the feedrate Vi in 
the structual array 

i=i+1

Fig. 2 Proposed feedrate
scheduling method of dual
NURBS curve interpolator for
five-axis machining
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The relations between the cutter location coordinates and
the translation coordinates of machine pivot can be given as

xi ¼ Pi
x þ L cos a sin b

yi ¼ Pi
y � L sin a

zi ¼ Pi
z � Lþ L cos a cos b

8<
: ð9Þ

Thus, using the inverse kinematic transformation, for two
given interpolation points, their corresponding machine con-
trol coordinates can be calculated. Then, the machine joint
will move linearly from the start to the end as the same time
the cutter orientation also changes linearly. In this case, in
the interpolator period, nonlinear geometric error will be
aroused due to the simultaneous translation and rotation
movements of the cutter, so it is not enough to only take
the chord error as an evaluation criterion of geometric error
like in three-axis machining. As illustrated in Fig. 3, assum-
ing Pi and Pi+1 are the initial and final cutter tip points at
some period. Their corresponding machine control coordi-
nates (Di(xi, yi, zi), Gi(ai, bi)), and (Di+1, Gi+1) can be
obtained, respectively. Then, the intermediate control coor-
dinates between the two points are given using the following
formulas

D 1ð Þ ¼ 1� 1ð ÞDi þ 1Diþ1

G 1ð Þ ¼ 1� 1ð ÞGi þ 1Giþ1

ð10Þ
where λ is the interpolation parameter and 0≤λ≤1.

To calculate the nonlinear geometric error in a sampling
period, some intermediate control coordinates between two
adjacent interpolation points are first obtained using the above
formula. Then, the real cutter tip point Pi Px

i;Py
i;Pz

i

 �

ac-
companied by the intermediate machine control coordinates
can be calculated with Eq. (9) in part coordinate system. After

finding the nominal points of cutter tip path Pi P
i
x;P

i
y;P

i
z

� �

corresponding to these real ones, the geometric error of each
sampling point is computed, and the largest error of the
sampling points can be viewed as the maximum geometric

error at current interpolation period, that is, " ¼ max

P1 � Pi

�� ��; � � � ; Pi � Pi

�� ��; � � � ; Pm � Pm

�� ��
 �
. Empirically,

the maximum error point is close to the middle position of
the interpolation curve segment, so the maximum geometric
error can be simply given as the geometric error generated at
the position of middle point in some cases.

3.1.2 Angular feed

The angular feed of cutter axis is related to the cutter tip path
P(u), path parameter u, and cutter orientation vector H(u). It
can be derived by means of kinematic analysis. At each
sampling period in interpolation process, it is necessary to
ensure that the angular feed is within the allowable range.
The magnitude of instantaneous angular velocity ω(u) can
be described as the modulus of the first derivative of the unit
cutter orientation vector H(u) with respect to time parameter
t, that is,

w uið Þ ¼ dHðuÞ
dt

����
����
u¼ui

¼ dHðuÞ
du

����
����
u¼ui

du

dt

����
t¼ti

ð11Þ

From Eqs. (5) and (11), the relation between the feedrate
V(u) and angular feedrate ω(u) is derived as follows:

w uið Þ ¼ dHðuÞ
du

����
����
u¼ui

V uið Þ
dPðuÞ
du

��� ���
u¼ui

ð12Þ

If the maximum angular feedrate is ωmax, and then, the
feedrate V(ui) of current sampling point is given as

V uið Þ ¼ Vc if wi � wmax

V uið Þ ¼ dPðuÞ
du

��� ���
u¼ui

wmax
dHðuÞ
duk ku¼ui

otherwise

8<
: ð13Þ

where Vc is the maximum allowable feedrate. Similarly,
when the path parameter u is normalized arc length param-
eterization, dPðuÞ du=k k ¼ k can be utilized to further
simplify the above formula.

3.1.3 Adaptive feedrate scheduling algorithm

According to the current interpolation point, the next candi-
date interpolation point position is first determined based on
the maximum angular feed criterion, and then, the exact
position is found with constraint of nonlinear geometric
error using a bisection method. The detailed algorithm of
determining the parametric coordinate of next interpolation
point is given as follows:

Input: maximum allowable geometric error δmax, maxi-
mum angular feedrate ωmax, maximum allowable linearFig. 3 Chord error and geometric error in curve interpolation
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feedrate Vc, the number of sampling points n, and dual
NURBS tool path.

(1) Calculate sampling parameter (ui)i=1
n of the tool path

position using the formula ui=(i−1)/(n−1), and store
them in the given structural array.

(2) For each given parameter position ui, calculate its

attached feasible feedrate V f
i according to the maxi-

mum angular feedrate ωmax and formula (13). Then,

store the obtained feedrate V f
i in the structural array.

(3) For each given parameter position ui, calculate its
attached feasible feedrate Vg

i using the geometry-
based criterion. The concrete details are as follows:

① Select reference feedrate V f
i as the initial feedrate,

and then, the parameter increment δui of next inter-
polation point corresponding to the current position
ui can be calculated using the Taylor formula.

② For the given two successive interpolation posi-
tions ui and ui+δui, calculate the maximum nonlin-
ear geometric error δi.

③ If δi≤δmax, it means that the feedrate V f
i also

satisfies the requirement of geometric error and
keeps the feed rate unchanged.

④ Else if δ>δmax, determine the new feasible param-
eter increment δu using a bisection method until
|δmax−δ|<ξ. ξ can be given as 0.0001 mm in the
interpolator. Then, for the given interpolator period
T, calculate the desired feedrate using the formula

Vi
g=κ(ui+1−ui)/T. Let Vi

f ¼ Vi
g and update the

structural array.
(4) If i=n, exit the adaptive feedrate scheduling procedure.

3.2 Linear and angular feed Acc/Dec control

The limits of maximum geometric error and angular feed
have been considered in the above adaptive interpolator
algorithm. However, the interpolator might lead to the rate
of increasing/reducing linear feed and angular feed beyond
machining process requirements especially in the regions
with sensitive points such as high curvature point and an-
gular feed sensitive point with dramatic change of cutter
posture. Essentially, the linear and angular accelerations are
influenced by each other. Here, a sequent linear and angular
Acc/Dec control strategy is proposed for simplifying the
adjustment process of feed Acc/Dec control

3.2.1 Linear Acc/Dec control

In linear Acc/Dec control, it is essential to estimate the
position of deceleration start point and ensure the distance
requirement of reducing feedrate with maximum allowable
deceleration when approaching the sensitive point. Curve

interpolation is the process of finding a sequence of cutter
location points with a time interval of sampling cycle be-
tween any two successive points. For two successive points
Pi(ui) and Pi+1(ui+1), their corresponding linear feed and
angular feedrate are V(ui), ω(ui) and V(ui+1),ω(ui+1), respec-
tively. If assuming the cutter feeds forward from position ui
to ui+1 with a maximum acceleration amax, then we have

Viþ1 ¼ Vi þ amaxT
ViT þ 1

2 amaxT2 ¼ k uiþ1 � uið Þ
�

ð14Þ

Furthermore, arrange the above formula, and we can
obtain the following expression:

V 2
iþ1 � V 2

i


 �
uiþ1 � uið Þ= ¼ 2amaxk ¼ const ð15Þ

The method of linear feed Acc/Dec control is shown in
Fig. 4. The vertical coordinate of the figure is half of the
square of linear feedrate and the horizontal coordinate is the
arc length of cutter tip path. In the figure, the curve segment
DE is feed deceleration sensitive region. From kinematic
analysis, we know that the v2/2−s curve is a linear segment
when the cutter tip point moves from point E to C with a
constant maximum acceleration. This gives us a simple and
intuitive linear feed Acc/Dec control method. For example,
after linear feed deceleration control, the initial feed profile
of the deceleration sensitive region DE is modified as CE.
The process of treating the sensitive regions of Acc/Dec
mainly includes the detection of Acc/Dec sensitive point
and the profile modification of corresponding feed sensitive
region. Before giving the detailed algorithm, the following
necessary elements are defined first.

& Acceleration sensitive point: for a point Pi, if Vi<Vi+1,ai
<amax and |ai+1|>amax, then the point Pi such as point F
in Fig. 4 is an acceleration sensitive point. The path
parameter ui associated with point Pi is acceleration
sensitive position.

& Deceleration sensitive point: for a point Pi, if Vi−1>Vi,
|ai−1|>amax and ai>−amax, then the point Pi such as point
E in Fig. 4 is a deceleration sensitive point. Similarly, its
corresponding parameter position is deceleration sensi-
tive position.

S

DC

E

Adaptive interpolation 

V2

2

Tangential Acc-limited interpolation 

F

G

Fig. 4 Tangential acceleration control at feed sensitive region
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From Fig. 4, we can see that acceleration sensitive
point F is also the start point of this acceleration sen-
sitive region. Thus, we can check and modify the fee-
drate in the structural array from left to right. However,
for the deceleration sensitive region, it is difficult to
find the start point C on the feed profile of deceleration
sensitive region since only the deceleration sensitive
point E keeps unchanged after feed profile modification.
This issue is usually solved by a look-ahead strategy.
For off-line operation, an alternative way is inversely
tracing the structural array from right to left. In this
case, the deceleration sensitive point becomes an accel-
eration sensitive point. Then, the feedrate associated
with each parameter position ui can be checked one
by one. Based on this idea, a bi-directional scan algo-
rithm of feed Acc/Dec control is given and summarized
as follows:

Input: the number of sampling point n, parameter interval
Δu maximum allowable linear feed Acc/Dec amax, and the
structural array including the information of sampling
points.

(1) Traverse the structural array from left to right. For
the ith array element, judge whether the parameter
position ui associated with this element is an ac-
celeration sensitive position. The acceleration
corresponding to the current parameter position is
calculated as

aiþ1j j ¼ V 2
iþ1 � V 2

i

�� �� 2kΔuð Þ=

(2) If parameter position ui+1 is an acceleration sensitive
point and i<n−1, update the feedrate Vi+1in the i+1th
element using the following formula:

Viþ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2
i þ 2kamaxΔu

q

(3) If i<n−1, let i= i+1, and go to step 1.
(4) Traverse the structural array from right to left. Using

the same strategy to check and modify the deceleration
sensitive region of the given feed data until the whole
array is traversed.

(5) Exit the module of linear feed Acc/Dec control.

From the bi-directional scan algorithm of feedrate mod-
ification, it can be seen that Acc/Dec control is easily con-
ducted and can be checked one by one without using a look-
ahead strategy.

3.2.2 Angular feed Acc/Dec control

In five-axis machining, the cutter axis orientation H(u) is
continuously changing when the cutter tip feeding along the

tool path P(u). From Eq. (11), the change rate of the mag-
nitude of angular velocity with respect to time t can be given
as

dwðuÞ
dt

¼
d H

� ðuÞ
��� ���
du

du

dt

 �2

þ H
� ðuÞ

��� ��� d2u

dt2
;H

� ðuÞ

¼ dHðuÞ
du

ð16Þ

According to the relations between the normalized path
parameter u and the total path length, we have

du
dt ¼ d s k=ð Þ

dt ¼ V ðuÞ
k ; d2u

dt ¼ d V ðuÞ k=ð Þ
dt ¼ aðuÞ

k
ð17Þ

Then, if ω(u)≠0 the magnitude of angular feed accelera-
tion A(u) is given as

AðuÞj j ¼ dwðuÞ
dt

����
����

¼ 1

k2

d H
� ðuÞ

��� ���
du

V ðuÞ2 þ
H
� ðuÞ

��� ���
k

aðuÞ
������

������ ð18Þ

It shows that angular feed acceleration has a linear rela-
tion with the square of linear feedrate V(u)2 and linear feed
acceleration a(u). For a point on the cutter tip path P(u), the
feasible region of linear feedrate V(u) and linear feed accel-
eration a(u) of this point can be determined by the following
inequality:

�Amax � 1

k2

d H
� ðuÞ

��� ���
du

V ðuÞ2 þ
H
� ðuÞ

��� ���
k

aðuÞ � Amax

ð19Þ

If the above inequality is specified as constraint condition
to obtain the feed profile of the whole tool path using an
optimization strategy, it is time-consuming and even possi-
bly unable to give exact solutions when simultaneously
considering various constraints such as geometric error,
angular feed, and feed acceleration. Hence, it is desirable
to find an effective and easy-to-realize method of control-
ling angular feed acceleration. Here, a proportional adjust-
ment method of feedrate is proposed to control the angular
feed acceleration within the preset value. For the parameter
position ui and ui+1 with an infinitesimal parameter interval,
we have

ρo ¼
dHðuÞ
du

����
����; ρp ¼

dPðuÞ
du

����
���� ð20Þ
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Then Eq. (12) is given as

w uið Þ ¼ ρio
ρip

V uið Þ; w uiþ1ð Þ ¼ ρiþ1
o

ρiþ1
p

V uiþ1ð Þ ð21Þ

Further

A ¼ w uiþ1ð Þ � w uið Þð Þ
Δt

¼
ρiþ1
o Viþ1 ρiþ1

p

.
� ρioVi ρip

.
Δt

ð22Þ

The time from parameter position ui to ui+1 with a con-
stant acceleration can be given as

Δt ¼ Viþ1 � Vi

a
¼ 2 Viþ1 � Við Þk uiþ1 � uið Þ

V 2
iþ1 � V 2

i

¼ 2k uiþ1 � uið Þ
Viþ1 þ Vi

ð23Þ

If the feedrates associated with the two points are
changed by the same coefficient τ, then the moving time is

Δt� ¼ 2k uiþ1 � uið Þ
t Viþ1 þ Við Þ ¼ Δt

t
ð24Þ

Correspondingly, the angular acceleration becomes

A* ¼
tðρiþ1

o Viþ1 ρiþ1
p

.
� ρioVi ρipÞ

.
Δt=t

¼ t2A ð25Þ

From the above equation, one can see that, If A>Amax, the
angular acceleration can be reduced to the maximum value
Amax by reducing the feedrate with a coefficient τ(τ<1).
Thus, we have

Amax ¼
tðρiþ1

o Viþ1 ρiþ1
p

.
� ρioVi ρipÞ

.
Δt=t

¼ t2A ð26Þ

It shows that if the angular acceleration A is beyond the
preset value Amax, we can control the angular acceleration
with the following approximation formula:

V*
i ¼ Vit; t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Amax Ai=

p
ð27Þ

It also verified by Eq. (15). For example, if the feedrate of
each point along the cutter tip path is reduced by multiply-
ing a coefficient τ, when the cutter tip is assumed to feed
between the two points with a constant acceleration, the
linear feed acceleration is given as

a*ðuÞ ¼ t2 V 2
iþ1 � V 2

i


 �
2k uiþ1 � uið Þð Þ= ¼ t2aðuÞ ð28Þ

As shown in Fig. 5, for an angular acceleration sensitive
segment FG where the angular accelerations of two regions
AB and DC are beyond the preset values, the two regions can

be readjusted, respectively, with the formula (27), and then, an
operation of linear Acc/Dec control is conducted on the mod-
ified feed profile. On the other hand, in order to reduce the
feed fluctuations and the complexity of adjustment process,
the whole feed profile of this sensitive region can also be
adjusted with the formula (27) according to the real maximum
angular acceleration. Thus, the angular accelerations of all
points in this region must, thus, be within the preset values.
This case only occurs in the valley region such as curve
segment FG whose feedrate is less than command feedrate
except that of two end points. Another case of possible fee-
drate adjustment is that the feedrate of angular acceleration
sensitive region is constant and equal to command feedrate,
and thus the sensitive region whose attached angular feed
Acc/Dec are all beyond the allowable maximum values at
sampling positions needs to be adjusted. The concrete process
of angular feed Acc/Dec control is given as follows:

Input: the number of sampling point n, parameter interval
Δu, maximum allowable angular feed Acc/Dec Amax, and
the structural array including the feedrate information of
sampling points.

(1) Let J=0 and traverse the structural array from left to
right. For the whole array, find all the angular acceler-
ation sensitive regions and recorder the number J of
sensitive regions as well as the start and end positions
of each sensitive region.

(2) If J>0, let j=1; else, go to step 5.
(3) For the jth angular feed acceleration sensitive region,

determine the parameter position uj with a maximum
magnitude of angular feed Acc/Dec, after computing
the angular feed acceleration A(uj) the corresponding
coefficient τj can be obtained, and then update the
corresponding feedrate of this sensitive region with
the formula (27).

(4) If j<J, let j= j+1, and go to step 3. Else, for the updated
structural array, a bi-directional scan operation is con-
ducted on the whole tool path to further control the
linear feed Acc/Dec.

(5) Fit the NURBS feed curve to the feed data saved in the
array with respect to the path parameter, and then, exit
the model of angular feed Acc/Dec control.

u

D

C
A

E

B

Adaptive interpolation 

V

Angular Acc-limited interpolation 

F G H

L K

Fig. 5 Angular feed acceleration control at feedrate sensitive region
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From the above algorithm, it can be seen that feed
Acc/Dec control is an iterative process of angular feed
acceleration and linear feed acceleration. Using this way,
the angular and linear feed accelerations can be easily con-
fined within the preset range.

4 Illustrated examples

In the section, the illustrated example is given to evaluate
the feasibility and applicability of the developed five-axis
NURBS interpolator algorithm. A good desirable perfor-
mance of the interpolator method has been obtained. The
proposed NURBS interpolator algorithm for five-axis ma-
chining was validated on a given dual NURBS tool path, as
shown in Fig. 6. The two curves of constructing the cutter
axis surface both have 42 control points, and their weights
are set to one. The cutter tip curve is parameterized by
normalized arc length. From Fig. 6, one can see that the
cutter axis orientation and path curvature both have dramatic
change at some sensitive regions. It is quite possible that
geometric error, angular feedrate or Acc/Dec sensitive
points will be generated in these regions. All parameters of
the five-axis NURBS interpolator for numerical simulations
are listed in Table 1 unless stated otherwise. The comparison
results of the chord error and complete geometric error are
given first in Fig. 7a. Simulation results of feedrate, geo-
metric error, angular feed, angular feed Acc/Dec, and linear
feed Acc/Dec are shown in Fig. 7b–f. The comparisons are
made among the constant feedrate interpolator, adaptive
interpolator, and Acc/Dec limited adaptive interpolator.

From Fig. 7a, it can be seen that the nonlinear geometric
error aroused by the interpolator in five-axis machining is
dominant compared with the chord error. The chord error is
only about 1 μm, while the maximum geometric error is
about 10 μm. Meanwhile, the geometric error increases with
the increase of distance from the machine joint point to the
cutter tip point. The longer the cutter shank is, the larger the
geometric error is. It is highly desirable to use a short cutter
during five-axis machining.

The feed profiles using three different interpolator meth-
ods are illustrated in Fig. 7b. Compared with the only
adaptive interpolator (ADI), the feedrate of the linear feed
Acc/Dec limited adaptive interpolator (L-ADI) has a modi-
fication. The reason is that although ADI can ensure the
geometric error and angular feedrate are within preset
ranges, it cannot avoid the abrupt change of the feedrate,
which probably leads to the linear feed Acc/Dec exceeding
the allowable range. Furthermore, the feedrate profile of the
angular and linear feed Acc/Dec limited adaptive interpola-
tor (AL-ADI) is made another modification near the first
valley of the whole feedrate curve for the purpose of ensur-
ing the angular feed Acc/Dec also within the preset value.
Using AL-ADI, the feedrate is kept constant during most of
the machining time, and the machining quality is ensured at
sensitive regions by constraining the geometric error, angu-
lar feedrate, and feed Acc/Dec. Similarly, as shown in
Fig. 7c, the peak of the angular feedrate profile of ADI is
obviously smaller than that of constant feedrate interpolator.
The largest error appearing due to sharp cutter axis varia-
tions is reduced by slowing down the feedrate in sensitive
areas using the proposed algorithm. It proves that the adap-
tive interpolator is also able to confine angular feedrate
within the allowable range.

Figure 7d shows the geometric errors of four interpolator
algorithms. It can be seen that the maximum geometric error
is significantly reduced and can be controlled within
0.003 mm using the proposed adaptive algorithms, while
the maximum geometric error is up to 6.8 μm if constant
feedrate interpolator is adopted. Meanwhile, although the
adaptive interpolators with or without Acc/Dec limited func-
tion, all can keep the geometric error under control, the
geometric error generated by Acc/Dec limited adaptive al-
gorithm is still smaller than those of ADI in some narrow
parameter intervals owning to the feedrate modification in
the sensitive regions.

Figure 7e shows that if only with ADI, the feed acceler-
ation has abrupt jump with a maximum value approaching
1,600 mm/s2 in the two feedrate sensitive areas. However, if
using L-ADI, the maximum value is reduced to
1,000 mm/s2, and the linear Acc/Dec always changes within
the preset range (−1,000 mm/s2, 1,000 mm/s2). Thus, theFig. 6 The dual NURBS cutter axis surface

Table 1 Five-axis NURBS interpolator parameters

Parameter Value

Sampling time 0.002 s

Geometric error 0.003 mm

Maximum angular feedrate 4 rad/s

Maximum feedrate 100 mm/s

Maximum linear feed acceleration 500 mm/s2

Maximum angular feed acceleration 50 rad/s2
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cutter shock can be supervised to ensure the quality require-
ments of the machined parts. Furthermore, as shown in
Fig. 7f, the magnitude of angular feed acceleration is 105
and 75 rad/s2, respectively, when using ADI and L-ADI.
Only using AL-ADI, the angular feed Acc/Dec can be
confined within the preset range (−50 rad/s2, 50 rad/s2). It
is certain that AL-ADI has the ability to confine the geo-
metric error, angular feedrate, linear and angular feed
Acc/Dec within the allowable range in feedrate sensitive
regions while maintaining command feed throughout the rest
of the dual NURBS tool path in five-axis machining.

5 Conclusions

In this study, an adaptive feedrate scheduling of dual NURBS
curve interpolator, which is able to control the geometric error,
angular feedrate, and linear and angular feed Acc/Dec within

the preset values, is proposed for five-axis machining, espe-
cially for flank machining. The scheduling method mainly
concentrates on the assurance of geometric accuracy and
kinematic performance of cutter axis. The property of the
NURBS interpolator with variable feedrate is that each con-
straint of the interpolator is independent and one can freely
determine its maximum allowable magnitude or relax it
according to the real requirements. In general, the interpolator
is independent of machine configurations except geometric
error module. In the interpolator, the whole feed profile curve
is first off-line constructed, and then, the interpolation is real-
time performed using a Taylor expansion formula. The feasi-
bility of the proposed five-axis NURBS interpolator method
has been validated by illustrated examples. The comparison
results show that the geometric error and feed fluctuations can
be effectively constrained and the proposed interpolator is
helpful for the improvements of surface machining quality,
accuracy, and efficiency in open five-axis machine tools.

(a) (b)

(c) (d)

(e) (f)

Fig. 7 Feedrate scheduling for
a dual NURBS ruled cutter axis
surface using different
interpolator algorithms: a
comparison results of chord
error and geometric errors; b
feedrate profile; c angular
feedrate; d geometric error; e
tangential feed Acc/Dec; f
angular feed Acc/Dec
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