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Abstract In this paper, a novel and accurate real-time non-
uniform rational B-spline curve interpolation algorithm is pro-
posed. This algorithm not only considers chord errors, feedrate
fluctuations, jerk-limited, and acceleration/deceleration (Acc/
Dec) capabilities of the machine, but also optimizes the look-
ahead process. In the meanwhile, it improves machining effi-
ciency by adding the circular buffer and pre-interpolation (non-
off-line) and enhances the real-time performance by removing
the time-consuming calculation from the interrupt service rou-
tine. Furthermore, the proposed interpolation algorithm can
interpolate both the long spline and the short spline with
uniform method. The advantages of the proposed method were
confirmed by the simulation results.

Keywords CNC . NURBS . Interpolation algorithm .
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1 Introduction

The conventional computer numerical control (CNC)
machines generally support only linear and circular interpola-
tions, which lead to feedrate fluctuation, large jerk, and heavy

transmission between CAM and CNC. To overcome the short-
comings of the linear/circular interpolation and achieve the
high-speed and high-precisionCNCmachining,many scholars
devote themselves to parametric interpolation, because para-
metric interpolation is able to achieve high-speed and high-
precision performance. In the early 1990s, Shipitalni et al.
proposed and realized a parametric curve interpolation in
CNCmachine, which received parametric curve codes directly
from CAD/CAM [1]. Yang and Kong presented a comparative
study of linear and parametric interpolators used for command
generation during CNC machining. They testified that a para-
metric interpolator has advantageous in machining freeform
geometry in terms of high speed and tight tolerance [2].
Among the parametric curve interpolations, the non-uniform
rational B-spline (NURBS) even became the standard format
of freeform curve and surface in 1990 because NURBS meth-
od offered a common mathematical form for the precise rep-
resentation of standard analytical shapes as well as freeform
curves and surfaces [3].

However, the early NURBS curve interpolation algorithms
just maintained constant feedrate without taking into account
chord errors [4]. Although these were simple solutions to
parametric interpolator, the generated feedrate fluctuated se-
verely. In literatures [1] and [5], first-order and second-order
approximation interpolation algorithms were proposed using
Euler and Taylor's expansions, respectively. Cheng et al. com-
pared several numerical interpolation approaches and sug-
gested that Taylor's second-order approximation was a good
approach for real-time command generation [5]. Thus, Taylor's
second-order approximation is adopted in this paper. To
achieve uniform feedrate and confined chord error, Tsai and
Cheng proposed a closed-loop predictor–corrector interpolator
(PCI), in which the deviation between the current and desired
feedrate was forced into a specified tolerance through a feed-
back compensation scheme [6]. By using PCI method, the
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feedrate fluctuation can be controlled through setting tolerance
of feedrate error for either given constant or variable feedrate
command. Erkorkmaz and Altintas proposed a quintic spline
interpolation method to minimize feedrate fluctuation [7]. Lei
et al. proposed a novel fast real-time NURBS path interpola-
tion method, which generated inverse length functions (ILF)
for each parameter subinterval in off-line [8]. Because this
method divides the NURBS curve into subintervals using of
Simpson's rule to build ILF function and it needs to deal with
the occasion of multiple control points, it is time consuming
and may require long-time pre-processing. Zhiming et al.
presented a curvature-based interpolation algorithm based on
the curvature of curves [9]. But the continuity of the federate
cannot be guaranteed. Yeh and Hsu proposed an adaptive-
feedrate interpolator to adjust curve speed according to chord
tolerance [10]. Tikhon et al. employed the adaptive feedrate
algorithm and took into consideration constantmaterial remov-
al rate to improve machining accuracy [11]. Although some of
the above researchers take into account chord errors, they do
not consider feedrate fluctuation, the Acc/Dec and the jerk
might be beyond the limits if the curvature of a curve changes
abruptly.

To obtain a smooth feedrate profile, the Acc/Dec should be
considered in the design process. A few researchers have made
great progress in this field. Luo and Zhou proposed a universal
velocity profiles generation approach and corresponding opti-
mal look-ahead algorithm based on dynamic back tracking
along with a doubly linked list [12]. But this method is only
used in the conventional linear interpolation. Meng and Hao
proposed an integrated Acc/Dec interpolation scheme by using
digital convolution technique to generate velocity profiles [13].
But this digital convolution approach is unable to generate
various velocity profiles which are useful for CNC machine
tools. Du and Liu considered the maximum Acc/Dec of the
machine tool, and proposed an adaptive parametric curve
interpolator with a real-time look-ahead function [14].

However, the aforementioned interpolation algorithms
[1–15] have not explicitly considered jerk level, and the
effect of jerk to machining process is also ignored. In the
actual machining, high jerks mean dramatic changes on
Acc/Dec profile, which may be out of the machine tool
drivers' ability. In order to obtain shock-free and smooth
machining process, some researchers proposed jerk-limited
trajectory planning [15–21]. Nam and Yang proposed a real-
time interpolation scheme, which considered chord errors,
feedrate fluctuations, and jerk limitation in the design [15].
Liu and Lin proposed real-time look-ahead algorithms by
shifting back 400 points [17] and 800 points [18], respec-
tively. Sekar and Narayanan developed jerk-bounded fee-
drate profile with ripple effect for adaptive NURBS
interpolator [19]. In order to improve the data utilization
and simplify the calculation process, circular buffers [20]
and structure arrays [21] were designed respectively for

storing a sequence of the previous interpolation points,
which were similar to the work in literature [22]. All these
algorithms strove to achieve uniform feedrate, confined
chord errors, and kinetics control over the trajectory and
minimize deflection cutting forces. Nevertheless, some
issues were not discussed in these researches. In the trace-
back process, most of the existing NURBS interpolation
algorithms only considered long spline interpolation, in
which the feedrate of the deceleration point is equal to the
command feedrate. Even though a few NURBS interpola-
tion algorithms considered the case that the feedrate of the
deceleration point is not equal the command feedrate, their
Acc/Dec planning is poor, and their machining process is
not efficient, either.

To overcome the disadvantages mentioned above and
satisfy the need for high-speed and high-precision machin-
ing of NURBS curves, a novel and accurate real-time
NURBS curve interpolation algorithm is proposed in this
study. This algorithm not only considers chord errors, fee-
drate fluctuations, jerk-limited, and Acc/Dec capabilities of
the machine, but also optimizes the look-ahead process.
Furthermore, the proposed method can also solve the short
spline interpolation where sensitive points are close to each
other.

The remainder of the paper is organized as follows.
Section 2 reviews elementary knowledge of NURBS curve
interpolation algorithm. In Section 3, the novel and more
accurate real-time NURBS curve interpolation algorithm
with short spline interpolation capacity is presented. The
simulation and experimental results are provided to demon-
strate the effectiveness and universality of the proposed
algorithm in Section 4. Finally, Section 5 concludes with a
brief summary.

2 NURBS curve interpolation algorithm

NURBS is a mathematical model commonly used for gen-
erating and representing curves and surfaces. In this study,
NURBS is used to represent a parametric curve, and thus it
is introduced firstly.

2.1 Introduction to NURBS curve

The general form of a NURBS curve is defined as [3]:

CðuÞ ¼
Pn

i¼0 Ni; pðuÞwiPiPn
i¼0 Ni; pðuÞwi

a � u � b ð1Þ

where pi is the control points, wi is the weights on every
control point, u is the parameter, and Ni,p(u) is the ith B-
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spline basis function of the pth degree defined on the non-
periodic knot vector

U ¼ a; � � � a;|fflfflffl{zfflfflffl}
pþ1

upþ1; � � � ; um�p�1; b; � � � b|fflfflffl{zfflfflffl}
pþ1

8><
>:

9>=
>; m ¼ nþ pþ 1ð Þ

The pth degree B-spline basis function is recursively
defined as:

Ni;0ðuÞ ¼ 1 if ui � u � uiþ1

0 otherwise

�
Ni; pðuÞ ¼ u�ui

uiþp�ui
Ni; p�1ðuÞ þ uiþpþ1�u

uiþpþ1�uiþ1
Niþ1; p�1ðuÞ

8<
: ð2Þ

The kth derivative of the basis function is derived from
Eq. (2). It is used to calculate the curve curvature and the
curve curvature radius. The general formulation is given as
follows [3]:

N ðkÞ
i; p ðuÞ ¼ p

N ðk�1Þ
i; p�1 ðuÞ

uiþp � ui
þ N ðk�1Þ

iþ1; p�1ðuÞ
uiþpþ1 � uiþ1

 !
ð3Þ

2.2 Principle of NURBS curve interpolation

To implement NURBS interpolation, a second-order ap-
proximation interpolation algorithm is utilized. By using
the Taylor series expansion method, the approximation up
to the second derivative is given as follows:

uiþ1 ¼ ui þ du

dt

����
t¼ti

Ts þ 1

2

d2u

dt2

����
t¼ti

T2
s þ H:O:T ð4Þ

where Ts is the interpolation period (sampling period), and
H.O.T. stands for the high-order term in Taylor expansion,
which is neglected. The V(ui) along with the curve C(u) is
defined as:

Vi ¼ V ðuiÞ ¼ dCðuÞ
dt

����
����
u¼ui

¼ dCðuÞ
du

����
����
u¼ui

� du
dt

����
t¼ti

ð5Þ

Therefore, the first-order derivative of u to the time t is
derived from the Eq. (5) as:

du

dt

����
t¼ti

¼ Vi

dCðuÞ
du

��� ���
u¼ui

ð6Þ

From the result of the first-order derivative of u to the
time t, the second derivative is given as:

d2u

dt2

����
t¼ti

¼ �
V 2
i � dCðuÞ

du � d2CðuÞdu2

� ����
u¼ui

dCðuÞ
du

��� ���4
u¼ui

ð7Þ

By neglecting the high-order term from Eq. (4), the
second-order approximation on the parameter u0ui
becomes:

uiþ1 ¼ ui þ Vi�Ts
dCðuÞ
duk ku¼ui

� V 2
i �T2

s � dCðuÞ
du �d2CðuÞ

du2

� 	��
u¼ui

2� dCðuÞ
duk k4

u¼ui

ð8Þ

where Vi (i.e., V(ui)) can be either the command feedrate or
the planning feedrate according to the S curve Acc/Dec
profile.

3 The NURBS interpolation algorithm

The system architecture of a multi-axis motion controller is
given in Fig. 1 and it is utilized to implement CNC control
tasks. The controller consists of three main programs: CNC
interpreter, NURBS interpolator, and motion controller. The
CNC interpreter reads NC strings from NC files to generate
and store NC blocks in the buffer. The NURBS interpolator
mainly includes two function modules: NURBS parametric
interpolator and NURBS position interpolator. The motion
controller receives outputs from the interpolation module,
and achieves closed-loop motion control according to the
feedback information from the encoder of each motion axis.
Here, position interpolator and motion controller are posi-
tioned in the interrupt service routine (ISR).

The NURBS parametric interpolator is the main content
of this research. It consists of three parts: look-ahead, trace-
back, and motion planning. Since tracing back and re-
interpolation need to modify interpolated data, a large cir-
cular buffer is established to store interpolated parameters
from the NURBS parametric interpolator.

3.1 Chord error

In order to achieve high-precision machining, the chord
error must be controlled under the prescribed tolerance
during interpolation. As shown in Fig. 2, an arc approxima-
tion is adopted to calculate the chord error δi.

di ¼ ρi �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2i �

Li
2

� �2
s

¼ ρi �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2i �

vi � Ts
2

� �2
s

ð9Þ

Rearranging Eq. 9,

vi ¼ 2

Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2i � ðρi � diÞ2

q
ð10Þ

where Li ¼ C uiþ1ð Þ � C uið Þk k ¼ vi � Ts . It represents the
distance of an interpolation interval between interpolation
point C(ui) and C(ui+1); ρi(ρi01/Ki) and Ki are the curvature
radius and the curvature at C(ui) of the curve C(u),
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respectively. The curvature radius ρi is given by the follow-
ing equation.

Ki ¼ KðuiÞ ¼
dCðuÞ
du � dC2ðuÞ

du2

��� ���
dCðuÞ
du

��� ���3
�������
u¼ui

ð11Þ

3.2 Look-ahead

According to Eq. (9), the chord error is heavily influenced
by the feedrate. Basically, the higher the feedrate is, the
larger the chord error would be. During machining, it is
desirable to keep feedrate constant as much as possible in
order to achieve high surface machining quality. However,
this may lead to undesired chord errors. The proposed
adaptive feedrate algorithm can ensure that the chord error
does not exceed the tolerance. From Eq. (10), if the allowed

chord error is δmax, the algorithm of determining the federate
vi adaptively is given as:

vi ¼
Fc if 2

Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2i � ðρi � dmaxÞ2

q
Fc

2
Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2i � ðρi � dmaxÞ2

q
if 2

Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2i � ðρi � dmaxÞ2

q
� Fc

8<
:

ð12Þ
where Fc represents the command feedrate.

In the look-ahead stage, a series of interpolation param-
eters (including u parameters, feedrate, and cumulative
chord length, etc.) will be produced step by step, and be
written to the circular buffer in turn. The look-ahead algo-
rithm is given as follows:

Step 1: Calculate the feedrate vi based on S curve acceler-
ation profile. Let the feedrate vi equal to command
feedrate Fc when it peaks.

Step 2: Calculate ui+1 from vi and ui in terms of Eq. (8).
Step 3: Calculate chord error δi from the parameter ui using

Eq. (9).
Step 4: If δi>δmax, then adjust the feedrate according to Eq.

(12), and enter the detecting the feedrate-sensitive
point module. Otherwise, let i0 i+1 and jump to
the Step 1.

The detecting the feedrate-sensitive point algorithm is
given as follows:

Step 1: let vi0vi−1, and calculate ui from vi−1 and ui−1 in
terms of Eq. (8).

Step 2: Calculate chord error δi from the parameter ui using
Eq. (9).

Step 3: If δi>δmax, adjust the feedrate according to Eq.
(12), then let i0 i+1, and jump to the step 1.
Otherwise, the feedrate-sensitive point has been
found, and exit the detecting the feedrate-
sensitive point module.

3.3 Trace-back

The purpose of tracing back is to find the deceleration point.
A brief introduction is given as follows.

Step 1: Calculate the travel length S of deceleration zone
based on the cumulative chord length of the cur-
rent feedrate-sensitive point and the prior feedrate-
sensitive point.

Step 2: Compute the theoretical decelerating zone length
Smin according to the feedrate of the current
feedrate-sensitive point.

Step 3: If S>Smin, then let the cumulative chord length
equal to SE−Smin, and use a bisection searching
method in the circular buffer to determine the
deceleration point. Otherwise, the prior feedrate-

Parameter calculation

Adaptive low 
feedrate transition

Detecting the  
feedrate-sensitive point

Finding the  prior 
feedrate-sensitive point

S-curve motion planning

Trace-back Finding Dec point

Yes

No

Look-ahead

Motion planning

Data writing 
pointer

Data reading 
pointer

Circular
buffer

Control loops

Servo Controller

ISR

NURBS position interpolator

Motion controller

NURBS interpolator NURBS parametr ic interpolator

CNC interpreter

cv F<

Fig. 1 System architecture of a multi-axis motion controller
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Fig. 2 The chord error
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sensitive point is the deceleration point. Here, SE
is the cumulative chord length of the current
feedrate-sensitive point.

Note: when S>Smin, the found deceleration point is not
always the actual deceleration point, and it may be a pseudo
deceleration point. The process of bisection searching for
determining deceleration point is carried out in the circular
buffer and does not produce new interpolation parameters.
In addition, adaptive beginning point is the first interpola-
tion point of adaptive feedrate algorithm to find the local
lowest feedrate point, and feedrate-sensitive point is those
points which are on the curve and whose feedrate need to be
adjusted according to the given chord error.

3.3.1 The first case of the deceleration point: v = Fc

In this case, interpolation curve is either the long spline or its
feedrate-sensitive point is far away each other. As shown in
Fig. 3, the feedrate of the found deceleration point is equal

to the maximum command feedrate (v0Fc). Then the found
deceleration point is the actual deceleration point.

For the case shown in Fig. 3a, deceleration point is point
A (actual Dec point), and the prior feedrate-sensitive point is
located on the left side of the deceleration point A, then the
prior feedrate-sensitive point information does not need to
be modified. In Fig. 3b, the found deceleration point is also
point A (actual Dec point), but the prior feedrate-sensitive
point is located on the right side of the deceleration point A,
then the information of saved feedrate at sensitive point D
(the prior feedrate-sensitive point) needs to be deleted.

3.3.2 The second case of the deceleration point: v < Fc

and ve > vs

In this case, the interpolation curve is either the shorter
spline or its feedrate-sensitive point is closer each other.
As shown in Fig. 4, the feedrate of the found deceleration
point is less than the maximum command feedrate (v<Fc),
and the feedrate of the end point (ve) is greater than that of
the starting point (vs), i.e., ve>vs.

If S>Smin, shown in Fig. 4a, the found deceleration point
De is a pseudo deceleration point. The actual deceleration
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point is the prior feedrate-sensitive point B, just in front of
the current feedrate-sensitive point. If S<Smin, shown in
Fig. 4b, the found deceleration point De is also a pseudo
deceleration point. After the pseudo deceleration point, the
local feedrate-sensitive point B is the actual deceleration
point.

3.3.3 The third case of the deceleration point: v < Fc and ve < vs

As shown in Fig. 5, this case is similar to the second case.
But the feedrate of the end point (ve) is less than that of the
starting point (vs), i.e., ve<vs.

If S>Smin, shown in Fig. 5a, the found deceleration point
De is a pseudo deceleration point. The actual deceleration
point is the prior feedrate-sensitive point B, just in front of
the current feedrate-sensitive point. If S<Smin, shown in
Fig. 5b, the found deceleration point De is also a pseudo
deceleration point. After the pseudo deceleration point, the
local feedrate-sensitive point B is the actual deceleration
point.

3.4 Motion planning (feedrate planning)

After the deceleration point is obtained, the motion profile
between the present position (prior feedrate-sensitive point)
and the target position (current feedrate-sensitive point) needs
to be re-interpolated and planned. The motion planning process
will also produce a series of interpolation parameters step by
step, including the u parameters, feedrate, and the cumulative
chord length, etc. They will be written to the circular buffer in
turn, and replace the previous old parameters in it. When the
circular buffer is full, the parametric interpolator process will be
suspended, and it will restart when the circular buffer is not full.

3.4.1 The first case: S curve deceleration motion planning
(vs = Fc)

In this paper, an S curve Acc/Dec control before interpola-
tion is adopted. Typically, the increasing feedrate stage
includes three sub-stages: increasing acceleration stage, con-
stant acceleration stage, and decreasing acceleration stage;
the decreasing feedrate stage includes: increasing decelera-
tion stage, constant deceleration stage, and decreasing de-
celeration stage. The acceleration and deceleration stage are
jointed by constant feedrate stage.

When the found deceleration point is in the position
shown in Fig. 3, the re-interpolation profile is only the S
curve deceleration motion planning process, and according
to the difference of Fc and Vmin (the local minimum fee-
drate), motion planning process is divided into two cases:
Trapezoidal decreasing feedrate motion planning and trian-
gular decreasing feedrate motion planning. Its profiles, in-
cluding the distance, feedrate, Dec, and jerk profiles are
shown in Fig. 6. Here, am and jm represent maximum accel-
eration and jerk, respectively.
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1. Trapezoidal decreasing feedrate profiles: Fc � Vmin
3 a2m
jm

The planning profile is shown in Fig. 6a, and each
parameter is calculated as follows:

T1 ¼ T3 ¼ am
jm

T2 ¼ Fc�Vmin
am

� am
jm

(
ð13Þ

v ¼ Fc � 1
2 � jm � t2 t0 � t < t1ðt ¼ t � t0Þ

v ¼ v1 � am � t t1 � t < t2ðt ¼ t � t1Þ
v ¼ v2 � am � t þ 1

2 � jm � t2 t2 � t < t3ðt ¼ t � t2Þ

8<
:

ð14Þ
where

v1 ¼ Fc � 1
2 � jm � T2

1
v2 ¼ v1 � am � T2

�

For the trapezoidal profile, the total deceleration distance
is derived as:

Smin ¼ 1

2
� Fc þ Vminð Þ � am

jm
þ Fc � Vmin

am

� �
ð15Þ

2. Triangular decreasing feedrate profiles: Fc � Vmin
a2m
jm

The planning profile is shown in Fig. 6b, and each
parameter is calculated as follows:

a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fc � Vminð Þ � jm

p
T1 ¼ T2 ¼ a

jm
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fc�Vminð Þ

jm

q(
ð16Þ

v ¼ Fc � 1
2 � jm � t2 t0 � t < t1 t ¼ t � t0ð Þ

v ¼ v1 � a � t þ 1
2 � jm � t2 t1 � t < t2 t ¼ t � t1ð Þ

�
ð17Þ

where

v1 ¼ Fc � 1

2
� jm � T2

1

For the triangular profile, the total deceleration distance
is derived as:

Smin ¼ Fc þ Vminð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fc � Vmin

jm

s
ð18Þ

3.4.2 The second case: S curve Acc/Dec motion planning
(ve > vs)

When the found deceleration point is in the position
shown in Figs. 4 and 5, the re-interpolation profile is
the Acc/Dec motion planning process. In other words, it
may also include the process of acceleration and decel-
eration stages at the same time. According to the given
starting point feedrate vs, command feedrate Fc, end
point feedrate ve and to be re-interpolated curve length
S, the S curve motion planning may have a lot of cases.
In some cases, the deceleration distance may be too
short, and the feedrate of the sensitive point needs to
be adjusted locally.

When ve>vs, in accordance with the proposed algo-
rithm of finding the deceleration point, the maximum
number of segments of the motion planning is six.
Because the motion planning of the seven segments
indicate that the maximum command feedrate can be
achieved, this case will only have the motion planning
of decreasing feedrate. In fact, the S curve motion
planning of the seven segments does not appear. The
motion planning is classified into eight types, and all of
the profiles are shown in Fig. 7.

Firstly, algorithms determine the critical interval (dis-
tance and feedrate), and the interval is divided according
to it. Then determine which interval the distance is in by
calculating the deceleration distance. Finally, the motion is
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planned according to the corresponding interval. The inter-
val divisions are shown in Fig. 8.

The specific parameters are calculated as follows:

S5 ¼ 2�am3

jm
2 þ 1

2
am 7veþvsð Þ

jm
þ ve ve�vsð Þ

am

h i
v5 ¼ ve þ am

2

jm

8<
: ð19Þ

S4 ¼ am
3

jm
2 þ 2am�vs

jm
þ ve þ vs þ am

2

jm

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
am

2�jm ve�vsð Þ
p

jm

v4 ¼ vs þ am
2

jm

8<
: ð20Þ

S3 ¼ v2e�v2s
2�am þ am veþvsð Þ

2�jm
v3 ¼ ve

�
ð21Þ

S2 ¼ ve þ vsð Þ �
ffiffiffiffiffiffiffiffiffi
ve�vs
jm

q
v2 ¼ ve

�
ð22Þ

1. One segment motion planning (S<S2)
As shown in Fig. 9, interpolation curve is either the

very short spline or its feedrate-sensitive point is close to
each other. When S<S2, the feedrate of starting point B is
less than that of the end point D. In this case, the feedrate
of point D needs to be adjusted to the feedrate of the
starting point B. In other words, let ve0vs, and then the
motion is planned according to the adjusted feedrate.

The planning profile is shown in Fig.7a, and the pa-
rameter is calculated as follows:

T4 ¼ S

vs
ð23Þ

2. Two segments motion planning (S0S2)
The planning profile is shown in Fig. 7b, and each

parameter is calculated as follows:

T1 ¼ T3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ve � vs
jm

r
ð24Þ

v ¼ vs þ 1
2 � jm � t2 t0 � t < t1 t ¼ t � t0ð Þ

v ¼ v1 þ jm � T2
1 � 1

2 � jm � t2 t1 � t < t3 t ¼ t � t1ð Þ
ð25Þ

where

v1 ¼ vs þ 1

2
� jm � T2

1

3. Three segments motion planning (S3≥S>S2)

(a) vevs; ve � vs
a2m
jm

The planning profile is shown in Fig. 7c, and
each parameter is calculated as follows:

T1 ¼ T3 ¼ am
jm

T2 ¼ ve�vs
am

� T1

�
ð26Þ

v ¼ vs þ 1
2 � jm � t2 t0 � t < t1ðt ¼ t � t0Þ

v ¼ v1 þ am � t t1 � t < t2ðt ¼ t � t1Þ
v ¼ v2 þ am � t � 1

2 � jm � t2 t2 � t < t3ðt ¼ t � t2Þ

8<
:

ð27Þ
where

v1 ¼ vs þ 1
2 � jm � T2

1
v2 ¼ v1 þ am � T2

�
(b) ve > vs; ve � vs <

a2m
jm

The planning profile is shown in Fig. 7d, and
each parameter is calculated as follows:

T1 ¼ T3 ¼
ffiffiffiffiffiffiffiffiffi
ve�vs
jm

q
T4 ¼ S�S3

ve

8<
: ð28Þ

where

S3 ¼ v2e � v2s
2 � am þ am ve þ vsð Þ

2 � jm

v ¼ vs þ 1
2 � jm � t2 t0 � t < t1ðt ¼ t � t0Þ

v ¼ v1 þ jm � T2
1 � 1

2 � jm � t2 t1 � t < t3ðt ¼ t � t1Þ
v ¼ ve t3 � t < t4ðt ¼ t � t3Þ

8<
: ð29Þ
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where

v1 ¼ vs þ 1

2
� jm � T2

1

4. Four segments motion planning (S4≥S>S3)

(a) ve > vs; ve � vs >
a2m
jm

The planning profile is shown in Fig. 7e, and
each parameter is calculated as follows:

T1 ¼ T3 ¼ am
jm

T2 ¼ ve�vs
am

� T1
T4 ¼ S�S4

ve

8><
>: ð30Þ

where

S4 ¼ am
3

jm
2 þ 2am�vs

jm
þ ve þ vs þ am

2

jm

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
am

2�jm ve�vsð Þ
p

jm

v ¼ vs þ 1
2 � jm � t2 t0 � t < t1ðt ¼ t � t0Þ

v ¼ v1 þ am � t t1 � t < t2ðt ¼ t � t1Þ
v ¼ v2 þ am � t � 1

2 � jm � t2 t2 � t < t3ðt ¼ t � t2Þ
v ¼ ve t3 � t < t4ðt ¼ t � t3Þ

8>><
>>:

ð31Þ
where

v1 ¼ vs þ 1
2 � jm � T2

1
v2 ¼ v1 þ am � T2

�
(b) ve > vs; ve � vs <

a2m
jm

The planning profile is shown in Fig. 7f, and
each parameter is calculated as follows:

T1 ¼ T3
T5 ¼ T7

�
ð32Þ

vmax ¼ v3 ¼ vs þ jm � T2
1

2 � vs � T1 þ ve � T5ð Þ þ jm � T3
1 þ T 3

5

� 	 ¼ S
ve � vs ¼ jm � T2

1 � T2
5

� 	
8<
: ð33Þ

Here, the vmax is in the interval ve; vs þ am
2

jm

� �
, let the

initial value v1max ¼ vs þ ve þ am
2=jm

� 	
=2, and use a bisec-

tion searching method to calculate the value of vmax. After
vmax is obtained, T1 and T5 can be figured out from Eqs. (32)
and (33), and then the motion can be planned.

v ¼ vs þ 1
2 � jm � t2 t0 � t < t1ðt ¼ t � t0Þ

v ¼ v1 þ jm � T2
1 � 1

2 � jm � t2 t1 � t < t3ðt ¼ t � t1Þ
v ¼ v3 � 1

2 � jm � t2 t3 � t < t5ðt ¼ t � t3Þ
v ¼ v5 � jm � T2

5 þ 1
2 � jm � t2 t5 � t < t7ðt ¼ t � t5Þ

8>><
>>:

ð34Þ

where

v1 ¼ vs þ 1
2 � jm � T2

1
v2 ¼ v1 þ am � T2

�
5. Five segments motion planning (S5≥S>S4)

The planning profile is shown in Fig. 7g, and each
parameter is calculated as follows:

T1 ¼ T3 ¼ am
jm

T5 ¼ T7

�
ð35Þ

vmax ¼ v3 ¼ vs þ am � T2 þ am
2

jm

T5 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2mþjm am�T2�veþvsð Þ

p
jm

8<
: ð36Þ

Here, the vmax is in the interval vs þ am
2

jm
; ve þ am

2

jm

� �
, let

the initial value v1
max

¼ vs þ ve þ 2 � am2� 	
=jm


 �
=2, and use a

bisection searching method to calculate the value of vmax.
After vmax is obtained, T2 and T5 can be figured out from
Eqs. (35) and (36), and then the motion can be planned.
6. Six segments motion planning (S>S5)

The planning profile is shown in Fig. 7h, and each
parameter is calculated as follows:

T1 ¼ T3 ¼ T5 ¼ T7 ¼ am
jm

T2 ¼ � 2�vs�jmþ3�am2ð Þ
2�jm�am þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
am

4�2�jm� a2m vsþveð Þ�jm v2sþv2eð Þ�2�am�jm�S½ �p
2�jm�am

T6 ¼ T2 � ve�vs
am

8>><
>>:

ð37Þ

v ¼ vs þ 1
2 � jm � t2 t0 � t < t1ðt ¼ t � t0Þ

v ¼ v1 þ am � t t1 � t < t2ðt ¼ t � t1Þ
v ¼ v2 þ am � t � 1

2 � jm � t2 t2 � t < t3ðt ¼ t � t2Þ
v ¼ v3 � 1

2 � jm � t2 t3 � t < t5ðt ¼ t � t3Þ
v ¼ v5 � am � t t5 � t < t6ðt ¼ t � t5Þ
v ¼ v6 � am � t þ 1

2 � jm � t2 t6 � t < t7ðt ¼ t � t6Þ

8>>>>>><
>>>>>>:

ð38Þ
Where

v1 ¼ vs þ 1
2 � jm � T2

1
v2 ¼ v1 þ am � T2
v3 ¼ v2 þ am � T3 � 1

2 � jm � T 2
3

v5 ¼ v3 � 1
2 � jm � T 2

5
v6 ¼ v5 � am � T6
v7 ¼ v6 � am � T7 þ 1

2 � jmax � T2
7

8>>>>>><
>>>>>>:

3.4.3 The third case: S curve Acc/Dec motion planning (ve < vs)

As shown in Fig. 5, when ve<vs, based on the feedrate and
distance between the starting point and end point, the
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motion planning has also eight types, which are shown in
Fig. 10.

As shown in Fig. 11, it is the very short spline or the
sensitive point close to each other. When S<S2, the feedrate
of the starting point B is higher than that of the end point D.
In this case, the feedrate of point B needs to be adjusted
according to the feedrate of the end point D, that is, let vs0
ve. After the feedrate of starting point is adjusted, it needs to
continue tracing back, and then the motion is planned
according to the adjusted feedrate. The motion planning of

other cases is similar to that of the ve>vs, and it is not
illustrated in detail again.

3.4.4 Adaptive low feedrate transition

In general, the theoretical deceleration point cannot overlap
with the actual deceleration point, whose position will be
slightly ahead (see Fig. 3a, b). Therefore, the destination
will not be reached when the feedrate decelerates to the Vmin

because of the deceleration point error. In other words, the
parameter value on the curve will be different than that of
the original saved feedrate-sensitive point, and it may be
slightly smaller than the original parameter value.

In order to control the interpolation accuracy and
ensure that the chord error is constrained under the
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prescribed tolerance, a low adaptive feedrate transition
curve is added to the algorithm. When the feedrate
decelerates to the Vmin, the current parameter value
and that of the original saved feedrate-sensitive point
are compared to determine whether this low feedrate
transition curve is required or not.

3.5 The circular buffer

Based on the above reasons, a large memory region is
opened up as the circular buffer for storing the param-
eters of interpolation. The circular buffer's structure is
shown in Fig. 12a and its unfolded structure is shown
in Fig. 12b.

The circular buffer has two pointers, the data writing
pointer and the data reading pointer. The data writing point-
er is used to write data obtained from the parametric inter-
polator into the circular buffer, and it is a two-way pointer,
which means that the pointer can be either upwards or
downwards. The data reading pointer is used to continuous-
ly read data from the circular buffer from the position
interpolator, and the reading pointer is a single direction
pointer which can only increase. The data writing pointer
may need to be traced back from time to time. Because
reading and writing pointers are far from each other, and
the speed of writing data to the circular buffer is faster than
the speed of reading data from it, the reading pointer is not
affected when the writing pointer tracing back to update the
interpolation parameter.
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3.6 NURBS position interpolator

The NURBS position interpolator is the interpolation pro-
cess immediately after the NURBS parametric interpolator.
The input of the position interpolator is the u parameters
obtained from the parametric interpolator, and the output of
the position interpolator is the position command of the
position loop of the motion control module. The parametric
interpolator and position interpolator are bridged through
the circular buffer. The algorithm schedules it in the ISR, so
it takes less time in the position interpolator. The position
interpolation algorithm is given as follows:

Step 1: The ISR will not start until half of the data has been
written into the circular buffer, or until the para-
metric interpolator process has been finished.

Step 2: The parametric interpolator and the position inter-
polator are processed at the same time. In the
course of the parametric interpolator process, if
the circular buffer is full, the parametric interpola-
tor process will be suspended. The parametric in-
terpolator process will start again once the circular
buffer is not full.

Step 3: Whenever an ISR interrupt takes place, a parame-
ter ui in the circular buffer will be read. Then the
reading pointer is advanced by one.

Step 4: According to the read parameters ui, the position
command of each axis is obtained by substituting
ui into the Eq. (1). This process will not stop until
the circular buffer is empty, and then the position
interpolator is finished.
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4 Case study and experiment

To evaluate the proposed interpolation algorithm, one tri-
dent NURBS curve is chosen for case study. The interpola-
tion algorithm is simulated on a desktop computer with Intel
Pentium CPU using MATLAB software.

4.1 NURBS curve

The trident curve (degree 2) is shown in Fig. 13.
The control points, knot vector, and weight vector of this

curve are:
The control points:{0.1,0,0}, {0.2,0.2,0}, {0.12,0.08,0},

{0.1,0.2,0}, {0.08,0.08,0}, {0,0.2,0}, {0.1,0,0} (meters);
The knot vector is U0{0, 0, 0, 0.2, 0.4, 0.6, 0.8, 1, 1, 1};
The weight vector is W0{1, 1, 1, 1, 1, 1, 1};
The sampling time is Ts00.002 s;
The command feedrate is Fc00.2 m/s;
The maximal allowable chord error is δmax01×10

−6 m;
The maximal allowable Acc/Dec is am01 m/s2;
The maximal allowable jerk is jm010 m/s3;
The curvature of the trident curve is shown in Fig. 14,

and the English alphabet marks the feedrate-sensitive point
in sequence.

4.2 Simulation result of the trident curve

In this section, numerical simulations are performed
using MATLAB software. There are 2,220 interpolation
steps in the machining process, and the consumed time
is 4.44 s. In addition, the parametric interpolator time
taken is about 2.53 s, and position interpolator is about
31.06 ms. It can be seen that the position interpolator is
much faster than the parametric interpolator and the
average time of the position interpolator is less than

15 μs. Because the interpolation (sampling) period is
2 ms, it is appropriate that the position interpolator is
scheduled in ISR.

The resultant feedrates, acceleration, and jerk are
shown in Figs. 15, 16, and 17, respectively. From
Figs. 14 and 15, it can be seen that the proposed
interpolation algorithm does well on those high curva-
ture regions; that is, it decreases feedrate to improve
contour precision. By magnifying the local portion of
feedrate profile in Fig. 15, it can be seen clearly that
the feedrate profile is very smooth near the feedrate-
sensitive point and there is a low feedrate transition
curve. From Fig. 16, it can be seen that the resultant
acceleration profile is trapezoidal or triangular profile.
Figure 17 also shows that the variation of jerk falls in
the range of CNC system parameters. As shown in
Fig. 18, the chord error is constrained under the pre-
scribed 1-μm tolerance at every interpolation point.
Finally, the X- and Y-axis position, feedrate, accelera-
tion, and jerk profile are shown in Figs. 19, 20, 21, and
22, respectively.

From Figs. 16 and 17, it can be seen that the magnitudes
of the acceleration and jerk have been reduced significantly
after the proposed interpolation algorithm is adopted. In
addition, it is also not necessary that the proposed interpo-
lation algorithm is done off-line. Meanwhile, the proposed
interpolation algorithm is fit not only for the long spline
interpolation, but also for the short spline interpolation. The
simulation results show that the proposed NURBS algo-
rithm is feasible for NURBS interpolation in terms of
high-precision machining.

5 Conclusions

The key issue of high-speed and high-precision CNC ma-
chining of NURBS curve interpolation is the turning veloc-
ity improvement at the feedrate-sensitive point, i.e., high
curvature point. The interpolation algorithm needs to have
a good Acc/Dec control scheme and can output the feedrate
profile as smooth as possible while keeping the computa-
tional time down.

In this paper, the proposed interpolation algorithm not
only considers chord errors, feedrate fluctuations, jerk-
limited, and Acc/Dec capabilities of the machine, but also
optimizes the look-ahead process. In the meanwhile, it
improves machining efficiency by adding the circular buffer
and pre-interpolation (non-off-line), and enhances the real-
time performance by removing the time-consuming calcu-
lation from the ISR. Furthermore, the proposed interpolation
algorithm can interpolate both the long spline and the short
spline with uniform method. Finally, a case study has been
conducted to evaluate the proposed interpolation algorithm,
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and the advantages of the method are confirmed by simula-
tion results.
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