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Abstract Random component variations have a signifi-
cant influence on the quality of assembled products, and
variation propagation control is one of the procedures
used to improve product quality in the manufacturing
assembly process. This paper considers straight-build
assemblies composed of axi-symmetric components and
proposes a novel variation propagation control method in
which individual components are re-orientated on a
stage-by-stage basis to optimise the table-axis error for
the final component in the assembly. Mathematical mod-
elling methods are developed to predict the statistical
variations present in the complete assembly. Three
straight-build assembly strategies are considered: (a) di-
rect build, (b) best build and (c) worst build assembly.
Analytical expressions are determined for the probability
density function of the table-axis error for the final
component in the assembly, and comparisons are made
against Monte Carlo simulations for the purposes of
validation. The results show that the proposed variation
propagation control method offers good accuracy and
efficiency, compared to the Monte Carlo simulations.

The probability density functions are used to calculate
the probability that the eccentricity will exceed a partic-
ular value and are useful for industrial applications and
academic research in tolerance assignment and assembly
process design. The proposed method is used to analyse
the influence of different component tolerances on the
build quality of an example originating in aero-engine
sub-assembly.
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1 Introduction

Random geometric variations from the nominal dimen-
sions always exist in manufactured components due to
imperfections in manufacturing processes. As compo-
nents are assembled, these variations propagate and
accumulate and can quickly drive assembly dimensions
out of specification [1]. Tolerance assignment in me-
chanical engineering product design and manufacture is
critical for product quality and cost, since the tighter
tolerances needed to improve quality normally require
more extensive manufacturing effort, resulting in higher
manufacturing cost [2].

Improving quality and reducing the design cycle time
and cost are the main objectives for competitive manu-
facturing today. Effectively controlling the propagation
of variations in the assembly process is one way to help
achieve these objectives [3]. Traditional methods for
studying assembly tolerance stackup are usually based
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on engineering experience, worst on worst (WOW)
method [4–7], or the root-sum-square (RSS) method
[2,8,9]. The WOW method often gives results that are
overly pessimistic, while the RSS method only gives
results for the mean-square variation. These methods are used
frequently in the analysis of single-dimensional chains,
and are not suited to the analysis of geometric toleran-
ces [2,10]. Furthermore, these methods do not take into
account practical assembly procedures and can be diffi-
cult to use in practice. There is a clear need to take
account of random component variability during assembly to
determine the likelihood that the mechanical assembly is
acceptable or not.

The simplest and most popular method for statistical
tolerance analysis is the Monte Carlo simulation meth-
od. Random dimensions for each component are gener-
ated according to known or assumed statistical
distributions, and the relevant key characteristic (e.g.
eccentricity) is computed for each set of component
values. In this way, sample response function values
are generated and the probability calculated that the
key characteristic is satisfied or not. The main drawback
of this method is that it is necessary to generate a large
number of samples to achieve accurate predictions
[11–14], which may require intensive computation. This
issue is particularly apparent if a tolerance analysis is
carried out within an iterative loop of the more complex
tolerance synthesis problem. In this situation, the solu-
tion can become extremely time consuming and compu-
tationally expensive.

This paper considers the special case of mechanical
assemblies composed of axi-symmetric (or polyhedral)

components [15–20]. These assemblies are used in aero-
engines [21] (see Fig. 1) and in gas turbines and pos-
sess the special property that the assembly can be mod-
ified by rotating components relative to each other
about the central axis of symmetry. This property offers
the possibility of improving assembly quality by choos-
ing the most suitable orientations of components, and in
this work, component orientations are selected at each
stage of assembly to help achieve straight build. Con-
nective assembly models are used to describe the as-
sembly process mathematically, and a probabilistic
approach is used to predict the probability that the
eccentricity of the final component in the assembly is
within specified threshold values. Initially the aim is to
predict the probability density function (pdf) for the
eccentricity of the final component, avoiding the need
to use Monte Carlo simulation. Once the pdf has been
constructed, the probability that the eccentricity does not
exceed a particular threshold value is calculated. The
main challenge in the work is to determine the pdf for
the eccentricity. The main reason for this is that the
connective assembly models used to describe the assem-
bly are often complex and non-linear (see [22]), partic-
ularly when the orientation of each component is
manually selected to control variation propagation. This
complication is handled by adopting the practical ap-
proximation that real component variations are small
compared to their nominal values [22–24], allowing
the connective assembly models to be linearised and
the pdfs to be obtained more easily. A simplified ver-
sion of the approach is applied to two-dimensional
assemblies in (Yang et al., submitted for publication)

Fig. 1 The modular breakdown
of a Trent family engine [21]
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to illustrate some of the basic concepts for the purposes
of visualisation but is limited in its application com-
pared to the practical fully three-dimensional case con-
sidered here.

Three different straight-build strategies are considered
here: (a) direct build, (b) best build and (c) worst build
assembly. Direct build assembly (DBA) corresponds to
the standard straight-build process in which axi-
symmetric components are assembled without giving
any consideration to controlling the eccentricity of the
build. Best build assembly (BBA) takes advantage of
the axi-symmetric property of the components and aims
to minimise the eccentricity of the final component in
the build. This is achieved by rotating the component
being added at each stage about its nominal axis of
symmetry. Worst build assembly (WBA) is the antithesis
of BBA and rotates each component as it is added so as
to maximise the eccentricity. Whilst WBA has no prac-
tical significance, it is useful for the purposes of com-
parison, and both BBA and WBA are useful in the
tolerance synthesis problem.

In what follows, connective assembly models are devel-
oped in Section 2 to describe the assembly processes using
the different straight-build strategies. Linearised models are
used to determine the pdf for the eccentricity of the final
component in an axi-symmetric assembly, using DBA, BBA
and WBA in Section 3. The pdf is then used to calculate the
probability that the eccentricity does not exceed a particular
threshold value. In Section 4, numerical examples are pre-
sented to validate the proposed methods and investigate the
influence of using different tolerances on the eccentricity of
an example originating in aero-engine sub-assembly. Some

practical considerations and discussions are given in
Section 5.

2 Modelling straight build for an axi-symmetric
assembly

Straight-build assembly is the process of assembling axi-
symmetric rigid components so as to achieve an axi-
symmetric build. Due to the presence of manufacturing
variations, neither the components nor the assembly are
perfectly axi-symmetric, and it is often necessary to monitor
and control the buildup of assembly errors. In this work, the
eccentricity of the final component in the complete assembly
is used as a measure of the quality of the build.

Figure 2 shows a two-component axi-symmetric assembly
with the upper component shown in two different orientations.
Figure 2a shows the upper component in its original orienta-
tion, whilst Fig. 2b shows the upper component rotated about
its axis of symmetry. The eccentricity of each build is defined
by the so-called table-axis error, which is the perpendicular
distance of the centre of the uppermost component (C2) from
the so-called table axis, which is defined by a line that passes
through the centre of the base of the first component and is
perpendicular to it. For the case shown, it is clear that the
configuration shown in Fig. 2b has a smaller table-axis error
than that shown in Fig. 2a. By selecting the orientation of the
upper component that minimises the table-axis error, the qual-
ity of the build can be improved and the “best build” achieved.
In later sections, the component being added at a particular
stage is rotated so that the eccentricity of the final component
in the complete assembly is minimised.

Fig. 2 Straight-build assembly:
a original configuration and b
after the upper component has
been re-orientated to minimise
the table-axis error
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Mathematical models are used to predict the location
and orientation of components in the assembly. In what
follows, a connective assembly model is presented and
applied to nominally axi-symmetric components and
assemblies, and a linearised form of equations is derived
when the dimensional variations are small. The linear-
isation allows analytical expressions to be obtained for
the eccentricity (table-axis error), which are used as the
starting point for the probabilistic analysis considered in
Section 3. Section 2.1 provides a review of connective
assembly models, and Section 2.2 presents the linearised
model.

2.1 Connective assembly models for straight-build assembly

Connective assembly models [22] are used to quantify
the propagation of component variations through the
assembly. In these models, matrix transformations are
used to relate the location and orientation of different
features on one component to another component, and
for this purpose, coordinate frames are attached to each
of the mating features on each component. For three-
dimensional components, the geometric relationship

between any two coordinate frames is depicted as
shown in Fig. 3.

In Fig. 3, the geometric relationship between coordi-
nate frame 1 and coordinate frame 2 is represented
using transformation matrix T. The transformation ma-
trix represents the operations of translation and rotation
acting on a coordinate frame originally aligned with a
reference coordinate frame [22] and is given by:

T ¼ R p
0T 1

� �
; ð1Þ

where R is a 3×3 rotational matrix indicating the ori-
entation of frame 2 relative to frame 1, p is a 3×1
displacement vector indicating the position of frame 2
relative to frame 1 and superscript T indicates a vector
or matrix transpose.

For a two-component assembly, as shown in Fig. 4,
the model assumes the components are joined to each
other by mating features [22] and transformation matri-
ces are used to relate the location of the mating fea-
tures, where no manufacturing variations are present.
For the assembly shown in Fig. 4b, the transform ma-
trix TN

0�2 relating the location and orientation of the
coordinate frame at the top of component 2 to the
coordinate frame at the base of component 1 can be
expressed as follows:

TN
0�2 ¼ TN

0�1 T
N
1�10 T

N
10�2; ð2Þ

where TN
1�10 is the transform matrix relating the loca-

tion and orientation of the coordinate frame at mating
feature 1′ on component 2 to the coordinate frame at
mating feature 1 on component 1; TN

0�1 and TN
10�2 are

the transformation matrices relating features 0 and 1 on
nominal component 1 and features 1′ and 2 on nominal
component 2, respectively. Transformations TN

1�10 , T
N
0�1

and TN
10�2 have the same form as Eq. (1). The super-

script N indicates that the transform matrices relate to
the nominal geometry of the component and ensures
there is perfect alignment between mating features. For
nominal axi-symmetric components, the upper and low-
er surfaces are parallel to each other and the axes for
each coordinate frame are aligned perfectly. This
ensures that the rotational matrix R (see Eq. (1)),
defining the relative orientation between coordinate
frames, is the identity matrix and the position vector
p (see Eq. (1)), defining the relative location between
the origins of the mating coordinate frames, is a zero
vector, except in the vertical Z-direction. Using these

Fig. 3 Geometric relationship between two coordinate frames [22]

Fig. 4 An example two-component assembly: a unassembled and b
assembled
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definitions, the transformation on the right-hand side of
Eq. (2) can be expressed as:

TN
0�1 ¼ I pN1

0T 1

� �
; ð3Þ

TN
10�2 ¼ I pN2

0T 1

� �
; ð4Þ

TN
1�10 ¼

I 0
0T 1

� �
; ð5Þ

pNi ¼
0
0
Zi

2
4

3
5; ð6Þ

where Zi is the height of the ith component and i01,2. Using
these equations in Eq. (2) gives:

TN
0�2 ¼ I pN1 þ pN2

0T 1

� �
: ð7Þ

In a similar way, the transform matrix for an assembly
consisting of n axi-symmetric components can be expressed
as:

TN
0�n ¼

I
Pn
i¼1

pNi

0T 1

2
4

3
5; ð8Þ

where TN
0�n is the transform matrix relating the location

and orientation of the coordinate frame at the top of
component n to the coordinate frame at the base of
component 1.

If a feature on a part is not placed at its nominal
design position due to manufacturing variations, relative
rotation and location errors need to be included in the
definition of the relevant matrix transforms. This is
achieved by introducing a matrix transform D, having
the same form as Eq. (1), for each matrix transform
between two mating features on the same part. Trans-
form matrix T0−2 relating frame 2 to frame 0 can then
be expressed as:

T0�2 ¼ TN
0�1 D1 T

N
10�2 D2; ð9Þ

where TN
0�1 and TN

10�2 are given by Eqs. (3) and (4),
respectively, and transform matrix Di takes account of
manufacturing variations in component i, is:

Di ¼ dRi dpi
0T 1

� �
; ð10Þ

dpi ¼
dX i

dY i

dZi

2
4

3
5: ð11Þ

The translation error vector dpi takes account of transla-
tion errors dXi, dYi and dZi in the X-, Y- and Z-directions,
respectively. The rotation error matrix dRi accounts for
rotation errors dθXi, dθYi, dθZi about the X-, Y- and Z-axes,
respectively, and is formed by considering the rotation error
matrices for each of these rotations and then combining
them together. The rotation error matrices for the individual
rotations about the X-, Y- and Z-directions are expressed as
dRθXi, dRθYi and dRθZi, respectively, and are given in [22].

The combined rotation error matrix dRi is created by
multiplying matrices dRθXi, dRθYi and dRθZi together (in
order) and is given by:

dRi ¼

cos dθYið Þ cos dθZið Þ � cos dθYið Þ sin dθZið Þ sin dθYið Þ
sin dθXið Þ sin dθYið Þ cos dθZið Þ cos dθXið Þ cos dθZið Þ � sin dθXið Þ cos dθYið Þ
þ cos dθxið Þ sin dθzið Þ � sin dθXið Þ sin dθYið Þ sin dθZið Þ
sin dθXið Þ sin dθZið Þ cos dθXið Þ sin dθYið Þ sin dθZið Þ cos dθXið Þ cos dθYið Þ
� cos dθXið Þ sin dθYið Þ cos dθZið Þ þ sin dθXið Þ cos dθZið Þ

2
66664

3
77775 ð12Þ

In Fig. 4, if components 1 and 2 are assembled together and
component 2 is rotated by an angle θZ2 about the Z-axis, then
transformation matrix T1−1′ must take account of this rotation.
In this case, the transformation matrix T0−2 between feature 0
on component 1 and feature 2 on component 2, taking into
account manufacturing variations can be written as:

T0�2 ¼ TN
0�1 D1 T1�10 T

N
10�2 D2 : ð13Þ

where

T1�1 ¼ S2 0
0T 1

� �
; ð14Þ

S2 ¼
cos θZ2ð Þ � sin θZ2ð Þ 0
sin θZ2ð Þ cos θZ2ð Þ 0
0 0 1

2
4

3
5; ð15Þ

Int J Adv Manuf Technol (2013) 64:1029–1047 1033



and s2 is the rotation matrix that takes account of rotating
component 2 by an angle θZ2 about the Z-axis to control the
resulting eccentricity.

Using Eqs. (3), (4), (6), (10), (11), (14) and (15) in Eq.
(13), T0−2 can be expressed as:

T0�2 ¼ dR1S2dR2 pN1 þ dp1
� �þ dR1S2 pN2 þ dp2

� �
0T 1

� �
:

ð16Þ

For an n-component assembly, it can be shown
that the transformation matrix T0−n is given by:

T0�n ¼
Qn
i¼1

SidRið Pn
i¼1

Qn
i¼2

Sj�1dRj�1

� �
Si pNi þ dpiÞ
�

0T 1

2
4

3
5;
ð17Þ

Equation (17) can be used to determine the rotation and
translation errors for the nth component in an assembly
and forms the basis for calculating the table-axis error
for the complete assembly.

2.2 Linearised straight-build assembly models

In practical applications, component geometric variations are
small compared to the nominal values and taking this into
account greatly simplifies Eq. (17). In what follows, the
translation errors dXi, dYi, dZi and rotation angle errors dθXi,
dθYi, dθZi are assumed to be small, and a simplified version of
Eq. (17) is obtained.

Assuming that the rotation angle errors are small, Eq.
(12) can be approximated as follows:

dRi ¼ Iþ dRi; ð18Þ
where

dRi ¼
0 �dθZi dθYi

dθZi 0 �dθXi
�dθYi dθXi 0

2
4

3
5; ð19Þ

and first-order small-angle approximations have been used
such that cos(dθ)≈1, sin(dθ)≈dθ. Using Eqs. (6) and (15), it
can be shown that Si pNi ¼ pNi . In accordance with these
approximations, second- and higher-order products of δRi

and dpj are assumed to be negligibly small, and Eq. (17) can
be approximated as follows:

TApprox
0�n ¼

Qn
i¼1

Si þ
Pn
i¼1

Qi
j¼1

Sj

 !
dRi

Qn
k¼iþ1

Sk

 ! !Pn
i¼1

pNi þ Pn�1

i¼1

Qi
j¼1

Sj

 !
dpi þ dRi

Pn
k¼iþ1

pNk

 ! !
þ Qn

i¼1
Si

� �
dpn

0T1

2
64 ð20Þ

Comparing Eqs. (20) and (8), the translation error vector
for the mating feature located on the upper surface of the nth
component is given by:

dxn
dyn
dzn

2
4

3
5 ¼

Xn�1

i¼1

Yi
j¼1

Sj

 !
dpi þ dRi

Xn
k¼iþ1

pNk

 ! !
þ

Yn
i¼1

Sidpn

 
:

ð21Þ
where dxn and dyn define the table-axis error and dzn is the
vertical height error for the nth component in the assembly.

Equation (21) is used as a basis for determining an
expression for vector [dxn, dyn], which is needed to deter-
mine the eccentricity of the nth component in the assembly.
Using Eqs. (6), (11), (15) and (19) in Eq. (21), it can be
shown that:

dxn
dyn

� �
¼
Xn
j¼1

rðnÞj

cos aj þ bðnÞj

� 	
sin aj þ bðnÞj

� 	
2
4

3
5: ð22Þ

This equation is used later to determine an explicit
expression for the eccentricity using direct build assem-
bly, worst build assembly and best build assembly.where

aj ¼
Pj
k¼1

θZk ,

rðnÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX j þ dθYj

Xn
k¼jþ1

Zk

 ! !2

þ dY j � dθXj
Xn
k¼jþ1

Zk

 ! !2
vuut ;

ð23Þ

tan bðnÞj ¼
dY j � dθXj

Pn
k¼jþ1

Zk

 !

dX j þ dθYj
Pn

k¼jþ1
Zk

 ! ; ð24Þ
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for j01,2,..,(n−1), and

rðnÞn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2

n þ dY 2
n

q
ð25Þ

tan bðnÞn ¼ dYn

dX n
ð26Þ

In these equations, superscript (n) indicates that
the quantity refers to the nth component in the
assembly.

Using complex notation and Eq. (22), the eccentricity
of the nth component in the assembly εn can be written
as:

"n ¼
Xn
j¼1

rðnÞj exp igðnÞj

� 	�����
�����; ð27Þ

where gðnÞj ¼ aj þ bðnÞj . The jth term in the summation on the

right side of Eq. (27) denotes the contribution arising from
manufacturing variations in, and rotation of, the jth compo-
nent to the eccentricity of the nth component and can be

interpreted as a vector of length rðnÞj and orientation gðnÞj . It is

worth noting that lengthrðnÞj depends on translational (dXj, dYj)

and rotational (dθXj, dθYj) variations for the jth component

only, whilst orientation gðnÞj depends on the rotations (θZj)

applied to the first j components and rotational variation

bðnÞj

� 	
for the jth component. When applying the worst build

assembly and best build assembly strategies, each component
is rotated to maximise or minimise the eccentricity, respec-

tively. As each gðnÞj contains an additional rotation (θZj)

compared to gðnÞj�1 , each orientation γj can be considered to

be completely independent of all other orientations gðnÞk (k≠j).

2.2.1 Direct build assembly

For direct build assembly, no attempt is made to control
the propagation of component variations as the assem-
bly is built. Setting αj00 in Eq. (22) and using the
resulting equation, it can be shown easily that the ec-
centricity "Directn for the nth component in the assembly
is given by:

"Directn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn

i¼1

dX i þ
Xn�1

i¼1

dθYi
Xn
j¼iþ1

Zj

 !2

þ
Xn
i¼1

dY i �
Xn�1

i¼1

dθXi
Xn
j¼iþ1

Zj

 !2
vuut : ð28Þ

2.2.2 Worst build assembly

For worst build assembly, the build eccentricity is maximised
by rotating each component about its axis of symmetry and
selecting the assembly configuration that provides the maxi-
mum eccentricity for the final component in the assembly. The
WBA eccentricities for n02, n03 and the general case of an n-
component assembly are considered below.

For a two-component assembly (n02), the maximum
eccentricity is obtained by selecting the orientation angle

θZ2 for component 2 such that: gð2Þ2 ¼ gð2Þ1 (i.e. θZ2 ¼ bð2Þ1

� bð2Þ2 ). This ensures the vectors defining the eccentricity
are collinear and act in the same “outwards” direction.
Applying this procedure and using Eqs. (23)–(25) and
(27), the maximum eccentricity is given by:

"max
2 ¼ max

θZ2
rð2Þ1 exp igð2Þ1

� 	
þ rð2Þ2 exp igð2Þ2

� 	��� ��� ¼X2
i¼1

rð2Þi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 1 þ dθY1Z2ð Þ2 þ dY 1 � dθX1Z2ð Þ2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2

2 þ dY 2
2

q
: ð29Þ

For a three-component assembly (n03), the maximum
eccentricity is achieved by selecting orientation angles θZ2
and θZ3 for components 2 and 3, respectively, such

that gð3Þ2 ¼ gð3Þ1 (i.e. θZ2 ¼ bð3Þ1 � bð3Þ2 ) and gð3Þ3 ¼ gð3Þ1

( i .e . θZ3 ¼ bð3Þ2 � bð3Þ3 ) . This is equivalent to the
vectors defining the eccentricity being collinear with
all components acting in the same “outwards” sense.
Applying this procedure and using Eqs. (23)–(25)
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and (27 ) , t he max imum eccen t r i c i t y i s g i ven
by:

"max
3 ¼ max

θZ2;θZ3
rð3Þ1 exp igð3Þ1

� 	
þ rð3Þ2 exp igð3Þ2

� 	
þ rð3Þ3 exp igð3Þ3

� 	��� ��� ¼X3
i¼1

rð3Þi

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 1 þ dθY1 Z2 þ Z3ð Þð Þ2 þ dY 1 � dθX1 Z2 þ Z3ð Þð Þ2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2 þ dθY2Z3ð Þ2 þ dY 2 � dθX2Z3ð Þ2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2

3 þ dY 2
3

q
:

ð30Þ

For an n-component assembly, the maximum eccentricity
can be obtained in an identical way and is given by:

"max
n ¼ max

θZ2;θZ3;::;θZn

Xn
j¼1

rðnÞj exp igðnÞj

� 	�����
����� ¼

Xn
i¼1

rðnÞi ¼
Xn�1

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX i þ dθYi

Xn
j¼iþ1

Zj

 !2

þ dY i � dθXi
Xn
j¼iþ1

Zj

 !2
vuut þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2

n þ dY 2
n

q
: ð31Þ

In the practical assembly process, components are assem-
bled stage by stage, and at each of these stages, the orienta-
tion of the upper most component (only) is modified to
control the eccentricity. Since WBA is independent of the
order in which the components are re-orientated, this stage-
by-stage assembly yields the maximum eccentricity.

2.2.3 Best build assembly

For best build assembly, the build eccentricity is minimised
by rotating each component about its axis of symmetry and
selecting the assembly configuration that provides the min-
imum eccentricity for the final component. In contrast to
WBA, it is more difficult to determine the assembly config-

uration having minimum eccentricity for assemblies with
three or more components, and for this reason, an approxi-
mate approach will be developed that is well suited to the
stage-by-stage assembly process. The BBA eccentricities
for n02, n03 and the general case of an n-component
assembly are considered below.

For a two-component assembly (n02), the minimum
eccentricity is obtained by selecting the orientation angle

θZ2 for component 2 such that: gð2Þ2 ¼ gð2Þ1 þp (i.e. θZ2

¼ bð2Þ1 � bð2Þ2 þp ). This ensures the two vectors defining
the eccentricity are collinear, but act in the opposite sense.
Applying this procedure and using Eqs. (23)–(25) and (27),
the minimum eccentricity is given by:

"min
2 ¼ min

θZ2
rð2Þ1 exp igð2Þ1

� 	
þ rð2Þ2 exp igð2Þ2

� 	��� ��� ¼ rð2Þ1 � rð2Þ2

��� ��� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 1 þ dθY1Z2ð Þ2 þ dY 1 � dθX1Z2ð Þ2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2

2 þ dY 2
2

q����
����: ð32Þ

For a three-component assembly (n03), the minimum
eccentricity is obtained by selecting orientation angles
θZk (k02,3) to minimise Eq. (27). Unlike WBA, BBA
for assemblies with three or more components requires
the resultant eccentricity vector to be minimised and
does not necessarily coincide with the individual eccen-
tricity vectors being collinear. In these situations, it is

necessary to perform a full optimisation to achieve the
minimum, and it is not possible to write simple analyt-
ical expressions. In what follows, an approximate ex-
pression for the minimum eccentricity is derived based
on the assumption that the eccentricity vectors are col-
linear. For a three-component assembly, this is achieved
in two steps. The first step is to select the orientation of
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component 2 to minimise the eccentricity for the final
(third) component based on variations in components 1
and 2 only, with component 3 assumed to be perfect.
The second step is to orientate component 3 to mini-
mise the eccentricity based on variations in component
3 together with the residual variation resulting from the
first step. The stage-by-stage nature of this process
makes its implementation straightforward and directly
relevant to stage-by-stage assembly.

Using the notation developed earlier, the minimum ec-
centricity is approximated as:

"min
3 � min

θZ3
rð3Þ3 exp igð3Þ3

� 	
þmin

θZ2
rð3Þ2 exp igð3Þ2

� 	
þ rð3Þ1 exp igð3Þ1

� 	��� �������
����:

ð33Þ
Using Eqs. (23)–(25) and (27) in Eq. (33), it can be

shown that the approximate minimum eccentricity can be
written as:

"min
3 ¼ rð3Þ1 � rð3Þ2

��� ���� rð3Þ3

��� ��� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 1 þ dθY1 Z2 þ Z3ð Þð Þ2 þ dY 1 � dθX1 Z2 þ Z3ð Þð Þ2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2 þ dθY2Z3ð Þ2 þ dY 2 � dθX2Z3ð Þ2

q
�������

��������
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2

3 þ dY 2
3

q�������
�������: ð34Þ

For an n-component assembly, the approximate ap-
proach proposed for three components is generalised. In
this case, an (n−1) step “stage-by-stage” approach is
used. The first step is to select the orientation of com-
ponent 2 to minimise the eccentricity based on varia-
tions in components 1 and 2 only, with all subsequent
components assumed to be perfect. The second step is
to orientate component 3 to minimise the eccentricity
based on variations in component 3 together with the

residual variation resulting from the first step, and all
subsequent components assumed to be perfect. General-
ising this procedure, the jth step is to orientate compo-
nent (j+1) to minimise the eccentricity based on
variations in component (j+1) together with the residual
variation remaining after the (j−1)th step, assuming all
subsequent components are perfect. Applying this pro-
cedure to the whole assembly, the minimum eccentricity
can be approximated as:

"min
n � min

θZn
rðnÞn exp igðnÞn

� 	
þmin

θZn�1

rðnÞn�1 exp igðnÞn�1

� 	
þ . . .þmin

θZ2
rðnÞ2 exp igðnÞ2

� 	
þ rðnÞ1 exp igðnÞ1

� 		��� �������
����

����
���� ð35Þ

Following the above procedure and using Eq. (35), it can
be shown that the approximate minimum eccentricity can be
expressed as:

"min
n ¼ . . . rðnÞ1 � rðnÞ2

��� ���� rðnÞ3

��� ���� rðnÞ4

��� ���� . . .� rðnÞn

��� ���: ð36Þ

Unlike WBA, the proposed BBA (for n>3) is an approx-
imate method based on the components being assembled
stage by stage. This approach is well suited to practical
assembly procedures and always produces eccentricities that
are greater than or equal to the actual minimum value. The
expressions (28)–(36) derived in this section are used next
to develop analytical expressions for the pdf of the eccen-
tricity for the nth component in an assembly.

3 A probabilistic approach for straight-build assembly

When analysing the assembly of axi-symmetric components,
it is useful to quantify the likelihood that the eccentricity
exceeds a particular level. In this section, the dimensional
variations dXi, dYi, dθXi, dθYi for each component are modelled
as random variables and pdfs are developed for the eccentric-
ities developed using DBA, BBA and WBA. The pdfs
obtained for the different build scenarios provide a useful
insight into the improvements gained using the different
approaches. The pdfs are then used to calculate the probability
that the build eccentricity exceeds a particular threshold value.

The component variations (translation dXi, dYi and
rotation dθXi, dθYi) used to predict the eccentricity are
assumed to be statistically independent, zero-mean
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Gaussian random variables with known standard deviations

such that: E dX 2
i

� 
 ¼ σ2
Xi , E dY 2

i

� 
 ¼ σ2
Yi , E dθ2Xi

� 
 ¼ σ2
θXi and

E dθ2Yi
� 
 ¼ σ2

θYi , where σXi, σYi, σθXi and σθYi are standard
deviations for variations in the location and orientation of
the mating features for the ith component. In what follows, it
is assumed that: σYi0σXi and σθXi0σθYi0σθi.

3.1 Direct build assembly

As the Gaussian random component variations are statisti-
cally independent, it can be shown that the terms
Pn
i¼1

dX i þ
Pn�1

i¼1
dθYi

Pn
j¼iþ1

Zj

 !
a n d

Pn
i¼1

dY i �
Pn�1

i¼1
dθXi

Pn
j¼iþ1

Zj

 !

appearing in Eq. (28) are statistically independent and Gauss-
ian distributed. It can also be shown that the standard devia-

tions for both these terms are:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1

σ2
Xi þ

Pn¼1

i¼1
σ2
θi

Pn
j¼iþ1

Zj

 !2
vuut .

Using Eq. (28) and a change of variables, it can be shown
that the pdf of the eccentricity "Directn , for the final component
in an assembly consisting of n axi-symmetric components,
is given by:

p "Directn

� � ¼ "Directn
σ2n

exp � "Directnð Þ2
2σ2n

� �
; "Directn � 0

0 otherwise

8<
: ð37Þ

where

σn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
i¼1

σ2
Xi þ

Xn�1

i¼1

σ2
θi ð
Xn
j¼iþ1

ZjÞ
2

vuut ð38Þ

and Eq. (37) is a Rayleigh distribution [25].

3.2 Worst build assembly

For a two-component assembly, the maximum build eccen-
tricity "max

2 is given by Eq. (29). Noting that dX1+dθY1Z2 and
dY1− dθX1Z2 are zero-mean Gaussian-independent

r a n d o m v a r i a b l e s , i t f o l l o w s t h a tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdX 1 þ dθY1 Z2Þ2 þðdY 1 � dθX1 Z2Þ2

q
has a Rayleigh

d i s t r i b u t i o n . G i v e n t h a t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2

2 þ dY 2
2

q
a n dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðdX 1 þ dθY1 Z2Þ2 þðdY 1 � dθX1 Z2Þ2
q

are statistically

independent and the distributions are each known (both
Rayleigh), the pdf for the maximum eccentricity "max

2

can be obtained using a change of variables [25]. Using
this approach, it can be shown that the pdf for "max

2 is
given by:

p "max
2

� � ¼

1

σ4
2

exp � "max
2

� �2
2σ2

2

 !
f
ffiffiffiffiffi
2p

p
"max
2

� �2 �σ2
2

h i σ�
2;1 σX2

σ2
½Φ "max

2 σ�
2;1

σX2 σ2

� �
þ

Φ
"max
2 σx2Þ
σ�
2;1 σ2

 !
� 1� þ "max

2 σ�
2;1

2 e
�

"max
2ð Þ2 σ2

X2

2 σ�
2;1

2 σ2
2 þ"max

2 σ2
X2 e

�
"max
2ð Þ2 σ�

2;1
2

2 σ2
X2

σ2
2 g;

;

"max
2 � 0

0 otherwise

8>>>>>>>>>><
>>>>>>>>>>:

ð39Þ

where σ2 is obtained using Eq. (38) with n02,
σ�
2;1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
X1 þ σ2

θ1Z
2
2

q
and Φ is the cumulative normal

distribution (which can be obtained from the error func-
tion [25]).

For a three-component assembly, the maximum build
eccentricity "max

3 is given by Eq. (30). Noting that dX 1

þdθY1 Z2þð Z3Þ; d Y 1 � dθX1 Z2þð Z3Þ; dX 2 þ dθY2Z3

and d Y 2 � dθX2Z3 are zero-mean Gaussian-independent
r a n d o m v a r i a b l e s , i t f o l l o w s t h a t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 1 þ dθY1 Z2 þ Z3ð Þ½ �2 þ d Y 1 � dθX1 Z2þð½

q
Z3Þ�2;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dX 2 þ dθY2Z3ð Þ þ d Y 2 � dθX 2Z3ð Þp
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX 2

3 þ dY 2
3

q
are all Rayleigh distributions. Given that the distribu-

tions are known, the pdf for the maximum eccentricity
"max
3 can also be obtained using a change of variables
[25]. Using this approach, it can be shown that the pdf
for "3max is given by:
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p "max
3

� � ¼

Z"max
3

0

"max
3 � x

� �
exp � x2

2σ23
� "max

3 �xð Þ2
2σ2X 3

� �
σ232σ

2
X 3

ffiffiffiffiffi
2p

p
x2 � σ2

3

� � σ�
3;1σ

�
3;2

σ3
Φ

xσ�
3;1

σ�
3;2 σ3

 !"(

þΦ
xσ�

3;2

σ�
3;1σ3

 !
� 1

#
þxσ�

3;1
2 exp � x2 σ�

3;2
2

2σ�3;1
2 σ2

3

 !
þ xσ�

3;2
2 exp � x2 σ�

3;1
2

2σ�3;2
2 σ2

3

 !)
dx;

"max
3 � 0

0 otherwise

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð40Þ

where σ�
3;1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
X1 þ σ2

θ1 Z2 þ Z3ð Þ2
q

and σ�3;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2X2 þ σ2θ2 Z

2
3

q
:

In a similar way, the pdf for the worst build
assembly for an n-component assembly can be
developed.

3.3 Best build assembly

For a two-component assembly, the minimum eccentricity is
given by Eq. (32). Using a similar approach to that

Fig. 5 Comparisons of probability density function of eccentricity for
the proposed approach and Monte Carlo simulations with the different
orientations for three-component-build eccentricity with tolerance

0.1 mm: a best build assembly with linear scale, b best build assembly
with semi-log scale, c worst build assembly with linear scale and d
worst build assembly with semi-log scale
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presented earlier for a two-component assembly using
WBA, it can be shown that the pdf for "min

2 is given by:

p "min
2

� � ¼
1
σ42

exp � ð"min
2 Þ2
2σ22

� � ffiffiffiffiffi
2p

p
"min
2

� �2 �σ2
2

h i
σ�2;1 σX2

σ2
½Φ "min

2 σ�2;1
σX2 σ2

� 	
þ

n

Φ "min
2 σX2

σ�2;1 σ2

� 	
� 2
i
þ "min

2 σ�
2;1

2 e
�

"min
2ð Þ2 σ2

X2

2σ�
2;1

2 σ2
2 þ"min

2 σ2
X2 e

�
"min
2ð Þ2 σ�

2;1
2

2 σ2
X2

σ2
2

9>=
>;; "min

2 � 0

0 otherwise

8>>>>>>><
>>>>>>>:

ð41Þ

where the notation used is the same as in Eq. (39).
For a three-component assembly, the approximate

minimum eccentricity is given by Eq. (34). Using

a similar approach to that presented earlier for
WBA, it can be shown that the pdf for "min

3 is given
by:

Fig. 6 Probability density function for two-component build eccentricity with tolerance 0.1 mm: a linear scale and b semi-log scale

Fig. 7 Probability density function for two-component build eccentricity with tolerance 0.5 mm: a linear scale and b semi-log scale

1040 Int J Adv Manuf Technol (2013) 64:1029–1047



p "min
3

� � ¼

Z1
0

xþ "min
3

σ2
X 3

e
�

xþ"min
3ð Þ2

2 σ2
X3

e
� x2

2σ2
3

σ4
3

f
ffiffiffiffiffi
2p

p
x2 �σ2

3

� � σ�
3;1σ

�
3;2

σ3
½Φ xσ�

3;1

σ�
3;2σ3

 !

þΦ
xσ�

3;2

σ�
3;1σ3

 !
� 2� þ x σ�

3;2
2 e

�
x2 σ�

3;1
2

2 σ�
3;2

2 σ2
3 þxσ�

3;1
2 e

�
x2 σ�

3;2
2

2 σ�
3;1

2 σ2
3gdx

þ
Z1
"min
3

x� "min
3

σ2
X 3

e
�

x�"min
3ð Þ2

2 σ2
X3

e
� x2

2σ2
3

σ4
3

f
ffiffiffiffiffi
2p

p
x2 �σ2

3

� � σ�
3;1σ

�
3;2

σ3
½Φ xσ�

3;1

σ�
3;2σ3

 !

þΦ
xσ�

3;2

σ�
3;1σ3

 !
� 2� þ xσ�

3;2
2 e

�
x2 σ�

3;1
2

2 σ�
3;2

2 σ2
3 þxσ�

3;1
2 e

�
x2 σ�

3;2
2

2 σ�
3;1

2 σ2
3gdx;

"min
3 � 0

0 otherwise
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ð42Þ

Fig. 8 Probability density function for two-component build eccentricity with tolerance 2.0 mm: a linear scale and b semi-log scale

Fig. 9 Probability density function for three-component build eccentricity with tolerance 0.1 mm: a linear scale and b semi-log scale
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where the notation used is the same as in Eq. (40). In a
similar way, the pdf for the best build assembly for an n-
component assembly can be developed.

4 Numerical examples

The initial two examples investigated consider: (a) a two-
component assembly and (b) a three-component assembly.
In both of these examples, all components are axi-
symmetric (cylindrical) with nominal height H070 mm
and nominal diameter W0100 mm. These dimensions en-
sure that for each component, the nominal mating feature on
the upper surface have coordinates [0,0,70] relative to the
mating feature on the lower surface, i.e. Xi00 mm, Yi0
0 mm, Zi070 mm. Dimensional tolerances are specified

for the location (dXi, dYi and dZi) and orientation dθXi, dθYi
and dθZi of the mating feature for each component on its
upper surface relative to its lower surface, and the variations
are assumed to be zero-mean Gaussian random variables,
where the standard deviation (σ) is taken to be one third of
the specified tolerance. The influence of different compo-
nent tolerances on the eccentricity of the build is assessed,
and the tolerance values chosen for the component heights
hi (0dXi0dYi0dZi) are 0.1, 0.5 and 2 mm. The tolerances for
component diameters are assumed to take the same values as
those for the component heights. The tolerances for the
orientation error of the upper surface relative to the lower

surface for each component are taken to be: 2hi
W , 2hi

W and 2dX i
W

about the X-, Y- and Z-axes, respectively [22].
Numerical results obtained using the proposed probabi-

listic methods are compared with results obtained using the

Fig. 10 Probability density function for three-component build eccentricity with tolerance 0.5 mm: a linear scale and b semi-log scale

Fig. 11 Probability density function for three-component-build eccentricity with tolerance 2.0 mm: a linear scale and b semi-log scale
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standard Monte Carlo simulation method. Convergence
studies have been performed to determine the number of
simulations required by a Monte Carlo simulation to obtain
accurate results. For the examples considered, it was found
that 100,000 simulations were required to obtain predictions
for the mean, standard deviation, skewness and kurtosis to
be accurate to within ±1 %. An advantage of the proposed
probabilistic approach over Monte Carlo simulation is that it
does not require a convergence study to be performed.

As described in Section 2, the analysis developed for
BBA and WBA is based on using linearised equations and
a stage-by-stage “optimisation” in which the orientation of a
component about its central axis is chosen to minimise or

maximise the eccentricity, respectively. In practical assem-
blies, each component only has a finite number of possible
orientations (indexing positions) from which to choose. To
validate the linearisation approach used and investigate the
influence of using a limited number of orientations, the
proposed approach has been compared with Monte Carlo
simulations based on Eq. (17) and using only 2, 4, 8 and 16
uniform orientations. The results obtained for the three-
component assembly with a tolerance of 0.1 mm are plotted
on both linear and log-axes, as shown in Fig. 5a, b for BBA
and in Fig. 5c, d for WBA. These results compare the pdfs
on linear and logarithmic axes for the eccentricity of the
final component in the complete assembly. The results
obtained using a single orientation are obtained using the
DBA result (Eq. (37)), whilst those obtained using two
orientations were obtained using the approach developed
in Yang et al. (submitted for publication) for two-
dimensional assemblies. As expected, improved agreement
is obtained between Monte Carlo simulation and the pro-
posed approaches as the number of available orientations
increases. In particular, with eight orientations, the agree-
ment is good, whilst with 16 orientations, the agreement is
excellent. These results suggest that the proposed approach
is valid for eight or more indexing positions, whilst the fact
that these results are in such good agreement with the
proposed approach also validates the linearisation approach
used.

In what follows, Monte Carlo simulation results are
obtained using Eqs. (28), (31) and (36) and are based on
linearised equations and unlimited orientations, for DBA,
WBA and BBA, respectively. To confirm the accuracy of
the proposed approach, the pdfs are plotted on both linear
and logarithmic axes. Figures 6, 7, 8, 9, 10 and 11 compare

Table 1 Comparison of the execution time for the proposed method
and Monte Carlo simulations for two-component and three-component
assemblies

Number of
components

Assembly
procedures

Execution
time

2 Direct build assembly (proposed) 1.0

Worst build assembly (proposed) 1.2

Best build assembly (proposed) 1.2

Direct build assembly (Monte Carlo) 140.8

Worst build assembly (Monte Carlo) 185.4

Best build assembly (Monte Carlo) 185.4

3 Direct build assembly (proposed) 1.0

Worst build assembly (proposed) 25.2

Best build assembly (proposed) 50.6

Direct build assembly (Monte Carlo) 180.2

Worst build assembly (Monte Carlo) 285.8

Best build assembly (Monte Carlo) 285.8

Fig. 12 Probability density function for eccentricity of a three-component assembly with tolerance 0.1 mm: a linear scale and b semi-log scale
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the proposed approach with Monte Carlo simulation for the
two-component assembly (Figs. 6, 7 and 8) and the three-
component assembly (Figs. 9, 10 and 11) with different
component tolerance values. From Figs. 6, 7, 8, 9, 10 and
11, it is clear that all statistical distributions are highly non-
Gaussian, and the results obtained using the proposed ap-
proach are in excellent agreement with Monte Carlo simu-
lations. It should be noted that the agreement at the tails of
the log-pdf is not as good because the Monte Carlo simu-
lations are less accurate for high eccentricities. This defi-
ciency of the Monte Carlo method serves to highlight one of
the advantages offered by the derived pdf expressions,
which are valid for all eccentricity values. The results

confirm that the derived analytical pdf expressions (Eqs.
(37) and (39)–(42)) are valid.

The results also indicate that as the tolerance increases
from a small value (0.1 mm) to a large value (2.0 mm), the
magnitude of the eccentricity increases and the general
shape of the distributions remains relatively unchanged.
This is not surprising for direct build assembly, as the
distribution is always Rayleigh.

The efficiency of the proposed methods is assessed by
comparing the execution times required to perform the calcu-
lations with results obtained using Monte Carlo simulations.
Table 1 shows CPU times (normalized relative to DBA) for
the results shown in Figs. 6 and 9—similar trends were
observed for the other cases considered.

It is clear from Table 1 that the proposed probabilistic
approach is much more efficient than Monte Carlo simula-
tions, and the DBA calculation is the most efficient of all.
This is because the pdf can be calculated easily using Eq.
(37) for any number of components. The proposed WBA
and BBA results are achieved much more efficiently for a
two-component assembly than for a three-component as-
sembly. For example, the calculation load for the proposed
WBA and BBA for the three-component assembly is in-
creased by factors of 21 and 42, respectively, compared to
the two-component assembly. The reason for this is that
Eqs. (40) and (42) involve additional integrations compared
to Eqs. (39) and (41), respectively. As the number of com-
ponents increases, the number of embedded integrals
increases, making the proposed method less efficient. How-
ever, the results in Table 1 indicate that for two- and three-
component assemblies, the proposed method is much more
efficient than Monte Carlo simulations. The Monte Carlo
simulation results are based on performing 100,000 simu-
lations, and the CPU times associated with these results can
be reduced by simply reducing the number of simulations.
However, reducing the number of simulations will adversely
affect the accuracy of the results.

5 Discussion and application to a realistic assembly

5.1 Comparison of the proposed best build assembly and
Monte Carlo simulation using a full-optimisation approach

As described in Section 2, BBA is based on re-orientating
individual components on a stage-by-stage basis, rather than
using a full optimisation. Figure 12 compares results
obtained using the proposed stage-by-stage BBA with full
optimisation and DBA for a three-component assembly with
a tolerance of 0.1 mm. It is clear that BBA and a full
optimisation yield improved quality assemblies compared

Fig. 13 Probability that the build eccentricity does not exceed a value
α for three-component assembly with tolerance 0.1 mm

Fig. 14 Schematic drawing of three non-identical components
assembly
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to DBA. It can also be seen that the results obtained using
BBA and full optimisation are in reasonable agreement but
differ for small eccentricities, with the full optimisation
method yielding a higher proportion of smaller eccentricity
assemblies than the stage-by-stage BBA approach. This is
expected as the full optimisation is guaranteed to produce
assemblies with eccentricities that are less than or equal to
those produced by BBA. However, the agreement at larger
eccentricities is good.

One of the main reasons for calculating the pdf for the
eccentricity is to predict the probability that the eccentricity

is less than a particular value. The probability P(α) that the
eccentricity ε does not exceed a value α is given by:

P að Þ ¼
Za
0

p "ð Þd"; ð43Þ

where p(ε) is the probability density function for the eccen-
tricity. Figure 13 plots the probability obtained using Eq.
(43) for the example considered in Fig. 12.

These results confirm that BBA and full optimisation
always yield a much higher proportion of assemblies with
reduced eccentricity compared to DBA. It can also be seen
that the results obtained using the proposed BBA approach
agree well with the full optimisation results, particularly as
the eccentricity increases.

5.2 Application to a realistic assembly

In this section, the proposed methods are applied to a sub-
assembly, originating in aero-engines to illustrate a more

Fig. 15 Probability density against given table-axis error and tolerance for the different assembly procedures: a direct build assembly, b worst build
assembly and c best build assembly

Table 2 Dimensions of each component

Component Height
(mm)

Base
diameter (mm)

Top
diameter (mm)

First component 200 400 500

Second component 10 500 500

Third component 400 500 300
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realistic assembly. The example of an aero-engine assembly
consists of three non-identical axi-symmetric components,
as shown in Fig. 14. The adopted dimensions of each
component are listed in Table 2. Each component is
designed so that it can be orientated in 16 different posi-
tions, and the diameter and height of each component is
defined in terms of tolerances. The manufacturing variations
are assumed to be zero-mean Gaussian random variables
with standard deviation (σ) equal to one third of the toler-
ance value, and in this example, the tolerances for the
diameter and height are selected to have the same value.
DBA, WBA and BBA have been used to determine the pdfs
for the eccentricity using different tolerance values, and the
results are shown in Fig. 15. The results indicate that the
table-axis error (eccentricity) greatly depends on the assem-
bly procedure and the assigned tolerance value. As
expected, smaller tolerance values ensure there is less vari-
ation in the table-axis error, and BBA provides the best
performance of the three assembly procedures considered.

The calculated pdfs are used in conjunction with Eq. (42) to
calculate the table-axis errors corresponding to probabilities of
95 and 99.5 % for different component tolerances. Figure 16
shows plots of the table-axis error versus component tolerance
for the 95 and 99.5 % confidence regions. In both cases, it can
be seen that there is a linear relationship between table-axis
error and the component tolerance. These results indicate that
for the table-axis error to be less than 1 mm with 95 %
confidence, the component tolerances must be less than
0.32 mm for WBA, less than 0.42 mm for DBA and less than
1.15 mm for BBA, respectively, whilst to achieve the same
table-axis error with 99.5 % confidence requires the compo-
nent tolerance to be less than 0.26 mm for WBA, less than
0.32 mm for DBA and less than 0.72 mm for BBA,

respectively. These results clearly indicate that BBA can be
used to achieve the same quality as DBA and WBA but using
much larger component tolerances.

6 Summary and conclusions

Models describing the straight-build assembly of rigid axi-
symmetric components have been presented. These models
are based on connective assembly models and use a linearisa-
tion procedure to develop analytical expressions for the ec-
centricity of the assembly. The developed expressions were
used to analyse three different build scenarios: (a) DBA, (b)
BBA and (c) WBA for assemblies composed of three-
dimensional axi-symmetric components. BBA and WBA are
based on rotating each component and selecting the orienta-
tions that minimise and maximise (respectively) the eccentric-
ity of the final assembly. In contrast, DBA does not attempt to
optimise the assembly process at all. Exact expressions for the
eccentricity were developed for DBA and WBA. However, it
was not possible to develop exact expressions for BBAwhen
the assembly had three or more components, and in this case,
approximate expressions were developed. The eccentricity
expressions were used together with the assumption that the
component variations are independent Gaussian random var-
iables to derive probability density functions for the eccentric-
ity (table-axis error) of the complete assembly using the
different build scenarios. DBA produces eccentricities having
a Rayleigh distribution, whilst BBA and WBA produce ec-
centricities with a non-standard form. In principle, the BBA
and WBA pdfs can be developed for an assembly having any
number of components, but only results for two- and three-
component assemblies were considered. Numerical examples

Fig. 16 Three-component build eccentricity is within at 95 and 99.5 % confidence regions for the different tolerances: a 95 % confidence region
and b 99.5 % confidence region
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were used to validate the accuracy and demonstrate the im-
proved efficiency of the proposed approaches compared to
Monte Carlo simulations, for two- and three-component as-
semblies. The final example applies the proposed techniques
to a more realistic case originating in aero-engine sub-
assembly, and the results serve to highlight the benefits of
using BBA to improve build quality compared to DBA and to
demonstrate that the probabilistic approach provides a valu-
able tool in industrial applications.
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