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Abstract As a key technique in CNC machining, non-
uniform rational B-spline (NURBS) interpolator has been
proposed to overcome the drawbacks caused by linear
and circular interpolator, such as large data size, velocity
discontinuity, shocks or variations in mechanical systems,
and low machining efficiency. To improve machining
quality and efficiency, an adaptive off-line interpolator
was developed for NURBS curves in this paper. Both the
chord accuracy and the acceleration/deceleration capability
of machine tool are considered in the algorithm. There are
four modules in the algorithm, adaptive feed rate adjustment,
acceleration/deceleration disposal, feed rate modification, and
S-type velocity generation. The acceleration/deceleration
around the sharp corners is carefully calculated by those
modules. A case study was provided to evaluate the feasibility
of the interpolator.

Keywords NURBS interpolator- CNC - Adaptive -
Modification - S-type velocity

1 Introduction

In modern CAD/CAM systems, machining profiles for
parts, such as dies, aircraft models, car models, and turbine
blades, are usually represented in parametric curves. High
machining quality and efficiency are expected by such
representation, since they are more smooth than lines and
circles. Especially, nonuniform rational B-spline (NURBS)
curve is one such type of parametric curve, and it has many
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numerical advantages. In recent years, many kinds of NURBS
interpolation methods have been proposed in the literatures.

The parametric curve interpolation algorithms, such as
Taylor’s expansions, speed-controlled Taylor’s expansion, or
Runge—Kutta methods, were proposed. All these algorithms
have to calculate the first- or second-order derivative of the
parametric curve directly, but the computation is very time
consuming, especially for high-order NURBS curves.
Another disadvantage is that the speed deviation of these
algorithms cannot be evaluated by the end users. To overcome
these, a predictor—corrector interpolator (PCI) was proposed
by Tsai and Cheng [1], which uses a simple algorithm as a
predictor, and the current feed rate command feedback
compensation scheme as the corrector.

However, these algorithms have not considered chord error
explicitly. Yeh and Hsu developed an adaptive parametric
curve interpolation algorithm [2], which eliminates the
drawbacks. The algorithm uses an approximation method to
determine the relationship between chord error and curve
speed. But the interpolator does not take the machine’s
acceleration/deceleration (acc/dec) capacities into account.
Abrupt change of the velocity may occur during machining
process, especially at the sharp corner of machining profiles.
This will require infinite acc/dec, which would exceed the
capability of the machine tool. As a result, the machining
accuracy would be deteriorated. So an adaptive interpolator
considering the acc/dec is needed. Although Yong and
Narayanaswami proposed an off-line algorithm [3] to deal
with the acc/dec at sharp corners, it cannot be applied to any
kinds of NURBS curve. Zhang et al. presented a contour
errors analysis and velocity adjustment NURBS curve
interpolator [4]. He also implemented a CNC NURBS curve
interpolator based on controlled velocity and precision
[5]. A method to compute curvature minima and maxima
of parametric curves is also presented in [6].
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The real-time NURBS interpolation methods were pro-
posed by some researchers as well, a real-time adaptive
NURBS interpolator considering acc/dec capacity of each
individual axis is proposed to confine both the chord
error and the axis acceleration [7]. A real-time NURBS
interpolator with a look-ahead function using a PC-based
control architecture [8] was proposed by Wang et al. A
new interpolation scheme for 2D NURBS curve [9] was
proposed by Shen HY. Based on the ILF method and
segmentation of NURBS curves, a new interpolation
scheme is proposed in this paper.

Only trapezoidal feed rate profile can be realized in
real-time NURBS interpolator in modern CNC system,
because of its computation limitations. But this will
result in discontinuity on the acc/dec profile. It may
cause vibration, even break the mechanical system. Although
it leads to complex computation, the S-type profile has
continuous acc/dec profile.

In this paper, an adaptive off-line NURBS interpolator is
proposed. The algorithm not only ensures the chord error in
the desired tolerance but also keeps the acc/dec within the
capacity of machine tools. The S-type profile for the feed
rate is used, which is more smooth than trapezoidal profile.
It can be applied to any kinds of NURBS curve, thus it is
practical to today’s industry.

The rest of the paper is organized as follows. In
Section 2, a brief introduction to the principle of para-
metric curve interpolation is given. In Section 3, the
adaptive off-line NURBS interpolator and its modules
are discussed in detail. In Section 4, simulation results
are provided. Finally, some conclusions are drawn in
Section 5.

2 Principle of parametric curve interpolation

The NURBS curves are represented by the following
equations:

i VV!MW(”)PZ n
Clu)y =" =N"R, (WP, (1)
> WiNip(u) =0
=0
Riplu) = o) @
> WiNi-p(”)

i=0

where {P;} are the control points, {I¥;} are the corresponding
weights of {P;}, (n+1) is the number of control points, and
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p is the degree of the NURBS curve. The recursive
formulas for computing ~; , (u) is [10]

1 for
Nij(u) = {

0 otherwise

up < u < upyp

Nip(u) = u—u _Mipp — U

=———Nip1(u)+
Uitp—1 — Ui v (v)

Niv1p-1(u)  (3)

Uitp — Ui+

where {uo,...,u,,} represents the knot vector and u is the
parameter.
A NURBS curve is uniquely determined by its control
points, the corresponding weights, and the knot vector.
The general parameter update using iteration method is

Uy = u; + Au;

where u; is the present parameter, u;,. ; is the next parameter,
and Au; is the incremental value. The resulting position on
the curve is calculated by substituting #; into the corresponding
mathematical model.

The following equations prescribes how the valued of u;
can be calculated if u; is given. By using Taylor’s expansion,
the first- and second-order approximation interpolation
algorithms can be obtained by Egs. 4 and 5, respectively.

V() - T,
Upp) = Ui + # (4)
..
Vi T.
Uiy = U; + dC(,u) 2 (5)
H du u=u;
dC(u)  d*C(u)
A, V12( duu ’ duzu ) p— T§
dC(u) B 2

du

+
H du

HdC(u)

u=u; u=u;

where Ty = t;1] — t; is the interpolation period, V,=V(t;)

and 4; = ar()

o denote the values of feed rate and acc/dec

t=t;

at time #;, respectively.

3 Design of adaptive off-line NURBS curve interpolator
3.1 Interpolator architecture

The architecture of the proposed interpolator is shown in
Fig. 1, which mainly includes four function modules: adaptive
feed rate adjustment module, acc/dec disposal module, feed
rate modification module, and S-type velocity generation.
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Input: curve property (controlpoints, knot
vector, weight), command feed rate,
feed accelration, maximum chord error,
interpolation period

Adaptive-feedrate adjustment
module, and do the first
interpolation off-line

Acc/dec disposal module

v

Feedrate modification module

.

S-curve velocity generation
module

¥

Do the second
interpolation on-line

Fig. 1 Interpolator architecture

From Fig. 1, it can be seen that the curves are being
interpolated twice. The inputs to the interpolator include
the curve property, the command feed rate, the acc/dec, the
interpolation period, the maximum allowable chord error.
The first stage interpolation is implemented by adaptive feed
rate algorithm according to the feed rate command and chord
error tolerance, which guarantees the chord error. The first
stage interpolation also results in a federate curve, it is the
input to the acc/dec disposal module, where the feed rate
sensitive corners are detected. To keep the acc/dec within the
capacity of the machine tool, the feed rate modification mod-
ule is applied to discard the undesired feed rate such that the
feed rate curve is continuous. The S-type velocity generation
module is to generate the velocity profile with continuous
acceleration. Using the resulting velocity profile, both the
requirement of chord error and the acc/dec capability are
guaranteed. By applying the proposed interpolator, the feed
rate varies with continuous acc/dec, so the machine tool can
work more smoothly with high speed.

3.2 Adaptive feed rate adjustment

The feed rate is a quite important factor which influences the
chord error; the higher the feed rate is, the larger the chord
error would be. Therefore, to keep the chord error within a
tolerance range, the curve speed has to be changed adaptively
during the interpolation process. To determine the relation

between the chord error and the curve speed, a circular ap-
proximation is applied, which is shown in Fig. 2.

According to [2], the curve speed ¥(u;) corresponding to
the chord error can be derived as:

2-\/p* = (p; — Er)?
iy =2 (©)

The feedrate can change adaptively along the curve
subjecting to the following law [2]:

Viw) =

)

where F' is the designed feed rate command.

By applying the adaptive feed rate algorithm, the feed
rate curve satisfying the requirement of the chord error can
be obtained, then the first interpolation can be realized now.

Since the arc length is an important element in the
following algorithms, we save the arc length between the
start point of the NURBS curve and the interpolation point
results from adaptive feed rate algorithm, so as to simplify the
following algorithms. As a result, when given the arc length S
(u), the corresponding curve parameter u can be figured out.

3.3 Predetermination of feed rate sensitive corners

After the first interpolation, the next procedure is to take the
feed rate obtained from the adaptive feed rate algorithm as
the input to the acceleration/deceleration disposal module
and the feed rate modification module. In this section, the
algorithm for determining the feed rate sensitive corners is
introduced. The first step of the algorithm is to detect the
feed rate sensitive corner, and identify the acceleration
block, deceleration block, and block with uniform feed rate

Circle

Curve

Fig. 2 Circular approximation
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from the feed rate curve obtained by the adaptive feed rate
algorithm. Then store the parameter value and feed rate
of the start point and end point of each acceleration/
deceleration/uniform blocks.

After locating acceleration and deceleration blocks, it is
necessary to determine the new start and end points of
acceleration/deceleration blocks so that the change of feed
rate can be kept within the capability of machine tool. The
algorithm [3] for determining the new start and end points of
acceleration is introduced as follows, and the algorithm for
deceleration is similar.

Suppose the original start point of the acceleration block
is u,,, and its corresponding feed rate is V,,,, while the
original end point is u; and its corresponding feedrate is ¥,
shown as Fig. 3:

1. Start with the first point of the acceleration block, check
if the change of feed rate between consecutive points
over the sampling interval A¢ for acceleration is larger
than the specified acceleration rate 4, which falls within
the machine’s capability.

Vien = Vi

Q:TZA (8)

2. If the test is true, jump to step 4. If not, check if the
distance S;;“ required to increase feed rate from V,,
to Vi1 with 4 is less than the curve length Sé“
between u,,, and wu;,.

3. If the test is true, then the start point of acceleration
should be postponed, i.e., u,,, should be increased to
' ;mm such that S !can be decreased to satisfy S;'j'] =
S And since

SZH = S(uiH) - S(ulmm) (9)

Then 'y, can be figured out from its arc length
and the corresponding feed rate is kept as V.

Fig. 3 Acceleration block
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4. 1If u;+ is not the end point of the acceleration block,
perform step 2 with the next point. If it is the end point,
the new start point of acceleration is obtained with its
curve parameter being 'y, and feed rate being V,,,,,,.

5. After determining the new start point /'y, it is time to
find out the new end point. Denote S as the distance
required to accelerate from V,,, to V;, thus

N Vit —v2,

S
24

=SW'x) — S um) (10)

Then check if S is less than the curve length between
' m and o'y, If the test is true, then
S'y) =S+ SW'm) (11)
so u'y can be obtained and feed rate of the end point
is V’k = Vk.
6. If not, the end point of the acceleration should be
updated to «'y = 1. And from

7 2 2
Vi =V

S =
24

= S(uy) — S yum) (12)

the feed rate of the end point 7’y can be obtained.

Until now, the algorithm for determining the new
start and end points of acceleration block has been
finished. We store the information that specifies the
acceleration block as the format below:

1

S ( Umm ) Umm me
S(uwe)  we Vi

where S(u,,,,) and S(u;) denote the arc length between
the initial point of the NURBS curve and point u,,,, and
uy, respectively. um, Vipms U, and ¥, which have been
updated by ©// ym, ¥ mm, ', and ¥y, denote the new start
and end point of the acceleration and the corresponding
feed rate.

3.4 Feed rate modification

Applying the algorithm introduced above, acceleration and
deceleration blocks with a specified acceleration rate are
obtained. However, since all the acceleration and deceleration
blocks are considered separately, with regardless of the
relations between any two blocks, some undesired results
may occur. For instance, as shown in Fig. 4, the start
point of certain deceleration block may appear before the
end point or even the start point of another acceleration/
deceleration block, thus intersection or discontinuous of
the feed rate curve, with several different values of feed
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Fig. 4 Undesired results

rate corresponding to the same curve parameter u, would
come forth and it is unacceptable. Therefore, in this
section, an algorithm is proposed to modify the feed rate
so that the feed rate curve would become continuous
without jumping, besides there is one and only one feed
rate value corresponding to the given curve parameter.

In the proposed algorithm, the acceleration/deceleration
block is considered as input one by one, and we compare the
current input block with the previous one to figure out the
desired result, if the result still appears with intersection or
discontinuous of feed rate with the more previous block, then
another comparison is needed. Keep doing the comparison
until the desired result is figured out.

In real world, there are any kinds of NURBS curve,
consequently any kinds of feed rate curve would appear in
the previous algorithm. There are two aspects that make the
proposed algorithm be possible to apply to various NURBS
curves. Firstly, it is the constraint generated by the algorithm
determining the new start and end points of acceleration/
deceleration blocks. Secondly, the acceleration/deceleration
block is read in orderly.

When determining the new start and end points of
acceleration/deceleration block, two constraints would be
generated for the relations between the original start and end
points and the new start and end points, as shown in Fig. 5

In the case of deceleration,

u'y <y
up S u/m S Up

is the constraint.
In the case of acceleration,

u'y >
/
Umm S U mm S U

is the constraint.

With these two constraints, read in the acceleration/
deceleration block one by one and do comparison with
previous blocks until the desired result is obtained. For
simplification, denote the previous block, i.e., the previous
accelerating/decelerating curve segments as SEG1, which has
been stored but can be updated if undesired result appears;

Fig. 5 Constraints of acceleration/deceleration

denote the current block, which is read in now, as SEG2.
Suppose the start point of SEGI is u;; and its feed rate is
V11, the end point of SEG1 is u;, and its feed rate is V,;
while the start point of SEG2 is u,; and its feed rate is
V51, the end point of SEG2 is u,, and its feed rate is V>,.
All situations that may appear can be described as the
following four cases: (1) SEG2 is a deceleration block and
SEGI is an acceleration one, (2) SEG2 is a deceleration block
and so is to SEGI, (3) SEG2 is an acceleration block and
SEG]1 is a deceleration one, (4) SEG2 is an acceleration block
and so is to SEGI.

Case 1 SEG2 is a deceleration block and SEGI is an
acceleration one. As shown in Fig. 6, the different
situation can be classed according to the relation
between the start point of deceleration and the end
point of acceleration.

SEG?2 is a deceleration block and so is to SEG]1, as
shown in Fig. 7.

SEG2 is an acceleration block and SEGI is a
deceleration one, as shown in Fig. 8

SEG?2 is an acceleration block and so is to SEG1,
as shown in Fig. 9

Case 2
Case 3
Case 4

Next, a typical case is taken as an example to illuminate

the principle of the feed rate modification algorithm. The
method to deal with other cases is similar. As shown in
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ANV
N

A
DV

Fig. 6 Case 1

Fig. 10, intersection appears between an acceleration block
and a deceleration block after the acceleration/deceleration
disposal module. Suppose the start point of the acceleration
block is uy; and its feed rate is V7, the end point is #;, and
its feed rate is V7,; while the start point of the deceleration
block is u,; and its feed rate is V51, the end point is u,, and
its feed rate is V>,.

Assuming the intersection point is . and its corresponding
feed rate is V., by constructing the relation between the
distance required to accelerate from the initial feed rate of
the acceleration block V7, to V.. with the specified acceleration
rate and the arc length between u; and u,, then Eq. 13 can be
obtained. Similarly, by constructing the relation between the
distance required to decelerate from the initial feed rate of
the deceleration block V5, to V. and the arc length between
uy and u,, then Eq. 14 can be obtained.

ch - V112

S(uc)—S(un): 24

(13)

HH\R\R

Fig. 7 Case 2
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Fig. 8 Case 3

V= V.2

S(uc)fS(um): 2A

(14)

Then the feed rate V. and the arc length of u. can be
obtained by solving these two equations.

(15)

Y’ + 13
VC = \/%4‘14(5(%21) - S(ull))

VZ _ VZ
S(uc): 21 11 4

Y (S(un) + S(u21))

(16)

N =

By Eq. 16, we get u. from its arc length. And then the
original acceleration block is updated to a block accelerating
from wuyy, Vy; to u., V., and the original deceleration block
can be saved as a new deceleration block from u,., V. to u»,,
V5,. The final modification result is shown as Fig. 11.

After applying the algorithm, all cases shown above can
be modified, with the results that there is no any intersection
or discontinuous. The modification results can be shown as
Fig. 12.

Finally, all the information of the feedrate curve and be
described as the format below:

Flag of block (0, 1, —1)

Curve parameter of the block start point
Feed rate of the block start point

Curve parameter of the block end point
Feed rate of the block end point

where, 0 denotes the uniform feed rate block, 1 denotes the
acceleration block, and —1 denote the deceleration block.

S

Fig. 9 Case 4
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V. .,u V _.u

21721 122712

V ,u

112711

Fig. 10 Case of intersection

3.5 S-type velocity generation

From the information obtained by the proposed algorithm,
the feed rate curve has been segmented into three kinds of
block, the acceleration block, the deceleration block and the
block with uniform feed rate. Then the S-type velocity
profile can be generated now.

Take the acceleration block as an example, shown as
Fig. 13. With the start velocity vy, the end velocity veng,
and the acceleration of T (trapezoidal) type profile ag
in order to ensure the same efficiency with the T-type
profile, let us set

am = kar (17)

where a, is the max acceleration of S-type velocity
profile, and A>1.

According to the acceleration plot shown in Fig. 14, the
equations can be obtained as following.

ar = jmh (18)
an = jm(ti + 12) (19)
Fig. 11 Modification result uc’VL»
Vistty,
Vibuy,

P

S
X
f

-
_/ '
Fig. 12 Modification results
1

Eattl =3 (am — a,)(£2 + 213) (20)

h+h+6=T (21)
Vend

>
T0 T1 T2 T3

Fig. 13 Velocity—time plot
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N\

Fig. 14 Acceleration—time plot

where

~ Vend — Vst

T
2aT

From Egs. 17, 18, and 19, Eq. 22 can be obtained.

b= (k—1)n (22)
And from Egs. 20 and 22, Eq. 23 can be obtained.
2k — k?
fh=——t 23
= 23)

Then from Egs. 21, 22, and 23, #, and the jerk j,, can be
obtained as follows.

Hh = y T (24)
. kzar
Jm = m (25)

Until now, the velocity of S type of the acceleration block
can be get as follow with the max acceleration a,, and the
jerk j,, shown as Egs. 17 and 24.

Ve + Ljm(t — To)’ Ty <t<T
Vip(t) = Vi+an(t—T)) T <t<T, (26)
_%jm(t_Tii)z"'Vcnd T2§t§T3
where

Ih=To+tH+n1
=T +24
T35 =Ty + 2T

@ Springer

Another restriction of a,, can be obtained from the
following equation and Fig. 13.

h+6n<T

The restriction k<2 can be achieved with Egs. 22 and 24.

Thus, the conclusion is that in order to keep the same
efficiency between S-type and T-type velocity profile, the
following condition should be satisfied.

a, = kar
. kZCIT
Im = k=T

where aris the acceleration of T-type profile, and 7 = *#/=x,
1<k<2.

The processing method of deceleration block is similar to
the acceleration block. From the information obtained by the
proposed algorithm, the second interpolation can be done
according to the final feed rate curve. Since the final feed rate
can not only keep the chord error fall within the set tolerance,
but also limit the acc/dec rate to the specified value
within the capability of the machine tool, as a result,
the machine tool can work more fluent and finally get
better machining quality.

4 Simulation results and discussion
Given a NURBS curve, shown in Fig. 15, the simulation

results are shown in Fig. 16a—i. The control points, weight
vector, and knot vector of the NURBS curve are given as

100 T T T T T T T T T

80

60

40

20

0

-20

-40

-60

-80

_1 00 L L L L L L L L L
-100 -80  -60 -40  -20 0 20 40 60 80 100

Fig. 15 NURBS curve
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a

Curvature

Feedrate(mm/s)

Acc/Dec(m m/sz)

Fig. 16 a Curvature plot. b Feed rate plot after adaptive feed rate
algorithm. ¢ Acceleration plot after adaptive feed rate algorithm.
d Comparison of adaptive feed rate and middle feed rate. e Comparison
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Fig. 16 (continued)
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The control points: {(0,0,0), (—100,—-100,0), (—100,100,0),
(25,0,0), (100,—100,0), (100,100,0), (0,0,0)}

The weight: W={130 101 10 30 1}

The knot vector: U={0000.250.50.50.7511 1}
The interpolation period: Ts=2 ms

The maximum feed rate command: =200 mm/s

The acceleration of T-type profile: 4=200 mm/s”

The max acceleration of S-type profile: 4,,,,,=300 mm/s’

Figure 16a shows the curvature of the NURBS curve, and
Fig. 16b shows the feed rate curve computed by adaptive
feed rate algorithm. It can be seen that the feed rate
decreases as the curvature increases. But from Fig. 16c,
we can see that the acc/dec would go beyond the capability
of the machine tool

Figure 16d shows the comparison of the feed rate curve
after acceleration and deceleration disposal module, the
intersection areas appear and it is unacceptable. By applying
the feed rate modification algorithm, the comparison
between modified feed rate and feed rate obtained by
adaptive feed rate algorithm with respect to # is shown
in Fig. 16e. It is clear that the intersection areas are
eliminated. The modified feed rate is less than the adaptive
feed rate, which means that the chord error can be kept within
the tolerance. The feed rate of T-type profile with constant
acceleration and the acceleration profile are shown in
Fig. 16f and g, respectively. The final S-type feed rate
and the acceleration with respect to time are shown in
Fig. 16h and i, respectively. We can see clearly that the
acc/dec change continuously and is kept to be below the
specified value in the interpolation process, thus the acc/dec
capability of machine tool can be guaranteed.

5 Conclusion

NURBS interpolator is a key component in future CNC
system. By applying the NURBS interpolator, disadvantages
of the conventional machining approach, such as large
data size, feed rate and acceleration discontinuity, and
shock of the machine tool, can be overcome. It offers
significant benefits to CNC users with high speed, high
accuracy machining.

In the paper, an adaptive off-line interpolator was
proposed for NURBS curves, which can be applied to
any kinds of NURBS curves. Essentially, chord error can be
limited within tolerance by carefully designing the velocity
profile. Moreover, continuous acc/dec profile ensure the
generated interpolation command be limited within the
capability of machine tool. The smooth interpolation
command guarantees high-quality machining process with
high speed. The proposed method can be implemented on
the host of CNC system, which is our further work.
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