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Abstract Traditionally, an X chart is used to control
the process mean, and an R chart is used to control the
variance. However, these charts are not sensitive to the
small shifts in the processes. The adaptive charts might
be considered if the aim is to detect process changes
quickly. In this paper, we propose a new adaptive
single control chart which integrates the exponentially
weighted moving average procedure with the general-
ized likelihood ratio test statistics for jointly monitoring
both the process mean and variability. This new chart
is effective in detecting the disturbances that shift the
process mean, increase or decrease the process vari-
ance, or lead to a combination of both effects.

Keywords Likelihood ratio test - Adjusted average
time to signal - Statistical process control
1 Introduction

Statistical process control (SPC) refers to some statis-
tical methods used extensively to monitor and improve
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the quality of process. In SPC, it is usually necessary
to monitor both the process mean and the process
variability. Shewhart’s X-R (or X-S) control charts
have been used widely to detect increasing variance and
mean shifts in the process, but these charts are not very
sensitive to the small shifts in the process and cannot
detect the decrease in the variance effectively.

Recently developed adaptive charts have been shown
to give substantially faster detection of most process
shifts. The chart is adaptive if at least one of the
parameters (d, n, h) is allowed to change in real time
based on the actual sample point, where d is the sample
interval, n is the sample size, and 4 is the control limit.
These adaptive charts include the variable sampling in-
tervals (VSI) chart, the variable sample size (VSS) chart,
variable sample size and sampling intervals (VSSI), and
the variable parameter (VP) chart.

In the operation of adaptive charts, if the current
sample point falls in the central region (i.e., the point
is close to the target), then it is reasonable to relax the
control by waiting more time to take the next sample
(i.e., using the long sampling interval d;), decreasing
the size of the next sample (i.e., using small sample size
ny), and /or plotting the next sample point on the chart
with wide action limits (i.e., using wide action limit
coefficient /;. On the other hand, if the current sample
point falls in the warning region (i.e., the point is far
away from the target but still within the action limits),
then it is reasonable to tighten the control by waiting
less time to take the next sample (i.e., using the short
sampling interval d,), increasing the size of the next
sample (i.e., using large sample size n,), and plotting
the next sample point on the chart with narrow action
limits (i.e., using narrow action limit coefficient A,). If
the sample point falls outside the action (or control)
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limits, then the process may be out of control caused
by the assignable cause(s).

The vast majority of the research on the adaptive
charts has dealt with the analysis of control charts with
VSI. Most work on developing VSI control charts focus
on monitoring the process mean. The pioneering work
of [1] used the X chart to introduce the idea of varying
the X chart sampling interval as a function of what is
observed from the process. VSI control charts were also
considered by [2-5]. Bai and Lee [6] studied the VSI X
chart with an improved switching rule. Yang and Su [7]
considered the statistical adaptive process control for
two dependent process steps. The VSI scheme was ex-
tended to cumulative sum (CUSUM) and exponentially
weighted moving average (EWMA) charts (see [8-12]).
VSS charts were considered, see [13—15]. Subsequently,
[16-19] considered VSSI control charts.

Many innovations have been proposed to monitor
the process mean and variance simultaneously, see [20—
28]. Recently, [29] proposed a new chart for monitoring
the process mean and variance based on Shiryaev—
Roberts procedure. In the adaptive case, [30] and [31]
studied the joint X and R charts with VP. Reynolds
and Stoumbos [32] investigated three joint charts for
monitoring the process mean and variance of a normal
quality variable using individual observations and VSI.
Costa and Rahim [33] extended their NCS chart to the
adaptive case, where all the parameters are variable.
Hawkins and Deng [34] proposed two new combination
charts which integrate the CUSUM procedure with the
generalized likelihood ratio (GLR) and the Fisher sta-
tistics, and it is shown that, in addition to the simplicity
of a single chart rather than two, the proposed charts
have significant performance advantages over the X
and S chart pair. But the main disadvantage of the
Fisher chart, as they pointed out, is that the Fisher
method is biased for variance decrease without con-
comitant shifts in mean.

Recently, [35] proposed a single chart which in-
tegrated the EWMA procedure with the GLR test
statistics (ELR chart) for jointly monitoring both the
process mean and variability. They showed that their
chart was sensitive to various types of shifts in the
process including the decrease in the variance. As the
ELR chart works better than the other charts when
the aim is to detect small shifts in the process mean
and variance, it seems logical to think that if the ELR
chart is combined with the VSI feature, the new chart
that is obtained will be more efficient at detecting small
shifts in the process. This paper developed a new chart
combining the ELR chart with VSI feature, providing
that this is highly efficient in terms of adjusted average
time to signal (AATS). More detailed studies on other
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adaptive features, such as VSS and VP, will be left to
our future work.

The rest of this paper is organized as follows: In the
next section, our proposed adaptive control chart, the
VSI chart, is presented. In Section 3, the performance
of the proposed chart is evaluated using a bivariate
Markov chain model which is compared to another
existing procedure. In Section 4, the paper is concluded
with a conclusion.

2 Description of the ELR chart with VSI

Let x, = (X1, -+, xp),t =1,2,--- denote a sequence
of samples of size n taken on a quality characteristic X.
It is assumed that, for each ¢, x,q, - - - x4, are identically

and independently distributed observations and the
probability distribution of x;; is assumed to be normal
with the mean o and standard deviation oy. When a
process shift occurs, the process mean and/or standard
deviation will change to:

H1 = po + 80y, 01 = Yoy,

where § # 0 and/or y # 1. The § and y are usually
unknown before monitoring. Without loss of general-
ity, we assume o =0 and oy = 1. Let x; = Z’}:l X4/ n
and S; = >~ (x;; — X,)*/n be the rth sample mean and
sample variance.

2.1 A brief review of the ELR chart

Firstly, we give a brief review of the ELR chart which
has been proposed by [35].

Given a sample x,, consider the following hypothe-
sis test

Hy:p=0and o =1<«—> Hy :u#0oro # 1.

It is straightforward to obtain the generalized likeli-
hood ratio statistic as follows:

i =n(X+8 —InS;—1). (1)
It can be easily checked that l,—% x2(2) asn — oo. For

simplicity, the coefficient n and the constant term —1
can be ignored, so we have

LR, =% + 8 —In(S}). ()
Define:

u, = Ax, + (1 — Muy_q, 3)
v = A8+ (1 — Moy, 4)

where S = Z'}zl(x,j —u)?/n, up=0, vo=1, and A
is the smoothing parameter satisfying 0 <A < 1. In
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general, a smaller A leads to a quicker detection of
smaller shifts [36].

Finally, substitute u, and v, for X, and St2 in Eq. 2 and
obtain the charting statistics

ELR, =’ + v, —In(v), t=1,2,---,

If ELR; > h, an alarm is triggered, where & > 0 is cho-
sen to achieve a specified in control ARL (IC ARL),
which is the expected number of samples before the
chart produces a signal. This chart is called the ELR
chart, and it still works for the case n = 1 due to the
definition of v;.

2.2 The ELR chart with VSI

When the ELR chart proposed by [35] is used for
monitoring a process, a sample of size ny is randomly
chosen every dy hours. The adaptive ELR chart is a
modification of the ELR chart in which the parameter
d is assumed to be a function of the most recent process
information. Like other approaches, the scheme dis-
cussed here uses only two different samples alterna-
tively depending on the current process status. When
the process is likely to be in control, the long sampling
interval dy, i.e., d; > d, will be used. Conversely, when
the process seems close to an out of control condition,
the short sampling interval d,, i.e., d, < dy is used.
Let & represent the upper control limit for the VSI
ELR chart. The interval (0, &) is partitioned into two
distinct regions: (0, g) and [g, &), where g represents
the warning limit of the VSI ELR chart. The regions
defined by (0, g) and [g, h) are called the central and
the warning region, respectively. The region above # is
the action region of the chart.
The VSI ELR chart policy works as follows:

dy, if0 < ELR,; < g,

) = {dz, if g <ELR,_; < h,

where ¢ is the subgroup index, d(f) is the sampling
interval, and ELR,_; is the observation of the (r — 1)th
subgroup. If the sample statistic falls in the caution
region, an investigation should be initiated to verify
whether the process is out of control or whether it is
just the occurrence of a false alarm. If it is a true alarm,
then a corrective action should be undertaken to find
out the assignable cause(s).

2.3 The performance measure and the design
of the adaptive ELR chart

The speed with which a control chart detects process
mean and/or variance shifts measures its statistical
efficiency. When the interval between samples is fixed,

the speed can be measured by ARL. If the interval
between samples varied from time to time, the per-
formance can be measured by AATS which is the
expected value of the time from process shifts to the
time when chart signals. When a process is in control,
it is desirable that the mean time from the beginning
of the process until a signal be long, which guarantees
fewer false alarms. When a process is out of control,
it is desirable that the mean time from the occurrence
of the assignable cause until a signal be short as this
guarantees the fast detection of process changes. It is
advisable to start the control with the shorter sampling
interval, d5, so the first sample is taken quickly after the
process is started in case of start-up problems. During
the in-control period, all samples, including the first
one, should have probability of p, of being small and
1-po of being large, where

po = Pr[ELR < g|ELR < h].

A two-dimensional illustration of the partitioning the
central region and the warning region of the VSI ELR
chart is shown in Fig. 1.

The design parameters of the VSI ELR chart (d,, d»)
and (g, ) are chosen, taking into account the constraint
in the following equation:

dypo + dy(1 — po) = dp.

Usually, d; should be large and d, should be as
small as possible. In this paper, we use two dimensional
Markov chain to search for the control limit 4 and the
warning limit g for the adaptive charts. From Fig. 1, we
can see the illustration of the partitioning the central
region and the warning region of our VSI ELR chart.

Table 1 provides the design parameters of several
adaptive ELR charts with A = 0.2, n =5, and dy = 1.
Here, g1 and g, denote the warning limits of the VSI
ELR charts with the sampling interval (1.9, 0.1) and
(1.2, 0.1), respectively.

2.4 Markov chain calibrations the AATS of the VSI
ELR chart

To compute the AATS of the VSI ELR chart, the
bivariate Markov chain illustrated in [35] can be applied
as well but with a modification.

The transition probability matrix, P = (p;j-u), is
given by

Ry I-Ry)1
0 1 ’
where the submatrix Ry is the transition probability

matrix for IC states; I is the identity matrix, and 1 is
a column vector of ones. Let my, my, m,, and m; be the
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given integers. First, we consider the charting statistic
of the ELR chart, ELR,. Note that the function f(z) =
z — In z is monotonically increase (decrease) when z >
1 (0 < z < 1) and attains its minimum at z = 1. So, from
the equation u? + v — In(v) = A, it can be seen that the
domain of u is [—+~/h — 1, +/h — 1] and the domain of
v is [z1, z2], where zy, 2o (21 < z2) are the real roots
of the equation z — In(z) = A. Similarly, z3, z4 are the
real roots of the equation z —In(z) = g, and z; < z3 <
Z4 < 7p. Let the number of states along the axis u,
over the interval [—+vh — 1, ~/h — 1] be 2my + 1, and
then the width of each segmentis w = 2vh — 1/(2my +
1). Similarly, the axis v, over the interval [z;, z3) is
segmented into m; states such that the width of each
segment is A = (z3 — z1)/my, over the interval [z3, z4)
is segmented into m, — m; states such that the width
of each segment is A, = (z4 — z3)/(my — my), and over
the interval [z4, z5] is segmented into m3 — m, states
such that the width of each segment is Az = (zo —
Z4)(/ms — my). The states along the axis u, and v, are,
respectively, labeled by i = —mg, —mo+ 1, ---, j=1,
2,---,my,my + 1,--- my,- -, ms; thus, the center point

Table 1 The control limits and warning limits of the VSI ELR
chartswithA =0.2andn =75

IC ARL
185 370 400 433 500
Fp h 1.2089 1.2421 1.2460 1.2495 1.2567
VSI &1 1.0313 1.0315 1.0315 1.0316 1.0312
gn 1.0740 1.0750 1.0750 1.0750 1.0740
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of state i along the axis u, is iw, and the center point
of state j along the axis v, is z; + (j — %)Al for j < my,
23+ (j— DAy formy < j<my, and z4 + (j— 1)A; for
my < j < ms.

Define

1 . .
Zl+(j_5>Al, ifl1 <j<m,

1 . .
v() =94zt (1’— 5) Ay, iftmy < j<my,
1 . .
z4 + (]— E) Az, itmy < j<ms,
A1/2, iflgjfml,
A(]) = A2/2, 1fm1 < ]S my,
A3/2, iftmy < j < ms,
and
v(l) = (1 =)v() — AD)
a(j) = . / ,
v() — (1 =1)v() + A
b(j) = . / .

Let N; be such an odd number which is deter-
mined by

%w < Jh+1og (v()2) — V(2.

(N;j+1D
2

> \/h +log (v()?) = v(H?,

j:l’...’m?,_
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and N be such an odd number which is determined by When [i| < Nfz_l k= %, we have
/ R j— k)
7’6«) < \/g—lrlog (v(H?) — V(P2 = P {(us, v)) = (k, DI W1, ve-1) = G, )}
Nl . w _
(N + 1) =Pl _—a=ni—-1)=
0> \Jg+10g (v()?) V()2 {< z U ) x o
j=mi+ 1 m. \/h—i—log(vz(]))—UZ(])—(I—A)w
< ; ,
Denote R; p> (k) as the transition probability that a(j) — (1 — 2% — iw)? < §2
(u, v) goes from (i, j) to (k, ). Note that
<b()— 1 =1 - iw)z} : (7)

1 & _
St =~ Z(xt,» —u)’ =87+ (1= )7 (% — w)”.
j=1
Then, when [i| < N"Z_l, k| < %, the transition proba-
bility R; - ;) can be evaluated by

R jy— ke

=P {(us, ve) = (k, D (-1, vi-1) = @G, )}
—P, {(k—(l —A)i—%) % <% < (k—(l —A)i—{-%) %
a(j) < Sj‘z < b(])}

~P, {(k - (1—A>i—%) L (k—(l—k)i+%> v

a(j) — (1 =22 (% — iw)* < §?

<b()— (1 =2*F - iw)z} . )
Similarly, when [i| < % k = —%, we have
R -k

= P{(u, v) = (k, D] (w1, v-1) = (@ P}
. [ —Jh+log (v() = v2() — (1 = byw

A

_ L =i N\ w
<x<[(1-0-Ni——|—,
! 2 ) A

a(j) — (1 — 2)* & — iw)? < §?

<b(H)—-0-1*F— iw)z} . (6)

In other cases, R, j— k. = 0.
The evaluation of above probabilities involves the
following double integral:

b pd
//¢(X)X()’)dydx~

Here, in Eq. 5,

a:[ﬁ(k—(l—k)i—%)}%,

b= [ﬁ(k—(l—k)i—i—%)} %

[ 1=d =0 xN
c—n[f—(l—l)(ﬁ—lw)},

— — 22 ’
d=n|:l (1 A)U(l)+2_(1_k)<i—iw):|,

A vn

In Egs. 6 and 7, ¢, d are the same as in Eq. 5, while
in Eq. 6,

—/h+log (vi())) —v2(H — A —=2)
a:ﬁ( \/ og (vV2())) — v3(j w)’

A

N[ w
b= 1-A-Mi——)—
and in Eq. 7, we have

a:ﬁ(%—(l—k)i—l)%,
h+log (vV3())) — v3() — (1 — Vw
b:ﬁ(¢ ) )

A

where ¢(-) and x(-) are the probability density func-
tions of the standard normal and chi-square with n — 1
degrees of freedom distributions, respectively. Let d
be a N x 1 vector, the ith element of this vector
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corresponds to the interval being taken after the control
statistics fall inside the state, i. The approach to deter-
mine d is as follows: First, the number of states N equals
Z';Zl Nj; also the state (i, j) can be labeled by

j—1

N —1
YNt D i,
k=0

. Ni—1 N—1 .
where12_%7...’07...7¥,]:17...’m3 and
. . N—1
No=0. When m; < j<mj and [i] < —5—, or when
N+l

il = —5— and (iw)* + v*(j) — log(v*())) < g, Wwhich
means that the current sample falls in the central re-
gion, the corresponding element of d is d;. The other
elements of d is d,, which means that the current sample
falls in the warning region. Denote 7 to be the normal-
ized eigenvector subject to 7' Ry = n’.

Suppose that « is the vector of starting probabilities,
then it can be expressed in matrix notation, o’ = ’:—,'3,
where D is a diagonal matrix with d on the diagonal.
Then the AATS can be expressed as

1
AATS = o’ [(I —-R)'— zI] d,

where Risa N x N dimension matrix when the process
is out of control.

3 Performance comparisons

First, we give a brief review of the NCS chart. When
the NCS chart proposed by [23] is used for monitoring a
process, a sample of size ny is randomly chosen every d
hours. Then, the values of Y from each sample plotted
on the NCS chart with an upper control limit given
by fo;,

Y =) (X;— o+ Eop)’.
j=1

The design parameter £ is a function of the sample
mean. If X > p, £ = 7; otherwise, £ = —t, where 7 is
a positive constant. In general, larger values of 7 are
better for detecting shifts in u with 0 = oy and worse
for detecting increases in o with u = po. A signal is
givenif Y > 6o¢. In this paper, we assumed that 119 = 0
and op = 1.

AATS results are given for one symmetric and one
asymmetric sampling intervals in Table 2. We can see
that the more widely spaced intervals yield smaller
values of the AATS. The results presented here are
fairly consistent with previous research on univariate
VSI control charts. In general, the interval d, should be
as small as possible for better statistical performance

@ Springer

Table 2 AATS for the VSI ELR charts for different intervals
whenn = 5,1 =0.2,and IC ARL =433

4
8 025 050 0.75 1.00 125 150 1.75 2.00

000 (1.9,01) 1.5 20 57 433 125 28 15 L1
(12,01) 1.9 26 85 433 153 36 18 13
025 (1.9,0.1) 1.5 19 40 222 70 25 15 1.1
(12,01) 1.9 25 56 281 88 32 17 12
050 (19,0.1) 14 17 25 38 31 20 13 10
(12,01) 1.8 23 33 50 40 24 16 10
075 (19,01) 14 15 17 20 18 15 11 09
(12,01) 1.7 19 22 25 23 17 13 10
100 (1.9,01) 12 12 13 13 12 1.1 10 08
(12,01) 15 15 16 17 15 13 11 09
150 (1.9,01) 07 07 07 07 07 07 07 06
(12,01) 1.0 10 09 09 09 08 08 07
200 (1.9,01) 05 05 05 05 05 05 05 05
(12,01) 06 06 06 06 06 06 06 06

[8]; therefor, it usually depends on how soon it is
feasible to sample again after the current sample was
obtained. On the other hand, the sampling interval d;

Table 3 ARL, AATS, and PR; for the FP and adaptive NCS
charts and the FP and adaptive ELR charts

n=>5 FP VSI
8 y NCS ELR PR{(%) NCS ELR PRy (%)
0.0 1.0 433 433 0.0 433 433 0.0
1.2 526 327 378 428 258 39.7
1.4 14.7 8.6 415 9.6 5.4 43.7
1.6 6.5 44 323 35 2.6 25.7
1.8 38 28 263 1.8 1.7 55
02 1.0 225 649 712 217 48.1 81.5
1.2 39.0 209 463 307 147 521
1.4 12.7 7.7 393 8.1 4.7 42.0
1.6 6.0 42 300 32 2.5 21.9
1.8 3.6 2.7 250 1.8 1.6 11.1
04 1.0 76.4 155 79.7 65.4 8.3 87.3
1.2 21.0 105 50.0 15.1 6.2 58.9
1.4 9.0 58 355 54 3.4 37.0
1.6 5.0 3.6 280 2.6 22 15.4
1.8 33 25 242 1.6 1.5 6.2
0.6 1.0 282 7.6 73.0 19.9 3.6 81.9
1.2 11.1 6.1 450 6.9 33 521
1.4 6.0 43 283 33 25 242
1.6 39 31 205 2.0 1.8 10.0
1.8 2.8 22 214 1.3 1.3 0.0
08 1.0 12.0 47 608 6.6 22 66.7
1.2 6.3 41 349 33 21 36.4
1.4 41 32 220 21 1.8 14.3
1.6 3.0 25 167 1.5 1.5 0.0
1.8 2.4 20 167 1.1 12 =90
1.0 1.0 5.9 33 441 2.6 1.6 38.5
1.2 39 3.0 231 1.8 1.6 11.1
1.4 2.9 25 138 1.4 1.4 0.0
1.6 24 20 16.7 1.1 1.2 -10.0
1.8 2.0 1.7 15.0 1.0 1.0 0.0
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should be chosen to be long so that the resulting control
chart would have an acceptable average sampling rate.
Similar conclusions can be obtained for other types of
changes as well.

Table 3 provides the AATS values for the NCS and
the ELR charts with fixed and variable parameters,
dy =1.2,d, =0.1, and it also provides the percentage
reduction in detection time (denoted by PR, and PR;)
of the ELR and VSI ELR charts relative to the NCS
and VSI NCS charts, respectively, where the expres-
sions for PR;, i = 1, 2, are given by

AATSc Nes — AATSci/ELR] iz 12
AATSCi/NCS ’ ’

and where C; = FP and C, = VSIL.

From Table 3 we can see that the ELR chart almost
always significantly performs better than the NCS chart
with or without the VSI feature. Obviously, adding the
VSI feature can provide quite substantial reductions in
the time required to detect small and moderate shifts.
For example, when § = 0.4 and y = 1.2, the AATS val-
ues for the NCS and the ELR charts are, respectively,
21.0 and 10.5; for the same shift, the AATS values
for the VSI schemes for both charts are 15.1 and 6.2,
respectively.

PRl-:|:

4 Conclusions and considerations

In this paper, we have proposed and studied a single
chart for the surveillance of both the process mean
and/or variance with VSI procedure. The new chart
can be easily designed and constructed, and it is very
effective for diverse cases, including the detection of
the decrease in the variance which is also very im-
portant in many practical applications. The VSI ELR
charts and the FP ELR chart were compared to the VSI
and FP NCS charts. The conclusion is that the adaptive
ELR chart can always detect process disturbance much
faster than the NCS charts in detecting small to moder-
ate shifts.

In using VSI ELR chart, we recommend using the
shorter sampling interval in the first few samples since
the effect of using small sampling intervals is useful at
start-up and has more advantages than the fast initial
response feature [37] which can result in short IC ARL
(and AATS) values.
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