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Abstract Sensorless manipulation strategies have been suc-
cessfully used in the precision robotic assembly. Most
previous work in this area has concentrated on inserting a
peg into a fixed hole. However, in some cases, e.g., the
assembly of piston–peg–rod of the automotive engine, due to
the motion of piston, the position of the hole in piston is hard
to be fully constrained. The purpose of this paper is to give a
novel sensorless manipulation strategy for the high-precision
assembly of a peg into an unfixed hole. Firstly, a decompo-
sition method of the high-dimensional configuration space of
the peg hole is analyzed. Subsequently, the robotic manipu-
lations are proposed in the two low-dimensional spaces
decomposed from the high-dimensional configuration space.
Then, the attractive regions formed in the two sub-spaces are
constructed, thus, the position and orientation uncertainties of
the peg hole can be eliminated by the attractive regions and the
robotic manipulations. Finally, a typical industry application,
fitting a peg into an unfixed piston rod hole of the automotive
engine, is used to validate the presented strategy.

Keywords Robotic assembly system . Sensorless strategy .
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1 Introduction

Automated assembly system with a custom robot has grown
increasing applications in manufacturing over the years. High-
precision assembly, such as the tight-tolerance peg-in-hole

insertion, is difficult to be accomplished by the position
adjustment of the robotic system. Figure 1 demonstrates an
example of high-precision insertion requirement in the
automotive engine assembly line, where a peg should be
inserted through the hole of piston and the hole of the small
end of the rod. The peg, the piston, and the rod, which are
used to push against the crankshaft, and convert the up and
down motion of the piston to the rotary motion of the
crankshaft, are the key workpieces of an automotive engine.
The assembly operations for the three parts are very
important but difficult, as: (a) the radius of the peg is about
27.9980–27.9925 mm, while the hole in the piston is
28.0000 mm with a tolerance of about 2–7.5 μm; (b) the
motion of the round piston is hard to be fully prevented by
the fixture, i.e., the piston hole is unfixed. In many situations,
the robotic assembly is realized with a low-cost Remote
Center Compliance (RCC) or by the guidance of a force
sensor. However, the RCC device has no durability since it is
made from rubber, and the force sensor is expensive and not
so reliable. Therefore, a robotic peg-in-hole assembly system
without force sensors or flexible wrists has an advantage in
terms of durability, expense, and reliability.

In our previous work [1], the method of inserting a peg
in a fixed hole had been discussed based on attractive
region formed in three-dimensional configuration space. In
this study, a strategy to achieve the high-precision task of
inserting a peg in an unfixed hole is explored based on the
attractive region formed in high-dimensional configuration
space. Meanwhile, a robotic assembly prototype is built to
validate the proposed strategy.

1.1 Related works

The objective of the robotic peg-hole assembly is to achieve
high-precision insertion from an unknown initial peg-hole
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configuration to a geometrical goal under some constraints. In
the last decades, various robotic insertion strategies with force
sensors or flexible wrists have been proposed. There are three
primary methods in the previous strategies in this area.

1.1.1 Robotic assembly with force sensor

The utilization of force sensor in robotic assembly has been
widely studied since the 1970s. The studies of Inoue [2]
and Whitney [3] have been widely recognized as important
examples in motion planning. Many other works have
applied the assembly methods with a table force sensor or a
wrist force sensor. Loiano et al. [4] proposed a strategy for
inserting a peg into a piston hole based on the force sensor,
where the state of contacts and the direction and magnitude
of the inserting forces were predicted by the force sensor
feedback. Schutter et al. [5] described an application of
robotic assembly operation with active force feedback
involving fragile and medium-sized workpieces. In their
work, the interaction forces were used to modify or even
generate the desired trajectory of the robot. Katz and Wyk
[6] presented a search strategy for the peg-hole automated
pre-assembly engagement. In their research, a position
controlled X, Y-table was used to move the assembly
surface in a prespecified search pattern, and a force/torque
sensor feedback was used to detect an engagement
configuration, terminating the search process. Yao and
Cheng [7] derived the geometrical compatibility condition
for the insertion motion where mating force/moment was
free of overshooting, and the non-cylinder pairs mating
were achieved by the aid of force sensors. Zhang et al. [8]
modeled the peg-in-hole process as a discrete event system,
where the assembly states were recognized with the force
information. Tangjitsitcharoen et al. [9] used the torque
sensor to control the position of the shaft during the
assembly by setting the limit of torque to stop the motor
driver of machine. Shirinzadeh et al. [10] presented a
robotic-based height adjustment method for the assembly of
a cylindrical pairs. In their paper, the peg-in-hole strategy
was established by decreasing the contact forces between
the manipulator and the fixture.

1.1.2 Robotic assembly with flexible wrists

Manufacturers cannot afford the initial setup and
maintenance cost of force sensors. They find it practical
to develop and implement a low-cost robotic system for
the peg-hole insertion task. Thus, the RCC, which
incorporates compliant motion for error correction
during the assembly, has been developed to assist the
peg-in-hole insertion. The utilization of the flexible
wrists and the design principles were analyzed by
Whitney [11] and Simunovic [12]. In recent years, over
100 various devices used in robotic assembly have been
developed, such as the dynamic RCC established by Asada
[13], the scanning assembly device designed by Ivanov [14],
the Variable Remote Center Compliance developed by Lee
[15]. The RCC devices are low cost and reliable for the
round peg-in-hole insertions, and have successful industrial
applications. But, the RCC method has some problems as
follows: (a) it is no longer useful when there are hundreds of
different contact states between the mating parts caused by
the position uncertainty of the peg on the gripper [16]; (b)
there is also no durability of the RCC device that is made
from rubber material [17]. Therefore, for the case of the peg-
in-piston-hole, where the peg and hole are hard to be fixed
with high precision on the gripper or fixture, it is difficult to
exert the effect of RCC method.

1.1.3 Robotic assembly without force sensors or flexible
wrists

This approach makes use of constraints of the environment
instead of additional devices to achieve high-precision
operation. Caine et al. [18] initiated research on the planar
peg-hole insertion operation by analyzing the insertion
process from any unknown initial peg-hole configuration to
the side-surface contact state without sensor. Matsuno [17]
focused on the problem of inserting a long peg into a
tandem shallow hole which is shaped uniquely. They used
searched trajectory generation to acquire correct peg
posture without feedback. Chen et al. [19] discussed the
insertion of an accumulator into a hole in the valve body of
an automatic transmission system. They applied the soft
servo strategy to achieve the tight-tolerance assembly with
the compliance of the robot and the environment. Qiao [1]
presented the strategies of sensorless motion planning for
the peg hole, and proved the validity of the strategies by the
robots operations. Balkcom et al. [20] created sensorless
plans that guaranteed a workpiece was correctly inserted
into a fixture.

The previous works mainly discussed the problem that
the peg could get two degrees of freedom on position
translation as the hole is held firmly by the fixture. To the
best of our knowledge, there is little work to explore the
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Fig. 1 The piston, piston peg, and connecting rod
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case that the hole is not constrained in some degrees of
freedom during the insertion process, which is also very
significant in industry, such as the peg-in-piston assembly
process in the automotive production.

1.2 The purpose of this paper

One difficulty in sensorless peg-hole insertion is how to
achieve exactness, i.e., how to make sure that the planned
path is exactly compliant to the desired contact state,
especially when the configuration space of such a contact
state is hard to describe analytically due to high dimen-
sionality [21]. It is a challenge to insert a peg into a hole if
it is hard to holding the motion on the hole, since the
motion planning for the peg-in-hole task needs to be
performed in a high dimensional configuration space.

Based on our previous work on the attractive region, the
objective of this paper is to propose a new sensorless
insertion strategy in the high-dimensional configuration
space, and design a robotic system for the assembly of peg–
piston–rod of the automotive engine. Our analysis is based
on visible strategic behaviors by decomposing the high-
dimensional configuration space into two low-dimensional
configuration spaces. Then, the robotic inserting force can
be determined in the sub-configuration spaces. And the
motion of peg should be guaranteed to comply with the
desired contacts. The main works of this paper include:

1. A robotic system, including a six DOF industry robot, a
control computer, a fixture to hold the workpieces, and a
camera to identify the target and guide the grasps, is
established to assembly a peg, a piston, and a rod together.

2. The dynamic process of clamping the rod to the desired
stable state, where the hole of rod is aligned to the hole
of piston, is discussed. The relationship between the
stable state of the rod and minimum of the attractive
region is also analyzed, where the position uncertainty
of the rod should be eliminated.

3. A peg-in-hole insertion strategy is designed based on the
decomposition of the configuration space. The decompo-
sition method makes the assembly be visible in the low-
dimensional configuration space and guarantees the
planned path compliance with the desired contact state.

The rest of this paper is arranged as follows: Section 2
presents the robotic assembly cell designed in the labora-
tory. In Section 3, the dynamic process of fixing the rod is
investigated based on the attractive region formed in the
configuration space of the rod fixture system. In Section 4,
the insertion strategy based on the decomposition of
configuration space of peg-hole system is presented.
Finally, the whole assembly process is described with a
real experiment to show the efficiency of the design
strategy and the prototype.

2 Description of the robotic assembly system

The flexible robotic assembly system consists of a six DOF
industrial robot, a fixture for holding workpieces, a CCD
camera, and a control computer. The structure of the system
is shown in Fig. 2.

As shown in the Fig. 2, three subsystems, i.e., the vision
system, the robot and the fixture, are controlled by the
computer. The application programs, such as the motion
planning, image processing, are written with Microsoft
Visual C++ software on the computer. In order to transfer
the target position to the robot, an ActiveX module, named
Fanuc robot I/F, supplies a channel to send the pose
information to robot.

Each part of the assembly system is described as
follows:

2.1 Robot

The robot chosen for the assembly application is M6i-B,
which is a six-axis articulated robot for a variety of industrial
applications. A pneumatic parallel-jaw gripper, SMC MHL-
16D, is mounted on the robot to manipulate the peg, piston,
and rod. The repeatability of M6i-B is ±0.08 mm, so that the
high-precision requirement (inserting the peg into the hole
with a tolerance about 2–7.5 μm) is difficult to be
accomplished by the position adjustment of the custom
industrial robot.

2.2 Image processing unit

The image processing unit consists of a Unikon color CCD
camera for image acquisition, and a DS-4002MD image
acquisition interface card of Hikvision Company. The
camera has 704×576 pixels and 30 images per second.
The function of the DS-4002MD is to convert the analog
video signal into digital audio and store it in the image
memory for computer processing. This interface card with
PCI interface has 32Kbps–2Mbps image transmission
speed. The camera mounted on the end of the robot is
acted as an “eye” of the robot and provides the object pose
information. Therefore, a target object with arbitrary pose
should be identified from a set of parts on the conveyor.

2.3 Workpiece holding fixture

A workpiece holding fixture is designed to assist the
manipulations of the robot. The operations of the fixture,
including clamping the piston and rod, transmitting the end
of the rod into the cavity of the piston, are controlled by an
AT89S52 microprocessor. The synchronous network com-
munication system between the computer and the micro-
processor of the fixture consists of a RS485 converter to
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transfer the feedback of the fixture and the command of the
control computer. The 3D mechanical model and the real
fixture are shown in Fig. 3a, b, respectively.

The functions of the fixture are given as follows:

2.3.1 Restrain three translational DoFs and two rotational
DoFs of piston by the fixture

As shown in Fig. 3a, the support base is composed of a
semi-circular cavity and a locating block, and can prevent
the motion of the piston. Two blocks actuated by a bi-

directional pneumatic cylinder constrain the rotation of the
piston around z-axis and y-axis. One locating block
partially prevents the rotation of piston around x-axis. That
is, the translation along x, y, and z direction, and the rotation
around y- and z-axis (the yaw and pitch rotation except roll
rotation) of the piston should be constrained by the fixture.

The translation along x, y, z directions and the roll, pitch,
yaw angles of the piston on the fixture's coordinate frame
are described in Fig. 4.

As shown in Fig. 5a, the round piston is hard to be
totally held by the fixture, i.e., the piston hole has one
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Fig. 2 The structure of the robotic assembly system
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degree of freedom unconstrained in the configuration space.
Figure 5b is the ideal state for the insertion. It is difficult to
design the operations of robot if there is a possible rotation
of the hole shown in Fig. 5c or d.

2.3.2 Restrain all motion of the rod by the fixture

It is difficult to decide the position of the four bolts and the
initial state of the rod inside the fixture, and it is also hard
to ensure the alignment of the hole of the rod and piston.
The desired state or undesired state of the rod is determined
by the initial state of the rod and the fixture configuration.
In Fig. 6a, the clamping bolt is capable to hold the rod to a
desired stable state. In Fig. 6b, the rod will arrive to an
undesired stable state.

In Section 3, we will discuss the dynamic process of
clamping the rod to the expected state, i.e., the rod arrives
to the state shown in Fig. 6a.

2.3.3 Transferring the end of rod into the cavity
of the piston by the linear guider way

The linear guider way consists of a stepper motor, a ball
screw, and two linear sliders. The motion of the linear guide
way is controlled by a control board with an AT89S52

single chip. The resolution of positioning of the motion
mechanism is decided by the step angle of the stepper
motor and the pitch of the ball screw. The linear guider is
capable to transfer the rod into the cavity of the piston and
keep the piston and rod aligned with the peg.

3 Clamping strategy of fixture based on attractive
region

In this section, we analyze the dynamic process of clamping
the rod to the desired stable state based on the conception of
attractive region. The desired stable state of the rod is a form
closure clamp location and corresponds to the minimum of the
attractive region formed by the constraints of the fixture.

3.1 Related conceptions

The conception “attractive region” is briefly introduced
below. Assumed that there is a nonlinear system:
dX=dt ¼ f X ;F; tð Þ, where X is the state of the system,
and F is the input to the system. If there is a function g(X),
which, for some real number ε>0, satisfies the following
properties: for all X in the region X � X0k k < " where X0 is
one state of the system:

a)
gðX Þ > g X0ð Þ; X 6¼ X0

gðX Þ ¼ g X0ð Þ; X ¼ X0

(
;

b) g(X) has continuous partial derivatives with respect to
all components of X;

c) dgðX Þ=dt < 0.

Therefore, ||X-X0||<ε is an attractive region.
The attractive region gives the description of the object's

dynamic motion configurations; and therefore, it is suitable

Clamping block
Locating bolt 

Ball screw Support base

Clamping bolt

Base plate Step motor

Linear slider

Pneumatic cylinder

Bi-direction 
pneumatic cylinder 

pin piston rod

(a) 3D mechanical model of fixture (b) A picture of fixture 

Fig. 3 The fixture is designed to hold the rod and piston (a) 3D mechanical model of fixture (b) A picture of fixture
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for the investigation of clamping process. It is defined as a set
of object configurations fromwhich the object could be pulled
to the desired stable state under the pre-specified input.

Form closure, which is related to the ability of prevent-
ing all the motion of clamped object, should be guaranteed
for restraining objects [22–24].

In this section, the dynamic processing to keep the rod at
the desired state is discussed based on the attractive region.
And the relationship between the local minimum of the
attractive region and the form-closure clamping is described
briefly.

3.2 Clamping the rod to the desired stable state

A reference coordinate established on the fixture is shown
in Fig. 7: xoy is the fixture coordinate, and O is the origin
of the clamping coordinate, Oc is the center of the big end
of the rod.

Initially, the origin O of the frame is at the center of the
fixture. The tuple (xo,θ) is used to describe the rod pose,
where x0 is the x-coordinate of Oc, and θ denotes the
rotation angle between OOc and x-axis.

The edges of the rod which would be contacted by the
bolts of fixture are denoted by the line equation:

Ek ak; bkð Þ ¼ 0; k ¼ 1; 2; 3; 4

where ak is the slope, bk is the intercept of the line Ek.
p1,p2 (solid points in the Fig. 7) are the intersection

points of c1c4 and the rod, and p3,p4 are the intersection
points of c2c3 and the rod. Thus, the distance D between the
clamping bolts and locating bolts can be formulated as:

D ¼ 2 �max y1j j; y2j j; y3j j; y4j jf g
s:t: E1 � r

2
; y1

� �
¼ 0; E2 � r

2
; y2

� �
¼ 0

E3
r

2
; y3

� �
¼ 0; E4

r

2
; y4

� �
¼ 0

Where y1 is y coordinate of the point p1, y2 is for p2, y3 is
for p3 and y4 is for p4, r is the distance of the c3 and c4.

yi (i=1,2,3,4) is determined by the rod pose, which can
be described by the tuple (x0, θ). Therefore, the attractive
region formed by the constraints of the four bolts in the
configuration space can be described by the distance D and
the tuple (x0, θ). Figure 8 shows the simulation of attractive
region. Some bowl-like figures are formed in the configu-
ration space. Each point on the curve indicates a pose of the
rod. The minimum point D0 of the figure represents the
desired stable state of the rod.

In Fig. 8, D1 and D0 are the values of distance D at state
X1 and state X0, respectively. The side length of the big end
of the rod is 50 mm, the distance between the bolt c1 and
bolt c2 is 60 mm. The simulation region is x0∈ (−29.7,
29.7 mm), θ∈(−π/4, π/4).

The attractive region which ensures the rod being
converged to the desired state is shown in Fig. 8. If the
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(d) The piston-hole is skewed to the right.

Fig. 5 The state of the piston and the peg. a There is a possible
rotation around x axis b The ideal state of peg-piston for the insertion.
c The piston-hole is skewed to the left. d The piston hole is skewed to
the right
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state of the rod is at the initial state inside the attractive
region, e.g., state X1, it should be transferred to the
stable state X0 under the squeeze force of the four bolts.
At the stable state X0, the position uncertainties of the
rod should be eliminated by the constraints of the four
bolts ci (i=1,2,3,4). In other words, the local minimum
of the bowl-like attractive region corresponds to a form
closure clamping. The desired stable state of rod
indicates that the center of the rod coincides with the
origin of the fixture and the center line of the rod aligns
to the x-axis.

As the attractive region in the configuration space is
built, the manipulations to make the rod to the desired
stable state are:

1. Place the rod with some initial states in the attractive
region.

2. Squeeze the rod by the two clamping bolts.

Thus, the rod would be transferred from the initial state to
the desired stable state. After the rod is fixed on the fixture,
the next operation is to insert the peg into the hole, as
discussed in the next section.

4 Peg-in-hole insertion strategy based on attractive
region

In our previous work [1, 25], a sensorless peg-in-hole
insertion strategy was discussed based on attractive region,
where the hole was supposed to be fully constrained to a
known state. In the previous work, attractive region was
used to eliminate the uncertainty of the peg state with the
aid of constraints from the hole. However, in the peg–
piston–rod assembly, the orientation uncertainty of the
piston hole is difficult to be totally eliminated by the
fixture. The unconstrained DOFs of hole will make it
difficult to apply the available strategies. In order to
complete the peg-in-unfixed-hole insertion successfully, a
new approach is proposed in the following. The strategy
takes the pose uncertainty caused by relative motion of the
peg and the piston hole into consideration.

4.1 The attractive region formed in the configuration space
of the peg-hole system

In this subsection, the attractive region formed in the
configuration space of the peg-hole system is proposed
firstly. And then, it is used to analyze the characteristics of
contact states between the peg and the hole.

Denoted by Xp and Xh the states of the peg and the hole
in the world's coordinate, which can be represented with six
degrees of freedom: x, y, z, pitch, roll, and yaw, as described
below.

Xp ¼ xp; yp; zp; qpx; qpy; qpz
� �

Xh ¼ xh; yh; zh; 8 hx; 8 hy; 8 hz

h i

x
Oc

y 

c3

c2c1

c4

O θ
D 

p1

p4

p2

p3

r 

Fig. 7 The reference establishment for clamping the rod, where c1
and c2 (hollow points) are the clamping bolts, c3 and c4 are the
locating bolts of the fixture

Locating bolts 

Clamping bolts 

Initial state 1 

(a) The rod arrives to the desired state from initial state 1 under the clamping force of the bolts.

Initial state 2 Locating bolts 

Clamping bolts

(b) The rod arrives to an undesired state from the initial state 2 under the clamping force of the bolts.

Fig. 6 Clamping the rod to a
desired state. a The rod arrives
to the desired state from initial
state 1 under the clamping
force of the bolts. b The rod
arrives to an undesired state
from the initial state 2 under
the clamping force of
the bolts
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As shown in Fig. 9, there are three coordinate frames
used in the analysis of the assembly process:

1. Aworld's coordinate, i.e., xyz-coordinate, is built on the
base of the fixture.

2. H coordinate frame is fixed with the hole, where Oh

is defined as the center of the upper surface of the
hole, and OhYh is defined as the line from Oh to the
base of the fixture, OhZh is along the axis of the hole
upwards and OhXh is perpendicular to OhYh and OhZh.

3. P coordinate frame is fixed with the peg, where Op

is defined as the center of the end surface of the peg,
OpYp is parallel to the projection of the OhYh on the
end surface of the peg, OpZp is along the axis of the
peg upwards and OpXp is perpendicular to OpZp and
OpXp.

In general, the location of the peg in the world's coordinate

frame can be described by xh; yh; zh; 8 hx; 8 hy; 8 hz

� �
, and

the location of the hole in the world's coordinate frame can be
defined by xp; yp; zp; qpx; qpy; qpz

� �
. In the assembly process,

five DOF of the hole are constrained by the fixture, i.e.,
(xh; yh; zh,8 hy; 8 hz) should keep their initial value when the

piston is clamped by the fixture. Suppose the state of the
peg-hole system is denoted by Xph in the world's frame, one
can obtain:

Xph ¼ xp; yp; zp; qpx; qpy; qpz; 8 hx

� �
The rotation of peg around x-axis and y-axis, i.e., angle

θpx and θpy, are decided by the translation and rotation of
peg relative to piston hole. Thus, the motion of the peg-hole
system in the world's coordinate frame can be described by
the relative pose of the peg in the H coordinate frame. The
pose of peg is defined as below:

X ¼ xph; yph; zph; fphx; fphy; qpz
� �

where xph; yph; zph represent the translation of peg on the H-
coordinate frame. fphx, fphy represent the rotation of peg

around OhXh axis and OhYh axis, θpx represents the rotation
of peg around z-axis.

The rotation around z-axis of the axially symmetric peg
cannot change the distance between Op and Oh, so, θpx
would be ignored in the next discussion. We can construct
an attractive function as follows:

z ¼ g Xsð Þ ¼ g xph; yph; fphx; fphy
� �

where z=zph is the distance between Op and Oh.Therefore,
Xs; zð Þconstruct the configuration space of peg-hole system.

Op

Oh x
o

y

z

Xh

Yh

Zh Xp

Xp

Zp

Fig. 9 The coordinate frames built on the peg and the hole
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The state of the peg-hole system can be divided into a
translational vector and a rotational vector.

Xs ¼ X ; Y½ �
where X ¼ ðx; yÞ ¼ ðxph; yphÞ,Y ¼ ðfr; fmÞ ¼ ðfphx; fphyÞ.

In our former work [25], the peg-in-hole strategy is
explored in the configuration space constructed by (X, z),
where X is the translation along x and y directions of peg.
The contact states of peg hole and the points on the
attractive region formed in the three-dimensional configu-
ration space are shown in Fig. 10. Each point inside the
region but on the boundary corresponds to one peg-hole
configuration without contact points between the peg and
the hole. Each point on the boundary corresponds to one
peg-hole contact state.

In this paper, the peg-in-hole strategy is designed in
configuration space constructed by z=g(X, Y), where
(X, Y) defines the translation and rotation of peg-hole
system. In the following, we discuss a method to
decompose the high-dimensional configuration space
into two low-dimensional configuration spaces. The aim
is to have insight on system analysis and achieve easy
design of the insertion strategy in the two sub-
configuration spaces.

4.2 The decomposition of the attractive function

In this subsection, a map t:Y→X provided by the function z=
g(X, Y)is discussed, so that the configuration space of the
system can be divided into two sub-configuration spaces
corresponding to the mapping function, as illustrated in the
following.

We assume that g: X×Y→z defines a smooth hyper-
surface in the configuration space. For every point on this
hypersurface, there is infinite number of tangent lines. The
partial differentiation of this hypersurface will allow

choosing one of these lines and finding its slope. To find
the slope of the line tangent to the function at a point that
is parallel to the zX hyperspace, the Y variable is treated as
constant. And, the minimum and maximum of the function
when the Y variable is treated as constant can only occur at
the point where the slope equals to zero [26], as given in
Eq. 1:

DXg X ; Yð Þ ¼ 0 ð1Þ
where Dx is the first partial derivative with respect to X.

In the following, based on the partial differentiation of
attractive function in the Eq. 1, we discuss the method to
decompose the configuration space by mapping Y to X.

a. A map t: Y→X is performed as follows:
Set Y=Y*, where Y* is treated as constant. Suppose the

minimum of g(X, Y*)is denoted by g(X*, Y*), as given in
Eq. 2

g X
»
; Y

»
� �

¼ min
X

g X ; Y
»

� �
ð2Þ

Assume that DXXg X ; Y
»� �

> 0, where Dxx is the
second-order partial derivative with respect to X. Thus,

solution to the minimum of function g X ; Y
»� �
, X* can be

computed from Eq. 3:

DXg X ; Y
»

� �
¼ 0 ð3Þ

If DXg X ; Y
»� �
is continuous, then there exists an open

set U containing X*, an open set V containing Y*, and a
differentiable function:

t : Y
» ! X

»

Therefore, Eq. 2 can be expressed by:

g tðY »Þ; Y »
� �

¼ min
X

g X ; Y
»

� �
ð4Þ

One-point contactThree-point contact 

Two-point contact 

One-point contact 

No-point contact 

Fig. 10 The relationship
between the points on the
attractive region and the
contact states of the
peg hole
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In the following, the method to decompose graph
z;X ; Yð Þto two subgraphs z;Xð Þand z; Yð Þis proposed
based on the discussion of the implicit function
t : Y ! X .

(b) The decomposition of graph z;X ; Yð Þis performed as
follows:

Suppose Y
» þΔY be a vector in the neighborhood of

Y
»
, one can obtain

g t Y
» þΔY

� �
; Y

» þΔY
� �

¼ min
X

g X ; Y
» þΔY

� �
z ¼ g X ; Yð Þis a continuous function, thus:

min
X

g X ; Y
»

� �
¼ lim

ΔY!0
min
X

g X ; Y
» þΔY

� �� 	

Thus,

g tðY »Þ; Y »
� �

¼ lim
ΔY!0

g tðY » þΔY Þ; Y » þΔY
� �

That is, z ¼ g tðY »Þ; Y »� �
is continuous in the hyperspace.

Thus, the minimum of z ¼ g X ; Yð Þ can be obtained by
the following two steps:

For a Yi 2 U , we assume that:

zi ¼ g t Yið Þ; Yið Þ
And then, we can obtain the minimum z0 of zi as follows:

z0 ¼ min
i

zi

Then, the two attractive functions can be visualized in
the sub-configuration space. The process of convergence to
the minimum of the two attractive functions can be realized
in the following two stages.

4.2.1 The attractive region formed in the sub-configuration
space of peg-piston system with a fixed orientation

We assume that the orientation of the peg is fixed, i.e., two
rotational angles Y ¼ ðfr; fmÞ are kept unchanged. Thus,
the motion of the peg-piston system can be described by
two variables ðOpOhÞx(the translation along x-axis) and
ðOpOhÞy (the translation along y-axis), which are the

movements of the center Op of peg related to the center
Ohof the hole.

The attractive function formed in the sub-configuration
space, as ðfr; fmÞ ¼ ð�a; 0Þ, is established as follows:

ðOhOpÞz ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rh � Rp cos a
� �2 þ sin a R2

h � R2
p

� �r
sina

1� cos að Þ

ðOhOpÞy 2 �Rh;Rh½ �

ðOhOpÞx 2 �Rh 1þ cos að Þ;Rh 1� cos að Þ½ �
where Rhand Rp are the radii of the peg and hole,
respectively.

The graph of the attractive function in the configu-
ration space with fixed orientation is presented in
Fig. 11.

In Fig. 11, the attractive region is used to eliminate the
translation uncertainties of the peg with respect to the hole.
When ðOpOhÞz(the translation along z-axis) is not change-
able, the attractive function has a local minimum at the
fixed orientation Y ¼ ð�a; 0Þ, where the translation of the
peg is restrained by the hole.

4.2.2 The attractive region formed in sub-configuration
space of peg–piston system with orientation changes

We assume that the orientation of the peg–piston changes with
Yn; :::;Y1; Y0. And, at each orientation Yiði ¼ 1; 2; :::; nÞ, the
process to obtain the minimum of the attractive function is
discussed in the previous section (Section 4.2.1). At the local
minimum of the attractive region, the translation Xi ¼ ðxi; yiÞ
is determined by the rotation Yi ¼ ðfri; fmiÞ from the
mapping function t : Y ! X . That is, the movement
region of peg-hole system is decided by the rotation
angles.

Corresponds to a three-point contact state 

Fig. 11 The graph of the attractive function with fixed orientation,
the minimum of the graph represents a three-point contact state of
the peg hole
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The attractive function of the peg-hole with orientation
changes is established as follows:

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rh � Rp cos fr cos fm
� �2 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� cos2frcos2fmð Þp
Rh

2 � Rp
2

� �q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos2frcos2fm

p 1� cos fr cos fmð Þ

y 2 �Rh;Rh½ �
x 2 �Rh 1þ cos fr cos fmð Þ;Rh 1� cos fr cos fmð Þ½ �
where Rh and Rp are the radius of the peg and hole,
respectively.

The graph of the attractive function in the configuration
space is presented in Fig. 12.

When the attractive function achieves the minimum, the
orientation and position of the peg–piston system are
determined by the following equation.

z0 ¼ min
i

zi

where z0 is the minimum of the attractive function
z ¼ gðX ; Y Þ, which corresponds to the case that the peg
has been inserted into the hole of piston.

Therefore, as illustrated in Sections 4.2.1 and 4.2.2, the
peg-in-piston insertion process is divided into two steps:

Step 1 For a fixed orientation of the peg–piston system,
design a nominal input which enables the peg–piston

system to follow a nominal trajectory to reach to the
local minimum of the attractive region, where the
translation uncertainties of the peg can be eliminated
by the constraints of the hole.

Step 2 When the orientation changes, design an adjustable
input which attracts the peg–piston system to the
minimum of the attractive region, where the
rotation uncertainties of the peg–piston can be
eliminated by the constraints of the fixture.

Therefore, the state of the peg hole should be in
compliance to the path shown in Fig. 12. At the minimum
of the graph, position and orientation uncertainties between
the peg and hole are eliminated by the constraints of the
hole. In the following, the experiment illustrates the validity
of the proposed strategy.

4.2.3 Realizing the insertion operation with the compliance
of the robot

The explanations of the attractive region and the practical
manipulations of the robot are introduced in Fig. 13. “Soft
float”, which allows the robot path to be changed according
to the external force to achieve the desired result, can be
used to act as the adjustable input. The function of “soft
float” of M6i-B can be set on the controller. Guided by the
vision, the peg held by a two-finger gripper can be moved
from any initial position into the mouth of the hole. And
then, in Cartesian mode, we can control the robot to:

Stage 1 Adjust the peg to let Yi ¼ ðfri; fmiÞ, then

a. The translational DOFs of the robot along the x-axis
and z-axis are configured by “soft float”, the peg
moves along y-axis as a result of an applied force.
Stop the motion of the peg when the translation
along y-axis, i.e., ðOhOpÞy, is not changed.

b. The translational DOFs of the robot along the y-
axis and z-axis are configured by “soft float”, the
peg moves along x-axis with a force and stopped by
the hole when ðOhOpÞx is not changed.

c. The peg moves along –z-axis with a force, and
stopped by the hole when ðOhOpÞz is not changed.

r

m

z 

zn

zi

z0

Fig. 12 The attractive region of the peg-hole system with orientation
changes
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Explanation 1 The peg moves along x, y and z-axis with a
fixed orientation Yi ¼ ðfri; fmiÞ and stopped by the hole

when the translation of the peg is not change. That is, for a
fixed orientation of the peg-hole system, the attractive

rod Peg 

Piston

Peg 

Piston 

rod 

Piston 

Peg rod 

(a)

(b)

(c)

Fig. 13 The assembly process
of the peg and piston. a Guided
by the visual information, the
peg held by a two-finger gripper
with fixed angle can be moved
from any initial position into
the mouth of the hole. b The
peg rotates around x, y, and
z-axis with a small angle, i.e.,
the orientation of the peg
changes from Yi to Yi�1. c
When the rotation and the
translation of the peg
ðx; y; fr; fmÞ is not changeable,
which means that the peg
has been inserted into
the hole
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function should achieve the local minimum at the state
tðYiÞ; Yið Þ.
zi ¼ g tðYiÞ; Yið Þ

At the local minimum of the attractive region, the
translation uncertainties of the peg should be eliminated, i.e.,
the x, y, z position of the peg is decided. The next step is to
eliminate the uncertainties of two related variables fr and fm.

Stage 2 Adjust the peg to let Yito Yi�1; :::; Y0

a. The rotational DOFs of the robot around x-axis and
z-axis are configured by “soft float”, and the peg
rotates around y axis with a small angle Δfmi, i.e.,
the orientation of the peg changes from Yi ¼
ðfri; fmiÞ to Yi�1 ¼ ðfri; fmi �ΔfmiÞ. Then, at the
fixed orientation Yi�1, the peg moves to the local
minimum g tðYi�1Þ; Yi�1ð Þ, which is similar to the
stage 1.

b. The rotational DOFs of the robot around the y-axis and
z-axis are configured by “soft float”, and then the peg
rotates around x-axis by a small angle Δfri, i.e., the
orientation of the peg changes from Yi�1 ¼
ðfri; fmi �ΔfmiÞ to Y

0
i�1 ¼ ðfri �Δfri; fmi �ΔfmiÞ.

Then, at the fixed orientation Y
0
i�1, the peg moves

to the local minimum g tðY 0
i�1Þ; Y

0
i�1

� �
, which similar

to the stage 1.
c. Stop the rotate when ðOhOpÞz is not changeable,

which means that the peg has been inserted into the
hole.

Explanation 2 The inserting force is designed to change the
state of the Yi to Yi�1; :::; Y0 in the attractive region, thus the
minimum of z ¼ gðX ; Y Þ converge to z0 ¼ g tðY0Þ; Y0ð Þ as
the Yi approaches to Y0, where z0 ¼ g tðY0Þ; Y0ð Þis the
minimum value of zi ¼ g tðYiÞ; Yið Þ, that is

z0 ¼ g tðY0Þ; Y0ð Þ
¼ min

i
g tðYiÞ; Yið Þ

As shown in Fig. 13a, guided by the visual information,
the peg held by a two-finger gripper with fixed angle can be
moved from any initial position into the mouth of the hole.
The rotational DOFs of the robot around x-axis and z-axis are
configured by “soft float”, that is, the angles between the axis
of the peg and the hole around x-axis and z-axis may remain
free of control and can be also eliminated during the rotating
process, as shown in Fig. 13b; and the peg is inserted into the
hole of piston finally, as shown in Fig. 13c.

Then, at the fixed orientation Yi�1, the peg moves to the
local minima zi�1 ¼ g tðYi�1Þ; Yi�1ð Þ.

In the following, the whole assembly process of peg into
hole of piston and rod is described.

5 The assembly process

In the former section, based on the concept of “attractive
region”, we discussed the strategy of insertion of a peg into
a hole of a piston. The real assembly workcell built in the
lab is shown in the Fig. 14.

In Fig. 15, the manipulations of the robot, such as
identifying, grasping, and inserting, are described in briefly
by a flowchart. With the aid of visual information, a target
piston at an arbitrary place should be identified from a set
of parts, and then the two-finger gripper should be guided
to pick and place a target to the fixture.

6 Conclusion

In this paper, we propose a new sensorless manipulation
strategy for inserting a peg into an unfixed hole based on
the attractive region formed by contact constraints. The
approach aims to propose the robotic manipulations in the
subspaces of the high-dimensional configuration space of
peg-hole system, which ensures robotic motion planning,
could be visualized in the low-dimensional space. More-
over, based on the analysis about the attractive region, the
manipulations to make the rod to be clamped in the desired
stable state are described.

Usually, the sensorless peg-in-hole strategy is explored
in the configuration space ðX ; zÞ, where X is the translation
along x and y direction of peg. However, for the insertion of
a peg into an unfixed hole, the motion planning should be
designed in configuration space ðX ; Y ; zÞ, where ðX ; Y Þ is
the translation and rotation of both the peg and the hole. In
this paper, a map t : Y ! X provided by the function
z ¼ g X ; Yð Þ is established to divide the high-dimensional

CCD camera 

Piston Two-finger gripper Peg 

6-DOF robot

Fig. 14 The overview of the robotic assembly system
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Fig. 15 The flowchart of the
whole assembly process
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configuration space into two subspaces ðz;X Þ and ðz; Y Þ.
With the aid of the attractive regions formed in the two
subspaces, the position and orientation uncertainties of the peg
hole are eliminated by the designed robotic manipulations.

Finally, the methods are validated by the simulations and
experiments of the assembly of the piston, peg, and rod of
the automotive engine on the built robotic system.
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