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Abstract Chip flow control is an important issue for
automated machining. Using the cutting power equilibrium
equation of Usui et al. (ASME J Eng Ind 100:222–228,
1978) and Usui and Hirota (ASME J Eng Ind 100:229–235,
1978), a new chip flow angle prediction model is derived
for helical vee grooves turning with sharp corner tools and
is expressed as the transformed cutting power equilibrium
equation in which the value of the principal cutting force F
is experimentally measured. In this study, RATIO is defined
as the ratio of the main to the minor cutting edge length
engaged in cutting and is a set variable on the basis of the
constant equivalent cutting area. The chip flow angle
corresponding to different values of RATIO predicted by
the current model shows good correlation with the
experimental measurement, and FEM simulation results
for various cutting conditions. An investigation of the effect
of RATIO on the chip flow angle is made under various
cutting conditions, and it is demonstrated that RATIO has a
significant influence on the chip flow angle.

Keywords Chip flow angle . Cutting edge length . Sharp
corner tools . Vee grooves turning

1 Introduction

A complicated interaction of plastic and elastic deforma-
tions happens in the shear zone which determines the
geometry and motion of the chip during chip formation.
Chip control, which depends heavily on the nature of the

chip flow and its direction on the rake face of the cutting
tools, will improve the quality of the workpiece, prolong
the life of tools and machines, and optimize the geometry of
tool [1–3]. The direction of chip flow in metal machining as
well as continuous mode operation is important for chip
control and has long been recognized and re-emphasized
recently [1].

Obviously, the chip control is closely related to the chip
flow angle. In the recent 50 years, many useful models on
chip flow in 3-D cutting process have been developed in
scientific research. Stabler [4] purposed that the chip flow
angle was equal to the inclination angle in oblique cutting
regardless of cutting parameters. Later, he [5] also
postulated the revised flow rule that the chip flow angle
was proportional to the inclination angle with the propor-
tionality factor varying between 0.9 and 1 depending on the
workpiece material and cutting conditions. However,
Stabler’s models are only satisfied well by using a cutting
tool with only one straight cutting edge. In many practical
machining operations, cutting tools with major and minor
cutting edges are engaging with the workpiece. The
prediction model in our study is satisfied well in double-
edge cutting case. In a subsequent study, Armarego and
Brown [6] evaluated Stabler’s flow rule experimentally for
a wide range of inclination angles and rake angles and
concluded that Stabler’s flow rule was only adaptive to
some values of rake angles. Colwell [7] suggested a
simplified geometrical method, which assumed that the
chip flow angle over the tool rake face was approximately
perpendicular to the cutting edge chord representing the
major axis of the cut, as shown in Fig. 1.

However, the predicted results of the chip flow angle
only have satisfactory agreement with the cutting condi-
tions with zero tool inclination and rake angles, regardless
of the influence of various workpiece materials. Hu et al.
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[8] generalized Colwell’s model to non-zero inclination and
rake angles by introducing the concept of an equivalent
cutting edge which was defined to be the line joining the
end points of the projection of the uncut chip area on the
tool rake face. The chip flow angle, with respect to the
normal to the equivalent cutting edge in the rake face, was
then obtained by applying Stabler’s chip flow rule with
respect to the equivalent tool geometrical angles
corresponding to the equivalent cutting edge. In literature
[9, 10], the chip flow angle can also be obtained by other
prediction models based on reasonable assumptions.

The energy approach for chip flow angle prediction was
originally proposed by Usui et al. [11, 12] who minimized
the cutting energy comprised of the shear energy and the
friction energy to find the chip flow angle for sharp corner
tools having zero side and end cutting edge angles.
According to them, the shear plane could be divided into
several equivalent shear planes along the active cutting
edge. However, in Usui et al.’s model, the significant
parameters such as equivalent shear angle, shear stress, and
equivalent friction angle which greatly affect chip flow
angle prediction in three-dimensional cutting are just
generated from orthogonal cutting experiments. Therefore,
chip flow angle prediction accuracy will be inevitably
affected by approximation. The energy approach was also
used by Shamoto and Altintas [13]. They utilized either the
maximum shear stress or the minimum energy principle to
develop a numerical approach to calculate the chip flow
angle in oblique machining.

During the last decade, many novel approaches were
proposed to study chip flow angle prediction. Adibi-Sedeh
et al. [14–16] proposed a generalized upper-bound model
for calculating the chip flow angle in oblique cutting using
flat-faced nose radius tools and sharp corner tools that cut
along both the side and the end cutting edges. The shear
area and friction area were calculated corresponding to the
similarity between orthogonal and oblique cutting in the

equivalent cutting plane. The chip flow angle was obtained
by minimizing the cutting power comprised of shear power
and friction power. John S. Strenkowski, Albert J. Shih, and
Jong-cherng Lin [17] used a finite model instead of
experimental measurement to supply the orthogonal cutting
data which consists of the shear angle, the shear stress
acting on the shear plane, and the friction angle for the
analytical model developed by Usui et al. [11, 12].
However, the cutting data which greatly affect chip flow
angle prediction in three-dimensional cutting are still
supplied by the orthogonal cutting process simulated by
FEM software. Wen DH, Zheng L, Li ZZ, and Hu [18]
proposed a model of the chip flow angle calculation for a
sharp corner tool considering cutting geometry variations
based on the equivalent cutting edge method. The basic
depiction of the equivalent cutting edge and chip flow
direction is similar to Colwell’s model. The chip flow angle
ηc can be expressed as follows:

hc ¼ k kr � arcsin
apðcot kr þ cot k

0
rÞ � f

bchðcot kr þ cot k0
rÞ

� �� �
ð1Þ

where k is a revised factor equal to 0.9~1, κr is the main
cutting edge angle, k

0
r is the minor cutting edge angle, ap is

the depth of cut, f is the feed rate, bch is the length of
equivalent cutting edge which can be expressed as the
following:

bch ¼
a2p

sin2kr
þ f 2sin2kr

sinðkr þ k 0
rÞ
þ 2ap f

tanðkr þ k 0
rÞ

" #1=2
ð2Þ

However, the length of equivalent cutting edge bch is
considered to be affected by the feed rate f while in helical
vee groove turning the equivalent cutting edge bch stays
constant and the prediction model may not be satisfied well.
Wen DH, Zheng L, Li ZZ, and Hu [19] also proposed a new
method for predicting the chip flow angle under different
cutting parameters using the single-point and nose-radiused
cutting tools. The effects of the major cutting edge, minor
cutting edge, corner radius, and cutting parameters (depth
of cut and feed rate) on the chip flow direction were studied
by calculating the components of the thrust cutting force for
the major and minor cutting edges based on the hypothesis
that the chip flow direction was also the thrust force
direction. Zou GP, Yellowley I, and Seethaler RJ [20]
proposed a new upper-bound model that incorporated force
equilibrium parallel to the cutting edges for single edge
oblique cutting operations. In the energy approach, SLIP
was defined as the ratio of the shear velocity imparted to
the chip on the shear plane parallel to the cutting edge, to
the incoming velocity in the same direction; RATIO was
defined as the ratio of the friction force on the rake face to

Fig. 1 Scheme of cutting edge chord (top view of the tool, adapted
from Bradley and Thomas [31])

842 Int J Adv Manuf Technol (2011) 56:841–855



the resultant shear force in the shear plane. Experimental
force data but no shear angle data is needed for the analysis
of cutting operations with non-straight cutting edges.
However, the new upper-bound model is only satisfied by
oblique cutting with single cutting edge. Double-edge

cutting is investigated in our study, and we define RATIO
as the ratio of the length of the main cutting edge in
engagement with the workpiece to the length of the minor
cutting edge in engagement with the workpiece. RATIO can
be expressed as follows:

RATIO ¼ Length of the main cutting edge in engagement with the workpiece

Length of the minor cutting edge in engagement with the workpiece
:

As the previous work above showed, many researchers
have studied the rule of the chip flow angle and proposed
various prediction models of chip flow angle validated by
experiments and FEM. However, the relationship between
the chip flow angle and ratio of the lengths of the cutting
edges engaged in cutting has not been studied yet. In this
study, to investigate the effect of RATIO on the chip flow
angle, the value of RATIO is variable and the equivalent
cutting area which is the projection of the area of the rake
face involved in cutting on the datum plane is set to be
constant under a specific oblique cutting condition.

The minor cutting edge involved in cutting in case of the
nose radius is much smaller than the feed rate and the depth
of cut. The tool can be taken as a sharp corner tool with
zero nose radius in case the lengths of the main and minor
cutting edge in engagement with the workpiece are much
larger than the nose radius, which is the case in many
industrial machining operations such as tapping, threading,
and hobbing [21, 22]. In this study, double edges turning
with sharp corner tools are analyzed to create a new
prediction model for the chip flow angle and study the
relation between the chip flow angle and the lengths of the
cutting edges. As shown in Fig. 1, the equivalent cutting
edge was defined to be the vector (or line) joining the two
intersection points of the side cutting edge with the uncut
work surface and the end cutting edge with the newly cut
spiral work surface in the rake face of the tool [23]. In this
research, the feed rate f is larger than the equivalent cutting
edge chord |BD|, which is the case of helical vee grooves
turning with the two intersection points B and D all on the

uncut work surface shown in Fig. 2. The depth of cut d and
the main (minor) cutting edge angle Cs (Ce) are adjusted to
keep the equivalent cutting area constant and set RATIO
variable to study the effect of various values of RATIO on
the chip flow angle.

In this research, we define a global coordinate system
X–Y–Z to obtain the expression of shear area AS,
friction area Af, and cutting energy U which consists of the
sum of shear power WS and the friction power Wf. In this
study, cutting power equilibrium equation V·F=WS+Wf

[11, 12], in which F is the principal component of cutting
force measured from experiments, can be substituted into
with the measured principal cutting force F, and the
expressions of the shear power WS and the friction power
Wf. Then the transformed equation of cutting power
equilibrium with respect to the two main variables, RATIO
and the chip flow angle, is obtained as a new chip flow
angle prediction model to study the relation between
RATIO and the chip flow angle using arbitrarily oriented
sharp corner tools that cut along both the main and minor
cutting edges.

2 Model setting up

2.1 Description of the configuration of an arbitrarily
oriented sharp corner tool

OG is the main cutting edge and OF is the minor cutting
edge of the tool as shown in Fig. 3 adapted from Hu et al.

Fig. 2 Scheme of helical vee
grooves turning. a Top view
of the tool. b Back view
of the tool
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[8]. The plane OGCF is the rake face of the tool. |OB| and |
OD| are the lengths of the main and the minor cutting edges
in engagement with workpiece, respectively.

As shown in Fig. 3, the global coordinate system X–Y–Z
is defined as:

The X-axis is along the vector DB joining the two
intersection points on the lines OB and OD;
The Z-axis is the vector normal to the rake face of the
tool;
The Y-axis is found by the right hand rule convention.

OG′ OF′, and GC′ are the normal projection of OG, OF,
and GC on the datum plane respectively. The normal rake
angle αn is the angle between the rake face and the datum
plane measured perpendicular to the main cutting edge OG;
the inclination angle i is the angle between the main cutting
edge OG and OG′; the main cutting edge angle CS is the
projection of the angle between OG and the negative Y-axis
on the datum plane while the minor cutting edge angle Ce is
the angle between OF′ with the opposite feed direction; the
depth of cut d is the radial interference between the tool and
the workpiece.

2.2 Chip formation kinematics and the shear area
calculation

The cutting velocity V can be expressed in X–Y–Z
coordinate system as [14]:

V ¼

sin i tanCS � tan anffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2isec2CS þ ðtan an � tanCS sin iÞ2

q
� cos iðtanCS sin an þ sin i cos anÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2isec2CS þ ðtan an � tanCS sin iÞ2

q
cos i cos an

0
BBBBBBBB@

1
CCCCCCCCA

� V

The chip velocity VC can be expressed as:

VC ¼
� VC cos h

� VC sin h

0

0
B@

1
CA

It should be noted that η is defined to be the angle between
the chip velocity VC and the negative X-axis rather than the
chip flow angle. V and VC are the magnitudes of the cutting
velocity V and the chip velocity VC respectively. VS can be
expressed as VS=VC−V in the effect plane shown in Fig. 4a.
The equivalent cutting area ΔOBD is divided by the line OE
along the chip flow direction while the shear surface area
ΔOBE′ and ΔODE′ share the common boundary OE′ which
is the projection of OE on the shear surface as shown in
Fig. 4a, b. The total shear surface area is obtained by
summing up the value of the main shear surface area ΔOBE′
and the minor shear surface area ΔODE′ shown in Fig. 4b.

To express concisely, as shown in Fig. 5a, a sharp corner
tool with zero rake angle and inclination angles, 10° of the
clearance and the end clearance angle and 90° of the tool
tip angle is considered in this research. So the line normal
to the main cutting edge on the rake face of the symmetric
sharp tool is parallel to the minor cutting edge and the chip
flow angle equals the angle between the chip flow direction
and the minor cutting edge.

For the sharp point tool shown in Fig. 5a, the effect rake
angle αe is zero, the angle between the main and the minor
cutting edge is the right angle and the main cutting edge
angle CS equals the minor cutting edge angle Ce. According
to the coordinate system shown in Fig. 5b, the relation
between the chip flow angle ηc and the angle η can be
expressed as hc ¼ h�Ce ¼ h�CS, and we can simplify the
expressions of V, VC, and VS as:

V ¼
0

0

1

0
B@

1
CA � V

VC ¼
� cosðhC þ CSÞ
� sinðhC þ CSÞ
0

0
B@

1
CA � VC

and

VS ¼ VC � V ¼
� VC cosðhC þ CSÞ
� VC sinðhC þ CSÞ
� V

0
B@

1
CA ;

respectively. So the relation between V and VC can be
calculated as tan fe ¼ VC

V where Φe is the equivalent shear
angle in the effect plane.

Fig. 3 Geometry of a sharp point tool with a major cutting edge angle
CS, minor cutting edge angle Ce, inclination angle i and normal rake
angle αn (adapted from Hu et al. [8])
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In the global coordinate system X–Y–Z shown in
Fig. 5b, the points of O, B, D, and E on the rake face of
the tool can be expressed as:

O : 0; 0; 0ð ÞT

B :
d

cosCs
�

sinCs

� cosCs

0

0
B@

1
CA

D :
d

sinCs
�

� cosCs

� sinCs

0

0
B@

1
CA

E :
d

sinðhC þ CsÞ �
� cosðhC þ CsÞ
� sinðhC þ CsÞ
0

0
B@

1
CA

In light of the expression of the shear velocity VS, the
point E′ on the shear plane corresponding to the point E on
the rake face of the tool can be expressed as:

E0 :
d

sinðhC þ CsÞ �
� cosðhC þ CsÞ
� sinðhC þ CsÞ
� V

VC

0
BBB@

1
CCCA

So we can calculate the expressions of the vectors as
follows:

OB ¼ d

cosCs
�

sinCs

� cosCs

0

0
B@

1
CA

OD ¼ d

sinCs
�

� cosCs

� sinCs

0

0
B@

1
CA

Fig. 4 For the case of zero rake
angle. a Geometric relationship
of V, VS, and VC on the effect
cutting plane and b the total
shear area consisting of the main
and the minor shear area

Fig. 5 Geometry (a) and the
defined coordinate system (b)
for the sharp point tool with zero
inclination angle i and normal
rake angle αn, 10° of the
clearance angle and the end
clearance angle and 90° of the
tool tip angle
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OE0 ¼ d

sinðhC þ CsÞ �
� cosðhC þ CsÞ
� sinðhC þ CsÞ
� V

VC

0
BBB@

1
CCCA

The value of RATIO can be expressed in terms of the
variable CS as:

RATIO ¼ OB

OD
¼ d=cosCs

d=sinCs
¼ tanCS:

The shear area of the triangular shear plane OBE′ can be
calculated as:

SΔOBE0 ¼ 1=2» OB�OE0j j ¼ 1
2 � d

sinCS
� d
cosCS

� 1
cos hcþsin hc=RATIO

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
tan fe

� �2
þ cos2hc

r !

¼ A � 1
cos hcþsin hc=RATIO

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
tan fe

� �2
þ cos2hc

r !

and the shear area of the triangular shear plane ODE′ can be calculated as:

SΔODE0 ¼ 1=2» OD�OE0j j ¼ A � 1

cos hc � RATIOþ sin hc
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

tan fe

	 
2

þ sin2hc

s0
@

1
A

So the total shear area AS is the sum of the areas of the
two triangular shear planes OBE′ and ODE′ and the shear
energy WS can be expressed as WS ¼ tSASVS.

2.3 The friction area calculation and the transformed
expression of cutting power equilibrium

We assume that ΔL is an arbitrary line along the cutting
edge with infinitesimal length and is the thickness of a slice

of the effect cutting plane formed by V, VS, and VC as
shown in Fig. 6.

For the slice of the effect cutting plane, the shear force fS
can be expressed as:

fS ¼ tS � lS �ΔL:

lS is the shear length of the slice of the effect cutting
plane.

Fig. 6 Geometrical relations on
the effect plane (a), the main
and minor shear area (b), the
main and minor friction area (c),
and ΔL with infinitesimal length
along the cutting edge
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Usui et al. [11, 12] obtained the friction force f on the
rake face:

f ¼ R0 � sin be ¼ R � sin be ¼
fS

cosðfe þ be � aeÞ � sin be

¼ tS � lS �ΔL

cosðfe þ be � aeÞ � sin be

ð3Þ

R′ is the reaction force of the resultant force acting on the
rake face of the tool.

The friction force on the rake face can also be expressed as:

f ¼ tS � lfΔL ð4Þ
lf is the friction length of the slice of the effect cutting

plane.

We can obtain the relation between the shear length lS
and the friction length lf from Eqs. 3 and 4:

lf ¼ sin be
cosðfe þ be � aeÞ � lS

So the friction length OF (Lf) corresponding to the
common line OE′ (LS) of the shear planes on the rake face
of tool can be expressed as: Lf ¼ sin be

cosðfeþbe�aeÞ � LS
The total friction area can be obtained by summing up

the contact areas corresponding to the different regions of
the shear planes. The total friction surface area is divided
by OF into two areas ΔOBF and ΔODF which can be
calculated with the same method of the shear areas
calculation. The expression of the vector OF can be
calculated as:

OF ¼ sin be
cosðfeþbe�aeÞ �

d�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þcot2fe

p
sinðhCþCsÞ �

� cosðhC þ CsÞ
� sinðhC þ CsÞ

0

0
B@

1
CA¼ sin be

cosðfeþbeÞ �
d�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þcot2fe

p
sinðhCþCsÞ �

� cosðhC þ CsÞ
� sinðhC þ CsÞ
0

0
B@

1
CA

The total friction area Af can be computed as:

Af ¼ 1=2» OF� OBj j þ 1=2» OF� ODj j¼ A �

1

cos hc þ sin hc=RATIO
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos hc
tan fe

	 
2

þ cos2hc

s
� sin be
cosðfe þ beÞ

þ

1

cos hc � RATIOþ sin hc
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin hc
tan fe

	 
2

þ sin2hc

s
� sin be
cosðfe þ beÞ

0
BBBBB@

1
CCCCCA

In this research, an ideal rigid plastic workpiece
material with uniform distribution of the normal stress
and sticking friction along the tool–chip interface is
presumed to obtain the following estimate of friction
angle β [24]:

tan b ¼ 1

1þ p
2 � 2a

So the equivalent friction angle βe can be calculated as:

be ¼ tan�1 1

1þ p
2 � 2ae

	 

¼ 21:255�

The friction force calculated by resolving the resultant
cutting force along the tool rake face should be equal to the
tool–chip interface area multiplied by the shear strength [14].

The shearing power WS and the friction power Wf can be
calculated as the expressions of

WS ¼ tSASVS ¼ tS � A �

1

cos hc þ sin hc=RATIO
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

tan fe

	 
2

þ cos2hc

s
þ

1

cos hc � RATIOþ sin hc
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

tan fe

	 
2

þ sin2hc

s
0
BBBBB@

1
CCCCCA

V

cos fe

and
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Wf ¼ tSAfVC ¼ tS � A �

1

cos hc þ sin hc=RATIO
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos hc
tan fe

	 
2

þ cos2hc

s
� sin be
cosðfe þ beÞ

þ

1

cos hc � RATIO þ sin hc
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin hc
tan fe

	 
2

þ sin2hc

s
� sin be
cosðfe þ beÞ

0
BBBBB@

1
CCCCCA � V tan fe;

respectively where A is the equivalent cutting area with a
constant value and τS is the maximum shear stress. We
substitute into cutting power equilibrium equation V � F ¼
WS þWf [11, 12] with the expressions of the shearing
power WS and the friction power Wf to get the transformed
expression of cutting power equilibrium of which the
simplified format is expressed as:

F
A�tS ¼

1

cos hc þ sin hc=RATIO
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

tan fe

	 
2

þ cos2hc

s

þ 1

cos hc � RATIOþ sin hc
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

tan fe

	 
2

þ sin2hc

s
0
BBBBB@

1
CCCCCA � 1

cos fe

þ

1

cos hc þ sin hc=RATIO
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos hc
tan fe

	 
2

þ cos2hc

s

þ 1

cos hc � RATIOþ sin hc
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin hc
tan fe

	 
2

þ sin2hc

s
0
BBBBB@

1
CCCCCA� tan fe�sin 21:255�cosðfeþ21:255�Þ

ð5Þ
Equation 5 can be a model to predict the chip flow angle

ηc corresponding to specific value of RATIO with given
cutting parameters such as equivalent cutting area A, the
principal cutting force F and the equivalent shear angle Φe.

3 Model details

According to the theory of maximum shear stress [25], the
maximum shear stress τS of the workpiece material can be
calculated as τS=σS/2 where σS is the yield stress of the
workpiece material.

In literature [16], it is intuitively expected that the chip
would flow normal to the feed direction for the cutting case
with zero rake and inclination angle and the sum of the two
cutting edge angles equal to 90°, which is confirmed by the
predictions of the upper-bound model. In this study, we can
deduce that the chip flow direction is parallel to the line
about which the main and the minor cutting edges are
symmetrical for the case of RATIO equal to 1. That is, the
chip flow angle ηc equals 45° when the values of the main
and the minor cutting edge angles (CS and Ce) are all equal
to 45°. This special cutting case can be called ‘symmetric
cutting’ shown in Fig. 7.

With the experimental result of the main cutting force F
and 45° of the chip flow angle ηc, we can get the value of
the equivalent shear angle Φe according to Eq. 5 under the
symmetric cutting condition with specific equivalent cut-
ting area A. For asymmetric cutting conditions with the
same equivalent cutting area A and various values of
RATIO ranging from 1.2 to 10, the transformed cutting
power equilibrium expression of Eq. 5 is substituted into
with the calculated values of the equivalent shear angle Φe,
the maximum shear stress τS, and the principal cutting force
F experimentally measured corresponding to respective
values of RATIO to obtain the different values of the chip
flow angle ηc and study the effect of RATIO on the chip
flow angle ηc. Figure 8 shows the procedure of the chip
flow angle ηc calculation for the model expressed as the
transformed cutting power equilibrium equation on the
basis of the constant equivalent cutting area A.

The practical applications envisaged usually allow a
tolerance for reasonable approximations, and the most
likely approximations for this prediction model are the
following:

1. The maximum shear stress τS on the shear plane may
be assumed constant for one tool/workpiece pair over a
reasonable range of cutting conditions and tool geom-
etry [20].

2. The equivalent shear angle Φe corresponding to
different values of RATIO is assumed to be constant

Fig. 8 Procedure of the chip flow angle ηc calculation of the modelFig. 7 Symmetric cutting with |OB|=|OD| and CS=Ce=45°
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based on the same equivalent cutting area A under
specific vee groove turning conditions.

4 FEM simulation (work) for measurement of the chip
flow angle ηc

FE simulations for 3-D oblique cutting were carried out on
a series of cutting conditions with different values of
RATIO to study the effects of RATIO on the chip flow
angle ηc using the implicit dynamic analysis software 3-D
DEFORM. Because machining is an extremely dynamic
event with considerable changes in geometry, it is important
to improve the mesh aspect by adopting an adaptive
remeshing technique embedded in 3-D DEFORM. A series
of cutting situations with the constant equivalent cutting
area A and different values of RATIO ranging from 1.2 to
10 were considered in the FEM work. Simulation param-
eters are listed in Table 1.

The motion of the chip can be observed in the
DEFORM-3D post-processor, and the chip flow angles
corresponding to different values of RATIO are measured
normal to the plane of the rake face of the tool shown in
Fig. 9.

5 Experimental procedures

The experiments were conducted on a TK36 CNC lathe
under dry condition. The workpiece material used in the
experiments was AISI1045 steel (C 0.45%, Si 0.30%, Mn
0.60%, Cr 0.15%, Ni 0.20%, and S 0.02%), and the
workpiece was held in a collet on the spindle. A tungsten
carbide finishing tool conforming to the geometry of the
sharp corner tool previously mentioned was used in the test.
As shown in Fig. 10b, c, the tool was fixed in the three-axis
turning dynamometer, and the turning dynamometer was
positioned perpendicularly to the feed direction and directly
mounted to the lathe. Before fixing the tool in the turning
dynamometer, as shown in Fig. 10a, the tool position was
adjusted by changing the main cutting edge angle CS to
satisfy the double-edge cutting condition with specific
value of RATIO. The principal, vertical, and transverse
force components were measured by the three-axis turning
dynamometer during the oblique turning.

The filtered signals were sampled at 20 kHz, and the
experimental data were processed and analyzed using
MATLAB software. The Taguchi method is a robust
experimental design technique, which adopts a set of
orthogonal arrays to investigate the effect of parameters
on specific quality characteristics to decide the optimum

Surface speed (m/min) 50, 80, 120

Feed rate (mm/rev) 6, 8, 10

Tool–workpiece interface Shear friction factor 0.6

Heat transfer coefficient (N/s/mm/C) 45

Tool material Cemented carbide

Workpiece material AISI-1045(machining)

Workpiece type Plastic

Relative mesh size of tool 40,000

Relative mesh size of workpiece 80,000

Simulation steps 500

The equivalent cutting area (mm2) 0.9

Table 1 Simulation parameters

(a) (b) (c) (d)

Fig. 9 Chip flow angle ηc measurement for various values of RATIO.
a RATIO=1.2 for V=120 m/min, f=10 mm/rev, A=0.9 mm2; b
RATIO=2 for V=80 m/min, f=6 mm/rev, A=0.9 mm2; c RATIO=3

for V=50 m/min, f=8 mm/rev, A=0.9 mm2; d RATIO=4 for V=
120 m/min, f=10 mm/rev, A=0.9 mm2
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parameter combination. Therefore, the orthogonal array has
been widely applied in industries [26–28]. In our study,
selections of cutting parameters for each level are shown in
Table 2, and three levels of the machining parameters were
selected. An L9 orthogonal array table [29] is used to
specify the experiments. This array table has three
columns and nine rows, as shown in Table 3. Each
combination of cutting experiments was conducted under

different values of RATIO corresponding to their respec-
tive values of the main cutting edge angle CS. For each
combination of cutting experiments, the main cutting edge
angle CS and the depth of cut were changed according to
the variation of RATIO. For example, as shown in Table 4,
no. 7 of the cutting parameter combination of cutting
experiment was conducted under different values of
RATIO (or CS).

(a) The adjustment of the tool cutting edge angle CS (Ce) (b) The three-axis turning dynamometer 

(c) Cutting force measurement setup

(d )  Scheme of cutting force acquisition 

Fig. 10 Cutting force measure-
ment setup and procedure

Symbol Cutting parameters Unit Level 1 Level 2 Level 3

A Cutting speed, V m/min 50 80 120

B Feed rate, f mm/rev 6 8 10

C Equivalent cutting area, A mm2 0.75 0.9 1.05

Table 2 Cutting parameters and
their levels
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5.1 The principal cutting force F measurement

The procedure of the principal cutting force acquisition is
shown in Fig. 10c. The signals of the principal cutting force
corresponding to different values of RATIO were obtained
under the specific cutting case. As shown in Fig. 11, the
signals of the principal cutting force were acquired under
the cutting condition of 50 m/min of the cutting speed V,
8 mm/rev of the feed rate f, 0.9 mm2 of the equivalent
cutting area A, and 1:1 of the value of RATIO.

A mean value of the magnitude of the acquired signals is
obtained as the principal cutting force F after statistical
analysis. With this method, the other values of the principal
cutting force F corresponding to other values of RATIO
under the asymmetric cutting condition can be obtained.

With the statistical result of the measured principal cutting
force F, the equivalent shear angle Φe corresponding to the
specific symmetric cutting condition with RATIO equal to 1
would be worked out according to Eq. 5. Subsequently, for
the asymmetric cutting situations, the chip flow angle ηc
corresponding to different values of RATIO ranging from
1.2 to 10 can be obtained with the calculated equivalent
shear angle Φe and the statistical values of the principal
cutting force F.

5.2 The chip flow angle ηc measurement

The measurements of the chip flow angle were made
simultaneously using the techniques described in references
[30]; the tool rake face of the cutting tool was painted with
a paint which can resist high temperatures and create a
strong adhesive layer with a substrate before machining.
After every experiment, the trace which occurred with the
abrasive effect of chip flowing on the rake face of the tool
was observed using a workshop microscope, and its
photograph was taken normal to the rake face of the tool
by a camera setting on the workshop microscope. The file
of the image of the chip trace was open using AutoCAD
software and the chip flow angle was measured. Figure 12
shows the chip trace on the tool rake face and the chip flow
angle ηc measured.

6 Results and discussion

With the experimental results of the principal cutting force
F and the calculated value of the equivalent shear angle Φe,
the predicted data of the chip flow angle ηc corresponding
to different values of RATIO in Eq. 5 was generated by a
computer program in MATLAB on the basis of the specific
constant equivalent cutting area. In Fig. 13, the chip flow
angle ηc corresponding to its value of RATIO shows
excellent agreement with the experimental results, and
FEM simulation results under the cutting conditions with

Table 3 Experimental layout using an L9 orthogonal array

Number Cutting parameter

A B C
Cutting speed,
V (m/min)

Feed rate,
f (mm/rev)

Equivalent cutting
area, A (mm2)

1 50 6 0.75

2 50 8 0.9

3 50 10 1.05

4 80 6 0.9

5 80 8 1.05

6 80 10 0.75

7 120 6 1.05

8 120 8 0.75

9 120 10 0.9

Table 4 Experimental layout with respect to different values of
RATIO under the cutting parameter combination 120 m/min of the
cutting speed V, 6 mm/rev of the feed rate f, and 1.05 mm2 of the
equivalent cutting area A

Value of RATIO CS (deg) Depth of cut (mm)

1 45 1.025

1.2 50.19 1.016

1.5 56.31 0.985

2 63.43 0.917

2.5 68.20 0.851

3 71.57 0.794

4 75.96 0.703

5 78.69 0.636

6 80.54 0.584

7 81.87 0.542

8 82.88 0.508

9 83.66 0.480

10 84.29 0.456

Fig. 11 Signals of the principal cutting force for the case of RATIO
equal to 1
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0.9 mm2 of the equivalent cutting area A; 6, 8, and 10 mm/
rev of the feed rate f; and 50, 80, and 120 m/min of the
cutting velocity V. A decrease in the chip flow angle ηc with
an increase in the values of RATIO is presented provided
that the equivalent cutting area A keeps constant. It is
observed that RATIO shows a significant influence on the
chip flow angle ηc.

Take Fig. 13a as an illustration, before RATIO comes to
4 (the main cutting edge angle CS ranging from 50.194° to
75.964° with an increase of 25.77°, the chip flow angle ηc
ranging from 42.798° to 16.713° with a drop of 26.085°,
the lengths of the main and the minor cutting edges equal to
2.6832 and 0.6708 mm, respectively), the chip flow angle

ηc shows a steep drop; when RATIO varies from 4 to 10
(the main cutting edge angle CS increasing to 84.289° with
an increase of 8.325°, the chip flow angle ηc decreasing to
7.1° with a drop of 9.613°, the lengths of the main and the
minor cutting edges turning to be 4.243 and 0.4243 mm,
respectively), the chip flow angle ηc shows a gentle drop.

The prediction results obtained under the cutting
conditions mentioned in FEM work have a good correlation
with the experimental results, and the ratio of the lengths of
the two cutting edges play a significant role in the chip flow
angle. It is suggested that with the increase in the values of
RATIO, the length of the main cutting edge involved in
cutting becomes larger to generate more chip while that of

Fig. 12 Chip trace on the rake face for the cases of a RATIO=2, V=
120 m/min, f=8 mm/rev, A=0.75 mm2; b RATIO=3, V=80 m/min, f=
8 mm/rev, A=1.05 mm2; c RATIO=2, V=80 m/min, f=10 mm/rev, A=
0.75 mm2

Fig. 13 Comparison of the chip flow angle measured experimentally
and predicted by the derived cutting power equilibrium equation and
FEM simulation while cutting with symmetric sharp corner tools for a
A=0.9 mm2, f=6 mm/rev, V=80 m/min; b A=0.9 mm2, f=8 mm/rev,
V=50 m/min; c A=0.9 mm2, f=10 mm/rev, V=120 m/min
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the minor cutting edge involved in cutting turns smaller to
generate less chip, which makes the chip generated by the
main cutting edge squeeze that generated by the minor
cutting edge. As a result, the chip flow direction gets closer
to the minor cutting edge and hence the chip flow angle ηc
decreases. The chip flow motion can be regarded as the
resultant motion of the chip generated by the main and the
minor cutting edges, and the chip flow direction is
determined by the separate directions of the chip generated
by the two cutting edges as shown in Fig. 14. The total chip
flows in the resultant direction in which the cutting power
is in the minimum to satisfy the cutting power minimum
principle [11, 12] for various cutting conditions.

Encouraged by the predicted results with good agree-
ment with the experimental ones, the model expressed as
Eq. 5 is extended to other cutting conditions listed in
Table 3. In Fig. 15a~f, all the predicted results also agree
well with the experimental results and have the same
dropping trend. All the predicted and experimental results
indicate that RATIO affects greatly the chip flow angle ηc,
and the chip flow angle ηc decreases with the increase in the
value of RATIO for the cutting case of the constant
equivalent cutting area A. The drop trend of the chip flow
angle ηc becomes slow when the value of RATIO increases
to 4 under various cutting conditions listed in Table 3.

In addition, as can be seen from Fig. 15a–f, the results of
Wen et al.’s model [18] of the chip flow angle prediction for
sharp corner tools are compared with the results of the
model expressed as Eq. 5 and the experimental results. The
chip flow angle ηc predicted by the model expressed as
Eq. 5 and the experimental results are all larger than that
predicted by Wen et al.’s model [18] in which the revised
coefficient k is chosen to be 0.9. The results predicted by
the model of this study show smaller deviation from the
experimental results than those of Wen’s model [18]. It
should be noticed that the curves of the chip flow angle ηc
in Wen’s model [18] stay the same shape regardless of the

various cutting conditions as Table 3 listed. The Wen’s
model [18] of the chip flow angle prediction for the sharp
corner tool was deduced only on the basis of the cutting
situation that the feed rate f is not larger than the length of
the equivalent cutting edge chord shown in Fig. 1 while in
this study the cutting situations are all helical vee grooves
turning with the larger feed rate f than the length of cutting
chord BD shown in Fig. 2. So when the feed rate f exceeds
the length of the equivalent cutting chord, the chip flow
angle ηc corresponding to different values of RATIO
predicted by Wen’s model [18] just keeps its respective
values invariant under various cutting conditions. Com-
pared with the model expressed as Eq. 5, Wen’s model [18]
cannot satisfy the cutting case of helical vee grooves
turning well.

The equivalent shear angle Φe varies with the cutting
parameters such as the equivalent cutting area A, the feed
rate f and the cutting speed V, which leads to the variation
of the chip flow angle ηc according to Eq. 5. The chip flows
in its direction to make the minimum cutting power and
when the cutting situation changes, the chip motion will
adjust its direction to generate new minimum cutting power.
The chip flow angle is determined by the factors which
affect the minimum cutting power, and the factors can be
expressed as the variables in Eq. 5 such as the equivalent
cutting area A, the principal cutting force F and RATIO.

7 Conclusion

The special cutting situation of helical vee grooves turning
with the larger feed rate f than the length of the equivalent
cutting chord BD leading to the two intersection points B
and D all on the surface of the uncut workpiece shown in
Fig. 2 is described to study the relation between RATIO and
the chip flow angle ηc. Using the cutting power equilibrium
expression of WS þWf ¼ V � F [11, 12], a new chip flow
angle prediction model expressed as the transformed
expression of cutting power equilibrium is created, and
the relation between the chip flow angle and the ratio of the
main to the minor cutting edge length in engagement with
the workpiece is studied based on the constant equivalent
cutting area A for sharp corner tools. This study treats the
chip flow direction as the result of the separate effects of
the motions of the chip generated by the main and the
minor cutting edges involved in cutting respectively. So
when the value of RATIO changes, the resultant effects of
the chip motions will make the chip adjust its flow direction
to satisfy the minimum cutting energy principle [11, 12].

The predicted results in this study have a good correlation
with the FEM simulation results and the experimental
measurement under the cutting conditions 0.9 mm2 of the
constant cutting area A; 50, 80, and 120 m/min of the cutting

Fig. 14 Chip flow direction VC comprised of chip flow directions
generated by two cutting edges
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speed V; and 6, 8, and 10 mm/rev of the feed rate f. Under
various cutting conditions listed in Table 3, the results
predicted by the model of this study show better agreement
with the experimental results than those of Wen’s model
[18]. It is indicated that the chip flow angle decreases with
the increase of the values of RATIO, and RATIO equal to 4

is the turning point before and after which the drop trend of
the chip flow angle is different comparatively.

In this study, the principal cutting force F is obtained
from experiments under specific cutting conditions to
calculate the chip flow angle ηc, which improves the
accuracy of the chip flow angle ηc prediction. That is

A=1.05mm2, f=6mm/rev,V=120m/min        A=0.75mm2, f=6mm/rev,V=50m/min
(a)                              (b)

A=0.75mm2, f=8mm/rev,V=120m/min           A=1.05mm2, f=8mm/rev,V=80m/min
(c)                                     (d)

A=0.75mm2, f=10mm/rev,V=80m/min      A=1.05mm2, f=10mm/rev,V=50m/min
(e)    (f)       

Fig. 15 Comparison of the chip flow angle versus values of RATIO predicted by this study and Wen’s model [18] under various cutting
conditions using sharp corner tools
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because chip formation involves a complicated deformation
process; the chip flow angle ηc is significantly affected by
the actual cutting situation and the principal cutting force F
measured in experiments can reflect the effect of the actual
cutting situation on the chip flow angle ηc according to
Eq. 5. The factors which affect the chip flow angle ηc are
directly embodied in the values of the principal cutting
force F measured in the actual cutting situation. Substitut-
ing into Eq. 5 by the measured values of the principal
cutting force F, the values of the chip flow angle ηc are
calculated more accurately than just theoretical derivation
without experimental data. The current prediction model of
chip flow angle can be extended to study cutting cases with
nose radius tools; the research on the relation between the
chip flow angle and RATIO can be extended to study vee
grooves shaping operation.
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