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Abstract Thermal deformation is one of the most
significant causes of machining errors in machine tools.
One effective method is to build a compensation system
to offset the thermal errors. Therefore, an accurate model
is the key part of the compensation system. This study
proposed a modified Elman network (EN) to improve the
prediction accuracy of the compensation model in
machine tools. And the improved EN can be regarded
as a feed-forward neural network with feedback from
hidden layer and output layer as an additional set of
inputs. The structure of this network determines its
dynamic characteristic with memory function. On the
other hand, thermal deformation of the spindle contrib-
utes the largest part of total thermal errors in precision
machining. Then a precise finite element model of
machine tool spindle was established. And a new method
for calculating the heat transfer convection coefficient on
the surface of the spindle was proposed in this paper.
The improved EN was used to map the nonlinear
relationship between temperature field and thermal errors
of the spindle. At last, a verification experiment was
implemented on a CNC center and some satisfying
results were achieved.

Keywords Thermal deformation . Elman network . Finite
element method . Simulation .Machine tool

1 Introduction

In recent years, with the development of manufacture
industry, high speed machining technology has been widely
used. Because of high speed rotation of the spindle, a large
quantity of friction heat is generated at the front bearing,
rear bearing, and other moving parts. Different parts of
machine tools have different thermal characteristic. There-
fore, the thermal deformation occurs when the friction heat
transmits to the spindle head and tool holder, etc. Because
mechanical and geometric errors have been well studied
and greatly minimized, thermal errors are the most
significant factor that influences the accuracy of machine
tools, which account for as much as 40% to 70% of total
errors [1]. Although thermal errors could be decreased by
optimization design of machine tool structure in some
sense, error compensation is another more effective and
economic way to improve the accuracy, especially to some
less accurate machine tools which cannot be replaced
immediately [2].

The commonly used error compensation technology is
to build the off-line empirical model between temper-
atures of a few points and the thermal deformation [3].
By measuring temperatures of key points during machin-
ing, the compensation value of coordinate system could
be estimated by the off-line model, and then feed the
value to the controller for real-time compensation.
Temperature distribution usually changes widely under
different machining conditions. An accurate and robust
thermal error estimation model is the most important part
of the compensation system. Linear regression model has
been widely used to predict the thermal deformation [4,
5]. And autoregressive moving average has also been
used in a horizontal machining center [6]. With simple
structure, the linear regression and autoregressive moving
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average models need less computer source. But they
cannot take time delay into consideration or accurately
map the nonlinear relationship between the temperature
field and deformation. Grey system theory was used to
develop the thermal deformation modeling methodology
and optimize measuring points [7, 8]. Choi and Lee
applied genetic algorithm to build the thermal error model
[9]. And in recent years, different types of artificial neural
network have been widely used in thermal error model-
ing. Hattori [10], Veldhuis [11], and Yuan Kang [12]
proposed feed-forward neural network to build the
compensation model, and the results showed that feed-
forward neural network with back-propagation algorithm
has high level of accuracy in data fitting, but is not so
well in data forecast.

In section 2, this study proposed a modified EN with
feedback not only from the hidden layer, but also from the
output layer. This type of structure makes it sensitive to the
history of input data. It could be very useful for dynamic
system modeling. The modified EN can get more informa-
tion from limited sampling spots, and has higher level of
generalization ability than normal EN. Numerical solutions
can approximate the analytical solutions very well as long
as the spindle structure is correctly and finely meshed and
the power of heat sources and heat transfer coefficients are
well defined [13–15]. An accurate finite element model of
machine tool spindle was established in section 3. And the
modified EN was used to map the relationship between
temperatures of key points and thermal errors of the
spindle. In section 4, a verification experiment was
implemented on a CNC center and the results showed that
modified EN has high level of prediction accuracy and
generalization ability. And some conclusions were drawn in
section 5.

2 Modified EN for thermal deformation modeling

There are two main types of neural network for thermal
deformation modeling: feed-forward neural network and
recurrent neural network. In feed-forward network, the
information can only transmit in one direction: from input
layer to output layer. But in recurrent network, information
can transmit in two directions: from input layer to output
layer and the other way round. Feed-forward network is a
spatial model to solve temporal modeling problem, which
requires a large number of neurons and a long computation
time, but has poor generalization ability. Meanwhile, the
recurrent network allows feeding back previous outputs of
one front layer to input layer. This makes the recurrent
network have the characteristic of memory function. And
EN is one of the most typical recurrent networks, as shown
in Fig. 1.

2.1 The structure of EN

It has an r-dimensional external input vector u k � 1ð Þ ¼
u1 k � 1ð Þ; u2 k � 1ð Þ; � � � ; ur k � 1ð Þ½ �T and an m-dimension-
al output vector yðkÞ ¼ y1ðkÞ; y2ðkÞ; � � � ; ymðkÞ½ �T. The out-
put layer weight matrix is w3ðkÞ 2 Rm�n, and the hidden
layer weight matrix is wðkÞ ¼ w1ðkÞ;w2ðkÞ½ � 2 Rn�ðrþnÞ,
where w1ðkÞ 2 Rn�r is the input signal sub-weight matrix,
w2ðkÞ 2 Rn�n is the context sub-weight matrix, and n is the
number of hidden layer neurons. For the input vector u(k−1),
the corresponding output y(k) can be expressed as:

yðkÞ ¼ w3ðkÞxðkÞ ð1Þ

xðkÞ ¼ f w1ðkÞu k � 1ð Þ þ w2ðkÞxcðkÞ
� � ð2Þ

xcðkÞ ¼ x k � 1ð Þ þ axc k � 1ð Þ 0 � a1 ð3Þ
where f(·) is the activation function, which is usually
defined as f ðxÞ ¼ 1

1þe�x , α is the feedback gain of self-
connection, and xðkÞ 2 Rn is the output of context layer.

The desired output is yd(k). Therefore, the error function
can be defined as:

EðkÞ ¼ 1

2
ydðkÞ � yðkÞð ÞT ydðkÞ � yðkÞð Þ ð4Þ

The EN’s training objective is to minimize E(k) by
recursively updating the weights of each layer. The training
process can be expressed as follows:

Δw3
ij ¼ b3d

0
i xjðkÞ i ¼ 1; 2; . . . ;m; j ¼ 1; 2; . . . ; n ð5Þ

Δw2
jl ¼ b2

Xm
i¼1

d0i w
3
ij

� � @xjðkÞ
@w2

jl

j ¼ 1; 2; . . . ; n; l ¼ 1; 2; . . . n

ð6Þ

Δw1
jq ¼ b1d

h
j uq k � 1ð Þ j ¼ 1; 2; . . . ; n; q ¼ 1; 2; . . . ; r ð7Þ

Fig. 1 EN structure
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where β1, β2, and β3 are the learning steps of w1(k), w2(k),
and w3(k), respectively, and

d0i ¼ yd;iðkÞ � yiðkÞ ð8Þ

@xjðkÞ
@w2

jl

¼ f
0
j �ð Þxl k � 1ð Þ þ a

@xj k � 1ð Þ
@w2

jl

ð9Þ

dhj ¼
Xm
i�1

d0i w
3
ij

� �
f
0
j �ð Þ ð10Þ

2.2 The modified EN

The standard EN only takes the feedback from hidden layer
into consideration and has been widely used in nonlinear
system modeling. To improve the characteristic of the EN, a
new improved EN is proposed in this paper, as shown in
Fig. 2.

The hidden layer weight matrix becomes wðkÞ ¼
w1ðkÞ;w2ðkÞ;w4ðkÞ½ � 2 Rn�ðrþ2nÞ and the output y(k) can
be expressed as:

yðkÞ ¼ w3ðkÞxðkÞ ð11Þ

xðkÞ ¼ f w1ðkÞu k � 1ð Þ þ w2ðkÞxcðkÞ þ w4ðkÞycðkÞ
� �

ð12Þ

xcðkÞ ¼ axc k � 1ð Þ þ x k � 1ð Þ 0 � a1 ð13Þ

ycðkÞ ¼ gyc k � 1ð Þ þ y k � 1ð Þ 0 � g1 ð14Þ

where ycðkÞ 2 Rn is the output of context layer 2 and γ is
the feedback gain of output layer.

The training process of modified EN can be expressed as
Eqs. 5, 6, and 7 and follows:

Δw4
js ¼ b4

Xm
i¼1

d0i w
3
ij

� � @xjðkÞ
@w4

js

j ¼ 1; 2; . . . ; n; s ¼ 1; 2; . . . ;m

ð15Þ

@xjðkÞ
@w4

js

¼ f
0
j �ð Þyc k � 1ð Þ þ g

@xj k � 1ð Þ
@w4

js

j ¼ 1; 2; . . . ; n; s ¼ 1; 2; . . . ;m

ð16Þ
where β4 is the learning step of w4(k).

The proposed modified EN is more sensitive to the
history of input data, which would be very useful for
dynamic system modeling and could get more information
from limited sampling spots, and has higher level of
generalization ability than standard EN.

3 Numerical simulation of spindle thermal deformation

Because of different sizes, shapes and thermal characteristic
of each part and the uncertainty of thermal contact
resistance at the interface of different parts of the spindle
system, it is very difficult to get the analytical solutions of
spindle thermal deformation. Finite element method is a
practical way to get the numerical solutions of the thermal
deformation. Numerical solutions can reach high level of
accuracy as long as the boundary conditions are well
defined.

3.1 Computation of heat generation

The friction of bearings is the main heat source of spindle
system that causes thermal deformation. It can be computed
as follows:

Hf ¼ 1:047� 10�4nM ð17Þ
where Hf is the heat generation power (W), n is the rotating
speed of the spindle (rpm), and M is the total frictional
torque which consists of two components:

M ¼ M1 þM2 ð18Þ

M1 ¼ f1p1dm ð19Þ

M2 ¼ 10�7f0 v0nð Þ2=3d3m if v0n � 2; 000 ð20Þ

M2 ¼ 160� 10�7f0d
3
m if v0n < 2; 000 ð21ÞFig. 2 The structure of modified EN
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where M1 is caused by the applied load, M2 is caused by the
viscosity of lubricant, f1 is a factor related to the bearing
type and load, P1 is the bearing preload (N), dm is the mean
diameter of the bearing (mm), f0 is a factor related to
bearing type and lubrication method, and v0 is the
kinematic viscosity of the lubricant (mm2/s). As the
temperature rises, the viscosity of the lubricant decreases
and then the heat generation power decreases, too.

3.2 Computation of heat transfer coefficients

The spindle rotating in the air is very similar to the
situation in which the air flows along a flat plate. Both
of them are forced convection. The boundary layer
thickness of the air grows steadily and the heat transfer
coefficient attenuates against time rather than a constant,
no matter whether it is in the condition of laminar flow
or turbulent flow.

3.2.1 The condition of laminar flow

The temperature of the spindle changes against time. When
the air around the spindle is in the condition of laminar
flow, the coefficient of heat convection can be computed as
follows:

hx ¼ Nux � l
x

ð22Þ

Nux ¼ 1:61� 0:332Re1=2x Pr1=3 ð23Þ

Rex ¼ ux � x
v

ð24Þ

x ¼ uxt ð25Þ

ux ¼ pdn
60

ð26Þ

where hx is the coefficient of heat convection W= m2��Cð Þð Þ.
Nu, Re, Pr, and λ are the Nusselt number, Reynolds number,
Prandtl number, and heat conductivity factor of the air,
respectively. x is the moving trajectory length of a surface
point of the rotating spindle. ux is the tangential velocity of
the spindle’s surface (m/s). v is the viscosity of air (m2/s). t is
the spindle rotating time, and d is the diameter of the spindle.
These equations are valid when Rex5� 105; 0:6 � Pr � 15.

Substituting Eqs. 23, 24, and 25 into Eq. 22 gives the
following equation:

hx ¼ 0:5345
Pr1=3l

v1=2t1=2
ð27Þ

Fig. 3 Temperature distribution of the spindle at thermal balance state
in work cycle 8

Fig. 4 Work cycle 1. a Temper-
ature of the three points. b
Radial error and axial error
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3.2.2 The condition of turbulent flow

The critical point changing from laminar flow to turbulent
flow can be generally computed as:

xcritical ¼ Recriticalv

ux
ð28Þ

According to practical experience, the critical Reynolds
number Recritical equals to 5×105. When the air around the
spindle is in the condition of turbulent flow, the coefficient
of heat convection can be computed as:

Nux ¼ 0:0296Re4=5x Pr
1=3

ð29Þ

Substituting Eqs. 24, 25, and 29 into Eq. 22 gives the
following equation:

hx ¼ 0:0296
u3=5x Pr1=3l

v4=5t1=5
ð30Þ

Equations 27 and 30 show that the coefficient of convection
heat transfer changes against time. It does not sustain
decreasing because of the limitation of space, but
approaches to a steady value. Therefore, the ambient space
of the spindle is a crucial factor that influences the steady
value.

Fig. 5 Work cycle 4. a Temper-
ature of the three points. b
Radial error and axial error

Fig. 6 The predicted value of
the modified EN. a Work cycle
7. b Work cycle 8
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3.2.3 The condition of natural convection

When the spindle stops rotating, the convection form
becomes natural convection, and the coefficient of convec-
tion heat transfer can be computed as follows:

Nu ¼ 0:60þ 0:387Ra1=6

1þ 0:559= Prð Þ9=16
h i8=27

8><
>:

9>=
>;

2

ð31Þ

Ra ¼ Gr Pr ð32Þ

Gr ¼ gavΔtd3

v2
ð33Þ

where αv is the temperature expansion coefficient of air, Δt
is temperature difference between air and the surface of
spindle, and g is the acceleration of gravity.

3.3 Simulation of machine tool spindle by finite element
method

A machine tool spindle is studied here. The thermal loads
and coefficients of convection heat transfer can be
computed by equations mentioned above. The spindle is
sustained by front bearing 1, front bearing 2 which can
increase the rigidity of the spindle, and the rear bearing.
Only the front bearing 1 does not allow the spindle to move
freely in axial direction in order to reduce the axial error.
Therefore, axial thermal error is caused only by the part
between front bearing 1 and spindle nose. And the material

density is 7.8×103 kg/m3. Thermal conductivity is
42:8W= m2�oCð Þ. Thermal capacity is 480J= kg�oCð Þ. Ther-
mal expansion coefficient is 1:15� 10�51=oC. The modulus
of elasticity is 206 GPa, and Poisson ratio is 0.3. Machine
tool’s work cycles 1, 2, and 3 are as follows: starting to run
for 1,200 s, and then stopping for 2,400 s, and then restarting
to run for 24,400 s at the speed of 1,500, 2,000, and
2,500 rpm, respectively. Work cycles 4, 5, 6, and 7 are as
follows: starting to run for 1,200 s, and then stopping for
2,400 s, and then restarting to run for 3,000 s, and then
stopping for 3,000 s, and then restarting to run for 18,400 s at
the speed of 1,500, 2,000, 2,500, and 1,800 rpm, respectively.
And work cycle 8 is as follows: starting to run for 3,000 s,
and then stopping for 3,000 s, and then restarting to run for
22,000 s at the speed of 2,000 rpm. At the end of each cycle,
the thermal balance state was got, as shown in Fig. 3. The
dynamic characteristic of the spindle in work cycle 2 and 3
has the similar trend but different amplitudes with work cycle
1, as shown in Fig. 4. And the dynamic characteristic in work
cycles 5, 6, and 7 has the similar trend but different
amplitudes with work cycle 4, as shown in Fig. 5.

Thermal key points are the best points used to model
thermal errors by correlating their temperatures to the thermal
errors. According to the method mentioned in [13], points 1,
2, and 3 are selected to be the key points, as shown in Fig. 3.
Due to the advantage for nonlinear dynamic system
identification, the modified EN is used in this study to
model the thermo-elastic system. The input layer has three
nodes (r=3): T1, T2, and T3. And the output layer has two
nodes (m=2): radial error and axial error. The number of the
hidden nodes is an important factor to the success of the
network. It is difficult to get convergent if the number is too
small. And the network overworks and has poor antidisturb-
ance ability if the number is too large. According to the
Kolmogorov theorem [16] and practical experience, the
number of hidden nodes is defined to be 8. Use the data from
work cycles 1, 2, 3, 4, 5, and 6 to train the modified EN, and

Fig. 7 The CNC center and sensors distribution

Fig. 8 The comparison between modified EN model and RBF model
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data from work cycles 7 and 8 to test the prediction accuracy
of the model. The training data and testing data for the
network have been normalized within the range [0, 1].

The comparison between the real error from finite
element analysis and the predicted error from the modified
EN model is represented in Fig. 6. It can be observed that
the model predicts the error very well, and the residual error
is quite small, depicting that an accurate thermal model has
been obtained.

4 Experiments

To further confirm the validity of the modified EN
model, a verification experiment was implemented on a
CNC center, as shown in Fig. 7. The machining center
used in this experiment is produced by VICTOR Taichung
Machinery Works Co., Ltd., and its model number is V-65.
The reference cylinder is the standard spindle test rod.
Three temperature sensors were placed on three key
points, and another one was used to record the ambience
temperature. The type of the temperature sensors is PT100
platinum resistance thermometer, and they offer an
accuracy of ±0.2°C. Five noncontact displacement sensors
were placed to measure thermal errors of the machine tool
spindle. The type of the displacement sensors is Eddy
current sensor KD2306 with the resolution of 0.1 μm, and
their accuracy is more than 99%, upper limit of sampling
frequency is 50 KHz. The sampling time of this experi-
ment is set to be 1 min, and the measurement method is
five-point method (shown in Chinese Standard T17421.3-
2009). The radial error resulted from vibration of the
cylinder and thermal deformation of the whole system and
so on. In this experiment, the radial error was quite small,
just several micrometers. Meanwhile, the axial error was a
little larger, about 18 μm, and was affected by the
vibration very little. Therefore, only the axial error was
studied which was more suitable for testing the accuracy
of the modified EN. Use the data from the first five
experiments to train the modified EN and the sixth
experimental data to test the prediction accuracy of the
modified EN.

It took some time to build the compensation model. But
as long as the compensation model was established, it only
took a few seconds to work out the predicted error based on
the temperatures which were gotten by temperature sensors.
As shown in Fig. 8, it can be observed that the modified EN
model predicted the thermal error much better than the RBF
network model, and more than 90% of thermal error could
be compensated by this model. In all, the modeling method
presented in this paper is applicable and effective for
practical processing. It can notably improve the precision of
the thermal error model.

5 Conclusions

In this paper, a robust thermal error modeling method based
on the modified EN was developed to estimate the thermal
errors of machine tools. The modified EN is a recurrent
network with feedback from hidden layer and output layer as
additional input series. The finite element model of a CNC
center spindle was built, and a new method for calculating the
heat transfer convection coefficient on the surface of the
spindle was proposed in this paper. The results demonstrated
that the modified EN model has high level of robustness and
accuracy. And then an experiment was implemented on a
CNC machine tool. It can be found from the experimental
results that the modified EN model could effectively predict
the thermal error very well in practice and has higher level of
prediction accuracy than RBF network model.
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