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Abstract In five-axis high speed milling, one of the key
requirements to ensure the quality of the machined surface
is that the tool-path must be smooth, i.e., the cutter posture
change from one cutter contact point to the next needs to be
minimized. This paper presents a new method for generat-
ing five-axis tool-paths with smooth tool motion and high
efficiency based on the accessibility map (A-map) of the
cutter at a point on the part surface. The cutter’s A-map at a
point refers to its posture range in terms of the two
rotational angles, within which the cutter does not have
any interference with the part and the surrounding objects.
By using the A-map at a point, the posture change rates
along the possible cutting directions (called the smoothness
map or S-map) at the point are estimated. Based on the A-
maps and S-maps of all the sampled points of the part
surface, the initial tool-path with the smoothest posture
change is generated first. Subsequently, the adjacent tool-
paths are generated one at a time by considering both path
smoothness and machining efficiency. Compared with
traditional tool-path generation methods, e.g., iso-planar,
the proposed method can generate tool-paths with smaller
posture change rate and yet shorter overall path length. The
developed techniques can be used to automate five-axis
tool-path generation, in particular for high speed machining
(finish cut).

Keywords Five-axis milling . Tool-path generation . Cutter
posture change .Machining strip width

1 Introduction

As the need for complex components such as three-
dimensional (3D) moulds and dies has risen, sculptured
surface machining has assumed a more and more important
role in manufacturing for the last few decades. The
employment of five-axis numerical control (NC) machines
in sculptured surface machining offers numerous advan-
tages over three-axis mode such as setup reduction, fast
material removal rates, and improved surface quality. To
make the best use of five-axis machining, however,
problems related to complication and complexity caused
by the two additional rotary axes have to be solved. One of
the challenging tasks is to automatically generate error-free
tool-path without user interaction for machining sculptured
surfaces.

In the process planning of five-axis finish cut, the tool-
path generation task is to select a tool-path pattern, generate
the cutter contact (CC) points that satisfy the accuracy
requirement, and determine the cutter’s posture (orienta-
tion) at every CC point without causing any interference.
During this process, to ensure the quality of the machined
surface, the smooth dynamics of cutter motion is a must,
i.e., the posture change from one point to the next must be
minimized. Extreme change in cutter posture, which is
necessary for interference avoidance, is a major cause for
the unnatural movement of the cutter and will lead to over
and under cutting in five-axis finish and undesirable
irregularity of the surface appearance [1, 2]. So far, there
is limited reported work on obtaining the cutter location
(CL) data with smooth continuous change in cutter postures
along a pre-set path and cutting direction [1–3], and there is
no reported method that can generate CL data with global
optimization of cutter motion dynamics with respect to a
cutting direction in five-axis finish cut.
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This paper presents a new optimization method aimed at
obtaining CL data with smooth cutter dynamics and high
cutting efficiency in five-axis tool-path generation. The
method is based on two sets of information that characterize
the potential cutting configurations of a cutter at a point on
the part surface. The first one is the cutter’s accessibility
map (A-map) representing the interference-free posture
ranges in terms of the two rotational angles. The second
is the cutter’s smoothness map (S-map) indicating the
posture change rates along all possible cutting directions.
Based on these two sets of information of all the sampled
points of the surface, the initial tool-path with the
smoothest posture change is generated. Subsequently, the
adjacent paths are generated one at a time in an iterative
manner by considering both cutting efficiency and cutter
dynamics, until the whole surface is covered. The cutter
considered in this paper is a cylindrical cutter with a fillet-
end, which also covers the flat-end cutter and the ball-end
cutter.

The remaining of this paper is organized as follows.
Related work of tool-path generation and optimization is
reviewed in Section 2, followed by a brief introduction on
A-map evaluation and its application in optimal cutter
selection in Section 3. Section 4 describes the concept of S-
map and its evaluation method. In Section 5, the new
method for tool-path generation in five-axis sculptured
surface machining is presented. In Section 6, an example is
given to show the effectiveness of the algorithm. Finally,
conclusion remarks are given in Section 7.

2 Related works

During the last 20 years, much research work has been
carried out in the area of automatic generation of
interference-free and optimal tool-paths for the five-axis
machining of freeform surfaces [4]. Many approaches have
been proposed, including: (1) iso-planar approaches [5–7];
(2) iso-parametric approaches [8, 9]; and (3) constant-
scallop approaches [10–13]. These methods generally start
path planning from the part surface boundaries. Based on
each cutter contact (CC) point on the current path, the next
(adjacent) path is generated by considering the local surface
geometry and cutting swept-envelope. Although surface
geometry has been considered in these approaches, the
consideration is usually limited to the local machining
gouging avoidance with respect to a user-specified cutting
direction.

Many efforts have been focused on generating tool-paths
with high machining efficiency. The relationship between
the cutting direction and the part surface geometry has been
extensively studied for three-axis milling operations [14,
15]. For five-axis machining, Kruth and Klewais [16]

suggested that at a point, in order to maximize the
machining strip width, the path direction should match the
principle curvature direction of the part surface at the point.
Kim and Sarma [17] developed a greedy approach to
generate the time-optimal tool-paths along directions of
maximum kinematic performance. Chiou and Lee [18]
presented a machining potential field method for the global
optimization of tool-path direction by calculating the
machining strip width. The optimal cutting direction is the
one that produces the largest feasible machining strip width.
Obviously, the above two methods aim at finding the
cutting direction that produces the shortest overall tool-
path. In five-axis machining, machining efficiency is
certainly a very important factor to be considered in path
planning, surface accuracy is, however, an equally impor-
tant factor to be considered. Traditionally, surface accuracy
is considered by limiting the scallop height between
adjacent paths, the dynamics of the cutter motion, i.e.,
smoothness of tool-path is seldom considered. In reality, a
highly smooth tool-path is a necessary condition to ensure
machining accuracy in five-axis machining, especially in
high speed mode.

With regard to dynamics of cutter motion in five-axis
tool-path generation, some methods have been proposed to
generate collision-free CL data with a smooth continuous
change in tool posture. Morishige et al. [2] applied the
concept of 3D C-space to construct a collision-free space
(in terms of cutter orientation) along a path trajectory curve
for the tool center. The optimal CL data on this path is then
obtained by finding a continuous curve through the inside
of the space. In Balasubramanium et al.’s approach [1] for
tool-path generation, a heuristic was introduced to select the
tool posture at a CC point from visibility data such that the
orientation jump from the previous one is minimized. Wang
and Tang [3] proposed an optimization algorithm to smooth
the tool orientations in respect to a user-specified tool’s
angular velocity limit. In these approaches, CL data are
optimized locally on the tool postures at the pre-determined
cutter locations. On the other hand, some reported research
efforts considered the effect of cutting force and tool
deflection for tool-path generation. Lόpez et al. [19, 20]
investigated the influence of cutting force and tool
deflection on tool-path optimization. A methodology was
presented for tool-path selection based on the calculation of
the minimum cutting force component related to tool
deflection. The orientation angle in five-axis machining is
firstly selected, and then feeding direction by testing the
value of the deflection force. In nature, this method focuses
on the optimization of feeding direction, not the cutter’s
postures.

This paper presents an optimization approach for both
cutter locations and postures in five-axis tool-path genera-
tion by considering interference avoidance, machining
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efficiency, and in particular, smooth posture changes. Using
the A-maps and S-maps at all the sampled points on the
surface, the optimal tool-paths are generated such that the
change in cutter posture is minimized when passing through
the generated CC points. Besides, machining strip width
between adjacent paths is also considered to achieve high
machining efficiency.

3 The accessibility map of a cutter at a point

The accessibility map (A-map) is defined in respect to a
cutter positioned at a point on the part surface. It refers to
the posture range in terms of the two rotational angles, and
within this range, the cutter does not have any interference
with the part and the surrounding objects. The A-map
effectively characterizes the accessibility of a cutter to a
point, which provides important geometric information for
cutter selection and interference-free tool-path generation.
A brief introduction of A-map is given here.

As shown in Fig. 1a, the local frame (XL � YL � ZL)
originates at the point of interest Pc with ZL-axis along the
surface normal vector, XL-axis along the surface maximum
principal direction, and YL-axis along the surface minimum
principal direction [21]. A cutter posture (l, θ) means that
the cutter’s axis inclines counter-clockwise with l about
YL-axis and rotates a θ about ZL-axis. The A-map of the
cutter at this point is represented in [l, θ] domain in the
local frame. In order to find the A-map at the point, the four
accessible posture ranges based on their respective
interference-free attributes, i.e., machine axis limits (ML),
local-gouging (LG), rear-gouging (RG), and global-
collision (GC), are found first. For implementation, the
part surface (to be machined) is firstly sampled into m
points. At a specific point, the feasible range of θ–l based
on ML is first calculated. θ is then uniformly sampled into k
angles. At each discrete θ, the minimum l needed to
eliminate LG is found. For RG and GC, the range of l at

each discrete θ that is interference-free from all the
remaining (m−1) points is identified. The A-map at this
point is simply the intersection of these four accessible
posture ranges (see Fig. 1b). The overall algorithm for
finding the A-map for a cutter at a point on the part surface
is called the cutter accessibility (CA) algorithm. Obviously,
the CA algorithm is numerical in nature with a computa-
tional complexity of Ο(km). For more details about the
evaluation of the A-map, readers can refer to [22].

A direct application of this A-map concept is for the
optimal cutter selection to finish a given sculptured surface
[22]. By applying the CA algorithm to all the sampled
points on a part surface, one can judge whether a cutter can
traverse the whole surface without any interference. The
optimal cutter can therefore be the largest available cutter
with non-empty A-maps at all sampled surface points.

4 The smoothness map of a cutter at a point

Since the A-map only characterizes the geometric property
of the cutter’s potential configuration at a point, it is
necessary to add the dynamic property of the cutter at the
point to complete the information set. The dynamic
property of cutter is a complex issue involving many
factors, e.g., feed-rate, cutting load, and path smoothness.
Since this work focuses on finishing tool-path planning,
only path smoothness is considered, which is measured by
the posture change rate (PCR) of the cutter at the point.
Given a CC point Pi and next CC point Pi+1 on a path,
PCRi is defined as:

PCRi ¼ jViþ1 � Vij
jPiþ1 � Pij ð1Þ

Where Vi is the unit vector of cutter axis along its posture
(θi, li) at Pi in the global frame. Before a cutting direction is
selected, it is necessary to obtain the PCRs along all
possible cutting directions, which is called the smoothness

(a) The cutter in the local frame (b) The A-map at Pc

XL

YL

Pc

ZL

λθ

Fig. 1 The cutter A-map
at a point on the part surface. a
The cutter in the local frame. b
The A-map at Pc
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map (S-map) at the point. For implementation, the S-map at a
point can be constructed by finding the PCRs of all the
sampled discrete cutting directions. As shown in Fig. 2, the
discrete cutting directions are specified in the X–Y plane of
the global frame and by angle βk from the X-axis. By using
βk as the angular position and PCRk as the radius, the S-map
is constructed. At this point, the direction with the minimum
PCRk in the S-map is the optimal cutting direction.

To obtain PCRk along one cutting direction βk according to
Eq. 1, two corresponding cutter postures at the current point
and the next one need to be known. However, at this stage,
these two postures are not finalized, only the A-maps at the
sampled points are available. Therefore, PCRk can only be
estimated. In the following sections, we firstly present a time-
efficient algorithm to determine the cutter posture at a point
along any given direction, followed by an estimation method
to evaluate the PCR along any given direction.

4.1 Determination of the cutter posture at a point along
a cutting direction

To determine the cutter’s posture at the point along an
arbitrary cutting direction, the direct approach is to apply the
CA algorithm to obtain the A-map first and then select a
posture from it. However, due to the high computational
complexity of the CA algorithm, we adopted a simple
interpolation approach based on the A-maps of the sampled
points. This is done by firstly finding a small neighborhood of
Pc (e.g., 10–15 points) from the sampled points and selecting
a cutter posture along the given cutting direction from their
A-maps for each neighborhood point. Then, the result of the
linear interpolation of these neighborhood postures is taken
as the cutter posture at Pc along the given direction. Since
the density of the sampled points is generally very high,
linear interpolation should be able to achieve a reasonable
approximation. The following discussion focuses on deter-
mining the cutter posture at a sampled point P along a given
cutting direction from its A-map.

Within the A-map at P, an extensive number of cutter
postures can be used to machine the local surface without
interference. However, there exists one posture with which the
cutter geometry at the point can closely match the part surface
and produces the maximum machining strip width. Figure 3a

shows the elliptical cross-section of the cutter on the normal
plane perpendicular to a given cutting direction f. The strip of
the material that can be effectively removed by the cutter is
determined from the cross-section and the surface with an
offset of h (the desirable scallop height tolerance) from the
part surface. It was suggested by Yoon et al. [23] that the
machining strip width W decreases when the tilt angle l is
increased, as shown in Fig. 3b. Furthermore, W also decreases
when |α| is increased since the cutter curvature increases at the
point touching P, where α is the angle between the cutter axis
direction V and cutting direction on XL–YL plane (see Fig. 3c).
Based on this finding, a heuristic is adopted here to select a
cutter posture such thatW is maximized. From the A-map, we
firstly find θ, which is the closest to the cutting direction angle
in the local frame, and then take the minimum allowable l
from the A-map to form the posture (θ, l) at P.

4.2 Evaluation of PCR at a point along an arbitrary
direction

A two-step procedure is developed to obtain the PCR at a
point P along an arbitrary direction. In the first step, the
discrete PCRs from the point to a number of neighboring
sampled points are obtained. In the second step, a linear
interpolation approach is adopted to calculate the PCR
along any cutting direction.

In the first step, as shown in Fig. 4a, a local neighborhood of
P is firstly defined that contains n sampled points {Pj, j=1,
2…n}, where n is the number of sampled points in the
neighborhood. The neighborhood is formed based of distance
of PPj, i.e., |PPj|≤d0, where d0 is a predefined value according
to the curvature at Pi. Intuitively, a small d0 is preferred at the
point with a large curvature, while a large d0 at the point with
a small curvature. Based on experiments, we take d0 ¼
min 1=max jkmaxj;ðf jkminjÞ;XRg, where κmax and κmin are
the principal curvatures, respectively, and R is the cutter major
radius. Vector PPj can be projected onto the X–Y plane,
representing a discrete cutting direction βj (0°≤βj≤360°). At
the same time, cutter postures (θ, l) at P and (θj, lj) at Pj
along βj are determined according to the method introduced in
Section 4.1, and PCRj is then calculated using Eq. 1.

In the second step, as shown in Fig. 4b, given an
arbitrary cutting direction β in the global frame, we firstly
find the two closest βj to β from {PCRj, j=1, 2, …, n}. The
PCR along β can then be obtained by applying linear
interpolation of the two corresponding PCRj.

5 Optimal tool-path generation

Up to now, the method for determining S-map at an
arbitrary point has been established based on the A-maps of
the sampled points. In this section, an optimization

X

Y βk

PCRk

Fig. 2 The cutter S-map at a point on the part surface
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approach to generate tool-paths with minimum PCR at the
CC points is introduced. The overall procedure involves
two steps. In the first step, an initial tool-path is generated
such that it follows the optimal cutting direction (with
minimum PCR) at all CC points. In the second step, the
adjacent tool-paths are generated in an iterative manner, one
at a time, until the whole surface is covered.

5.1 Generation of the initial tool-path

The generation procedure starts with the identification of
the first CC point, which is preferably on one of the surface
boundaries (see Fig. 5a). This point is taken as the current
CC point, Pi. The S-map and the corresponding postures
along each sampled feeding direction at Pi are then
generated using the methods introduced in Section 4. The
direction with the minimum PCR in the S-map of Pi is
taken as the optimal cutting direction, fi, at Pi (see Fig. 5b).
Along fi, the next CC point, Pi+1, on the current path can be
found such that the largest deviation d from the line
segment PiPi+1 to the part surface is very close but less than
the given surface error bound τ, as shown in Fig. 5c. Some
reported solutions [5] can be employed for solving this
problem. Pi+1 becomes the current CC point and the cutting
direction is determined following the same procedure as for
Pi. It is noted that based on this strategy for selecting the

optimal cutting direction, there are cases that the current
optimal direction varies significantly from the previous one.
To ensure the smoothness of tool-path trajectory, the
searching range for optimal cutting direction at the current
CC point is limited to [−90°, 90°] from the previous
optimal cutting direction. This process is repeated to find
the next CC point and its optimal cutting direction until a
boundary of the surface is reached. The initial tool-path is
thus completely generated. This tool-path is considered as
the current tool-path and is used to generate its adjacent
tool-path.

5.2 Generation of the adjacent tool-path from the current
one

The generation of the adjacent path to the current path
involves two steps. In the first step, the CC points of the
adjacent path are generated such that the machining
efficiency is maximized. As shown in Fig. 6a, at a CC
point Pij j ¼ 1; . . . ; nð Þ of current path-i, where n is the total
number of CC points, we can find the corresponding CC
point Piþ1

j on the adjacent path-(i+1) such that the
maximum step-over size ΔWj is achieved, i.e., the scallop
height at Pij is close to but less than the scallop height
tolerance h. This is done by firstly evaluating the machining
strip widths (ωai and ωbi) at Pij, which are the respective

(a) PCRj of the neighborhood of P (b) PCR at P along any directions

X

Y 

Z

Neighborhood of P

P

P j 

X

Y

Z
P

Fig. 4 Obtain the PCR at P
along an arbitrary cutting direc-
tion. a PCRj of the neighbor-
hood of P. b PCR at P along any
directions

(a) cutter posture (α λ0, 0 α λ λ0, 1) (b) cutter posture ( ), α αλ1, 0), 1 λ0 > (c) cutter posture (  1 > α 0

ZL × f ZL × f ZL × f W 
W 

W 

ZL

h h
h

ZL

ZL

Fig. 3 Machining strip width with different cutter postures. a Cutter posture (α0, l0). b Cutter posture (α 0, l1), l1>l0. c Cutter posture (α1, l0),
|α1|>|α0|
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distances from a CC point to the intersection points of
cutter swept volume and the surface Sh with offset h from
the part surface S (see Fig. 6b). The corresponding point
Piþ1
j is then searched on the instantaneous plane such that

the summation of corresponding ω (wb,i+wa,i+1 in Fig. 6c)
is close to but greater than the distance of PijP

iþ1
j . In this

search process, the cutter posture at a candidate Piþ1
j is

determined using the method introduced in Section 4.1. The
method proposed by Chiou and Lee [24] can be adopted
here to evaluate the machining strip widths at a CC point.
By linking the {Piþ1

j } using line segments, we obtain a path
with high cutting efficiency. Since only the step-over size is
maximized for the generation of {Piþ1

j } of this path, the
resultant cutting direction and cutter posture may encounter
sharp changes from one point to the other. This will
certainly adversely affect the path smoothness. Therefore,
we only take {Piþ1

j } as the candidate CC points of the
adjacent path and apply some correction measures to adjust
them to improve the path smoothness.

Since all the candidate CC points {Piþ1
j } are at positions

with the maximum allowable step-over sizes, adjustment of
these points effectively means reducing their step-over sizes
and hence the machining efficiency will drop. To keep a
decent level of machining efficiency, a constraint is adopted
in the adjusting process, i.e., to ensure that the step-over

size at any adjusted CC point is greater than a specific
value. Here, the minimum step-over size among those at all
the candidate CC points, i.e., ΔWm=min{ΔWj}, j=1, …, n,
is taken as the lower bound of step-over size. Therefore,
Piþ1
m will remain where it is and the remaining {Piþ1

j } are
subjected to adjustment. Two heuristic-based algorithms are
proposed to adjust the right hand (RH) points of Piþ1

m , i.e.,
{Piþ1

k , k=m+1, …, n}, and the left-hand (LH) points of
Piþ1
m , i.e., {Piþ1

k , k=m-1, …, 1}, respectively, such that the
minimum PCR is resulted. The following section will
describe these two algorithms in details.

The RH-algorithm adjusts {Piþ1
k , k=m+1, …, n} one at a

time in a recursive manner, i.e., Piþ1
k (uk, vk) is adjusted

based on Piþ1
k�1. The adjustment of Piþ1

k involves three steps
as follows:

(1) As shown in Fig. 7a, starting from Pik , we find another
corresponding CC point P0k

iþ1(u’k, v’k) with the
minimum step-over size, ΔWm. The cutting directions
along Piþ1

k�1P
iþ1
k (βk) and Piþ1

k�1P
0
k
iþ1 (βk′) are then

calculated in global frame, respectively.
(2) Based on the S-map at Piþ1

k�1, the optimal cutting
direction βo is found in the range of [βk, βk′]. In this
step, we firstly uniformly sample the angular range of
[βk, βk′] into a number of directions with each

(a) The initial tool-path (b) The optimal cutting direction (c) Finding the next CC point along fi

Pi

Pi+1

S-maps

Pi

Pi+1

d

fi

Initial CC-point

Initial tool-path

Fig. 5 Generation of the initial tool-path. a The initial tool-path. b The optimal cutting direction. c Finding the next CC point along fi

(a) The candidate CC point set (b) Machining strip width at a CC point (c) CC points on adjacent paths

Pi
j Pi+1

j

The current 

Pc

wb wa

ZL

Pa 
Pb 

S

Sh 

wa,i wb,i

wb, i+1wa, i+1

Pi
j

ZL × f

Pi+1
j

Fig. 6 Candidate CC points of the adjacent path with maximum step-over size from the current one. a The candidate CC point set. b Machining
strip width at a CC point. c CC points on adjacent paths
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direction corresponding to a discrete angle and
calculate the PCR along each direction using the
method described in Section 4.2. βo is then taken as
the discrete angle corresponding with the direction
having the minimum PCR.

(3) The new Piþ1
k is obtained such that the cutting from

Piþ1
k�1 to the new Piþ1

k is along the optimal cutting
direction βo. In this step, the new Piþ1

k is searched as
the surface point on the intersection of two planes, i.e.,
the instantaneous plane ZL–ZL×f at P

i
k and the normal

plane along βo at P
iþ1
k�1.

The LH-algorithm also adjusts {Piþ1
k , k=m−1, …, 1}

one at a time in a recursive manner, i.e., Piþ1
k is adjusted

based on Piþ1
kþ1. The adjustment of Piþ1

k involves the
following two steps:

(1) As shown in Fig. 7c, starting from Pik , we find another
corresponding CC point P0k

iþ1 with the minimum step-
over size, ΔWm. The cutting directions along Piþ1

k Piþ1
kþ1

(βk) and P0k
iþ1Piþ1

kþ1 (βk′) are then calculated in global
frame, respectively.

(2) The optimal cutting direction towards Piþ1
kþ1 needs to be

found so that the new Piþ1
k can be obtained. Unlike the

RH-algorithm, in which the optimal cutting direction
is found based on the S-map at the previous point, the
LH-algorithm needs to consider the S-maps at all the
points between P0k

iþ1 and Piþ1
k . This is because the S-

map characterizes the dynamic property of cutter
motion along its forward moving direction. With the
consideration of relatively heavy computation of the
S-map evaluation, we adopted a simple interpolation
approach based on the S-maps only at Piþ1

k and P0k
iþ1.

This is done by firstly obtaining the optimal cutting
directions Vk at Piþ1

k and Vk′ at P0k
iþ1, from their

respective S-maps. The angular deviations α0

(between βk and Vk) and α1 (βk′ and Vk′) are then
evaluated. If α0 and α1 share the same sign, the new
Piþ1
k is then taken from either Piþ1

k or P0k
iþ1,

whichever has a smaller PCR. On the other hand, if
α0 and α1 do not share the same sign, it means that
there exists one point between P0k

iþ1 and Piþ1
k such

that the optimal direction found from its S-map is
coincident with the direction pointing to Piþ1

kþ1. A new
step-over size ΔW is estimated using the following
interpolation equation:

ΔW ¼ ΔWm þ a1j j
a0j j þ a1j j ΔWk �ΔWmð Þ ð2Þ

The new Piþ1
k is then obtained such that the step-over size

is ΔW. Since the machined surface is generally well-
behaved and the original Piþ1

k and P0k iþ 1 are relatively close,
the similarity of the surface properties around these two points
must be very high. Therefore, the interpolation approach
should be able to achieve a reasonable approximation.

5.3 The overall algorithm

Combining the above algorithms for generating the initial
tool-path and the adjacent tool-paths (one at a time), the
overall algorithm for optimal tool-path generation with
smooth cutter posture change and high cutting efficiency is
given as follows:

Algorithm: Generating optimal tool-paths for five-axis
sculptured surface finish milling
Input: (1) A NURBS surface S (u, v)
(2) A fillet-end cutter (R, rf,, L)
(3) Machining profile tolerance τ and h

(a) Adjustment of a RH point (b) Searching for the corresponding points 
with different step-over sizes

(c) Adjustment of a LH point 

ΔWm

ΔWk

Pi
k Pi+1

kP'i+1
k

Pi+1
k−1

The new Pi+1
k

X

Y βkβk
’

ZL

S
ZL × f

ΔWm

ΔWk

Pi
k

Pi+1
k

P'i+1
k

ΔWj

ΔWm

ΔW

Pi
k

P'i+1
k

Pi+1
k

The new Pi+1
k

Y
P i+1

k+1

βkβk
’

X

α1 α0

Fig. 7 Adjacent tool-path generation from the current one. a Adjustment of a RH point. b Searching for the corresponding points with different
step-over sizes. c Adjustment of a LH point
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(4) A-maps at all sampled points
Output: Tool-paths with a set of CC points (including
their postures)
Begin
(1) Set the tool-path set {TPS}={Φ} and CC points set

{Pcc}={Φ}.
(2) Find the initial tool-path (ITP) and the CC points,

using the algorithm introduced in Section 5.1. Put
ITP into {TPS}, and the CC points into {Pcc}.

(3) Generate the adjacent tool-paths from the right side
of ITP.
(a) Set ITP as the current Path-i.
(b) Put all the CC points on Path-i into a set {Pij},

j =1, …, n.
(c) Find all the corresponding CC points {Piþ1

j },
j =1, …, n, such that the step-over size is
maximized with the desirable h. Take {Piþ1

j } as
the candidate points. If all {Piþ1

j } are beyond
the surface boundary, go to (4).

(d) Correct the candidate points {Piþ1
j }, j =1, …, n

on path-(i+1)
(i) Find the minimum ΔWm from those at

{Piþ1
j }, j =1, …, n.

(ii) Starting from Piþ1
m , adjust {Piþ1

k , k=m+1,
…, n} one at a time in a recursive manner,
i.e., Piþ1

k is adjusted based on Piþ1
k�1, using

the RH-algorithm.
(iii) Starting from Piþ1

m , adjust {Piþ1
k , k=m-1, …,

1} one at a time in a recursive manner, i.e.,
Piþ1
k is adjusted based on Piþ1

kþ1, using the
LH-algorithm.

(e) Put the newly generated path into {TPS} and
CC points into {Pcc}. Set i= i+1, go to (b).

(4) Generate the adjacent tool-paths from left side of
ITP, using a similar algorithm to (3).

(5) Output {Pcc} and {TPS}.
End

It is worth noting that during the generation of CC points
on the adjacent tool-path, the scallop height between the
current tool-path and the adjacent one is kept within the
specified tolerance. There is no control mechanism for the
profile error between the newly generated tool-path and the
part surface. This may lead to two problems. Firstly, the
step-forward size between two neighboring CC points is
too large, leading to the profile error out of the tolerance.
Secondly, the step-forward size is too small, which may
result in much complexity in the subsequent adjacent tool-
paths (e.g., sudden change of feeding direction). Therefore,
a correction process is applied to the newly generated CC
points in the current implementation. Firstly, we map all the CC
points onto the (u, v) frame and link them using line segments.
The (u, v) frame is the parametric frame for a NURBS surface.
Its counterpart is the (X, Y, Z) frame in the Cartesian space.
Their relationship can be described as X ; Y ; Zð Þ ¼ S u; vð Þ.
Secondly, the CC points are relocated along these linear
segments such that the step-forward size has the maximum
allowable value subject to the profile error tolerance. In this
correction process, the total number of CC points may change.
It is expected that the machining efficiency is maximized
while the surface accuracy is maintained.

In this paper, the cutter posture change is evaluated in
the global frame without considering the machine config-
uration. Therefore, the smoothness of the generated tool-
paths is true only when the change in the cutter posture
is proportional to the change of the joint angles in
general. We believe that this condition is generally
satisfied when the cutter posture is reached well within
the reachable space of the joint angles. However, the
joint angles can be very different for two similar cutter
postures when they are near the boundary of reachable
space. To resolve this problem, one possible solution is
to represent the A-maps in terms of joint angles and
remove the range near the boundary of reachable space
before tool-path generation.

(a) The example part (b) The A-map at (u=0.2, v=0.8) (c) The S-map at (u=0.2, v=0.8)

Fig. 8 The example part surfacewith information ofA-map and S-map. a The example part. b The A-map at (u=0.2, v=0.8). c The S-map at (u=0.2, v=0.8)
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6 An application example and discussion

The proposed method has been implemented using C++
and OpenGL. In this section, an example for optimal tool-
path generation to machine (finishing cut) a sculptured
surface is firstly presented to demonstrate the efficacy of
the developed method. Furthermore, a comparison is
conducted between the proposed method and a similar
optimization method based on iso-planar cutting pattern.

Figure 8a shows an example part surface of a chair seat
(similar to the example used in [18]), which consists of
concave, convex, and saddle regions. To test our algorithm’s
ability for global interference avoidance, an arch-shaped
overhang was also added to provide some non-machining
obstacle surfaces. The machining surface was sampled
uniformly along u and v directions into 201×201 points. A
fillet-end cutter T(R, rf)=(6 mm, 0.5 mm) was selected to mill
this surface. The A-maps of the cutter at every sampled point
were then obtained. Figure 8b shows the A-map at a surface
sampled point (u=0.2, v=0.8). Based on these A-maps, the S-
map at any arbitrary point can be evaluated, using the
algorithms introduced in Section 4. Figure 8c shows the S-
map at a point (u=0.2, v=0.8). The direction of 206.3° from
X-axis has the minimum PCR (0.0092 mm−1), while the

direction of 123° from the X-axis has the maximum PCR
(0.0362 mm−1).

Both the profile error tolerance and the scallop height
tolerance were set to be 0.1 mm. The proposed method was
firstly used for tool-path generation. The generated tool-
path is shown in Fig. 9a in which the initial path is
indicated in black and the cutter’s postures at some CC
points are displayed. It can be seen that the posture changes
over the whole path are very small. For comparison,
another optimal tool-path method based on iso-planar path
pattern developed earlier [25] was also used to generate the
tool-path for this surface using the same cutter. The iso-
planar based method also considers both path smoothness

Table 1 A comparison of the generated paths (proposed method vs.
iso-planar method)

Algorithm Number
of passes

Number of
CC points

Total path
length
(mm)

Average
PCR
(mm−1)

The proposed
method

57 1,524 3,528.2 0.0108

The iso-planar
method

62 3,106 6,415.7 0.0459

(a) Optimal tool-paths (the proposed method) (b) Optimal tool-path (iso-planar method)

(c) Machining simulation (the proposed method) (d) Machining simulation (iso-planar method)

Fig. 9 Optimal tool-path generation with the proposed method and the iso-planar method. a Optimal tool-paths (the proposed method). b Optimal
tool-path (iso-planar method). c Machining simulation (the proposed method). d Machining simulation (iso-planar method)
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and cutting efficiency. It firstly selects the optimal cutting
direction along which the average PCR of all the sample
points is minimized and then generates the tool-path, one at
a time, such that the step-over size between the neighboring
paths is maximized. The generated iso-planar tool-path is
shown in Fig. 9b, as well as the cutter’s postures at some
CC points on one path. To validate the quality of the tool-
paths generated using these two methods, machining
simulation experiments of the example part were conducted
in the VERICUT® environment and the resulted machined
surfaces are shown in Fig. 9c and d, respectively. The
AUTODIFF module in the VERICUT® was then used for
direct graphic simulation to check gouging and surface
error of the generated tool-paths. In both cases, the
machining errors are limited within the specified tolerance.

Table 1 summarizes the evaluation results of these two
generated tool-paths under different criteria. It can be seen
that the path based on the proposed method has fewer
passes and CC points than the iso-planar path. More
importantly, the former has a much shorter overall length
than the iso-planar path, though maximized cutting effi-
ciency is set as target in both methods. As for the average
PCR (the summation of all the posture changes from one
CC point to another/path length) over the whole path, the
path based on the proposed method is much smoother than
the iso-planar path (0.0108 vs. 0.0459). Therefore, it is
concluded that in this case study, the proposed method
outperforms the iso-planar method significantly based on
both path smoothness and machining efficiency.

In the proposed method, although tool-path smoothness
is the first priority during tool-path generation, it is noted in
the case study that on the propagated tool-paths that are far
away from the initial path, the cutter postures along the
resultant feeding directions might not be globally smooth,
especially when the shape of the part surface changes
drastically from one region to the other. This is due to the
correction process for achieving error control and reason-
able machining efficiency. One alternative to resolve this
problem, to a certain extent, is to follow a similar approach
to [18] by generating several initial tool-paths spreading
over the part surface and then obtain the adjacent tool-paths
in relatively smaller regions, respectively. However, com-
plication may arise when the propagated tool-paths from
different initial tool-paths meet. Therefore, the current
implementation with a single initial tool-path provides a
relatively balanced and stable solution.

7 Conclusions

This paper presents a new method for generating five-axis
tool-paths with smooth tool motion and high efficiency
based on the accessibility map (A-map) of the cutter at a

point on the part surface. A cutter smoothness map called
the S-map, which characterizes posture change rates along
all the possible cutting directions at a point is constructed
based on the A-map of the cutter. Based on the A-maps and
S-maps of all the sampled points of the part surface, an
iterative searching algorithm has been developed to
generate tool-paths for five-axis sculptured surface machin-
ing (finish cut). In the algorithm, the path smoothness is
considered as the top priority while machining efficiency
the second. Compared with the traditional tool-path
generation methods, e.g., iso-planar, the developed method
can generate tool-paths to achieve smaller cutter posture
change over the entire path and shorter overall too-path
length. The developed techniques can be used to automate
the five-axis tool-path generation, in particular for high
speed machining.
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