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Abstract This paper describes a method for estimating the
geometric errors of an aerostatic planar XY stage. The
method calculates two-dimensional (2D) position errors and
flatness based on measured guideway profiles. Profile
measurements, estimates of motion error, and geometric
error models are considered to estimate the 2D position and
flatness errors along the X- and Y-axes. A three-probe
system is used to measure the guideway profiles for the X-
and Y-axes. The motion errors, which are used as input data
for geometric error models, are calculated from the force
equilibrium of aerostatic bearings along the measured
guideway profiles and compared with laser interferometer
measurements. Geometric error models were derived to
calculate the 2D position and flatness errors of the stage. The
measured results and estimates for the 2D position error and
flatness differed by 0.5 and 0.6 μm, respectively. Therefore,
the proposed estimation method for 2D position and flatness
errors of an aerostatic planar XY stage will be a useful tool
during the machining and assembly of guideways.
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1 Introduction

A planar XY stage is frequently used as a precision
positioning system for equipment that produces semi-
conductors or flat panel displays [1, 2]. Thus, higher
velocities and better accuracies are required to attain higher
productivity and performance measures. A planar XY stage,
for which an H-shaped frame is usually used as the base
stage, is driven by two actuators, such as linear motors,
with two position feedback sensors, such as linear scales or
interferometers on the scanning motion axis [3, 4]. The
stage is frequently used as the main frame of the equipment,
and the machining and assembly process of the rails and
bed of the stage is one of first processes performed when
the equipment is built [5]. The two-dimensional (2D)
position, motion, and stage flatness errors are measured
when the system is tested after it is complete. If the stage
errors do not meet the required specifications, the stage
must be remachined and the assembly process must be
repeated. This is difficult and time-consuming work,
especially when the assembly and disassembly process
must be repeated for a large stage.

In this paper, a method to estimate the errors of a planar
XY stage is proposed that can be applied when the rails and
bed of the stage are evaluated. The evaluation procedure
requires three steps. First, the profiles of a pair of guide-
ways are measured using a sequential two-point method
and an extended reversal method. Then, the motion errors
of the X- and Y-axes are estimated using the static
equilibrium of an aerostatic bearing obtained from the
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measured profiles. Finally, the 2D position and flatness
errors are estimated using a homogeneous transformation
matrix model from the estimated motion errors of the X-
and Y-axes. The estimated results are compared to the 2D
position and flatness errors obtained from the motion errors
measured by a laser interferometer.

2 Configuration of the planar XY stage

A typical aerostatic planar XY stage was used to compare
the estimated and experimental values. As shown in Fig. 1,
the moving table of a planar XY stage translates along the
X-axis on the base stage, which has an H-shaped structure
and is driven by two simultaneously controlled linear
motors (LM310-4, Trilogy) along the Y-axis. The stroke of
each axis is 300 mm, which can be measured using a
precise optical linear scale (LIP481, HeidenHain). A PC-
based motion control board with a PID filter (PMAC2,
Delta Tau) is used to control the position of the stage. The
X- and Y-axes move on a granite bed, which is used as a
vertical guide for the vacuum preloaded aerostatic bearings
of the two stages to avoid deflections of the table and base
stage and to reduce the moment forces in high acceleration
motions. A double-pad aerostatic bearing is used to
constrain the horizontal motion. As shown in Fig. 1, the
base stage is constrained against the horizontal motion only
at the aerostatic bearing on the Y1 axis to avoid damages of
the horizontal air bearings from thermal growth and parallel
problems [5].

3 Guideway profile measurements

Guideways are important elements of an aerostatic planar
XY stage. They usually consist of a pair of surfaces that
provide a constraint in one direction, along with bearings,
such as orifice or porous aerostatic bearings. The profiles of
the pair of rails affect the straightness of the table and the
clearance of the bearings affects the stiffness of the

guideways. A three-probe system [6], which consists of
the reversal method [7–9] and the sequential two-point
method [10–15], is used to measure the profiles of a pair of
guideways.

A schematic diagram of the three-probe profile measure-
ment system for a horizontal pair of rails is shown in Fig. 2.
The probe stage, which carries the three probes and the
angular optics of laser interferometer, moves along the pair
of rails. The profiles of rail 1 and rail 2 are described by f(ξ)
and g(ξ), respectively:

pr xið Þ ¼ m1 xið Þ þ m2 xið Þ ¼ f xið Þ � g xið Þ
f xið Þ � fd xið Þ ¼ fd xi�1ð Þ þ m1 xið Þ � m3 xið Þ þ l"z xið Þ
g xið Þ � gd xið Þ ¼ fd xið Þ � pr xið Þ

ð1Þ

where ξ is an arbitrary axis, which is actually the X- or Y-
axis for planar XY stages, along the moving direction of the
guideways; m1(ξi), m2(ξi), and m3(ξi) are the measured data
of three displacement probes, P1, P2, and P3, respectively;
εz(ξi) is the yaw error of the probe stage, which was
measured by a laser interferometer (Agilent, 5529A
Dynamic Calibrator User’s Manual); l is the distance
between P1 and P2, which was also the measuring step;
and fd(ξi) is similar to f(ξi), except that the initial measured
values of m1(ξi) and m2(ξi) were set to 0 and the profile was
calculated from incremental values; and Pr(ξi) indicates the
deviation of the two profiles along the X-axis or the
parallelism of the pair of rails.

To measure the profiles of the rails for guideways that
correspond to the X- and Y-axes, three inductive contact
probes (Mahr, 1320/1) were used instead of noncontact
probes, such as capacitive or eddy current probes, because
the rails are made from undetectable materials, such as
granite stone and anodized aluminum. An angular optic was
fixed in the manual stage to measure the yaw errors of the
stage, εz(ξi), which had a displacement interferometer to
detect its position, as shown in Fig. 3.
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Fig. 1 Schematic diagram of an aerostatic planar XY stage

Fig. 2 Setup for measuring the profiles of a pair of rails
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To simulate the influence of inductive sensors and setup
errors, several error conditions were considered when
describing the profiles of the pair of rails by Eq. 2, which
is shown as a solid line in Fig. 4a:

f xið Þ ¼ 6 sin 0:6 xi
L 2p

� �
þ sin 2 xi

L 2p
� �

þ 0:03xi

g xið Þ ¼ 5 sin 0:6 xi
L 2p

� �
þ 1:5 sin 3 xi

L 2p
� �

� 0:06xi

e xið Þ ¼ 3 sin 0:6 xi
L 2p

� �
þ 0:01xi

ð2Þ

where f(ξ) and g(ξ) are the profiles of rails 1 and 2,
respectively; L is the length of the rail in millimeter; and e(ξ)

is the motion error of the stage in micrometers due to
straightness and alignment error, as shown in Fig. 2.

To keep the measuring error within 1 μm, which is 10%
of the 10-μm clearance for aerostatic bearings, the
following conditions are required: gain errors of less than
1% for P1 and P3, which are used to measure the
straightness; a gain error of less than 4% for P1 and P2,
which are used to measure the parallelism; a probe stage
position error of less than ±3 mm; and a proven distance of
less than ±0.5 mm. These values were obtained from a
simulation of 600-mm-long rails defined by Eq. 2.

A comparison between the simulated measurements
(fm(ξ),gm(ξ)) and a known pair of profiles (f(ξ),g(ξ)) is
shown in Fig. 4a with 1% gain errors for P1 and P3. The
error values are represented by circles in Fig. 4b. The errors
of the two rails were the same and thus appear as one curve
in the figure.

The profiles of each guideway measured using the
method described above are shown in Figs. 5, 6, and 7.
The guideways for the vertical direction of the X- and Y-
axes were the surface of the bed. The vertical surface
profiles were interpolated from the measured data shown in
Fig. 7 to six different positions at which the center of the
stage will be located during measurement of angular errors
in Fig. 9a. To measure the vertical direction, the pitch errors
of the probe stage were measured instead of the yaw errors
described in Eq. 1.

Fig. 3 Setup for measuring the profiles of a pair of X-axis rails
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Fig. 4 Simulation results of the measured error due to a gain
difference
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Fig. 5 Profiles of the Y-axis rails
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Fig. 6 Profiles of the X-axis rails
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4 Estimation of the motion errors

4.1 Static equilibrium model of the stage

A static equilibrium model is considered when calculating
the motion errors of the stage along the measured profiles
[16]. The static equilibriummodel used to evaluate changes in
the reaction force and displacement of a single pad of a porous
aerostatic stage is shown in Fig. 8 whereW is the external load
of the table including its weight, m is the number of pads in
the table, Xci is the distance from the center of the table to the
center of the pads, L is the length of the rails, and Fi(x) and
zi(x) are the ith reaction force and corresponding displace-
ment of the center of the pads, respectively. The position of
the center of the table is x and the slope of the table is θ(x).

If the relationship between the rail profiles and each pad
of the table is considered, the pad of the table is moved to a
new equilibrium state due to the changed aerostatic reaction
force fei(x) and new stage displacement zi(x); the reaction
force is Fi(x).

Assuming that the stiffness of the aerostatic pads is
constant (K0) within small displacements of the stage, the
relationship between fei(x) and zi(x) is:

fi xð Þ ¼ fei xð Þ � K0zi xð Þ: ð3Þ
Considering Eq. 3, the moment equilibrium from the

reaction forces of the pads are:

Xm
i¼1

fei xð Þ � K0zi xð Þ ¼ 0; ð4Þ

Pm
i¼1

fei xð Þ Xci � Ri xð Þ þ ml
2

� � ¼ Pm
i¼1

K0zi xð Þ Xci þ ml
2

� �
x ¼ ml

2 ; � � � ; L� ml
2 :

ð5Þ

The profiles of rails e(x) can be represented as the
Fourier transformed profiles:

e xð Þ ¼ a0 þ
Xn
k¼1

ak cos
2kp
L

xþ bk sin
2kp
L

x

� �
: ð6Þ

4.2 Computation of the motion error

The aerostatic bearing pads of the stage are of the same
shape and have a multisupported configuration in the same
plane, as shown in Fig. 8. Therefore, the error motion of the
moving table of the stage can be calculated from the
geometric relationship of each pad and the calculated
characteristic of one pad. This can be determined quickly
during the assembly process of the stage.

When a porous pad is moving along the rails and the
center of the pad has the same coordinates as the rails, the
profiles of the rails in Eq. 6 and the change of the reaction
force of the porous pad fe(x) can be explained using the
spatial frequency ω. The spatial frequency is defined as ω=
2π/l where the wavelength for one sinusoidal profile of the
rails is l. When the wavelength is the same as the length of
the pad l, the spatial frequency becomes ω1=2π/l. The
change of the reaction force fe(x) has the same spatial
frequency as the rails if the profile of the rail e(x) has only a
single spatial frequency ω. From this relationship, the
motion transfer function may be defined as:

K wð Þ ¼ fe wð Þ
e wð Þ : ð7Þ

The linear and angular motions error can be represented
by:

z xð Þ ¼ 1
K0m

Pm
i¼1

fe xþ Xcið Þ
q xð Þ ¼ 12

K0m m2�1ð Þl2
Pm
i¼1

fe xþ Xcið Þ Xci � Ri xþ Xcið Þ;
ð8Þ

Fig. 8 Equilibrium state of a porous aerostatic stage
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Fig. 7 Measured profile of the bed along the X- and Y-axes
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where fe(x) and R(x) are:

fe xð Þ ¼
Xn
k¼1

K
2kp
L

� �
ak cos

2kp
L

xþ bk sin
2kp
L

x

� �
ð9Þ

R xð Þ ¼ l
Xn
k¼1

G
2kp
L

� �
ak cos

2kp
L

xþ bk sin
2kp
L

x

� �
:

ð10Þ

The motion errors of the stage can be acquired from
sequential repetitive calculations along the directions of
motion.

5 Estimation of the 2D position and flatness errors

A 2D position error estimation model for a planar XY stage
is derived for an aerostatic planar XY stage [17] based on a
homogeneous transformation matrix [18–20]. It is repre-
sented by:

dPx i; jð Þ
dPy i; jð Þ

� �
¼ �ty "z1 jð Þ þ "z2 ið Þ þ tz"y2 i; jð Þ þ dx1 jð Þ þ dx2 ið Þ

tx "z1 jð Þ þ "z2 ið Þ � tz"x2 i; jð Þ þ a2 ið Þ"z1 jð Þ þ a2 ið Þq12 þ dy1 jð Þ þ dy2 ið Þ
� �

: ð11Þ

In Eq. 11, each error motion contains an i or j index, or
both. These are intermittent steps of the estimation and
measurement process of the 2D error in the X- and Y-
directions, respectively. The motion errors of the stage
measured by the interferometer (HP5529A; Agilent, 5529A
Dynamic Calibrator User’s Manual), shown in Figs. 5, 6,
and 7 and estimated by Eq. 8, are compared in Fig. 9. The
yaw motion of base stage εz1 is affected by the controlled
position of the Y1- and Y2-axes. Therefore, the measured
data of εz1 were used to estimate the 2D position in both

cases. As shown in Fig. 9, most of the motion errors were
similar, but the yaw motion of the moving table along the
X-axis had a slightly different shape.

The 2D position error of the stage was estimated from
the sum of the motion errors every 10 mm over the 300×
300-mm translational area. The 2D position errors are
compared in Fig. 10 for tx=0 mm, ty=125 mm, tz=60 mm,
and θ12=0. Interpolation was used to estimate the pitch
errors εx2(i,j) and εy2(i,j), which had similar shapes at the
three different measured positions because the position
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Fig. 9 Comparison between measured (a) and estimated (b) motion errors of the planar XY stage
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difference of 150 mm was less than the span of the
aerostatic bearings of the moving table, 270 mm. The
maximum difference of the measured and estimated
position errors was about 0.5 μm.

The straightness of the flatness can be calculated from
summing each interpolated straightness data point, which
can be measured directly or estimated from the measured
profile data. A comparison of the flatness data is shown in
Fig. 11. The maximum difference of the flatness error

between the measured and estimated values was about
0.6 μm. These results indicate that the proposed estimation
method for 2D position errors and flatness on an aerostatic
planar XY stage is useful in the machining and assembly
process of guideways.

6 Conclusions

An estimation method was proposed for 2D position and
flatness errors on an aerostatic planar XY stage. The error
was estimated from an estimated motion error obtained
using profile measurements of the guideways. Three steps
were required to estimate the planar XY stage errors. First,
the profiles of a pair of guideways were measured using a
sequential two-point method and an extended reversal
method. Then, the motion errors of the X- and Y-axes were
estimated using the static equilibrium of the aerostatic
bearing from the measured profiles. Finally, the 2D position
and flatness errors were estimated using a homogeneous
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Fig. 11 Comparison between the measured (a) and estimated (b) flatness
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transformation matrix model from the estimated motion
errors of the X- and Y-axes. A comparison of experimental
and estimated results demonstrated that the estimates were
within 0.6 μm. Thus, the proposed estimation method for
2D position and flatness errors on an aerostatic planar XY
stage can be successfully applied to evaluate the guideway
of the aerostatic planar XY stage during the machining and
assembly of guideways.
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