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Abstract This paper proposes an analytical scheme for
stability analysis in turning process by considering the
motion of tailstock-supported workpiece using a compliance
model of tool and work. A dynamic cutting force model
based on relative motion between the cutting tool and
workpiece is developed to study the chatter stability. Linear
stability analysis is carried out in the frequency domain and
the stability charts are obtained with and without considering
workpiece flexibility. Variations of stability limits with
workpiece dimensions and cutter position as well as the
effects of cutting tool dynamics are studied and wherever
possible results are compared with existing models. Exper-
imental analysis is conducted on tailstock-supported work-
piece to examine the correctness of the proposed stability
model.

Keywords Chatter stability . Regeneration . Compliance .
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1 Introduction

To achieve high material removal rates in production,
aggressive cutting conditions are often used. Such con-
ditions lead to chatter where intensive and excessive cutting

forces occur at the cutting point. In order to obtain chatter-
free machining conditions, conservative cutting conditions
are often used which result in lower material removal rates
and loss of productivity. Therefore, the stability limit
should be predicted to enhance material removal rate while
maintaining product quality.

Analytical prediction of stability limits for orthogonal
cutting is well documented in literature [1–5]. Basically, the
turning tool is represented with a single degree for freedom
spring-mass system working over a rigid workpiece.
Cutting tool parameters such as tool angles and wear have
been accounted in the models to understand their effects on
chatter stability. In general, regenerative and nonregener-
ative chatters are two kinds of machine tool chatter that are
widely accepted in modern research. Regenerative chatter
results from cutting on the previous surface of waves and
nonregenerative chatter occurs due to some special circum-
stances. In most cases, the chatter observed in turning
operations is due to regenerative effect. One of the early
regenerative chatter analysis method deals with the
development of a characteristic equation to determine
system stability through Nyquist criterion. In practice,
chatter is a self-excited oscillatory phenomenon with a
highly nonlinear nature characterized by the presence of
limit cycles and subcritical bifurcations related to jump
phenomenon. Different models are presented in the
literature for development of analytical techniques for
stability analysis. Chandiramani and Pothala [6] depicted
dynamics of chatter with two degrees of freedom model of
cutting tool. Since chatter is due to interaction between
tool and work, often the models in terms of both tool and
work are considered. Dassanayake and Suh [7] studied the
tool chatter with turning dynamics using a 3D model.
Here, the workpiece is modeled as a system of three rotors
namely machined, being machined, and unmachined
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regions connected by flexible shaft. Wang and Cleghorn
[8] developed a finite-element beam model of spinning
stepped-shaft workpiece to perform stability analysis
using Nyquist criterion. Ganguli et al. [9] showed the
effect of active damping on regenerative chatter instability
in turning. Tarng et al. [10] presented a spindle speed
regulation method to avoid regenerative chatter in turning.
Carrino et al. [11] pointed out the dimensional deviations
occurring during machining of a part due to workpiece
deflections, vibrations of tool, material spring back, etc.
Wang and Fei [12] proposed a method based on variable
stiffness in boring bars to suppress chatter. This is based
on the principle of avoidance of self-excited vibrations by
continuously varying the natural frequency of a structure
over a range. Chen and Tsao presented a dynamic model
of cutting tool with [13] and without [14] tailstock-
supported workpiece using beam theory. Here, the effects
of workpiece parameters are studied on the dynamic
stability of turning process by treating the workpiece as
a continuous system. To the author’s knowledge, there are
few works which considered the effects of deflections of
tailstock-supported workpieces.

The present paper proposes a compliant two degrees of
freedom dynamic cutting force model by considering the
relative motion of workpiece with cutting tool. Tool and
workpiece are modeled as two separate single degree of
freedom spring-mass-damper systems. The model allows
selection of different operating conditions with and without
a tailstock support by accounting the fundamental natural
frequency of the workpiece. Overall transfer matrix is
derived from the equations of motion in the Laplacian
domain and the expressions for critical parameters of
cutting process in stable conditions are obtained analytical-
ly. Effect of workpiece parameters such as linear and lateral
dimensions and cutter positions as well as influence of
flexibility and damping of cutter on the stability is studied.
In verifying the proposed model, experimental analysis is
conducted on an engine lathe with a tailstock-supported
steel workpiece under various operating conditions. Dy-
namic cutting forces are recorded with a tool dynamometer

and the modal data for the workpiece and tool are obtained
with standard impact hammer testing. Experimental test
points are superimposed on the analytical lobe diagram in
predicting the correctness of stable states.

2 Dynamic modeling

2.1 Rigid workpiece

In most of the turning operations, workpiece is considered
as a rigid member and the chip thickness is assumed to be
affected only by the dynamic parameters of cutting tool.
This one-dimensional second-order orthogonal cutting
model shown in Fig. 1 is represented with the governing
equation as follows:

m1
��x tð Þ þ c1

�x tð Þ þ k1x tð Þ ¼ F tð Þ cos q ð1Þ

Here, x(t) is chip thickness (variation in depth of cut) at a
time t and the parameters m1, c1, and k1 are the equivalent
mass, damping, and stiffness of the cutting tool and tool
holder, θ is a constant cutting angle and F(t) is cutting
force, which is given by:

F tð Þ ¼ Cbh tð Þ ð2Þ

where C is cutting coefficient obtained from experiments
and b is depth of cut or chip width. The instantaneous chip
thickness h(t) can be written from Fig. 1 as:

h tð Þ ¼ h0 � x tð Þ þ x t � tð Þ ð3Þ

Here, x(t−τ) is chip thickness in previous instant; h0 is
nominal chip thickness resulting from feed mechanism and
the term x(t)−x(t−τ) represents the regenerative chatter.
Time delay τ represents the period for successive passages
of tool, which is equal to time required for one revolution
of workpiece in turning.

Fig. 1 Cutting tool model with
rigid workpiece
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Substituting Eqs. 2 and 3 in Eq. 1 and taking Laplace
transforms on both sides, the dynamic equation in Lap-
lacian (s) domain becomes:

m1s
2 þ c1sþ k1

� �
X sð Þ ¼ C b H0 sð Þ � X sð Þ þ e�stX sð Þð Þ

ð4Þ
Thus, overall transfer function becomes

X sð Þ
H0 sð Þ ¼

bCG sð Þ
1þ bCG sð Þ 1� e�stð Þ ð5Þ

where

G sð Þ ¼ cos q
m1s2 þ c1sþ k1

ð6Þ

2.2 Flexible workpiece

Usually, the operating spindle speeds are well below the
natural frequency of workpiece. Hence, in the flexibility
considerations, the first mode of vibration is considered as
significant and the workpiece is represented as another
single degree of freedom spring-mass-damper system as
shown in Fig. 2. Here m2, c2, and k2 respectively represent
mass, damping coefficient, and stiffness of the workpiece.
For this combined system, the equations of motion can be
written in terms of tool and workpiece deformations x1(t)
and x2(t) at a time t as follows:

m1
��x1 tð Þ þ c1

�x1 tð Þ þ k1x1 tð Þ ¼ �F tð Þ cos q ð7Þ

m2
��x2 tð Þ þ c2

�x2 tð Þ þ k2x2 tð Þ ¼ F tð Þ cos q ð8Þ

Here, F(t) is dynamic feed force expressed in terms of
the present and previous relative motions (x1(t)−x2(t)) and
(x1(t−τ)−x2(t−τ)) according to:

F tð Þ ¼ Cb h0 � x1 tð Þ � x2 tð Þð Þ þ x1 t � tð Þ � x2 t � tð Þð Þf g
ð9Þ

When the above force term F(t) in Eq. 9 is substituted in
Eqs. 7 and 8 and writing k1=m1 ¼ w2

n1, k2=m2 ¼ w2
n2,

c1/m1=2ξ1ωn1, and c2/m2=2ξ2ωn2, these two equations

become coupled dynamic equations in terms of the
variables x1 and x2 as follows:

��x1 tð Þ þ 2x1wn1
�x1 tð Þ þ w2

n1x1 tð Þ

¼ � Cb cos q
m1

h0 � x1 tð Þ � x2 tð Þð Þ þ x1 t � tð Þ � x2 t � tð Þð Þf g

ð10Þ

��x2 tð Þ þ 2x2wn2
�x2 tð Þ þ w2

n2x2 tð Þ

¼ Cb cos q
m2

h0 � x1 tð Þ � x2 tð Þð Þ þ x1 t � tð Þ � x2 t � tð Þð Þf g
ð11Þ

Here, ωn1, ωn2 and ξ1, ξ2 are natural frequencies and
damping ratios of the cutter and workpiece, respectively.

In Laplacian domain, Eqs. 10 and 11 can be written as:

s2X1 sð Þþ2x1wn1sX1 sð Þþw2
n1X1 sð Þ

¼� Cb cos q
m1

H0 sð Þ� 1� e�tsð ÞX1 sð Þþ 1� e�tsð ÞX2 sð Þf g
ð12Þ

s2X2 sð Þ þ 2x2wn2sX2 sð Þ þ w2
n2X2 sð Þ

¼ Cb cos q
m2

H0 sð Þ� 1� e�tsð ÞX1 sð Þþ 1� e�tsð ÞX2 sð Þf g
ð13Þ

These can be simplified and a vector of transfer
functions can be written of the form:

X sð Þ
H0 sð Þ ¼ A½ ��1 Bf g ð14Þ

where

X sð Þ ¼ X1 sð Þ
X2 sð Þ

� �
ð15aÞ

A½ � ¼ ϕ1 þ pm2 1� e�tsð Þ �pm2 1� e�tsð Þ
�pm1 1� e�tsð Þ ϕ2 þ pm1 1� e�tsð Þ

� �

ð15bÞ

Bf g ¼ �pm2

pm1

� �
ð15cÞ

and

p ¼ Cb cos q
m1m2

ð15dÞFig. 2 Flexible workpiece model; (a) model of cutting tool and (b)
model of workpiece
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The functions ϕ1 ¼ s2 þ 2x1wn1 þ w2
n1

� �
and ϕ2 ¼

s2 þ 2x2wn2 þ w2
n2

� �
are defined for convenience.

3 Stability analysis

The stability can be analyzed by considering the character-
istic equation of the system and studying the relationship
between the spindle speed N and chip width b.

3.1 Rigid workpiece

For this case, Eq. 5 defines the characteristic equation as:

1þ bC
1� e�tsð Þ cos q
m1s2 þ c1sþ k1

¼ 0 ð16Þ

Substituting s=jω, separating real and imaginary terms, and
solving for τ and b yields the following critical values [12]:

t* ¼ 2

w
nþ 1=2ð Þp þ a tan

c1w
m1w2 � k1

� �� �
;

where n ¼ 0; 1; 2: . . .

ð17aÞ

b* ¼ � c1w

C cos q sinwt*
ð17bÞ

Here, ω is the chatter frequency. Spindle speed in
revolution per second is computed as N=1/τ*. It can be
seen that Eq. 17a has multiple solutions due to different
values of n. Thus, Eqs. 17a and 17b define the stability limits
of this system.

3.2 Flexible workpiece

As shown in Fig. 3, when the cutting is performed at any
location L1 on a tailstock-supported workpiece, the cutting
force causes the workpiece to deflect. This deflection is

Fig. 3 Deflection of tailstock-supported workpiece

Table 1 Cutting tool and workpiece data [13]

Component/parameter m (kg) c (kg/s) k (N/m) C (N/m2) θ E (GPa) ρ (kg/m3) L (m) r (m)

Tool 50 2×103 2×107 2×109 70° – – – –
Workpiece (steel) – – – – – 180 7,850 0.5, 0.25 0.025

0.03
0.035
0.04
0.05

Fig. 4 a Comparison of lobe diagram for rigid and flexible workpiece
(r=0.03 m, L=0.3 m, and L1=0.6 L). b Variation of percentage
difference in chip width between rigid and flexible workpiece
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accounted as stiffness of workpiece in the proposed model.
Using the stiffness expression for propped cantilever model
of workpiece

k2 ¼ �12L3EI

L21L2 3L L22 � L2
� �þ L1 3L2 � L22

� �� � ð18Þ

the fundamental natural frequency of workpiece wn2 ¼ffiffiffiffiffiffiffi
k2
rAL

q
is obtained. Here, E is elastic modulus; ρ is material

density; L is total length between the supports and I, A are
respectively the cross-sectional moment of inertia and area of
workpiece.

From Eqs. 14, 15a, 15b, 15c, and 15d, the characteristic
equation for flexible model can be expressed as:

det Að Þ ¼ ϕ1 þ pm2 1� e�tsð Þ �pm2 1� e�tsð Þ
�pm1 1� e�tsð Þ ϕ2 þ pm1 1� e�tsð Þ












¼ 0 orð Þϕ1ϕ2 þ p 1� e�tsð Þ ϕ1m1 þ ϕ2m2ð Þ ¼ 0

ð19Þ

Substituting s= jω and expanding Eq. 19 and separating
real and imaginary terms, it results in:

a1a2 � b1b2ð Þ þ p 1� coswtð ÞA� B sinwtf g ¼ 0 ð20Þ

a1b2 þ a2b1ð Þ þ p 1� coswtð ÞBþ A sinwtf g ¼ 0 ð21Þ

where a1 ¼ w2
n1 � w2

� �
, b1=2ξ1ωn1ω, a2 ¼ w2

n2 � w2
� �

,
b2=2ξ2ωn2ω, A=(m1a1+m2a2), and B=(m1b1+m2b2).

Eliminating p from Eqs. 20 and 21 and defining D=
(a1a2−b1b2) and E=(a1b2+a2b1), the phase shift can be
written as:

tany ¼ � sinwt
1� coswt

¼ �1=tan
wt
2

¼ tan
wt
2

� p
2
� np

� �
¼ BD� AE

ADþ BE

ð22Þ

or

wt�

2
¼ nþ 1=2ð Þp þ a tan

BD� AE

ADþ BE

� �� �
;

where n ¼ 0; 1; 2; . . .

ð23aÞ

Fig. 5 a Variation of percentage difference in chip width with spindle
speed for steel workpieces of constant length but different radii (L=
0.5 m and L1=0.6 L, n=0). b Variation of percentage difference in
chip width with spindle speed for steel workpieces of constant radius
but different lengths (r=0.03 m and L1=0.6 L, n=0)

Fig. 6 Effect of position of cutting in tailstock-supported workpiece
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and

b� ¼ m1m2

C cos q
D

B sinwt� � A 1� coswt�ð Þ
� �

ð23bÞ

These equations define stability limits for a cutting tool
and workpiece. Thus, the dynamic characteristics of
workpiece and cutting tool are used to obtain the stability
lobe diagram.

4 Results and discussion

The stability charts are constructed from the present model
in order to identify the effects of physical parameters of

Fig. 8 a Variation of chip thickness with spindle speeds as a function
of damping ratio of tool. b Variation of percentage change of chip
thickness with spindle speeds as a function of damping ratio of tool (L
=0.5 m, r=0.35 m, n=0, k1=0.5×10

7 N/m)

Dynamometer

Amplifier +filter unit

Analyzer

Coupler

Fig. 9 Experimental setup for finding modal data

Fig. 7 a Variation of chip width as a function of spindle speeds at
different values of cutter stiffness (L=0.5 m, r=0.35 m, n=0). b
Variation of percentage difference in chip width with spindle speed at
different values of cutting tool stiffness (L=0.5 m, r=0.35 m, n=0)
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Fig. 10 a FFT data of acceler-
ation response of tool. b FFT
data of acceleration response of
workpiece in two radial
directions

Table 2 Major cutting conditions

Cutting tool (carbide insert) Workpiece (AISI 1045 steel) Cutting conditions

Natural frequency ωn1=
2,500 Hz

Natural frequency ωn2=
600 Hz

Cutting speeds (rpm) 740,770,800

Damping ratio ξ1=0.015 Damping ratio ξ2=0.023 Depth of cut (mm) 1.45–1.61
Stiffness k1=1.2×10

7 N/m Stiffness k2=6.5×10
6 N/m Feed (mm/rev) 0.246

Dynamometer Amplifier Filter

PC 

θ
feed

zx

y 

Fig. 11 Arrangement for dy-
namic force measurement
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workpiece and dynamic parameters of the cutting tool. In
order to compare the results of the proposed model, the
cutting tool and workpiece data are selected from [13] and
is shown in Table 1.

4.1 Effect of workpiece dynamics

When cutting force deflects the workpiece, the effect of
work deflections on stability of cutting process are shown

in Fig. 4a. Here, a 0.5-m-long and 0.03-m-radius workpiece
is considered. The dotted line indicates the stability curve
for rigid workpiece model. It is seen that critical chip width
at higher speeds is considerably large when the work
flexibility is considered. Figure 4b shows the variation of
percentage difference of chip width in both cases as a
function of spindle speed. Large percentage differences are
noticed at the right side of the diagram. This behavior is
very close to available results.

Fig. 12 a, b Experimentally
obtained dynamic cutting forces
in two different states
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Figure 5a shows variation of percentage difference in the
critical chip width as a function of spindle speed for four
different workpieces of constant length 0.5 m with different
radii. The percentage difference has decreased progressively
with increase in radius as noticed in earlier work. Figure 5b
shows the variation of percentage difference in critical chip
width as a function of spindle speed for two workpieces of
constant radius 0.03 m, with different lengths. Larger work-
piece has more deflection and has more critical chip width.
In all the cases, the position of cutting tool is considered at
L1=0.6 L. The damping ratio for all workpiece conditions is
taken as 0.025 since it normally varies from 0.01 to 0.05.

Figure 6 shows the influence of cutter position on chatter
stability. Here, a workpiece of 0.5 m long and 0.03 m radius
subjected to tool forces at points: L1=0.2,0.4, 0.6, and
0.8 L is considered separately. As seen from the figure,
critical depth of cut increases for some length (L1=0.6 L) as
the tool moves towards the tailstock and then it decreases
again. Here, the cutting position (L1) is accounted in terms
of change in natural frequency of workpiece (ωn2). This
result is also in close agreement with results of [13].

4.2 Effect of cutting tool dynamics

Figure 7 shows the chatter stability limits, when cutting tool
stiffness k1 changes from 0.5×107 to 2×107 N/m at constant
values of workpiece length L=0.5 m and radius r=0.035 m.
It is seen that, as the tool becomes more flexible, critical
depth of cut increases progressively. Figure 8a shows the
effect of cutter damping ratio on the chatter stability for a
cutter stiffness k1=0.5×10

7 N/m, along with workpiece
dimensions: L=0.5 m and r=0.035 m. Figure 8b depicts
the variation of percentage difference of chip width with and
without considering the workpiece motion. By increasing the
damping ratio of cutting tool, stability enhances only for
highly flexible tools.

4.3 Experimental analysis

In order to validate the present stability lobe diagram,
experiments are carried out on a 7.5-kW engine lathe with
a tailstock-supported steel workpiece of 60-mm diameter and
set over length 250 mm, under various operating conditions.
The modal data of the workpiece and tool are obtained from
standard impact hammer test. Figure 9 shows the experi-
mental setup used for measurement of modal parameters.

An impact hammer especially designed for experimental
modal analysis in laboratory (model Kistler 9724A) was
used to excite the workpiece and cutting tool. To measure
the vibratory response, two small piezoelectric accelerom-
eters (model Kistler 8632C50) were used in two lateral
directions. The 5134A microprocessor-controlled coupler
provides power and signal processing. Figure 10 shows the

transformed values of accelerometer readings in frequency
domain for the cutting tool and workpiece.

For finding the experimental stability states, the major
cutting conditions along with the predicted modal param-
eters are listed in Table 2. The cutting force coefficient (C)
calculated from orthogonal data of AISI 1045 steel
workpiece (using shear stress, shear angle, and friction
angle with orthogonal transformations) is found to be
700 MPa. Tool with coated carbide insert employed during
cutting has straight cutting edge without nose radius.

Dynamic cutting forces are recorded with a tool
dynamometer in order to predict the chatter conditions.
Figure 11 illustrates the arrangement for dynamic cutting
force measurement.

Cutting force was measured with a Kistler 9121 three-
component piezoelectric dynamometer and associated 5070
multichannel charge amplifier connected to a PC employing
Kistler Dynoware force measurement software. Measure-
ments were taken within the first 2.5 s of cut. The sampling
rate used is 1 kHz.

Figure 12 shows the experimentally obtained dynamic
components of three cutting forces in two different cutting
states. Often, chatter generation affects mostly the cutting
force in Z-direction and hence dynamic component of this
force is expected to be relatively large in amplitude among
the three force components. However, when chatter occurs
in the radial and feed directions also, it leads to irregular
distribution of chip thickness along the cutting edges. In
such cases, X and Y components of force would also be
large. Figure 13 shows the experimental cutting states
projected over the analytical stability lobe diagram. Inter-
estingly, the stable and unstable points are very accurately
demarked by the lobe curve from the present analytical
formulation.

Fig. 13 Chip width predicted by present analytical model
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5 Conclusions

In this paper, stability analysis in turning process has been
presented with a coupled dynamic model of cutting tool and
workpiece. The methodology was presented with tailstock-
supported workpiece operated with a cutting tool. Effect of
cutting position, workpiece dimensions, cutter flexibility,
and cutter damping on the dynamic stability have been
presented with the proposed dynamic model. The devia-
tions of stable depths of cut measured by present model and
existing one-dimensional rigid workpiece model have been
found to be in close agreement with available works in
literature. The experimental chatter predictions have
revealed that the proposed model establishes the stable
states accurately in rough turning operations.
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