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Abstract A parametric interpolator for the trajectory
planning of non-uniform rational basis spline (NURBS)
curves is proposed in this study. The input constraints
include the chord error, speed limit, acceleration limit and
jerk limit. Since there is no unique representation to relate
these constraints, appropriate models are developed to
determine several feedrates in terms of different kinematic
conditions, the minimum one of which is selected as the
desired feedrate. A look-ahead stage is developed to plan a
series of segment points from the curves, where a segment
point represents the change in the acceleration across zero.
The segment points, which enable the appropriate design of
kinematic profiles, are used in real-time sampling for
determining the sampling points. Several examples are
presented to demonstrate the feasibility of the proposed
algorithm.
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1 Introduction

Modern computer-aided design/computer-aided manufac-
turing (CAD/CAM) systems apply parametric curves for

modelling freeform profiles. The parametric curves must be
converted into linear and circular blocks based on pre-
defined chord accuracy in CAM systems such that
conventional computer numerically controlled (CNC) inter-
polators can be applied. The parametric interpolator has
recently been accepted as an alternative to replace these
conventional linear and circular interpolators because it is
potentially more suitable for high-speed and high-accuracy
machining. In addition to the chord accuracy that has been
widely studied, the design of smooth kinematic profiles is
especially important in high-speed machining, since accel-
eration and jerk fluctuations become a serious problem
affecting the quality of the machined surface. The purpose
of this study is to develop a parametric interpolator that
emphasises the control of acceleration and jerk profiles in
order to reduce the chattering or vibration due to high jerk.

Parametric interpolators may be classified into the
following three types: uniform interpolator, speed-con-
trolled interpolator and adaptive-feedrate interpolator. Bedi
et al. [1] developed a uniform interpolator in which a
constant parametric increment was applied. Although it was
the simplest method, it was short of the chord error and
speed control. Shpitalni et al. [2] applied arcs to approxi-
mate the parametric curve and utilised a constant feedrate to
determine the sampling points. Yang and Kong [3] applied
Taylor’s expansion method for determining the sampling
points and provided a parametric interpolator of constant
feedrate. They concluded that the parametric interpolator
was superior to a conventional linear interpolator in terms
of its memory size requirement, speed accuracy, position
tracking error and jerk magnitude.

Tsai et al. [4] applied the simplified Taylor’s first-order
and second-order approximation method for a non-uniform
rational basis spline (NURBS) surface interpolator, empha-
sizing a constant cutter contact (CC) velocity along the CC
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paths, instead of constant cutter location (CL) velocity. A
real-time motion control network was developed to achieve
multi-axis synchronous motion. Yeh and Hsu [5] included a
compensatory value in the first-order approximation algo-
rithm to increase the accuracy in both the position and the
speed of a parametric interpolator. A constant-speed mode
and a specified acceleration/deceleration mode were pro-
vided to meet different feedrate commands. Yeh and Hsu
[6] further provided an adaptive-feedrate interpolator to
change the curve speed adaptively, depending on the
curvature during the interpolation process. However, the
limits of acceleration and deceleration were not taken into
account; it might result in excessive acceleration/decelera-
tion that was beyond the machine’s capability.

Xu et al. [7] developed a geometry-dependent feedrate
and a time-varying feedrate for the determination of the
sampling points. The feedrate was either varied according
to the local ratios of curvature to ensure a nearly constant
contour error or expressed as a linear relationship with a
constant acceleration to reach a continuous feedrate profile,
changing from one feedrate to another. Liu et al. [8]
proposed an interpolator which met the requirements of not
only the constant feedrate and chord accuracy, but also real-
time integrated machine dynamics. Three aspects of
machine dynamics were considered in this study: sharp
corners, frequencies matching machine-natural ones and
high jerk. Appropriate methods were also presented to
eliminate each of them.

Yong et al. [9] proposed an offline predetermination of
sharp corners and developed a speed-error-controlled
interpolator to confine the chord error, the speed and the
acceleration/deceleration of machining during the interpo-
lation process. Using this algorithm, the program made a
trial run searching for critical points and recording what
action to be taken before real machining. Nam and Yang
[10] presented a kinematics algorithm to determine an
admissible path increment with real-time jerk-limited
acceleration. The consecutive tool path was determined
recursively at every sampling period by computing the
kinematic profile and keeping track of when to start the
final deceleration stage. This resulted in the exact feedrate
trajectory generation for the parametric curve.

The machine’s capability is an important issue affecting
the efficiency of the CNC interpolator. The maximum
feedrate, acceleration/deceleration and jerk that can be
output by a servo motor are generally limited and should
be specified in the design of the kinematic profiles. In
particular, high jerk usually happens upon a sudden change
in speed. This is usually the cause of machine vibration and
should be avoided. In addition, there are several issues that
may affect the performance of the parametric interpolator.
First, the chord error and feedrate control are the funda-
mental requirements for most interpolators. Second, the

design of the kinematic profiles can affect the overall
performance of the interpolator. Third, particular care to
keep the balance of both accuracy and feedrate should be
taken while crossing a sharp corner. Fourth, the velocity
profiles of adjacent paths should also be kept as similar as
possible in order to reduce the tool marks that might exist
between the paths. Finally, multiple curves machining may
cause additional problems, such as tiny curves and
boundary continuity. It is necessary to develop appropriate
algorithms to deal with each of these problems such that the
proposed interpolator is able to achieve the goal in various
conditions.

The purpose of this study is to propose a parametric
interpolator that can process NURBS parametric curves. In
addition to chord error and feedrate control, the proposed
algorithm focusses on the following several issues: (1) it
provides a look-ahead module to prevent high jerk and to
keep the similarity of the velocity profile between adjacent
paths; (2) acceleration/deceleration and jerk limits are
provided as constraints to prevent saturation of the servo
motor; (3) a strategy is taken to control the feedrate in sharp
corners; (4) various continuity conditions for composite
curves are considered in this algorithm. The proposed
method is divided into a look-ahead stage and a real-time
sampling stage. The look-ahead stage is primarily used to
determine the segment points with significant variation in
acceleration/deceleration, with all motion constraints spec-
ified. Once the segment points are determined, the real-time
sampling stage is implemented to determine a jerk-limited
trajectory between two segment points, while maintaining
the necessary kinematics constraint conditions. Each of the
algorithms is discussed in detail, with the above four issues
being revolved. Several realistic examples are simulated to
demonstrate the characteristics and feasibility of the
proposed algorithm.

2 The fundamental sampling algorithm

Most parametric interpolators start with Taylor’s first-order
or second-order approximation method for sampling a
parametric curve, in which the curve is sampled in a
constant period of time in terms of a given feedrate and the
first and second differential of the curve. The feedrate is
represented as a variable which is a function of the
allowable chord error and the curvature at a curve point.
This sampling algorithm is the basis of the proposed
interpolator, which is briefly discussed below.

Consider that the NURBS curve is C uð Þ ¼ x uð Þyð
uð Þz uð ÞÞT; where the parameter u is used to represent the
position of a point on the curve. The increment in u,
namely, Δu, can be determined based on the feedrate V and
the first and second differentials of C(u) at ui. Taylor’s
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second-order approximation is applied for the determina-
tion of the next sampling point ui+1 [5] as follows:

uiþ1 ¼ ui þΔu ð1Þ

Δu ¼ V uið ÞTs
dC uið Þ
du

h i �
V 2 uið ÞT 2

s
dC uið Þ
du � d2C uið Þ

du2

� �

2 dC uið Þ
du

h i4 ð2Þ

where Ts is the sampling time and V is the feedrate. It is
noted that Taylor’s first-order approximation method can
also be applied. However, as long as the CPU time is
allowed, the second-order algorithm is better.

The parameters affecting Δu in Eq. 2 are Ts and V(ui).
The sampling time Ts is typically constant, which is
determined in terms of the hardware capability. The design
of the feedrate V(ui) can affect the performance of the
interpolator. A simple design of V(ui) is to control the chord
error between the chord of two adjacent sampling points
and the arc corresponding to these two points, where the
feedrate can be expressed as [6]:

Ve uið Þ ¼ 2

Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2i � ri � ERð Þ2

q
ð3Þ

where the subscript e indicates that the feedrate is acquired
in terms of the chord error, ER represents the allowable
chord error and ri is the radius of a circle which is
tangential to the curve at ui. Here, ri is the reciprocal of the
curvature at ui. Equation 3 has nothing to do with the
acceleration and jerk and, hence, the acceleration and jerk
profiles may fluctuate frequently, with the maximum values
beyond their limits.

3 The modified sampling algorithm

To yield smooth kinematic profiles for parametric curves,
the feedrate should also be designed in terms of the
acceleration and jerk limits. There is no unique represen-
tation to relate the feedrate, acceleration limit and jerk limit
simultaneously. Appropriate models are provided to evalu-
ate several feedrates in terms of different kinematic
conditions. The minimum feedrate is then chosen for the
determination of the next sampling point.

A local region of the curve at ui is firstly considered as a
circle and the feedrate in terms of the acceleration limit is
determined. Here, the speed can be assumed to be constant
along the circle, while the acceleration is primarily the
centrifugal acceleration. Figure 1 depicts the variation of
the speed ΔV in a vector form between the sampling points

Pi and Pi+1. The centrifugal acceleration Ac at ui can be
expressed as:

Ac ¼ V a2 uið Þ
ri

ð4Þ

where Va(ui) denotes the feedrate at ui and the subscript a
indicates that the feedrate is due to the acceleration limit.
Upon considering that the acceleration limit is Amax, then
Va(ui) can be expressed as:

Va uið Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ri Amax

p
ð5Þ

Besides the variation in speed, the centrifugal accelera-
tion will also vary, resulting in a jerk. As Fig. 1 depicts, the
variation of the centrifugal acceleration ΔAc between the
two sampling points Pi and Pi+1 in a circle is primarily due
to the directional change of the motion. A maximum
feedrate can, therefore, be evaluated in terms of the jerk
limit. In Fig. 1, the relationship between Vj and θ is as
follows:

VjTs ¼ 2ri sin
q
2

� �
ð6Þ

where the subscript j represents that the feedrate is due to
the centrifugal jerk. Since θ is generally small, the following

2
θ

∆

∆

V

V

a

Pi

Va Pi+1

Pi-1

θ ri

ri

A

Ac
Ac

c

Fig. 1 Individual feedrate can be determined in terms of the allowable
chord error, centrifugal acceleration and centrifugal jerk, respectively
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expression is obtained by approximating sin q
2

� � � q
2 :

q ¼ VjTs
ri

ð7Þ

Similarly, the following expression can be obtained from
Fig. 1:

ΔAc ¼ 2Ac sin
q
2

� �
¼ V 2

j

ri
� VjTs

ri
ð8Þ

Since the jerk Jc can be expressed as:

Jc ¼ ΔAc

Ts
¼ V 3

j

r2i
ð9Þ

thus, if the jerk limit is Jmax, then Eq. 9 can be rewritten as:

Vj uið Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
r2i Jmax

3

q
ð10Þ

Now, there are three feedrates Ve(ui), Va(ui) and Vj(ui) in
terms of the chord error, the centrifugal acceleration and the
centrifugal jerk, respectively. The minimum value of these
feedrates could be chosen as the desired feedrate for the
computation of the next sampling point. However, all of
these values are evaluated by approximating the curve as an
arc. The actual sampling point on a curve is different from
that on an arc. As Fig. 2 depicts, the actual sampling point
on the curve is Pi+1, rather than P

0
iþ1; which may result in a

directional change of motion and, hence, excessive accel-
eration and jerk along a coordinate direction. Therefore, a
fourth algorithm is developed by limiting the feedrate in
terms of the acceleration and jerk limits in each coordinate
direction.

Consider that the point Pi+1 as depicted in Fig. 2 is
acquired by means of the minimum feedrate among Ve, Va
and Vj. The points Pi−2 to Pi+1 are used to evaluate the
acceleration and jerk in each coordinate direction. Hereaf-
ter, only the x component of the kinematic parameters is
discussed. The other two components can also be evaluated
in a similar manner. Since the time period between Pi−2 and
Pi+1 is very short, the speed between Pi−2 and Pi+1 is

assumed to be constant and is denoted as Vc(ui). Let the
lengths of the line segments as shown in Fig. 2 be Li−2, Li−1
and Li. Therefore, the speed of each line segment along the
x direction can be evaluated as:

Vk; x ¼ Vc uið Þ Pkþ1; x � Pk; x

Lk

k ¼ i; i� 1 and i� 2

ð11Þ

where Pk, x indicates the x component of point Pk. The jerk
Ji at ui can be evaluated as:

Ji ¼ 1

Ts

Vi; x � Vi�1; x

Ts
� Vi�1; x � Vi�2; x

Ts

� �
ð12Þ

We replace Ji with Jmax and substitute Eq. 11 into Eq. 12 to
yield:

Vc uið Þ ¼ JmaxT
2
s

�Piþ1; x � Pi; x

Li
� 2

Pi; x � Pi�1; x

Li�1

þ Pi�1; x � Pi�2; x

Li�2

��1

ð13Þ
The same procedure can be carried out along the y and z

directions. Three values of Vc(ui) can, thus, be obtained and
the minimum one of these is chosen. The desired feedrate Vi

Fig. 2 Terms used for the evaluation of the feedrate Vc along each
coordinate direction

A

 t

 J

 t

Segment points

Fig. 3 Typical kinematic profiles for the proposed interpolator

Int J Adv Manuf Technol (2008) 37:104–121 107



at ui is, thus, chosen as:

Vi ¼ min Ve; Va; Vj; Vc

� � ð14Þ
where the symbol ui is neglected in V. Vi is then substituted
into Eq. 2 for the determination of the next sampling point
at ui+1. Since Vi is the minimum value among the four
values acquired, it is predictable that the chord error,
acceleration limit and jerk limit are satisfied simultaneously.

4 The look-ahead stage

The Vi mentioned in Eq. 14 represents the speed limit
allowed at ui for the computation of the next sampling
point. Appropriate kinematic profiles should be established
to guarantee a smooth velocity profile along the parametric
curve without violating the speed limit at each point. A
two-stage process is proposed, namely, a look-ahead stage
and a real-time sampling stage, for the design of the
kinematic profiles. The look-ahead stage is a preview
process, which determines a series of critical points on the

Evaluate Vi

by Ki

if (Ai>Amax) 
or (Ai<-Amax)

Ai=Amax

or
Ai=-Amax

if (Ji>Jmax)

or (Ji<-Jmax)

Ji=Jmax

or
Ji=-Jmax

if (Vi <= Vi)

The backtracking 
procedure

Evaluate Pi 

by V 

Ai=(Vi-Vi-1)/Ts

Ji=(Ai-Ai-1)/Ts

Ai=Ai-1+Ts*Ji

Vi =Vi-1+Ai*Ts

Vi =Vi

Save Vi and Pi

i=i+1

No

Yes

Yes

No

No

Yes

Fig. 4 The look-ahead procedure

Fig. 5 Modified position Pi and speed V
0
i after the check of the

acceleration and jerk. a Positive acceleration Ai. b Negative
acceleration Ai
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parametric curve for the design of the acceleration and jerk
profiles. The real-time sampling stage is implemented on-
line, which computes a motion command and sends this to
the servo controller periodically.

Figure 3 depicts typical kinematic profiles designed in
the proposed interpolator, where the jerk profile is primarily
composed of pulse functions, while the acceleration profile
is composed of triangular and trapezoidal functions. The
design of the critical points is to provide an appropriate
algorithm to command the system to adjust the motion in

the real-time sampling. If there is no prior information
provided, the system would not know when to start to
accelerate, decelerate or keep zero acceleration. Therefore,
the objective of the look-ahead stage is to go through the
entire motion design first and then identify all of the critical
points which can be used for the design of the motion in the
real-time sampling. The critical points, hereafter, denoted
“segments points,” are indicated as spots on the accelera-
tion plot of Fig. 3. Each segment point represents the
transition of the acceleration across zero. Each interval

    >Vi

if (Sf = 0)

if (Ai-m-1= -Amax)

m = n-1,  Sf = 0

Evaluate Pi-m

by Vi-m-1

Vi-m = V

V

i-m-1+Ai-m*Ts

Ai-m = -Amax

∆ V∆if ( a > m)

if (Vi-m > Vi)

End

Ai-m = Ai-m-1+Jmax*Ts

Ai-m = Ai-m-1-Jmax*Ts

if (Ai-m < -Amax)

Sf = 1

n = n+1

if Pi-m passes Pi

'
iV

Yes

Yes

No

Yes

Yes

No

No

Yes

No

Yes

No

No

m = m-1

n = 2

Fig. 6 The backtracking
procedure
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between two adjacent segment points in the acceleration
profile may be null, triangular or trapezoidal. Once all of
the segment points are identified and applied in the real-

time sampling stage, it is possible to design an appropriate
acceleration profile for each interval divided by two
segment points. The design of the acceleration profile in
the real-time sampling will be discussed later.

The look-ahead procedure is depicted in Fig. 4. Consider
that the (i−1)th sampling is known and the ith sampling

Fig. 7 Acceleration and jerk profiles for backtracking. a Three-stage
profile. b Two-stage profile

bP sP aP

sT

t

t

1sV

2sV

aV

bP sP aP

sT

t

t

1sV

2sV

bV

V

A

A

V

a

b
Fig. 8 Inexact final position due to the constant sampling period.
a Speed reducing. b Speed increasing
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needs to be evaluated. First, a feedrate Vi is determined by
Eq. 14. Since the variation in feedrate between two adjacent
sampling points may be too large, it is necessary to check
the acceleration and jerk in order to avoid the occurrence of
saturation. The saturation of the acceleration is checked
first. If the acceleration exceeds the saturation value, the
feedrate in the ith sampling must be reduced. The
acceleration Ai in the ith sampling can be expressed as Ai ¼
Vi�Vi�1

Ts
; where Vi and Vi−1 are the feedrates in the ith and

(i−1)th samplings, respectively. The following two rules are
applied:

1. if Ai > Amax; V
0
i ¼ Vi�1 þ Amax � Ts

2. if Ai < �Amax; V
0
i ¼ Vi�1 � Amax � Ts

where V
0
i indicates the modified feedrate that should be

specified in order to restrict the maximum value of the
acceleration. It is noted, however, that V

0
i may not always

be smaller than Vi. In particular, when Ai is positive, V
0
i is

smaller than Vi, whereas V
0
i is larger than Vi when Ai is

negative.
The saturation of the jerk is checked next. If the jerk

exceeds the saturation value, the acceleration in the ith
sampling must be reduced. The jerk Ji in the ith sampling

can be expressed as Ji ¼ Ai�Ai�1
Ts

; where Ai and Ai−1 are the
accelerations in the ith and (i−1)th samplings, respectively.
The following two rules are applied:

1 . if Ji > Jmax; A
0
i ¼ Ai�1 þ Jmax � Ts and V

0
i ¼ Vi�1

þA
0
i � Ts

2 . if Ji < �Jmax; A
0
i ¼ Ai�1 � Jmax � Ts and V

0
i ¼ Vi�1

�A
0
i � Ts

It is noted that, after the modification of the feedrate, due
to the check of either the acceleration or the jerk, the
modified feedrate V

0
i may not be equal to the original

feedrate Vi. If Ai is positive, V
0
i < Vi; whereas if Ai is

negative, V
0
i > Vi: For V

0
i < Vi as shown in Fig. 5a, the

next sampling point will be located at P
0
i; rather than Pi.

The actual chord error is, thus, reduced because P
0
i moves

closer to Pi−1. On the contrary, for V
0
i > Vi as shown in

Fig. 5b, the actual chord error is increased because the next
sampling point P

0
i moves further away from Pi−1.

To overcome such a problem, it is necessary to apply a
backtracking procedure, as shown in Fig. 6, to repeatedly
check the feedrate in each sampling during the deceleration
stage. It goes back to the (i−n)th point to re-compute the
feedrate with a negative jerk by starting with n=2. When
the deceleration reaches the minimum value −Amax, the
deceleration must be kept constant. Therefore, there are two
kinds of deceleration profiles: trapezoidal and triangular, as
explained below (see Fig. 7):

1. When there is a significant difference between Vi−n and
Vi, the acceleration and jerk profiles as shown in Fig. 7a
are applied. It starts with a negative jerk, then zero jerk
and ends in a positive jerk.

2. When the difference between Vi−n and Vi is small, the
acceleration and jerk profiles as shown in Fig. 7b are

1
V

2
V

max
V

V

max
A-

A

t

t

d
T

e
T

a
T

Fig. 9 Kinematic profiles for reducing the feedrate from Vmax to 0

if (i+N = ilast)

    if (           > S )

ith curve, N = 1

Interpolate the 
combined curve

Interpolate 
the last curve with 

Vend = 0

Output 
segment points

N = N+1

∑
=

+
N

j
jil

1

No

No

Yes

Yes

Fig. 10 The preview strategy of curves
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applied. It starts with a negative jerk and changes to a
positive jerk before the deceleration reaches its mini-
mum value.

For both cases, it is necessary to determine a point Pe

corresponding to the (i−m)th point in Fig. 7, which
represents the starting point of the final step in the
acceleration profile. The known parameters at this point
are the current feedrate Vi−m, the current deceleration Ai−m

and the desired feedrate Vi. If a maximum jerk and the
transition in the acceleration from −Ai−m to zero are
applied, the variation in feedrate will be:

ΔVa ¼ �A2
i�m

2Jmax
ð15Þ

Since it is in the decelerating stage, ΔVa should be
smaller than zero. If Vi−Vi−m<ΔVa, the feedrate is still less
than Vi when the acceleration reaches zero. Therefore, the
(i−m)th point can be considered as the starting point of the
final step in the acceleration profile. If the acceleration
reaches zero at Pi and the new speed at ui is less than Vi, the
backtracking procedure is stopped. On the contrary, if the
distance for the decelerating is not long enough, the feedrate
at Pi will still be larger than Vi. Therefore, it is necessary to
move backwards one more point by setting n=n+1 and re-
compute the kinematic profiles again. Such a procedure is
repeated until the speed at Pi is equal to or less than Vi.

5 The real-time sampling

Once the look-ahead stage is implemented, the segment
points and the corresponding feedrate for each of them in
the acceleration profile can be evaluated. In the real-time
sampling, the kinematic profiles in each interval of two
adjacent segment points are designed individually. Consider
the interval between the segment points Ps1 and Ps2 as an
example. Since there are two types of acceleration profiles,
triangular and trapezoidal, it is necessary to decide which
one should be applied. Assume that the difference of the
feedrates between Ps1 and Ps2 is ΔVs ¼ Vs2 � Vs1; where
Vs1 and Vs2 are the desired feedrates of Ps1 and Ps2,
respectively. When accelerating from 0 to Amax with
maximum jerk Jmax, the maximum variation of the feedrate
ΔVmax is:

ΔVmax ¼ A2
max

2Jmax
ð16Þ

t

t

maxV

mV

V

A

maxA-

thi thi 1+

mP

thi thi 1+

A′
Fig. 11 Kinematic profiles for the preview of two curves

Fig. 12 An arc is generated to blend two curves of G0 continuity

Pi

Pt Pi+1 Pi+2

Vi

Vi

Fig. 13 Discontinuity in curvature between two curves
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Thus, the acceleration profile based on the difference
between ΔVs and 2ΔVmax can be determined as follows:

1. If ΔVs>2ΔVmax, then the variation of the feedrate in
this block is large enough so that a three-stage jerk

profile can be applied, as shown in Fig. 7a, for the
motion design. When an increase in feedrate is
necessary, a positive jerk Jmax is applied to accelerate
from 0 to Amax, a zero jerk is then applied to retain the
acceleration at Amax and finally a negative jerk −Jmax is
applied to decelerate from Amax to 0. When a decrease
in speed is necessary, a similar procedure can be
applied to decelerate from 0 to −Amax, retain the
deceleration at −Amax for a period and finally accelerate
from −Amax to 0. For both cases, the acceleration plot
is, essentially, a trapezoid.

2. If ΔVs< 2ΔVmax, the variation of the feedrate in this
block is very small and a two-stage jerk profile is
applied, as shown in Fig. 7b, for the motion design. It is
noted that the extreme value of the acceleration in both
cases will not attain the maximum value Amax or the
minimum value −Amax.

The detailed procedure in the real-time sampling is
discussed below. Consider that it starts from a point Pi, i=0,
where P0 is the final point of the previous interval (between
two segment points). The feedrate of P0 is denoted as V0.

Fig. 14 A point Pm is generated in a short span

Fig. 15 An example of a single
curve. a The curve. b Kinematic
profiles
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The acceleration profile as shown in Fig. 7 based on the
difference between ΔVs and 2ΔVmax is selected first. The
next sampling point Pi, i=1 is then determined by Eq. 2.
Since Ps1 and Ps2 have been determined in terms of the
chord error, the acceleration limit and the jerk limit in the
look-ahead stage, it is unnecessary to apply Eq. 14 because
the maximum acceleration and jerk are already within the
limits. The index i is then increased by 1 in each sampling
to compute a new sampling point until the termination
condition is reached.

The termination condition is discussed in the following.
Figure 8a shows the sampling conditions near Ps2 when the
speed near the final point is decreasing. Assume that if the
acceleration is increased from Ps with a jerk Jmax, it can
reach Ps2 with the desired speed Vs2. However, due to the
limitation of the constant sampling period, the acceleration
can be increased either at Pa or Pb only. Here, Pa is chosen
because it can make the final speed Va lower than the
desired speed Vs2, which is better in terms of the machine
dynamics. On the contrary, Fig. 8b depicts the final
conditions when the speed near the final point is increasing.
In this case, Pb is a better position for starting to decelerate,
as it can yield a speed Vb lower than the desired speed Vs2.
For both cases, when the final speed is reached, the actual
distance of the motion is slightly shorter than that of the
look-ahead stage and, hence, the final position Ps2 is still
not attained. Thus, it is necessary to retain a constant speed
Va (or Vb) until the actual position exceeds the final point

Ps2. This is the initial position for the sampling of the next
interval.

6 Multiple curves sampling

Additional issues must be addressed when multiple curves
are sampled. They are classified as the following four types:
(1) determining the number of curves for preview; (2)
discontinuity in slope at the connecting point; (3) discon-
tinuity in curvature; (4) effect of short knot spans. Each of
the problems and the associated algorithm are discussed
below.

6.1 Determining the number of curves for preview

A preview of the curves is necessary for multiple curves
sampling. When many short curves are connected to each
other or when a long and flat curve is followed by a short
one, the feedrate must be reduced in advance. The length of
the curves for preview must be long enough such that the
speed profile can be predicted accurately. Figure 9 depicts
the kinematic profiles for the worst case of speed reduction,
where the feedrate is reduced from Vmax to 0. The area
covered by the feedrate profile represents the total length of
the curves that should be previewed in advance; the total
length S is composed of three lengths Sd, Se and Sa,
representing the decelerating stage, the constant accelera-

Fig. 16 Speed, acceleration and
jerk profiles along the x and y
directions for the example in
Fig. 15
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Fig. 17 An example of a single
curve with substantial changes
in curvature. a The curve. b
Kinematic profiles

Fig. 18 Speed, acceleration and
jerk profiles along the x and y
directions for the example in
Fig. 17

Int J Adv Manuf Technol (2008) 37:104–121 115



tion stage and the accelerating stage, respectively. Here, S
can be expressed as follows:

S ¼ Sd þ Se þ Sa ð17Þ

Sd ¼ VmaxTd � 1

6
JmaxT

3
d ð18Þ

Se ¼ V1Te � 1

2
AmaxT

2
e ð19Þ

Sa ¼ 1

6
JmaxT

3
a ð20Þ

A procedure for the detection of the number of curves
for preview is depicted in Fig. 10. Starting from N=1, it
computes the length, li+N, of the (i+N)th curve upon

considering the ith curve. If
PN
j¼1

liþj > S; then the total

distance is long enough for the design of the feedrate
profile. Hence, the ith and (i+N)th curves are merged into
one curve. The pre-sampling process can then be imple-
mented to evaluate the segment points for the ith curve.

If
PN
j¼1

liþj < S; the parameter N is increased by 1 to include

one more curve and computes the total length of N curves
ahead. It repeats the same process of comparing the total

length
PN
j¼1

liþj with S. The above procedure is carried out

repeatedly until the (i+N) curve becomes the final curve.
When the final curve is reached, its final speed will be set
as 0. Figure 11 depicts an example with two curves to
illustrate the above idea, where the curvature of the second
curve is larger than that of the first. Here, the maximum
feedrate Vmax is applied for the first curve as it is smooth.
Since the curvature at Pm is increased, the feedrate must be

Fig. 19 A curve of G0 continu-
ity in two points. a The curve. b
Kinematic profiles
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reduced before it reaches Pm. If there is no such a preview
process, the maximum acceleration will be A′, as in Fig. 11,
rather than Amax. Here A′ is obviously larger than Amax and
it is not accepted.

6.2 Discontinuity in slope at the connecting point

When the slope at the connecting point of two curves is
discontinuous, the acceleration in each axis becomes

discontinuous also. To reach the continuity in acceleration
at the corner of the connecting point, the feedrate in one of
the axes may approach zero, which is practically inefficient.
In addition, the instantaneous acceleration in one of the
axes may increase drastically, which can excite substantial
machine vibration. For such a case, it is difficult to follow
the sharp corner precisely because the feedrate at the corner
must be reduced to zero. Instead of doing this, a round
corner is proposed to approximate the original shape, which

Fig. 20 A group of curves with
G0 and G1 continuity. a The
curves. b Kinematic profiles

Fig. 21 Speed, acceleration and
jerk profiles along the x and z
directions for the example in
Fig. 20
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can hold a minimum feedrate at the corner. It applies a
blending curve to smoothly connect both lines, while
maintaining the maximum chord error within the allowable
one. There are several kinds of blending curves which can
achieve the above task. Here, an arc is used for the blending
curve, as depicted in Fig. 12, where the arc is tangential to
both lines. The problem here is to compute a distance s on
both sides of the corner point P1, and, hence, the points Ps

and Pe can be evaluated, which act as the marginal points of
the arc. Assume that the angle between both lines is θ.
Here, s can be expressed as:

s ¼ r tan a a ¼ p � q
2

ð21Þ

r ¼ "tolc
1

cos a

� �� 1
ð22Þ

where ɛtolc is the allowable chord error at the corner. It is
noted that the chord error at the corner should be larger than
that at other places. If the allowable chord error at the
corner is set as large as that at other places, the length of the
arc would become too small to be machined correctly. Once
Ps and Pe are obtained, Ps, P1 and Pe can be used to
generate an arc, which is a B-spline curve and is tangential
to both lines. Thus, the two original lines P0P1 and P1P2

become lines P0Ps and PeP2, and an arc PsP1Pe. Then, the
composition principle of B-spline curves [11] can be
applied to combine all three curves into a composite curve.
The composite curve is still a NURBS curve. Hence, the
proposed parametric interpolator can be applied.

6.3 Discontinuity in curvature

When there is a discontinuity in the curvature, the
centrifugal acceleration will become discontinuous at the
discontinuous point, which may result in a high jerk that is
beyond the saturated value. This situation may happen at
the connecting point of two curves or within a curve. As
Fig. 13 shows, Pt is the transition point of a circle and a line
of the discontinuous curvature. The centrifugal acceleration
exists before Pt but it disappears after Pt. Such a variation
will result in a sudden change in jerk at Pt. The speed at Pt

must be reduced in order to yield a maximum jerk that is
within the saturation value.

To determine the allowable feedrate near Pt, it is
necessary to choose the larger curvature from both sides
of Pt, because the larger the curvature is, the smaller the
allowable feedrate should be. For example, in Fig. 13, the
curvature at Pt is determined based on the circle, instead of
the line. Let the radius of the circle be ri and the allowable
feedrate be Vi. The maximum centrifugal acceleration at this
point is JmaxTs. In order to reduce the centrifugal acceler-

ation from JmaxTs to 0 within one sampling period, the
allowable feedrate Vi at ui can be designed as:

Vi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Jmax � Ts � ri

p
ð23Þ

6.4 Effect of short knot spans

Each knot span in a NURBS curve essentially represents a
curve segment in a polynomial form. When a knot span is
too small and the speed is too fast, no point in such a span
could be sampled. When such a knot span occurs near a
sharp region of the curve (the curve is still G2 continuity),
it may result in shape distortion near such a region. As
Fig. 14 shows, a small knot span B2 is between the two
long spans B1 and B3. Since B1 is a line, the speed in this
region is very fast. However, since B2 is a small segment,
the next sampling point Pi+1 is located on B3, rather than
B2. Thus, the actual cutting path would pass Pi and Pi+1,

Fig. 22 Actual workpiece. a The cloud of the machining path. b The
surface model
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neglecting Pm, which is on B2. To eliminate such a problem,
the feedrate at Pi must be reduced such that the next
sampling point would be located in the short knot span.

To avoid the problem mentioned above, it is necessary to
detect if a knot span is neglected during the sampling
process. A check is implemented to detect if any knot span
is completely within (ui, ui+1). If yes, the short knot span
exists. It is required to re-compute the feedrate at ui and,
hence, Pi+1. It first computes an intermediate point Pm

corresponding to the mean parametric value of the short
knot span. The feedrate Vm at this point is computed in
terms of the curvature at Pm. If Vi>Vm, it means that the

feedrate at ui is too fast and must be reduced to Vm. With
such a reduced feedrate, the next sampling point would be
P

0
iþ1; as shown in Fig. 14, instead of Pi+1.

7 Examples and discussion

Several examples are presented to demonstrate the feasibil-
ity of the proposed method. They are mainly classified into
two types: single curve and multiple curves. For multiple
curves, the following issues must further be considered: the

Fig. 23 Speed, acceleration,
jerk and curvature profiles for
the example in Fig. 22

Table 1 The CPU time and
predicted machining time for
the examples discussed in this
paper
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continuity between the curves, the length of the curves for
preview and the composition of the curves. The chord error,
speed, acceleration, jerk and curvature for each example are
displayed to illustrate the kinematic properties of the motion.
The parameters used in these examples are: the order of the
curves is 4, the sampling time is 0.002 s, the maximum chord
error is 0.002 mm, the speed limit is 200 mm/s, the
acceleration limit is 800 mm/s2 and the jerk limit is
26,400 mm/s3. The computation is performed on a personal
computer with an AMD-1.7G CPU with 512 MB RAM.

Figure 15a depicts the first example, which is a single
curve with a length of 480 mm. The kinematic profiles of
this example, as shown in Fig. 15b, indicate that the speed
is almost maintained at its maximum value, namely
200 mm/s, except near the beginning and the end of the
curve. Since the curve is smooth and long enough, the
cutter can accelerate to the maximum speed and go through
the curve at this speed. The small variation in speed is due
to the variation of the curvature. Comparing the speed plot
and the curvature plot, it shows that the speed decreases for
large curvatures, whereas it increases for small curvatures,
as expected. The kinematic profiles along the x and y axes
are depicted in Fig. 16. The acceleration and jerk plots
indicate that the maximum values of the acceleration and
jerk are within the designed limits, namely 800 mm/s2 and
26,400 mm/s3, respectively.

Figure 17a shows the second curve, with substantial
changes in curvature for the two regions. The kinematic
profiles, as shown in Fig. 17b, indicate that the speed near
the two such regions is kept very slow, so as to maintain the
chord error within the allowable error limit. The curvature
on the two such regions is very large, while the lengths of
the curve before and after them are either too short or too
curved. Therefore, the speed does not reach its maximum.
The total length of this curve is 72.89 mm, with 50 control
points. The kinematic profiles as shown in Fig. 17b indicate
that the profiles of the acceleration and jerk are reasonable.
The kinematic profiles along the x and y axes are depicted
in Fig. 18. Although there are sudden changes in jerk near
the two such regions, the maximum jerk is still within the
saturated value.

The third example indicates a curve with G0 continuity
in two points, as Fig. 19a depicts, where the length of the
curve is 8.49 mm. The discontinuity in the curvature may
result in a sudden change in acceleration and jerk.
Therefore, the speed must be reduced near those two
discontinuous points, as shown on the speed plot in
Fig. 19b, so as to control the maximum values of
acceleration and jerk. The entire curve is not long enough,
so the maximum speed is about 35 mm/s only. The
kinematic profiles indicate that the acceleration and jerk
profiles are acceptable, with maximum values within the
saturated values.

Figure 20a depicts the fourth example composed of 17
curves, with a total length 228.2 mm, where the spots
indicate the G1 continuities and the circles indicate the G0
continuities. A circle of 0.01 mm in radius is inserted
between the curves of G0 continuity. Figure 20b shows that
the curvature of the circle inserted is basically the largest,
resulting in the slowest speed to pass such a region. The
speed near G1 continuities must also be reduced due to the
variation of the centrifugal acceleration. The kinematic
profiles along the x and z axes of this example are shown in
Fig. 21, where the path is located on the z–x plane. Since
the speed in each axis is affected not only by the variation
of the curvature but also by the directional change, the
maximum acceleration and jerk, therefore, may not occur at
the points of G0 or G1 continuity. Figure 21 indicates that
all of the maximum accelerations and jerks are within the
saturated values.

Figure 22 depicts the numerical control (NC) paths of a
real example, which has a size of 91.5 mm×91.5 mm×15 mm
and contains 8,168 curves. It takes the program 52.75 s to
convert all G0 continuities into G1 continuities. The
computational time required, including the look-ahead stage
and the real-time sampling, is 1,290 s. The number of
sampling points generated is 2,808,691. The predicted
machining time is 5,617 s. Therefore, the total computa-
tional time is still less than the machining time. Figure 23
depicts part of the kinematic profiles from 150 to 175 s.
The circles marked on the speed plot represent the changes
of the machining paths, where the speed is kept slow to
attain the final position accurately.

The speed is, essentially, determined based on the
curvature of the curve and the continuity conditions
between the curves. When the continuity conditions
between the curves is better, a higher speed can be applied
to cross the common boundary of the curves. For the same
shape of curves, a G2 continuity can offer a speed faster
than a G1 continuity and a G1 continuity can offer a speed
faster than a G0 continuity. Therefore, the pre-processing of
the curves before parametric interpolators can affect the
machining speed significantly. Table 1 lists the predicted
machining time, the CPU time required in the look-ahead
stage and that in the real-time sampling stage for all of the
examples. The results indicate that the total time required
for the look-ahead stage and the real-time sampling is
always less than the predicted machining time. Thus, the
proposed two-stage parametric interpolator is practically
feasible for real-time implementation.

8 Conclusion

In this paper, a parametric interpolator has been proposed to
control the speed, acceleration and jerk limits at the same
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time, while maintaining the allowable chord error in the
paths. It applied a look-ahead algorithm for the preview of
the curves, in which several models were presented to
determine the minimum feedrate in terms of different
kinematic conditions. It demonstrated that both the vector
form of the feedrate and its component along each coordinate
direction must be considered simultaneously in order to yield
maximum accelerations and jerks that are within the limits. A
set of segment points was computed based on the acceler-
ation profile, which was used in the real-time sampling to aid
the determination of the kinematic profiles. With the
segment points determined beforehand, the real-time sam-
pling can focus on the generation of the sampling points in
the interval of two segment points, without worrying about
the conditions of the curves ahead. When the look-ahead
stage was implemented on-line, a multi-tasking module must
be developed, where the look-ahead algorithm was imple-
mented backwards, while the real-time sampling was
implemented forwards. The look-ahead stage must be
implemented one block ahead, such that it can always output
an enough amount of segment points for the use in the real-
time sampling. Since the computational time required in
analysing a curve in the look-ahead stage was less than that
required in machining a curve, the proposed two-stage
algorithm was practically feasible.
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