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Abstract In this paper a general formula for finding the
maximum allowable dynamic load (MADL) of flexible link
mobile manipulators is presented. The main constraints
used for the proposed algorithm are the actuator torque
capacity and the limited error bound for the end-effector
during motion on a given trajectory. The accuracy con-
straint is taken into account with two boundary lines which
are equally offset due to the given end-effector trajectory,
while a speed-torque characteristics curve of a typical DC
motor, is used for applying the actuator torque constraint.
Finite element method (FEM), which is able to consider the
full nonlinear dynamic of mobile manipulator is applied to
derive the kinematic and dynamic equations. In order to
verify the effectiveness of the presented algorithm, two
simulation studies considering a flexible two-link planar
manipulator mounted on a mobile base are presented and
the results are discussed.

Keywords Robot - Flexible link - Finite element -
Maximum allowable dynamic load

1 Introduction

Flexible mobile robot manipulator systems exhibit many
advantages over their traditional rigid arm counterparts:
They require less material, have less arm weight, consume
less power, are more maneuverable, require smaller
actuators and are more transportable. Due to their
extended workspace, mobile manipulators offer an effi-
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cient application for wide areas. But these systems are
usually “power on board” with limited capacity. Hence,
using light and small platforms and motor actuators in
order to minimize the inertia and gravity effects on
actuators will help a mobile manipulator to work in an
energy-efficient manner. Using smaller actuators reduces
the torque capacity of the actuators and limits the load
carrying capacity of the robot.

Some studies exist on determining MADL for different
types of robotic systems. Determination of maximum
allowable dynamic load for manipulators has applications
in advanced trajectory planning, design and selection of
robot manipulators. For instance, Thomas et al. [1] used
the load capacity as a criterion for sizing the actuator at the
design stage of robotic manipulators and considered the
maximum load in the neighborhood of a robot configura-
tion. A technique was also developed in [2, 3] to maximize
the MADL of an entire trajectory, rather than in the
neighborhood of a configuration. In these works, piece-
wise rigid links and joints were assumed. Korayem and
Basu [4, 5] presented an algorithm for computing the
MADL of elastic manipulators by relaxing the rigid body
assumption. The maximum payload of kinematically
redundant manipulators is computed using a finite element
method for describing the dynamics of a system by Yue et
al. [6]. Korayem and Ghariblu developed an algorithm for
finding the MADL of rigid mobile manipulators [7]. There
is also some research on carrying heavy loads or the
application of large forces by mobile manipulators [8, 9].
Different types of constraints have been applied to a
robotic system in order to solve the redundancy resolution
[10, 11]. None of these published works have considered
finding the MADL on mobile manipulators using finite
element approach including kinematic redundancy. The
finite element method has been used to solve very
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complex structural engineering problems during the past
years. One of the main advantages of FEM over the most
of other approximate solution methods is the fact that
FEM can handle irregular geometries routinely. Another
significant advantage of FEM, especially over analytical
solution techniques is the ease with which nonlinear
conditions can be handled.

The main focus of this paper is on mobile elastic link
manipulators. A brief introduction to the dynamics of
these types of systems is being reviewed. A strategy for
determining the MADL subject to both constraints is
described, where a series of ball-type bounds centered at
the desired trajectory is used for defining the end-effector
oscillation constraint, and motor speed-torque character-
istics curve of a typical DC motor is used in actuator
constraint. A computational procedure is then presented
which allows the computation of the MADL for an
arbitrary prescribed dynamic motion of the end-effector.
Finally, two numerical examples involving a two link
flexible mobile manipulator are presented and results are
discussed.

2 Model development approach

The overall approach involves treating each link of the
manipulator as an assemblage of ni elements of length 1;.
For each of these elements the kinetic energy Tj; and
potential energy Vj; are computed in terms of a selected
system of n generalized variables q=(q;, q2 ,...qs) and
their rate of change 9. These energies are then combined
to obtain the total kinetic energy, T, and potential energy,
V, for the entire system. For the sake of massive
calculation, above-mentioned procedure is presented in
Appendix (A-1) to (A-3).

Dynamic equations for systems are derived through the
Lagrange equations:

d [ 0f o0f
CE) 2 o k=1,2,.. |
g (M) -0 ; (1)

where £ =T — V.

Equation (1) along with associated boundary conditions
(Appendix A-4) provides the desired dynamic equations of
system as follows:

M4 —f =0 (2)

where M=M(q) and f = f (Q,q are nonlinear functions of
generalized variables q, and their rate of change ¢. Q
denotes the applied torque at each joint.

3 Dynamic model of flexible robot manipulator

From Egs. (A-28) and (A-30), the Lagrangian of link 1 is as
follow:
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From Egs. (A-29), (A-31), the Lagrangian of link 2 can
be derived:
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The overall Lagrangian for a two-link flexible mobile
manipulator with the base motion in x direction can then be
written as:

£=£(x0, 01, u3,us, ..u20,12)

+ £2(-x07017u2n]+1;u2n|+27623W 3, W4,..W 2nz+2)'
(5)

By applying Lagrange’s equation and performing some
algebraic manipulations, the compact form of the system’s
dynamic equations becomes:

n

ZMﬂj + Zhy‘k‘?j‘?k =R (i=1,2,..,n) (6)
= ==

n n n
S My i+ Y > by e = Ry (7)
=

J=1 k=1

where M, the inertia matrix, is consisted of element
coefficients related with the second derivative of general-
ized variables, ¢.h considers the contribution of other
dynamic forces such as centrifugal and Coriolis forces
while R consists of gravity and other external forces.
Dynamic Egs. (6) and (7) are arranged on joint variables
and deflections. Equation (6) concerns the joints rotation in
robot and Eq. (7) specifies the elastic deformation in links

[7].

4 Modification of the model

The extension of the model to a case where a load m; is
added at the tip of the manipulator can be carried out. For
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computing the kinetic and potential energies of the tip
mass, the end-effector position Ty, can be expressed as
follows:

— X0 1 Ly 2| L2
m = T T, . 8
' { 0 }+ 0 H“znlﬂ} +h L‘znzﬂn ( )

After computing these energies, they can be added to the
total energy of robot in Lagrange equation. One can show
that the matrix differential model of the overall system in
the matrix form, with manipulator at the tip is of the form:

Mrq —fT =QOr )
where
Mr :M+Mm7fT :f+fvaT = Q+Qm (10)

and the subscript ‘T’ refers to the total system, and
subscript ‘m’ represents the influence of the additional
mass.

5 Kinematic model of flexible link mobile manipulator

Inverse kinematic can be used to derive the generalized
variables (q) for a predefined trajectory which is useful in
our following calculations for finding the MADL. If the
vector of position of the end-effector is considered to be
P=X (q,, q_,») T, then taking derivative with respect to time
will yield the velocity of the end-effector:

: . - \T .

P =) (4.4) =79 ()
where q,, qr are generalized variables and Jg, J;. are the
Jacobian matrices of the mobile robot manipulator of joints
rotation and deflection in links, respectively. After taking
the derivative of Eq. (11) with respect to time, we can
express equations of the end-effector’s acceleration as:

= RN P DA
P = [J.,Jy] (qr, qf) + {Jrn]f} (qr, qf)
=Jq+Jq (12)

When the end-effector trajectory (?, 7, ?) is prede-
fined, the generalized coordinates of motion and their
derivations ( ¢, 7), can be derived with inverting Eq. (12).
J € R¥* is not square and cannot be inverted directly. In
other words, the number of equations is less than the number
of unknowns in Eq. (12) and as a result, for inverting this
equation and finding J', some additional equations are
required as a complementary set. The first choice is dynamic
equations related to the deflection of the links. Adding these
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equations to Eq. (12) and rearranging the obtained equations
will result the following form:

(7.7,)
=) (P o) (.7))
J‘(?—J7T> "

In this case, the number of equations is less than the
number of unknowns in Eq. (12); therefore, for inverting
this equation and finding J' in Eq. (13) some additional
equations are required as a complementary set. The first
choice is dynamic equations that are governed on nodes of
elements in FEM in the elastic link Eq. (7).

The resulting equations Eq. (13) are not only highly
coupled and nonlinear, but also too lengthy, which makes it
extremely difficult to handle manually even for a less
degree of freedom manipulator with a low number of
elements.

6 Formulation of MADL for a predefined trajectory

The MADL of a flexible link mobile manipulator is defined
as the maximum load which the mobile manipulator can
carry in performing the trajectory with acceptable precision
for a pre-defined trajectory [7]. The emphasis on the
tracking accuracy is due to relaxation of the rigid body
assumption and to the fact that one of the main reasons for
the deviation from the desired trajectory is the flexibility in
links. This can be taken into account in MADL determina-
tion by imposing a constraint on the end-effector deflection,
in addition to the actuator torque constraint. Deflection of
the end-effector can cause excessive deflection from the
pre-defined trajectory, even though the joint torque con-
straint is not violated. By considering the actuator torque
and deflection constraints and adopting a logical computing
method, the maximum load carrying capacity of a mobile
manipulator for a given trajectory can be computed. The
algorithm is proposed for finding the MADL of the system
as shown in Fig. 1.

This algorithm illustrates computing procedure for
finding MADL by considering the manipulator workspace
and end-effector trajectory. The dynamic equations by
considering of an initial load are solved. Then, the actuator
torque and accuracy coefficients are computed for each
point of the discretised trajectory to find the associated
MADL. The computed MADL of each point can be plotted
versus the corresponding time. The minimum value of this
curve specifies the maximum dynamic load of robot
manipulator. If the difference between specified values for
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assume a value for m 15,q

v

Equations (6), (7)

equations of system
Couple equations (7), (12)

mass to find all generalized variables

Calculate 7, ,7,, Def,, & Def, using dynamic equations & Eq.(8)

correspond coefficients using Egs. (17), (19) and (21)
and m ,,4(i)=c(i)*m (i) for MADL

mlaad(i)' mlﬂad(i'l) <a
definite value

Fig. 1 Flowchart of the computational procedure

ml in two loops is less than a definite value, which is
specified by the user, the specified MADL will be exact,
otherwise the program jumps back to the first step and a
new initial mass of load ml is selected until all constraints
are satisfied.

7 Formulation of actuator torque constraint

The joint actuator torque constraint was formulated based
on the typical torque-speed characteristics of DC motors
[7]. Other actuation systems can be dealt with similarly.

Ut =k —kzq

i 14
U =—-k — kg ( )

where, k;=T, k,=T /o,, T is the stall torque and
is the maximum no load speed of the motor. U" and U™ are
the upper and lower bounds of the allowable torque. Using
the computational procedure the ith joint torque due to the
dynamics of a mobile vehicle and an n-link manipulator

and load can be computed for each point of the discretised
trajectory (To);, i=1, 2,... , n+m. Also, using Eq. (14) the
upper and lower bounds of motor torques can be found and
the available torque for the carrying load is then

;r = (U+)i = ()
F = (U) - @),

The maximum allowable torque at the ith joint is equal
to:

(15)

o =max {7, 7; (16)

Equation (16) remains valid for flexible manipulators
because the linearity between the force F acting on the end-
effector (a load can be modeled as an inertial force on the
tip) and corresponding joint torques T is preserved if small
deformations are assumed. Therefore, it is necessary to
introduce the concept of a load coefficient complying with
the actuator torque constraint which can be calculated for
each point j, of a given trajectory as follows:

(C.) S L R (17)
a): = =1l,z,....m

4 (@), /

where T, is the no-load torque. Physically, the load
coefficient (C,); on the jth joint actuator describes the
accessible torque for carrying the maximum load to the
torque which is applied for carrying the initial load.

8 Formulation of accuracy constraint

Deflection at end-effector could be attributed to both static
and dynamic factors, such as, link flexibility, joint
clearance, manipulator and load inertia. These factors are
configuration dependent and for this, MADL varies from
place to place on a given dynamic trajectory. A constraint
should be imposed in such a way that the worst case, which
corresponds to the least MADL, is used to determine the
maximum allowable load.

A given trajectory is first digitized into manipulator
points. No load deflection (Def,); and deflection with added
end-effector mass (Def,); are calculated for j=1,2,...,m,

e S3iven Trajectory
Lo N
N
AN

(Def,); -No load deflection
(Def,); -Add end effector mass
(Def); -Full load deflection

Fig. 2 Spherical boundary of end-effector deflection [7]
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Fig. 3 Initial condition for the
simulation

g + /Linlt 1

Link2

using the computational procedure outlined in Appendix
and Eq. (8). As seen in Fig. 2, the additional mass at the
end-effector changes both the magnitude and the direction
of the deflection. But as long as the magnitude of the
deflection is less or equal to an allowable value, the robot is
considered to remain capable of executing the given
trajectory. In other words, only the magnitude of deflection
(Def,,); and (Def); need to be considered.

This prompted the use of a spherical boundary of radius
R,, as the end-effector deflection constraint and the sphere is
centered at the desired position on the given trajectory.
Although (Def,); and (Def,); are generally vectors of
different directions, the magnitude increase due to the
added mass at the end-effector is linearly related to the
mass [7]. Therefore, the difference between the allowable

Table 1 Simulation of parameters

Parameter Value Unit
Length of links L,=L,=1.414 m

Mass m;=0.7, my,=0.5 Kg
Moment of inertia I,=1,=5.5¢-4 Kg.m2
Spring constant K;=15, K,=10 N.m
Actuator stall torque Ks;=18,Ks,=25 Nm.s/rad

@ Springer

(0.76,2 .38\)

(0.76,0.2)

——

/Path of the Base

-

Actuator |
Fig. 4 Schematic of robot and the desired path of end-effector

deflection and the magnitude of deflection by added end-
effector mass at point j:

R, — (Def.); (18)

can be regarded as the remaining amount of end-effector
deflection which can still be accommodated at point j of the
given trajectory. This remaining amount indicates how
much load can be carried through the point j without
violating the deflection constraint. Therefore it is necessary
to introduce the concept of a load coefficient (C,); for point
3, j=1,2,..m, as follows:

(C.), = R, — (Defe)j
“J max {Def,} — max {Def ,}

245r

24+ -

2.35-
Upper Bound

2.3

225+

Y(m)

22¢ Desired Load Path -~ Lower Bound

215+

21+
Actual Load Path

¥ 0 01 02 03 04 05 06 07 08
X(m)

Fig. 5 The desired and the actual load path
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—— Response of Rigid Link Robot

—— Response of Elastic Link Robot
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Fig. 6 Joint responses of 6, for rigid and flexible links

where
max {Def,} = max {(Defe)l, (Defe)y, - (Defe)m}
max {Def,,} = max {(Defn)l, (Defn)y, s (Defn)m}.
(20)

Finally the load coefficient (c) can be obtained as
follows:

c:min{(cp)j, (ca)j},j: 1,2,..,m. (21)

Then, the maximum mass that can be carried on the
given trajectory is mMjpyg = € X M.

9 Simulation results and discussion
In order to initially check the validity of the presented model,

the response of the system, with a high elastic constant (EI), at
the initial conditions corresponding to 8;=—90 deg and 6,=

1.66 T r T - - -
—— Response of Rigid Arm Robot
—— Response of Elastic Arm Robot

0 05 1 15 2 25 3 35
Time(Sec)
Fig. 7 Joint responses of ¢, for rigid and flexible links

Add End Effector Mass

10 8
s B
T Non-Load Torque
Z of 1
g s
g -
-
-10+ .
15} 1
-20 U- L 8
“o 05 1 1.5 2 25 3

Time (sec)

Fig. 8 Applied torques of the first motor

5 deg (Fig. 3) is simulated. The response of the system is in
agreement with the harmonic motion of an inelastic two-link
robot hanging freely under gravity. This problem is performed
again after considering the elasticity in links. The results are in
good agreement with a similar case done in [12].

Two additional simulations of the system are performed.
In the first test, a robot manipulator with elastic links is
considered. The end-effector and its load must track a
straight line with a predefined speed. In the second test,
MADL is found for a flexible robot manipulator in which
end-effector must move along a circular path. In both cases,
the mobile base of manipulator moves along a straight line
with a constant speed.

9.1 Test 1: MADL of a flexible mobile robot manipulator
with a linear path

This simulation study is performed to investigate the
efficiency of the procedure presented in Fig. 1 for

30

20}

-
=]

No Load Torque

Torque(N.m)
o

L
=

Add End Effector Mass
220}

30 05 ] 15 2 25 3 35

Time(s)
Fig. 9 Applied torques of the second motor
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1.2

MADL(Kg)
=1
[--1

0.4

- Maximum Load That Robot Can Carry

0 0.5 1 15 2 25 3 3.5
Time(Sec)

Fig. 10 Maximum allowable dynamic load (MADL)

computing the maximum allowable load of a mobile
manipulator. All required parameters are given in Table 1.

As mentioned earlier, the path of end-effector and its
payload is linear which starts from point (x;=0, y;=2 m) and
ends at a point with coordinate (x,=0.76 m, y,=2.38 m)
(Fig. 4). The velocity profile of the end-effector is as below:

v =at 0<r<T/4
V=Vmx 1/4<t<3T/4 (22)
v = —at 37/4<t<T

The permissible error bound for the load motion around the
desired path is limited to Re=0.03 m. A linear path is planed
for the vehicle, which starts from the origin and ends at (x,,=
0.76 m, yp;=0.2 m) with the velocity of V,=0.5 t. The
obtained path of the end-effector, considering link flexibility
is shown in Fig. 5 in comparison with the desired path. Also

Fig. 11 Schematic view of the /
flexible link planar manipulator 3
with mobile base /

o

Desired Path of Load

the joint angles of rigid and flexible link states are shown in
Figs. 6 and 7. The corresponding applied torques to the
manipulator actuators, are shown in Figs. 8 and 9. Finally,
Fig. 10 depicts the maximum load which can be carried by
the robot versus the total time for the final motion. Minimum
of this graph shows the maximum allowable dynamic load of
the robot system which is 0.25 kg.

9.2 Test 2: MADL of a flexible mobile robot manipulator
with a circular path

In this simulation, the computation of the MADL for a two-
link planar manipulator mounted on an XY table (Fig. 11)
is presented. The link parameters and inertia properties of
the manipulator were given in Table 2. In the inertial
reference frame, the XY table is capable of moving
1000 mm along the X-axis and 200 mm along the Y-axis.
Base velocity is V,=0.5 t. Also, it is assumed that the load
must move along a circular path. The centre of the circular
path coordinates with a radius r=50 cm, is at (x,=1 m; y.=
1 m) with origin at the lower-left corner of the XY table
(Fig. 12). The angular velocity of the end-effector is
180 deg /s with an overall time of the motion 1.5 s. By
this initial condition (given time and angular velocity) only
3/4 of a full circle will be tracked.

The base work space (BWS) was discretised into 20
equally-distance points in both traversing directions and
into 40 points in the load trajectory. The maximum
allowable error-bound at each point of the desired path
must lie on a sphere with the radius of 5 cm.

The obtained path which is tracked by the flexible robot
manipulator is compared with the desired path in Fig. 12.
The graph shows that, the accuracy constraint is violated

@ Springer
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Table 2 Parameters of two-link planar flexible manipulator

Parameter Value Unit
Length of links Li=L,=1.2 m
Mass m;=0.80, m,=0.80 Kg
Moment of inertia I,=1,=5.5¢-4 Kg.m2
Spring constant K;=17, K,=12 N.m

Actuator stall torque Ks;=12,Ks,=30 Nm.s/rad

between t=0.8 s and t=1.38 s. It can be concluded that the
assumed value for my.,q is more than the robot allowable
dynamic load and so another value for mj,,q must be
chosen. After correcting this value, the obtained load
trajectory satisfies the precision constraint.

Joint angles of rigid and flexible link robots are shown in
Figs. 13 and 14, for the final motion. The equivalent
maximum dynamic load versus time is shown in Fig. 15. In

this case, the maximum dynamic load is found to be 0.54 kg.

10 Conclusions

The main objective of this study was formulating the
MADL and determining the maximum allowable dynamic
load for flexible-link manipulators with a pre-defined
trajectory, using the finite element method. This was
achieved by imposing actuator torque capacity and end-
effector accuracy constraints to the problem formulation. In
simulation studies a two-arm planar manipulator mounted
on a mobile base was considered for carrying a load on two
predefined trajectory and examined in two test cases.

In the first case, none of the joint motors are required
to move at its full capacity until just before t=2.5 s when

1.6
........... —— Desired Path
'''' /" Flexible robol path
14 . --=- Lower Bound

>\~ Upper Bound
LY

1.2

Y (m)

08

06

0'3.4 06 OI.B ‘i 12 14 1:6 18 2
X (m)
Fig. 12 Comparison of flexible joint robot path with respect to
desired path

— (Flexible Links)
— (Rigid Links)

Time (sec)
Fig. 13 Joint responses of ; for rigid and flexible links

torque in the joint 1 increases and approaches the upper
bound. It can be concluded that actuator torque capacity
is the dominant constraint for determining the maximum
allowable load of the motion because the elastic trajectory
is almost far from the bounds, and then the precision
constraint is not the determining factor in this case. In the
second case, the maximum dynamic load is determined to
be 0.54 kg in t=0.9 s. In the first attempt, the accuracy of
the end-effector is violated. As mentioned in the
procedure of finding the MADL, either my,,q can be
modified on the second try or the base trajectory can be
changed without changing the end-effector trajectory.
Therefore, in the mobile base manipulator there is another
alternative for carrying more loads in comparison with
fixed base robots.

3
— @2(Flexible Links)
— @2(Rigid Links)
~
S
%ﬂ
2 .
1 K I 1 1
50 05 1 15
Time (Sec)

Fig. 14 Joint responses of 6, for rigid and flexible links
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45 T ! T It is convenient to express the vector 77, in terms of a
" _[M“'"‘”“‘A"Mb'e D)'“"’“" L“d i N | vector 7 in the body-fixed system of coordinates O;X;Y
5 5 i and 7 in inertia reference frame.

351 T T =T+ TN, (A=2)

3 T . X0 N =Dl +xy 1 cosf; —sinb,
925 where Vo:{o}-, rl:{ Yy }’Toz[sinﬁl cos@l}
o and 0; is the joint angle between O;X; and OX. The
< 2 -  displacement y;; can be described in terms of shape

"'Z"}}}EE&E';EISHKQ""""_
0 0.5 1 15
Time (Sec)
Fig. 15 Maximum allowable dynamic load

Appendix A
A.1 Model development for a two-link manipulator

Consider a two-link flexible manipulator as depicted in
Fig. A.1. The mobile base can move in the XY plane, but
for the sake of simplicity and avoiding massive computa-
tional procedure, only motion in the x-direction is consid-
ered as the only degree of freedom of the base in the
following computations.

Consider link 1 to be divided into elements ‘11°12’,...,
‘15,...In;” of equal length 1;, and link 2 to be divided into
elements ‘21°,22°,...,°27",...2n,” of equal length 1,. Let us
define the following notation where subscript i refers to link i,
and subscript ij refer to the jth element of link i:

OXY is inertia system of coordinates, O;X;Y; is body-
fixed system of coordinates attached to link i. u,;—; flexural
displacement at the common junction of elements 1(j—1)
and 1j of link 1. uy; flexural slope at the tip of common
junction of elements ‘1(j—1)’ and ‘1j” of link 1. This slope
is measured with respect to axis O;X;. wyj1, W»;j flexural
displacement and slope at the common junction of elements
2(j—1)" and “2j’ of link 2. This slope is measured with
respect to axis O,X, and n;, n, are number of elements of
links 1 and 2, respectively.

A.2 Kinetic energy computation
A.2.1 Kinetic energy for an element ‘1’ of link 1

The kinetic energy T,; for the jth element of link 1 may be
computed as:

1 h orT  Or
Ty = — = s
b 2/0 m [ ot 8t}dxl’

@ Springer

(A-1)

functions of a beam element ¢y (x;;) as:
4
yy(xy.1) = Z¢k (1)) uzj24k(t).
k=1

¢k (x15) can be found in FEM context. From Egs. (A-2)
and (A-3), we have:

[ o] ]
(9)(0
rag
00,

. T
or
|:(9u2j,1 :|

CoqT
ar
L | Ougja |

(A—3)

ot or_ .
ot 0Ot

Z.

I
XN

AR S
8)6() 891 8142]-_1 6u2j+2

(A—4)

where z = [xo 01 uzi_1 uyj Uit quz]T.Thus, from
Egs. (A-1) to (A-4), the kinetic energy Ty; of element ‘1j’
may be expressed as:

1.7 .
Iy =52 My (A—=5)
where
b\ o7
Mlj(i,k) = / mq () 7d)€1j,
0 8Zj,' aij (A — 6)
ihk=1,2,..,6

and z; is the ith element of z;. It can be shown that M; is:

My(1,1)  My(1,2) My;(1,6)
My;(2,1) My(2,2) M;(2,6)

= : : (A=7)
M;(6,1) M;(6,2) P;

where Pj; is the general mass matrix of beam element which
can be found in FEM contexts. Other elements of M;; can
be calculated using Eq. (A-6) as follow:

M]j(l,l):m]Ll
B e B
Mlj(1,2)m1<2(] 1)1} sin6, 7m1005911//1j{§ I Eiﬁ}
(A—38)

with vy = [uzj,l Uyj Uiy uzﬁz]. Other elements of Mj;
can be found completely in [13].
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A.2.2 Total kinetic energy of link 1

As link 1 divided into n; elements, the total kinetic energy
of link 1 is computed by adding over all elements ‘1j> of
link 1,

ny l T

ZTI/ Z M ‘ 291M151 (A-9)

where

~ ~71T
g1 = [xo0,01, w]",
~ T
Wi =[u1 up uz us - Uop 1 Udm, Uzp1 Uop 42

(A —10)
M, is a generalized inertia matrix that is assembled from
n mass matrices of n elements for link 1.

A.2.3 Kinetic energy for an element ‘2j’ of link 2

The kinetic energy T»; for jth element of link 2 may be
computed using Egs. (A-5) and (A-6) by considering an
appropriate 7 vector as below:

where T, 01 was described in Eq. (A-2). T, 12 is the transfor-
mation matrix between body-fixed system of coordinates,
0:X;Y; and O,X,Y, which are attached to the first and
second link, respectively, with angle of 6 + uy,42
(Fig. A.1). y,; may be computed as:

4

=>_ i

i=4

y2j X t WZ/ 2+i t) (A - 12)

From Egs. (A-11) to (A-12), it can be concluded that 7
is independent of u; for i=1,2,...2n;.

After some mathematical simplifications and assuming
that ¢ = 0, + u»,,+» and using of extended transformation
matrix, we can write the position of each point on jth
element in the second link as:

cos(0y+q) —sin(g+61) x| [(G—Dh+xy
7= |sin(g+6;) cos(g+6;) 0 Vy
0 0 1 1
Ly cosf; — uyy118in6,
+ | Ly Sin91+142,,1+100891
0
(A —13)
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Then, T,; in Eq. (A-5) may be expressed as:

1.7

Iy =55 My, (A—14)
where
ZjT = [xo 01 uop 11 Uz 12 02 l//gj:|a and

(A 15)

T
Vo = [sz—l Waj Wajtl W2.i+2]'

Hence, the mass matrix My; is a (9*9) matrix which its
elements can be computed by the following equation
routinely:

Lo o7
My (i k :m/ {—} —dxy;
2/( ) 2 ) 3Zji %

(A —16)
where z;; is the ith element of z;.
A.2.4 Total kinetic energy for link 2
The kinetic energy T, for link 2 is computed by summing

over all elements ‘2j’ of link 2, i.e.,

ny ny 1 T .

1. . T
Ty=) Ty=) &My =0 M4
J=1 J

(A—17)

where

~ ~ 7T
G2 = [x0 01 41 Uzn 11 02 W5 |, and

~ T
Wy =[Wi wa o W1 Wany g2

A.3 Potential energy computation
The potential energy for the overall system is obtained by

computing the potential energy for each element of the
assemblage and adding over all the elements.

A.3.1 Potential energy for a single element ‘1j’ of link 1
Considering OX as the reference, the potential energy Vj;

of element ‘1j* of link 1 comprises two components, V;
due to gravity and V;; due to elasticity. Considering that

@ Springer

the mobility in xo direction does not have any effects on
Vi, the potential energy of element ‘1j’ of link 1 becomes:

Vij=Veij + Ve
N . X
0 Y
2
1[0 Py
— ET L dxys A—18
+ 2 /0 ! 8xfj 8l ( )

By substituting for y;; from Eq. (A-3) and taking
integrative with respect to time, the elemental potential
energy becomes:

1
Vij = 2 l//1Tjklj Vi

P\
=28
i 4 4 i
S Uzj—1 + yUzj + YUl — Ty Ugjt2
(A-19)

+mgl0 17,

where y; is defined in Eq. (A-8), and Kj; is stiffness
matrix of beam element.

A.3.2 Total potential energy for link 1

Since link 1 comprises n; elements, its total potential
energy is:

n 1 212]
=Y ry=mglo 17y |2"L
g 180 1]7; [Rovq

1,
TS ViK1V

5 (A —20)

where y, is defined in_Eq. (A-10) and R = [11 0|

1
o) o fh o h—1ti].

The element of 12'1, the general stiffness matrix and can
be found in [13].

A.3.3 Potential energy for a single element 2j’

Considering again OX as the reference, the potential energy
Vo of the jth element of link 2 is the sum of two



Int J Adv Manuf Technol (2008) 36:606—617 617
components. One is due to gravity and the other is due to
elasticity of system, i.e.,
2
h L — 1)l + xo; 1 (" 0y
sz:/ myg[0 1][T01[ : ]+T01T12{(’ ) f”dx2j+—/ EI, yj«' dx
0 Uy +1 Yoy 2 Jo Oy (A —21)

L
= myg[0 1] Tol{ ! ]12+T(}T12

Up, +1

(-8

2 /
Fwoi1 5 W+ 3 W1 — F Wi

1 7
2 =+ 2 VoiKoi Vo

where 1,; is given in Eq. (A-15).
A.3.4 Total potential energy for link 2

Summing over all elements ‘2j° of Link 2, the total
potential energy of this link becomes:

vy = Z Vo
=1

L 1,272
=mygl0 1] [Tg |:u2nl+l}n212 + Iy T} [21;?3/22”

L,
+EW2 K> v,

(A —22)

W2n2+2] and R]Z[lz 0|

where y, =[w; w
04—l

|l 0] ... |k 5 1o
The elements of K, can be found in [13].

A.4 Boundary condition

In this simulation, it is assumed that the link 1 is
constrained to have no displacement and angular displace-
ment at the beginning due to body-fixed axis O;X; (Fig. A.1).
It other words, the boundary variables u; and u, must be zero,
ie, ui(t)=0 and u,(t)=0. The second link has similar
boundary condition and has no displacement and angular
displacement at the beginning due to O,X,. Hence, the
constraint variables w; and w, must be equal to zero, i.e.,
w1(t)=0 and w,(t)=0. It must be considered that both links
have angular displacements 6, and 6, with their body-fixed
axis.
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