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Abstract This study presents a design methodology for
grinding a specific helical drill on a CNC 6-axis grinding
machine. The proposed methodology comprises three steps:
(1) deriving a mathematical model of the helical drill, (2)
establishing the ability matrix of the multi-axis grinding
machine according to Denavit-Hartenberg (D-H) notation,
and (3) constructing configuration matrices to express the
required grinding wheel positions and orientations while
machining the flute and flank surfaces of the drill. The NC
data for the motion values of each axis are obtained by
equating the corresponding elements of the CNC ability
matrix and the configuration matrices of the grinding
wheel. To verify the proposed methodology, a designed
helical drill is machined on a 6-axis CNC tool-grinding
machine. The methodology presented in this study inte-
grates the drill design and manufacturing activities, thereby
making possible the implementation of a more flexible,
automatic, cost efficient and controllable design and
production process.

Keywords Helical drill .

Denavit-Hartenberg (D-H) notation . Grinding

Nomenclature
(xyz)0 coordinate frame (xyz)0 built in drill
(xyz)t coordinate frame (xyz)t built in grinding

wheel
(xyz)c coordinate frame (xyz)c built in helical

grinder mechanism

0At configuration matrix of grinding wheel frame
(xyz)t with respect to drill frame (xyz)0

tq generating curve of grinding wheel
tn unit normal vector of grinding wheel
rflute,i ith drill flute surface
nflute,i unit outward normal vector of ith drill flute

surface
Rflank,i ith drill flank surface
η required spindle rotation angle
A, B, C, X, Y,
Z

desired NC data for six axes of grinding
machine

1 Introduction

Micro-drills usually have a high length-to-diameter ratio
(less than 0.5 mm in diameter and the aspect ratio is larger
than 10), and are therefore suitable for producing deep
holes. However, due to the small physical size of these
drills, conventional point geometries, such as conical [1],
spiral [2], cylindrical [3], multi-facet [4], etc. cannot be
reproduced. Lin [5] proposed a mathematical model for the
helical drill point and investigated the particular character-
istics of this type of drill. It was shown that helical drill
points provide a superior cutting performance in drilling
operations, particularly in micro-hole drilling. However, the
mathematical model proposed for grinding the helical drill
could not be directly applied to machining on a multi-axis
machine tool. Hsieh [6] also developed a helical point
mathematical model based on the relationship between the
helical drill point geometry and the grinding parameters.

The current study extends the mathematical model
presented in [6] to grind a specific helical drill using a
multi-axis CNC machine tool. The proposed design
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methodology comprises three steps: (1) deriving a mathe-
matical model for the helical drill, (2) constructing the
ability matrix of the multi-axis CNC machine tool, and (3)
establishing configuration matrices to express the required
grinding wheel positions and orientations while grinding
the flute and flank surfaces of the drill. To validate the
proposed methodology, a specific helical drill is ground in
accordance with the developed algorithm on a 6-axis CNC
tool-grinding machine tool.

In this paper, the point vector axiþ ayjþ azk is written
as a column matrix ja ¼ ax ay az 1½ �T , where the pre-
superscript ″j″ of the leading symbol, ja, indicates that the
vector is defined with respect to the coordinate frame (xyz) j.
Given a point ja, its transformation, ka, is represented by the
matrix product ka ¼ kAj

ja, where kAj is a 4×4 matrix
defining the position and orientation (referred to hereafter
as the “configuration”) of the frame (xyz)j with respect to a
second frame (xyz)k. The same notation rules are also
applied to the unit directional vector, i.e. jn ¼ nx½ ny nz 0�T .

Note that for reasons of simplicity, the pre-superscript ″0″ is
omitted if a vector is referred to the drill frame (xyz)0.

2 Drill design

This section of the paper reviews the helical drill design
proposed in [6]. An important feature of any grinding
wheel is the unit normal vector, tn, along the working
surface, tr. The working surface of a helicoid grinding
wheel can be obtained from its generating curve, tq ¼
hi 0 f hið Þ 1½ �T (where parameter hi varies over a
specified range), in the xt-zt plane rotation as it advances
along the symmetrical zt axis (see Fig. 1). Consequently, the
working surface of the tool, tr, and its unit normal, tn, with
respect to the tool frame, (xyz)t, can be expressed as:

tr ¼ hiCvi hiSvi f hið Þ þ k0vi 1½ �T ð1Þ

tn ¼ nx ny nz 0½ �T

¼ @tr

@hi
� @tr

@vi

,
@tr

@hi
� @tr

@vi

����
���� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k20 þ h2i 1þ f 0 hið Þ2
h ir k0Svi � hif 0 hið ÞCvi �hif 0 hið ÞSvi � k0Cvi hi 0½ �T ð2Þ

where C and S denote cosine and sine, respectively, and
k0 ¼ H=2π, where H is the pitch of the helix.

Although these equations relate to a helicoid grinding
wheel, they can also be used to define an arbitrary
revolution shape if k0 is set to zero and its generating
curve is given by qt ¼ x hð Þ 0 z hð Þ 1½ �T.

The geometry of the helical groove depends not only on
the tool shape, but also on the machine setting parameters.
Applying conjugate surface theory to determine the ith drill
flute (Fig. 2), the following matrix can be obtained to
describe the motion of the grinding wheel frame, (xyz)t,
relative to the drill frame, (xyz)0:

0At;i ¼ Rot x; 1800ð ÞTrans 0; 0; azð ÞRot z; qi ¼ Ωt þ 1800 i� 1ð Þð ÞTrans ax; 0; 0ð ÞRot x; lð ÞRot y;að Þ

¼
CqiCa � SqiSlSa �SqiCl CqiSa þ SqiSlCa �axCqi
�SqiCa � CqiSlSa �CqiCl �SqiSa þ CqiSlCa �axSqi

ClSa �Sl �ClCa �az

0 0 0 1

2
664

3
775 ð3Þ

where parameters α and 1 define the tool orientation
required to generate the desired flute shape and the value of
1800(i−1) gives the initial angular position of the tool
required to produce the 1st and 2nd flutes. During
machining, the grinding wheel rotates with an angular
velocity Ω and advances simultaneously along the z- and x-
axes of the drill frame (xyz)0, with its position on the two
axes defined by the displacement vectors az=k3Ωt and
ax ¼ ax0 þ k1Ωt, respectively. Since the ith drill flute is

generated in accordance with the principles of conjugate
surface theory, the conjugate points and the complete flute
profile can be determined from:

nTi
d rið Þ
dt

¼ 0A t
t;i r

� �
T d 0At;i

tr
� �
dt

¼ 0 ð4Þ

where ri and ni are the flute surface equation and the unit
outward normal with respect to frame (xyz)0, respectively.
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At the conjugate point, the parameters h and v (denoted as h
and n, respectively) are related by:

� x h
� �

x0 h
� �þ z h

� �
z0 h
� �� �

Sl� z0 h
� �

axSlSa þ k1Ca � k3ClSað Þ	 

Cn

� x h
� �

x0 h
� �þ z h

� �
z0 h
� �� �

ClSa þ z0 h
� �

axClþ k3Slð Þ	 

Sn

�x0 h
� �

axSlCa � k1Sa � k3ClCað Þ ¼ 0
ð5Þ

The ith flute surface, rflute,i, is obtained by substituting
Eq. (5) into Eq. (1), and then transforming tr to frame
(xyz)o via the transformation rflute;i ¼0 A t

t;i r, i.e.

rflute;i ¼ rix riy riz 1½ �T

¼
x h
� �

CqiCa � SqiSlSað ÞCn � x h
� �

SqiClSn þ z h
� �

CqiSa þ SqiSlCað Þ þ axCqi
�x h

� �
SqiCa þ CqiSlSað ÞCn � x h

� �
CqiClSn þ z h

� � �SqiSa þ CqiSlCað Þ � axSqi
x h
� �

ClSaCn � x h
� �

SlSn � z h
� �

ClCa � k3Ωt
1

2
664

3
775 ð6Þ

To obtain an expression for the ith flank surface, it is
first necessary to derive the helicoid working surface of the

form-grinding tool. In generating the ith flank surface, the
relative configuration of the drill frame, (xyz)0, with respect

Fig. 1 Generating curve and its
unit outward normal vector [6]
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to the tool frame, (xyz)t, can be obtained by the following
movements (Fig. 3):

tA0 ¼ Trans 0; 0;�Lð ÞRot y;yð ÞTrans 0; 0;wð ÞTrans 0;�g; 0ð ÞRot z; bi ¼ b0 þ 1800 i� 1ð Þ� �

¼

CyCbi �CySbi Sy wSy

Sbi Cbi 0 �g

�SyCbi SySbi Cy wCy � L

0 0 0 1

2
6664

3
7775 ð7Þ

If the precise center of the flank surfaces is to lie at the origin
of the drill frame, (xyz)0, the fourth column of Eq. (7) must
coincide with a point (denoted as hdCvd hdSvd f hdð Þþ½
k0vd1�T ) on the working surface. As a result, two constraints
exist between the parameters vd, hd, g, L, and w, namely:

Tan ndð Þ ¼ �g

wSy
ð8Þ

L ¼ wCy � f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2S2y þ g2

p� �
� k0nd ð9Þ

Finally, the ith flank surface, as expressed in the drill
frame (xyz)0, can be obtained by transforming the grinding
tool working surface given in Eq. (1) to frame (xyz)0, i.e.

Rflank;i ¼0 At
tr

¼
Rix

Riy

Riz

1

2
664

3
775 ¼

hi CβiC=Cνi þ SβiSνi½ � � f hið Þ þ k0νi þ L½ �CβiS=þ gSβi

hi �SβiC=Cνi þ CβiSνi½ � þ f hið Þ þ k0νi þ L½ �SβiS=þ gCβi

hiS=Cνi þ f hið Þ þ k0νi þ L½ �C=� w
1

2
664

3
775 ð10Þ

Figure 4 presents the transverse section of a simulated
helical drill at riz=0 (the core radius is 0.913). In this case, it
is assumed that machining was performed using a bevel-type
grinding wheel (see Fig. 5) with the generating curve derived
in Appendix A and the following grinding parameters: α=
100, 1=380, R=6, k1 ¼ 1:599=4p, k3 ¼ 65=2π, and ax0=
49.8 (note that the length units used here (and hereafter) are

mm). Figure 6 presents the front-end view of a simulated
helical drill having the flute shapes shown in the cross-
section of Fig. 4 machined using a form-grinding tool for
which the generating curve is the line segment tq ¼
hi 0 38� hið Þ½ �

tan 300ð Þ1�T . In this case, the grinding
parameters are: y=290, g=8.205, w=87.065, L=152.919,
k0=11.937 and β0=3

0.

Fig. 2 Cutting helical groove of helical drill [6]
Fig. 3 Grinding of drill flank surfaces using form_grinding tool [6]
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3 Ability matrix of tool-grinding machine

The grinding of helical drills is a complicated task that
depends strongly type of tool-grinding machine employed.
To determine the NC data to grind the helical drill, it is
necessary establishing the ability matrix of the tool-
grinding machine. This paper considers the case of an
Ewag 6-axis CNC tool-grinding machine (see Fig. 7).
Table 1 presents the various link parameters of this CNC
machine according to Denavit-Hartenberg (D-H) notation.

The relative position and orientation of the spindle frame
xyzð Þ6 with respect to the frame xyzð Þ0 can be expressed as:

0A6 ¼0 A1
1A2

2A3
3A4

4A5
5A6

¼

Cq1Sq2Sq6 � Sq1Cq6 Cq1Cq2 �Cq1Sq2Cq6 � Sq1Sq6 �a6Sq1Cq6 þ a6Cq1Sq2Sq6 þ b5Cq1Cq2 � b4Cq1Sq2 þ b3Sq1 þ a1Cq1
Sq1Sq2Sq6 þ Cq1Cq6 Sq1Cq2 Cq1Sq6 � Sq1Sq6Cq6 a6Cq1Cq6 þ a6Sq1Sq2Sq6 þ b5Sq1Cq2 � b4Sq1Sq2 � b3Cq1 þ a1Sq1

Cq2Sq6 �Sq2 �Cq2Cq6 a6Cq2Sq6 � b5Sq2 � b4Cq2 þ b1
0 0 0 1

2
6664

3
7775

ð11Þ

where:

i�1Ai ¼
Cθi �SθiCαi SθiSαi aiCθi
Sθi CθiCαi �CθiSαi aiSθi
0 Sαi Cαi bi
0 0 0 1

2
664

3
775

Once the drill blank has been arbitrarily clamped in the
clamping head, the position and orientation of the drill
frame, (xyz)0, with respect to the frame xyzð Þ0 are given

by:

0A0 ¼
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775 ð12Þ

From Fig. 8, it can be seen that the configuration matrix
(relative orientation and position) of the tool frame, (xyz)t,

Fig. 4 Transverse section of helical drill at riz=0

Fig. 5 Generating curve of bevel–type grinding wheel
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with respect to the spindle frame, xyzð Þ6, can be expressed
as:
6At ¼ Rot z; 1800

� �
Rot y; 900

� �
Trans 0; 0; dð ÞRot z; ηð Þ

¼

0 0 1 d

�Sη �Cη 0 0

�Cη Sη 0 0

0 0 0 1

2
6664

3
7775

ð13Þ
where d is the offset between the origins of frames xyzð Þ6
and (xyz)t, respectively, and η is the required spindle
rotation. The configuration matrix of the grinding wheel

frame, (xyz)t, with respect to the drill frame, (xyz)0, can be
obtained as:

0At ¼ 0A0A6
6At

¼

0Itx 0Jtx 0Ktx
0Ptx

0Ity 0Jty 0Kty
0Pty

0Itz 0Jtz 0Ktz
0Ptz

0 0 0 1

2
6664

3
7775 ð14Þ

Equation (14) is the ability matrix, 0At, of the tool-
grinding machine. The elements of this matrix are given in
Appendix B.

4 NC data for flank grinding

In the grinding process shown in Fig. 3, the drill is fixed as
the grinder moves. Due to the limitations of current
manufacturing technologies, helicoid surface grinding
wheels do not actually exist. Hence, when using a CNC
grinding machine to form the helical flank, a simple
generating curve of tq is generally used. Under these
machining conditions, the grinding wheel can be consid-
ered as a dresser and the drill blank as a clamped tool. If the
dresser (grinding wheel) can successfully dress the shape of

Fig. 6 Front–end view of flanks and major cutting edges of helical
drill

Fig. 7 Ewag CNC 6–axis
tool–grinding machine

Table 1 Kinematic parameters of tool-grinding machine

Pa./Link 1 2 3 4 5 6

bi b1 0 b3 b4 b5 0
θi θ1 θ2 0 −900 0 θ6
ai a1 0 0 0 0 a6
αi −900 1800 −900 −900 00 −900
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the helicoid grinding wheel, then it can also grind the
desired flank shape.

To produce the helicoid surface shown in Fig. 3, it is
first necessary to establish the coordinate system assign-
ments and to define the grinding parameters. The initial
position of the origin, oc, located at the intersection of the
grinding wheel spindle axis and the helical axis, zc, is
assigned in the (xyz)c coordinate system, where the frame
(xyz)c is considered to be a helical mechanism. In other
words, during flank surface grinding, the frame (xyz)c
rotates with respect to the zc axis and advances along the zc
axis in accordance with the helix pitch, H. From Fig. 9, it
can be shown that the position and orientation of the
grinding wheel, (xyz)t, with respect to the frame(xyz)c are
given by:

cAt ¼ Rot z;�Γð ÞTrans 0; 0;�k0Γð ÞRot y; xð ÞTrans 0; 0; rð ÞRot z;�nð Þ

¼
CΓCxCn � SΓSn CΓCxSn þ SΓCn CΓSx rCΓSx
�SΓCxCn � CΓCn �SΓCxSn þ CΓCn �SΓSx �rSΓSx

�SxCn �SxSn Cx rCx� k0Γ
0 0 0 1

2
664

3
775 ð15Þ

where v is the polar angle of the working generating curve
tq of the grinding wheel and parameters x and ρ define the
relative positions and orientations, respectively, of frames
(xyz)c and (xyz)t.

From Fig. 8, it can be seen that a generating curve cq of
the helicoid surface can be obtained by using a grinding

wheel with the same generating curve. The desired flank
shape can then be ground by positioning the drill blank on
the face of the grinding wheel (see Fig. 10).

The position and orientation of the frame (xyz)c with
respect to the frame (xyz)0 (compare (xyz)c with the frame
(xyz)t in Fig. 3) are given by:

0Ac ¼ Rot z;�bið ÞTrans 0; g; 0ð ÞTrans 0; 0;�wþ "ð ÞRot y;�yð ÞTrans 0; 0; Lð Þ

¼

CyCbi Sbi �SyCbi �LSyCbi þ gSbi
�CySbi Cbi SySbi LSySbi þ gCbi

Sy 0 Cy LCy � ðw� "Þ
0 0 0 1

2
6664

3
7775 ð16Þ

where βi ¼ β0 þ 1800 i� 1ð Þ and the parameter ɛ is the
machining allowance during the grinding process. Note that
over cutting will occur if ɛ<0.

The product of the matrices given in Eq. (15) and Eq. (16)
gives the configuration matrix of the grinding wheel frame,
(xyz)t, with respect to the drill frame, (xyz)0, i.e.
0At ¼ 0Ac

cAt ð17Þ

The link variables of the current 6-axis CNC machine
can be solved and the spindle rotation angle, η, obtained by
equating the corresponding elements of Eqs. (14) and (17).
However, solving this matrix equation is difficult, and
hence both sides of the equation are multiplied by
5A6

6At

� ��1
to give:

0A5 ¼
�Sθ1 Cθ1Sθ2 Cθ1Cθ2 b5Cθ1Cθ2 � b4Cθ1Sθ2 þ b3Sθ1 þ a1Cθ1
Cθ1 Sθ1Sθ2 Sθ1Cθ2 b5Sθ1Cθ2 � b4Sθ1Sθ2 � b3Cθ1 þ a1Sθ1
0 Cθ2 �Sθ2 b5Sθ2 � b4Cθ2 þ b1
0 0 0 1

2
664

3
775 ¼

I
0
x J

0
x K

0
x P

0
x

I
0
y J

0
y K

0
y P

0
y

I
0
z J

0
z K

0
z P

0
z

0 0 0 1

2
664

3
775 ð18Þ

Fig. 8 Tool setting on
tool–grinding machine
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Note that the elements of this equation are given in
Appendix C.

From element (3,1) of Eq. (18), the spindle rotation
angle, h 00 � h � 1800ð Þ, can be solved by:

I 'z ¼ � SyCΓSxþ CyCxð ÞCq6 � Sy CΓCxCn � SΓSnð Þ � CySxCn½ �ChSq6
þ Sy CΓCxSn þ SΓCnð Þ � CySxSn½ �ShSq6 ¼ 0

ð19Þ

Equating the third and fourth columns of Eq. (18), the
link variables of the machine are obtained as:

θ1 ¼ tan�1 �I
0
x

.
I
0
y

� �
ð20Þ

θ2 ¼ tan�1 �K'z

.
J 'z

� �
ð21Þ

b3 ¼ a6 � d þ r� gSΓSxþ h� k0Γð ÞCx½ �Cq6
þ g �SΓCxCvCh� CΓSvChþ SΓCxSvSh� CΓCvShð Þ þ h� k0Γð ÞSx SvSh� CvChð Þ½ �Sq6 ð22Þ

b4 ¼ a6 � d þ rþ h� k0Γð ÞCx� gSΓSxð ÞSq6 þ h� k0Γð ÞSxCnCh� h� k0Γð ÞSxSnSh� gSΓCxSnShþ gSΓCxCnChþ gCΓCnShþ gCΓSnCh½ �Cq6½
þ a1 SyCΓCxCn � SySΓSn � CySxCnð ÞShþ a1 SyCΓCxSn þ SySΓCn � CySxSnð ÞCh
� w� "þ b1ð Þ SyCΓSxþ CyCxð ÞSq6 þ w� "þ b1ð Þ SyCΓSxCn � SySΓSn � CySxCnð Þ
ChCq6 � w� "þ b1ð Þ SyCΓCxSn þ SySΓCn � CySxSnð ÞShCq6

ð23Þ

b5 ¼ a1 SyCΓSxþ CyCxð ÞSq6 � a1 SyCΓCxCn � SySΓSn � CySxCnð ÞCh� SyCΓCxSn þ SySΓCn � CySxSnð ÞSh½ �Cq6
þ w� "þ b1ð Þ SyCΓCxCn � SySΓSn � CySxCnð ÞShþ SyCΓCxSn þ SySΓCn � CySxSnð ÞCh½ �
þ h� k0Γð ÞSx SnChþ CnShð Þ � gSΓCx SnChþ CnShð Þ � gCΓ CnCh� SnShð Þ

ð24Þ

In Fig. 7, when q1 ¼ 2700, q2 ¼ 00 and q6 ¼ 900, and
the origin of frame (xyz)t coincides with the origin of the

drill frame, (xyz)0, the configuration of frame (xyz)t with
respect to (xyz)0 is given by:

0At ¼
�Cη Sη 0 0
Sη Cη 0 0
0 0 �1 0
0 0 0 1

2
664

3
775 ¼

�Cη Sη 0 b3
Sη Cη 0 �a1 � b5
0 0 �1 �d þ a6 � b4 þ b1
0 0 0 1

2
664

3
775 ð25Þ
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By equating the corresponding elements of Eq. (25), the
following expressions for the joint variables can be
obtained:

q10 ¼ 2700 ð26Þ

q20 ¼ 00 ð27Þ

b30 ¼ 00 ð28Þ

b40 ¼ a6 þ b1 � d ð29Þ

b50 ¼ �a1 ð30Þ

q60 ¼ 900 ð31Þ

The NC data equations of the A, B, C, X, Y and Z axes
required to produce the flank surfaces can then be obtained
from the corresponding differences between the joint
variables q1, q2, b3, b4, b5, q6 and q10, q20, b30, b40, b50,
q60, respectively, i.e.

X ¼ b5 � b50 ð32Þ

Y ¼ � b3 � b30ð Þ ð33Þ

Fig. 9 Coordinate system assignments and grinding parameter
definitions for helical grinding method

Fig. 10 Grinding flanks using bevel grinder Fig. 11 A helical drill
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Z ¼ � b4 � b40ð Þ ð34Þ

A ¼ q6 � q60 ð35Þ

B ¼ q2 � q20 ð36Þ

C ¼ q1 � q10 ð37Þ

Equations (32)–(37) yield the NC code necessary to
produce the drill flanks on the 6-axis Ewag CNC tool-
grinding machine considered in this study. (Note that the
methodology for obtaining the NC data required to grind
the drill flutes is presented by Hsieh and Lin in [7]).

5 Implementation

To demonstrate the validity of the proposed methodology,
the helical drill designed in Section 2 was ground on the
6-axis Ewag CNC tool-grinding machine using a bevel-
type grinding wheel with the generating curve given in
Eqs. (A1–A5) and the grinding parameters indicated in
Section 2. It is noted that the flank grinding parameters
in Fig. 10 were respectively set as x=2400,⍴=−(9+30C300)%
v=−900. Figure 11 presents drill points ground based on
helical flank surface. When Figs. 6 and 11 are compared, it is
clear that a satisfactory agreement phenomenon occurs
between the simulated drill and the ground drill. Therefore,
the ability of the proposed methodology to provide a
satisfactory description of a helical drill is confirmed.

6 Conclusion

This paper has presented a methodology for obtaining the
NC data required to grind a helical drill using a 6-axis CNC
tool-grinding machine. In the proposed approach, homog-
enous transformation matrices are employed to develop the
ability matrix of the tool-grinding machine and to deter-
mine the desired cutter locations. The NC data equations
are then obtained by equating the corresponding elements
of the ability matrix and the cutter location matrices.
Applying the proposed modeling process, an illustrative
example has been presented to validate the performance of
the proposed methodology. The proposed approach inte-
grates the design and manufacturing activities, thereby
making possible a more flexible, automatic, and controlla-
ble production process.
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Appendix A

0 e h e h1
xt ¼ h
zt ¼ 9:

�
ðA1Þ

h1 e h e h2
xt ¼ h1 þ R1S

h�h1
R1

� �
zt ¼ 9:� R1 þ R1C

h�h1
R1

� �
8<
: ðA2Þ

h2 e h e h3
xt ¼ h1 þ

ffiffi
3

p
R1
2 þ h�h2

2

zt ¼ 9:� R1
2 �

ffiffi
3

p
h�h2ð Þ
2

(
ðA3Þ

h3 e h e h4
xt ¼ h1 þ

ffiffi
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Appendix B

0Itx ¼ �Cq1Cq2Shþ Sq1Sq6 þ Cq1Sq2Cq6ð ÞCh ðB1Þ

0Ity ¼ �Sq1Cq2Sh� Cq1Sq6 � Sq1Sq2Cq6ð ÞCh ðB2Þ
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0Itz ¼ Sq2Shþ Cq2Cq6Ch ðB3Þ

0Jtx ¼ �Cq1Cq2Ch� Sq1Sq6 þ Cq1Sq2Cq6ð ÞSh ðB4Þ

0Jty ¼ �Sq1Cq2Chþ Cq1Sq6 � Sq1Sq2Cq6ð ÞSh ðB5Þ

0Jtz ¼ Sq2Ch� Cq2Cq6Sh ðB6Þ

0Ktx ¼ Sq1Cq6 � Cq1Sq2Sq6 ðB7Þ

0Kty ¼ �Cq1Cq6 � Sq1Sq2Cq6 ðB8Þ

0Ktz ¼ �Cq2Sq6 ðB9Þ

0Ptx ¼ a6 � dð ÞCq1Sq2Sq6 � a6 � dð ÞSq1Cq6
þ b5Cq1Cq2 � b4Cq1Sq2 þ b3Sq1

þ a1Cq1 ðB10Þ

0Pty ¼ a6 � dð ÞCq1Cq6 þ a6 � dð ÞSq1Sq2Sq6
þ b5Sq1Cq2 � b4Sq1Sq2 � b3Cq1 þ a1Sq1 ðB11Þ

0Ptz ¼ a6 � dð ÞCq2Sq6 � b5Sq2 � b4Cq2 þ b1 ðB12Þ

Appendix C

I 'x ¼ � CyCbiCΓSx� SbiSΓSx� SyCbiCxð ÞCq6 � CyCbi � CΓCxCn � SΓSnð Þ½
�Sbi SΓCxCn þ CΓSnð Þ þ SyCbiSxCn�ChSq6 þ CyCbi CΓCxSn þ SΓCnð Þ½
þSbi �SΓCxSn þ CΓCnð Þ þ SyCbiSxSn�ShSq6

ðC1Þ

I 'y ¼ CySbiCΓSxþ CbiSΓSx� SySbiCxð ÞCq6 þ CySbi CΓCxCn � SΓSnð Þ½
þCbi SΓCxCn þ CΓSnð Þ þ SySbiSxCn�ChSq6 � CySbi CΓCxSn þ SΓCnð Þ½
�Cbi �SΓCxSn þ CΓCnð Þ þ SySbiSxSn�ShSq6

ðC2Þ

I 'z ¼ � SyCΓSxþ CyCxð ÞCq6 � Sy CΓCxCn � SΓSnð Þ � CySxCn½ �ChSq6
þ Sy CΓCxSn þ SΓCnð Þ � CySxSn½ �ShSq6

ðC3Þ

J 'x ¼ � CyCbiCΓSx� SbiSΓSx� SyCbiCxð ÞSq6 þ CyCbi CΓCxCn � SΓSnð Þ½
�Sbi SΓCxCn þ CΓSnð Þ þ SyCbiSxCn�ChCq6 � CyCbi CΓCxSn þ SΓCnð Þ½
þSbi �SΓCxSn þ CΓCnð Þ þ SyCbiSxSn�ShCq6

ðC4Þ
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J 'y ¼ � �CySbiCΓSx� CbiSΓSxþ SySbiCxð ÞSq6 þ �CySbi CΓCxCn � SΓSnð Þ½
�Cbi SΓCxCn þ CΓSnð Þ � SySbiSxCn�ChCq6 � �CySbi CΓCxSn þ SΓCnð Þ½
þCbi �SΓCxSn þ CΓCnð Þ � SySbiSxSn�ShCq6

ðC5Þ

J 'z ¼ � SyCΓSxþ CyCxð ÞSq6 þ Sy CΓCxCn � SΓSnð Þ � CySxCn½ �ChSq6
� Sy CΓCxSn þ SΓCnð Þ � CySxSn½ �ShCq6

ðC6Þ

K'x ¼ � CyCbi CΓCxCn � SΓSnð Þ � Sbi SΓCxCn þ CΓSnð Þ þ SyCbiSxCn½ �Sh
� CyCbi CΓCxSn þ SΓCnð Þ þ Sbi �SΓCxSn þ CΓCnð Þ þ SyCbiSxSn½ �Ch

ðC7Þ

K'y ¼ CySbi CΓCxCn � SΓSnð Þ þ Cbi SΓCxCn þ CΓSnð Þ þ SySbiSxCn½ �Sh
þ CySbi CΓCxSn þ SΓCnð Þ � Cbi �SΓCxSn þ CΓCnð Þ þ SySbiSxSn½ �Ch

ðC8Þ

K'z ¼ � Sy CΓCxCn þ SΓSnð Þ � CySxCn½ �Sh� Sy CΓCxSn � SΓCnð Þ � CySxSn½ �Ch ðC9Þ

P'x ¼ a6 � dð Þ CyCbiCΓSx� SbiSΓSx� SyCbiCxð Þ þ CyCbirCΓSx� SbirSΓSx

� SyCbi rCx� k0Γð Þ � LCbiSy þ gSbi
ðC10Þ

P'y ¼ a6 � dð Þ �CySbiCΓSx� CbiSΓSxþ SySbiCxð Þ � CySbirCΓSx� CbirSΓSx

þ SySbi rCx� k0Γð Þ þ LSbiSy þ gCbi
ðC11Þ

P'z ¼ a6 � dð Þ SyCΓSxþ CyCxð Þ þ SyrCΓSx

þ Cy rCx� k0Γð Þ þ LCy � w� "ð Þ ðC12Þ
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