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Abstract This paper presents a method for the finishing of
aspheric surfaces using fixed abrasives. The strategy is to
remove a specified amount of material from the surface.
The method assumes concentric tool paths perpendicular to
the axis of the surface. The key parts of the method are: (1)
efficient computation of the material removal profile for
each tool path and (2) optimisation of the feed rate for the
tool paths. Simulation results are included to illustrate the
proposed method, which suggest that the method is
potentially useful for aspheric surface finishing.

Keywords Aspheric surface finishing . Fixed abrasives .

Hertzian contact

1. Introduction

Surface finishing is required for the manufacturing of many
metallic products. Subsequent to the forming of the parts,
they need to be surface finished for the removal of machine
marks and burrs, as well as for the improvement of the
surface finishing.

Fixed abrasives, filamentary brushes and loose abrasives
are common approaches to surface finishing [1–6]. Surface
finishing automation can be realised by numerical control
of the tool across the surface based on pre-planned tool
paths [7–9].

For surface finishing using fixed abrasives, the material
removal approximately follows Archard’s wear law. That is,
the rate of material removal is proportional to the pressure
at the contact between the tool and the surface. Moreover,
for fixed abrasives working on metallic surfaces, the
contact stress was adequately approximated by Hertzian
contact for tools of highly elastic binding materials on the
part surfaces of steel [10]. The contact is elliptic; when the
material of the tool and of the surface are fixed, the size and
orientation of the ellipse depends on the force normal to the
contact.

The material removal profile at a point of the tool path is
the depth of material removed along the direction orthog-
onal to the tool path. It depends on the tool and local
surface geometry, on the tool path, as well as on process
parameters, such as spindle speed, feed rate and the normal
force. The model in Zhang et al. [10] was adapted to
construct the material removal profile by integrating the
abrasion of the tool at each location of the surface for a
given tool path and set of process parameters [11, 12].

There are many applications for the finishing of aspheric
surfaces. Examples are the post-processing of machined
parts after turning and the polishing of moulds for optical
lenses and of surfaces with one axis of revolution.

This paper follows the work in material removal profile
computation [12]. The purpose of this paper is to develop a
method for finishing aspheric surfaces by fixed abrasives.
The paper starts by summarising the previous work [12].
The main parts of the proposed method are simplifications
for the profile computation for aspheric surfaces and the
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generation of tool motion parameters for aspheric surface
finishing. Application examples will be presented to
illustrate the proposed method.

2. Material removal profile

This section summarises the previous work in removal
profile computation [12]. Figure 1a shows the contact
between the tool and the part surface. For a path point o on
a part surface, frame x–o–y is centred at o and fixed to the
part surface such that the y axis is tangential to the tool path
and the z axis is normal to the surface at o. Under the
assumption of Hertzian contact between the tool and the
part surface, the contact is elliptic with the principal axes of
the contact ellipse along the x′ and y′ axes, a and b being
the major and minor axes, respectively, and φ being the
angle between the x and x′ axes. These contact parameters
depend on the local geometry and material properties of the
tool and the surface, as well as on the normal force at the
contact. Through transformation from frame x′–o–y′ to

frame x–o–y and then to frame X–O–Y, the ellipse may be
written in polar coordinates (ρ,θ) as:

m ρ cos θ� Rð Þ2 þ l ρ cos θ� Rð Þρ sin θþ nρ2 sin2 θ

�a2b2 ¼ 0
ð1Þ

where:

m ¼ a2sin2φþ b2cos2φ

l ¼ b2 � a2
� �

sin2φ

n ¼ a2cos2φþ b2sin2φ

; ð2Þ

R is the geodesic radius of curvature. The centre of the
geodesic curvature O is obtained by moving point o by a
distance R along the negative x direction.

Assuming that the processing parameters (i.e. the normal
force, spindle speed), tool motion (i.e. the tool speed and
orientation and tool path curvature) and the surface
geometry do not change significantly in the vicinity of o
such that the relative orientation and size of the contact
ellipse do not change significantly in that vicinity, the
material removal at point H on the surface along the x axis
may be approximated by integrating the material removal
along the part(s) of the circle centred at O with radius ρ that
falls within the ellipse (i.e. MN

\
and the circle/ellipse

intersections are at θ=θ1 and θ2):

h ρð Þ ¼ 3kabrFnVR

2πHvVf 0 abð Þ2
Z θ2 ρð Þ

θ1 ρð Þ
f θð Þdθ;

for ρmin � ρ � ρmax

ð3Þ

where h(ρ) represents the depth of removal for a given ρ:

f θð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2b2 � m ρ cos θ� Rð Þ2
�l ρ cos θ� Rð Þρ sin θ� nρ2 sin2 θ

s
ð4Þ

kabr is a dimensionless wear coefficient, Fn is the normal
force, Hv is the hardness of the surface, V is the spindle
speed of the tool and Vf0 is the feed rate of the tool along
the path.

For the case of O lying within the contact ellipse
(Fig. 1b), the material removal profile in Eq. 3 is defined
for ρ≤ρout. For ρ≤ρin, f(θ) is to be integrated over the range
[0, 2π], and for ρin<ρ<ρout, it is to be integrated over the
part(s) of the circle centred at O with radius ρ that falls
within the ellipse.

For a given path and contact, the removal profile h(ρ) is
computed numerically. For instance, a numerical search is
employed to establish ρmin and ρmax in Fig. 1a. Then, for a
given ρ within (ρmin, ρmax), the bounds θ1(ρ) and θ2(ρ) of
the integral in Eq. 3 are determined numerically. Having
determined the bounds, the integral in Eq. 3 can then be
solved numerically (i.e. using the five-point Gaussian
approximation).

Fig. 1a, b Geometric entities at the contact with the centre of geodesic
curvature (a) outside and (b) inside the contact
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3. Material removal profile for aspheric surfaces

To determine each point of a material removal profile
requires a numerical search for the bounding values ρmin,
ρmax, θ1(ρ) and θ2(ρ) in Eq. 3 and ρin and ρout in Fig. 1b.
Computing the profile along a tool path could be rather
computationally intensive.

For finishing aspheric surfaces, an obvious choice of tool
paths are circular rings on the surface that are perpendicular
to the axis of the surface, and the tool axis is co-planar with
that axis. This results in the major axis of the contact ellipse
between the tool and the surface either along the meridians
of the surface (φ=0°) or along the parallels of the surface
(φ=90°). This section considers an analytic approach to
determine those bounds of the integral.

3.1. Circle and ellipse contacts

The equations for a circle and an ellipse in contact (Fig. 2a)
are given by:

xþ Rð Þ2 þ y2 ¼ r2 ð5Þ
and:

x2

a2
þ y2

b2
¼ 1 ð6Þ

such that the major axis of the ellipse is along the axis and
the centre of the circle is on the negative x -axis. When a, b

and R are fixed, the radius r of the circle and the location of
contact (x, y) can be deduced from these two equations and
a third equation is obtained by requiring dy/dx of both
equations to be equal at the contact, i.e.:

� xþ Rð Þ
y

¼ �b2x

a2y
) x ¼ � a2R

a2 � b2
ð7Þ

One then has y from Eqs. 6 and 7 as:

y ¼ �b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2R2

a2 � b2ð Þ2
s

ð8Þ

and r from Eqs. 5, 7 and 8 as:

r ¼ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� R2

a2 � b2

r
ð9Þ

Equation 8 is valid only for:

1� a2R2

a2 � b2ð Þ2 � 0 ) R � a2 � b2

a
ð10Þ

This also implies that Eq. 9 is restricted to:

r � b2

a
ð11Þ

It is noted that the radius of curvature of the ellipse is
smallest at (−a, 0), which is exactly b2/a. One concludes
that, for 0≤R<(a2−b2)/a, the circle and the ellipse contact at
two locations and Eqs. 7, 8, 9 can be used to calculate (x, y,
r). For R=(a2−b2)/a, the radius r is b2/a and the circle and
the ellipse contact at one location only, i.e. at (−a, 0). For
(a2−b2)/a<R<a, the contact location remains unchanged at
(−a, 0) and r=a−R.

For the circle and ellipse contact in Fig. 2b such that the
major axis of the ellipse is along the y axis, the equation of
the circle is the same as in Eq. 5 and the ellipse in Fig. 2b
assumes the form:

x2

b2
þ y2

a2
¼ 1 ð12Þ

Fig. 2a, b Ellipse and circle contact with the major axis of the ellipse
along (a) the x and (b) the y axes

Fig. 3a–c Radii of the material
removal profile with φ=0°: (a)
ρmin and ρmax for R>a. ρin and
ρout for (b) a>R>(a

2−b2)/a and
(c) a>(a2−b2)/a>R
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Through a similar analysis, one obtains:

x ¼ � b2R

a2 � b2
ð13Þ

y ¼ �a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2R2

a2 � b2ð Þ2
s

ð14Þ

and:

r ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R2

a2 � b2

r
ð15Þ

for the contact locations (x, y) and the radius of circle r.
Again, Eq. 14 is valid only for:

1� b2R2

a2 � b2ð Þ2 � 0 ) R � a2 � b2

b
ð16Þ

which restricts:

r � a2

b
ð17Þ

by Eq. 15. One observes that the radius of curvature of the
ellipse is largest at (b, 0), which is exactly a2/b. Thus, for
0≤R<(a2−b2)/b, the circle and the ellipse contact at two
locations and Eqs. 13, 14, 15 can be used to calculate (x, y,
r). For (R=(a2−b2)/b, r is a2/b; the circle and the ellipse
contact at (b, 0). For R>(a2−b2)/b, the contact location

remains unchanged at (b, 0) and r=R+b. Also, the centre of
the circle is outside (or inside) the ellipse if R=(a2−b2)/b>b
(or <b), which implies a >

ffiffiffi
2

p
b (or <

ffiffiffi
2

p
b
�
:

3.2. Major axis of the contact ellipse along the meridians

The major axis of the contact ellipse is along the x direction
when φ=0°. In this case, (m, n, l)=(b2, a2, 0) for Eq. 2.
Equation 4 becomes:

f θð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2b2 � b2 ρ cos θ� Rð Þ2 � a2ρ2 sin θ2

q
ð18Þ

Point O lies outside the ellipse when R>a, as illustrated in
Fig. 3a. The range of ρ in Eq. 3 is within (ρmin, ρmax),
where ρmin=R−a and ρmax=R+a are the radii of the circles
centred at O and they touch the ellipse at one point only.

Equation 1 can be written as:

a2 � b2
� �

ρ2 cos θð Þ2 þ 2b2ρR cos θ

þ a2b2 � a2ρ2 � b2R2
� � ¼ 0

ð19Þ

which is quadratic in cosθ. For ρmin<ρ<ρmin, there is only
one solution of cosθ within (−1, 1) and the integral in Eq. 3
becomes:

2

Z θb

0
f θð Þ d θ ð20Þ

where θb∈(0, π) corresponds to that solution of Eq. 19.

Fig. 4a–c Radii ρmin and ρmax of the material removal profile with φ=90° for (a) a <
ffiffiffi
2

p
b; (b) R>(a2−b2)/b>b and (c) (a2−b2)/b>R>b

Fig. 5a–c Radii ρin and ρout of the material removal profile with φ=90° for (a) b>R>(a2−b2)/b, (b) b>(a2−b2)/b>R and (c) a >
ffiffiffi
2

p
ba
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Point O lies inside the ellipse when R<a, as illustrated in
Fig. 3b,c. Based on the previous section, ρin and ρout of
Fig. 1b are given by:

ρin ¼
a� R when a > R > a2�b2

a Fig:3bð Þ
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� R2

a2�b2

q
when a > a2�b2

a > R Fig: 3cð Þ

(

ð21Þ
and:

ρout ¼ Rþ a ð22Þ
For 0<ρ≤ρin, the integral in the equation is given by:

2

Z π

0
f θð Þ d θ ð23Þ

For ρin<ρ≤ρout, there may be either one or two solutions of
cosθ within (−1, 1). The integral is given by the expression
in Eq. 20 for the case of one solution. For the case of two
solutions, it is given by:

2

Z θ1b

0
f θð Þ d θþ

Z π

θ2b

f θð Þ d θ
" #

ð24Þ

where θb
1 and θb

2 correspond to those solutions with
0 < θ1b < θ2b < π:

3.3. Major axis of the contact ellipse along the parallels

The major axis of the contact ellipse is along the y direction
when φ=90° and (m, n, l)=(a2, b2, 0) for Eq. 2. Equation 4
becomes:

f θð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2b2 � a2 ρ cos θ� Rð Þ2 � b2ρ2 sin θ2

q
ð25Þ

When R>b, point O lies outside the ellipse, as shown in
Fig. 4. Based on the results of the last section:

ρmin ¼ R� b ð26Þ
If a <

ffiffiffi
2

p
b :

ρmax ¼ Rþ b Fig: 4að Þ ð27Þ
If a >

ffiffiffi
2

p
b :

ρmax ¼
Rþ b when R > a2�b2

a > b Fig: 4bð Þ
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R2

a2�b2

q
when a2�b2

a > R > b Fig: 4cð Þ

(

ð28Þ

Equation 1 can be written as:

a2 � b2
� �

ρ2 cos θð Þ2 � 2a2ρR cos θ

� a2b2 � a2R2 � b2ρ2
� � ¼ 0

ð29Þ

For ρmin<ρ<ρmax, there can be either one or two
solutions of cosθ within (−1, 1). For the case of one
solution, the integral can be represented by the expression
in Eq. 20. For the case of two solutions, it is represented by:

2

Z θ2b

θ1b

f θð Þ d θ ð30Þ

where θb
1 and θb

2 correspond to those solutions and
0 < θ1b < θ2b < π:

When R<b, point O is within the ellipse, as shown in
Fig. 5. In this case, ρin=b−R. If a <

ffiffiffi
2

p
b; ρout ¼ bþ R

when b>R>(a2−b2)/b (Fig. 5a) and ρout ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R2

a2�b2

q
when b>(a2−b2)/b>R (Fig. 5b). If a >

ffiffiffi
2

p
b (Fig. 5c), one

simply has ρout ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R2

a2�b2

q
:

For ρ≤ρin, the integral in Eq. 3 is given by the expression
in Eq. 23. The evaluation of the integral for ρin<ρ≤ρout is
similar to that for ρmin<ρ<ρmax. Specifically, the integral is
given by Eqs. 20 and 30, respectively.

4. Finishing of aspheric surfaces

The material removal profile computation of the last section
is applicable to the planning of aspheric surface finishing.
The strategy is to remove a given thickness of material from
the surface through abrasives. Circular paths perpendicular
to the axis of the aspheric surface would be the natural
choice of tool paths. For these paths, the axis of the tool is
co-planar with the axis of the surface.

Material removal is affected by the normal force Fn, the
spindle speed V, the tool feed rate along the path Vf0 and the
distance between adjacent tool paths. In the present
consideration, V is assumed to be constant and Fn is set
according to Hertzian contact so that the maximum pressure
within the tool–surface contact is constant. When Fn is
fixed, the width of the material profile is known for a path
point. Thus, the distance between adjacent tool paths is

Fig. 6 Paths and the removal
profiles along a meridian of an
aspheric surface
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assumed to be a pre-set faction of the material removal
profile. In this way, the tool path locations can be fixed.

Let Pj for j=1,..., n be points of the tool paths which line
up on the same meridian of the aspheric surface (Fig. 6) and
the material removal profile associated with the tool path
point Pj. Suppose d=[d1,..., dm]

T represent the desired
amount of material removal along m equally spaced points
along the meridian (m may be a large number so that the
distance between adjacent points is very small; for uniform
material removal, all elements of d assume the same value).
Surface finishing planning may be formulated as:

min
x

eTe ð31Þ

where:

e ¼ Hx� d ð32Þ
represents the error of material removal at the m points, x=
[x1,..., xn]

T such that 1/xj is the desired feed rate along the

tool path going through point Pj and H=[hij] is the m×n
matrix such that [h1j,..., hmj]

T represents the removal profile
at the m points due to the tool path at Pj assuming unity
feed rate. The solution to this quadratic optimisation
problem is simply the solution of:

HTH
� �

x ¼ HTd ð33Þ
subject to the constraint x≥c>0 (i.e. so that the permissible
feed rates do not exceed 1/c for practical reasons), which
can be easily obtained from an optimisation problem solver.

5. Examples

Three aspheric steel surfaces are presented to illustrate the
proposed surface finishing computation. The surfaces are
expressed in parametric form 0≤u, w≤1. All units of the
surfaces are in mm. The material properties of the tool and
those of the surfaces are the same as those in [11]. During
processing, the tool axis is set perpendicular to the tool
path. The spindle speed is adjusted according to the tool
size so that the linear speed of the tool relative to the is
surface V=942 mm/s.

Fig. 7a–c Polishing of a convex paraboloid surface: (a) surface cross-
section; (b) path locations and feed rate; (c) material removal

Fig. 8a–c Polishing of a ring inner surface: (a) surface cross-section;
(b) path locations and feed rate; (c) material removal
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For these surface finishing examples, the target removal
depth is 5 μm. The maximum feed rate is set at 20 mm/s.
The maximum pressure within the contact ellipse is set at
2 N/mm2. The distance between adjacent tool paths are
selected to be either a pre-set faction of the width of the
removal profile or a pre-set value, depending on which is
smaller.

The first surface is a convex paraboloid (Fig. 7a):

x
y
z

2
4

3
5 ¼

12w cos 2πuð Þ
12w sin 2πuð Þ
14:4� 0:1 12wð Þ2

2
4

3
5 ð34Þ

The tool is cylindrical with a 6.5-mm radius. For this
example, the major axes of the tool–surface contact ellipse
always line up along the meridians of the surface.
Calculations of the removal profiles follow Fig. 3a for tool
paths away from the top of the surface. The geodesic radius
of curvature becomes small and the centre of geodesic
curvature falls within the contact ellipse as the tool paths
become close to the top of the surface, where the removal
profiles follow Fig. 3b. Based on the proposed computa-
tion, the location and feed rate of the tool paths for

finishing the surface are shown in Fig. 7b and the material
removal in Fig. 7c.

The second surface is the inner surface of a ring
(Fig. 8a):

x
y
z

2
4

3
5 ¼

5� 4 cos π
4 þ πw

12

� �� �
cos 2πuð Þ

5� 4 cos π
4 þ πw

12

� �� �
sin 2πuð Þ

4 sin π
4 þ πw

12

� �
2
4

3
5 ð35Þ

The tool is cylindrical with a 3-mm radius. For this surface,
the removal profiles follow Fig. 4; the major axes of the
contact ellipse are always along the parallels of the surface.
Calculations of ρmax follows Fig. 4b for tool paths close to
the bottom edge, otherwise, ρmax follows Fig. 4c. The
location and feed rate of the tool paths as calculated are
shown in Fig. 8b and the resulting material removal in
Fig. 8c.

The third surface is a concave paraboloid (Fig. 9a):

x
y
z

2
4

3
5 ¼

15w cos 2πuð Þ
15w sin 2πuð Þ
0:05 15wð Þ2

2
4

3
5 ð36Þ

The tool is spherical with a 7.5-mm radius. The major axes
of the contact ellipse are again along the parallels of the
surface. The geodesic radius of curvature is small for tool
paths close to the bottom of the surface, where calculations
of ρin and ρout follow Fig. 5a. Otherwise, calculations of the
profile follow Fig. 4b. The location and feed rate of the tool
paths as calculated are shown in Fig. 9b and the resulting
material removal in Fig. 9c.

The simulation results indicate that the depth of removal
(Figs. 7c, 8c and 9c) are close to the desired depth of 5 μm.
The depth for the first and third surfaces are within +0.2/−
0.35 μm and +0.3/−0.6 μm, respectively. The peaks and
valleys of the removal curves are consistent with the gaps
between adjacent tool paths.

The depth for the second surface varies within +0.5/−
1.2 μm, which is less consistent than the other two surfaces
but is still acceptable. The main reason is that the length of
the meridian is much smaller for this surface—the width of
removal profile for some of the tool paths are actually
comparable to that length; the number of tool paths that can
be fitted on the surface cannot be large.

6. Conclusion

A method for finishing aspheric surfaces using fixed
abrasives has been presented in this paper. The strategy is
to remove a specified amount of material from the surface
during finishing. The method assumes concentric tool paths
perpendicular to the axis of the surface. While not
imperative, the method also assumes constant spindle speed
and the normal force is set such that the maximum pressure

Fig. 9a–c Polishing of a concave paraboloid surface: (a) surface
cross-section; (b) path locations and feed rate; (c) material removal
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at the tool–surface contact is constant. Efficient computa-
tion of the material removal profile for the tool paths is
achieved by recognising that the major axis of the contact
ellipse is along the direction of either the meridian or the
parallel of the surface. The feed rate for the tool paths are
obtained through solving a quadratic optimisation problem
with linear inequality constraints. The method was applied
to compute tool path feed rates for finishing a convex, a
concave and a ring surface. The results suggest that the
method can facilitate the path planning of abrasive tools.
Potential applications of the method are surface finishing
processes for the removal of machine marks and the
improvement of surface roughness.

Acknowledgement The authors would like to acknowledge the
support provided by the Competitive Earmarked Research Grant
(CERG, project number CityU 1186/01E) of the Hong Kong Research
Grants Council.

References

1. Takeuchi Y, Asakawa N, Ge D-F (1993) Automation of polishing
work by an industrial robot (system of polishing robot). JSME Int
J C 36(4):556–561

2. Weule H, Timmermann S, Eversheim W (1990) Automation of
the surface finishing in the manufacturing of dies and molds.
Annals CIRP 39(1):299–303

3. Saito K, Miyoshi T, Sasaki T (1993) Automation of polishing
process for a cavity surface on dies and molds by using an expert
system. Annals CIRP 42(1):553–556

4. Nowicki B, Szafarczyk M (1993) The new method of free-form
surface honing. Annals CIRP 42(1):425–428

5. Stango RJ, Fournelle RA, Chada S (1995) Morphology of
surfaces generated by circular wire brushes. J Eng Ind 117:9–15

6. Kunieda M, Nakagawa T, Higuchi T (1988) Robot-polishing of
curved surface with magnetically pressed polishing tool. JSPE 54
(1):125–131

7. Mizugaki Y, Sakamoto M, Sata T (1992) Fractal path generation
for a metal-mold polishing robot system and its evaluation by the
operability. Annals CIRP 41(1):531–534

8. Cho U, Eom DG, Lee DY, Park JO (1992) A flexible polishing
robot system for die and mould. In: Proceedings of the 23rd
International Symposium on Industrial Robots, Barcelona, Spain,
October 1992, pp 449–456

9. Tam H-Y (1999) Toward the uniform coverage of surfaces by
scanning curves. Comput Aided Des 31(9):585–596

10. Zhang L, Tam H-Y, Yuan C-M, Chen Y-P, Zhou Z-D (2002) An
investigation of material removal in polishing with fixed abra-
sives. Proc Inst Mech Eng B—J Eng Manuf 216(1):103–112

11. Zhang L, Tam H-Y, Yuan C-M, Chen Y-P, Zhou Z-D, Zheng L
(2002) On the removal of material along a polishing path by fixed
abrasives. Proc Inst Mech Eng B—J Eng Manuf 216(9):1217–1225

12. Tam H-Y, Zhang L, Meng H (2004) Material removal by fixed
abrasives following curved paths. Proc Inst Mech Eng B—J Eng
Manuf 218(7):713–720

490 Int J Adv Manuf Technol (2007) 34:483–490


	Aspheric surface finishing by fixed abrasives
	Abstract
	Introduction
	Material removal profile
	Material removal profile for aspheric surfaces
	Circle and ellipse contacts
	Major axis of the contact ellipse along the meridians
	Major axis of the contact ellipse along the parallels

	Finishing of aspheric surfaces
	Examples
	Conclusion
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


