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Abstract This paper presents a method for the finishing of
aspheric surfaces using fixed abrasives. The strategy is to
remove a specified amount of material from the surface.
The method assumes concentric tool paths perpendicular to
the axis of the surface. The key parts of the method are: (1)
efficient computation of the material removal profile for
each tool path and (2) optimisation of the feed rate for the
tool paths. Simulation results are included to illustrate the
proposed method, which suggest that the method is
potentially useful for aspheric surface finishing.

Keywords Aspheric surface finishing - Fixed abrasives -
Hertzian contact

1. Introduction

Surface finishing is required for the manufacturing of many
metallic products. Subsequent to the forming of the parts,
they need to be surface finished for the removal of machine
marks and burrs, as well as for the improvement of the
surface finishing.
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Fixed abrasives, filamentary brushes and loose abrasives
are common approaches to surface finishing [1-6]. Surface
finishing automation can be realised by numerical control
of the tool across the surface based on pre-planned tool
paths [7-9].

For surface finishing using fixed abrasives, the material
removal approximately follows Archard’s wear law. That is,
the rate of material removal is proportional to the pressure
at the contact between the tool and the surface. Moreover,
for fixed abrasives working on metallic surfaces, the
contact stress was adequately approximated by Hertzian
contact for tools of highly elastic binding materials on the
part surfaces of steel [10]. The contact is elliptic; when the
material of the tool and of the surface are fixed, the size and
orientation of the ellipse depends on the force normal to the
contact.

The material removal profile at a point of the tool path is
the depth of material removed along the direction orthog-
onal to the tool path. It depends on the tool and local
surface geometry, on the tool path, as well as on process
parameters, such as spindle speed, feed rate and the normal
force. The model in Zhang et al. [10] was adapted to
construct the material removal profile by integrating the
abrasion of the tool at each location of the surface for a
given tool path and set of process parameters [11, 12].

There are many applications for the finishing of aspheric
surfaces. Examples are the post-processing of machined
parts after turning and the polishing of moulds for optical
lenses and of surfaces with one axis of revolution.

This paper follows the work in material removal profile
computation [12]. The purpose of this paper is to develop a
method for finishing aspheric surfaces by fixed abrasives.
The paper starts by summarising the previous work [12].
The main parts of the proposed method are simplifications
for the profile computation for aspheric surfaces and the
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Fig. 1a, b Geometric entities at the contact with the centre of geodesic
curvature (a) outside and (b) inside the contact

generation of tool motion parameters for aspheric surface
finishing. Application examples will be presented to
illustrate the proposed method.

2. Material removal profile

This section summarises the previous work in removal
profile computation [12]. Figure la shows the contact
between the tool and the part surface. For a path point 0 on
a part surface, frame x—o—y is centred at o and fixed to the
part surface such that the y axis is tangential to the tool path
and the z axis is normal to the surface at o. Under the
assumption of Hertzian contact between the tool and the
part surface, the contact is elliptic with the principal axes of
the contact ellipse along the x" and )’ axes, a and b being
the major and minor axes, respectively, and ¢ being the
angle between the x and x’ axes. These contact parameters
depend on the local geometry and material properties of the
tool and the surface, as well as on the normal force at the
contact. Through transformation from frame x'—o0—)' to
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frame x—o—y and then to frame X—O-Y, the ellipse may be
written in polar coordinates (p,f) as:

m(pcosf —R)? + I(pcosf — R)psin f + np? sin®

- =0 )

where:

m = a’sin’¢ + b*cos?
1= (b* — a*)sin2¢, (2)
n = a*cos’¢ + bsin’¢p

R is the geodesic radius of curvature. The centre of the
geodesic curvature O is obtained by moving point o by a
distance R along the negative x direction.

Assuming that the processing parameters (i.e. the normal
force, spindle speed), tool motion (i.e. the tool speed and
orientation and tool path curvature) and the surface
geometry do not change significantly in the vicinity of o
such that the relative orientation and size of the contact
ellipse do not change significantly in that vicinity, the
material removal at point A on the surface along the x axis
may be approximated by integrating the material removal
along the part(s) of the circle centred at O with radius p that
falls within the ellipse (i.e. MN and the circle/ellipse
intersections are at 6=, and 0,):

3k F,VR - [0
hp) = /9
1

2 p(a) iy 7O

(n (3)
for Prmin S P S Prmax

where /(p) represents the depth of removal for a given p:

202 — m(pcos — R)?
0) = N p 4
(6) \/—l(pcosH—R)psinH—np2 sin? 0 “)

kb 18 a dimensionless wear coefficient, F, is the normal
force, H, is the hardness of the surface, V is the spindle
speed of the tool and Vy, is the feed rate of the tool along
the path.

For the case of O lying within the contact ellipse
(Fig. 1b), the material removal profile in Eq. 3 is defined
for p<pour. For p<pi,, A1) is to be integrated over the range
[0, 27t], and for p;;<p<pous it is to be integrated over the
part(s) of the circle centred at O with radius p that falls
within the ellipse.

For a given path and contact, the removal profile A(p) is
computed numerically. For instance, a numerical search is
employed to establish p.,;, and p,.x in Fig. 1a. Then, for a
given p within (Pmin, Pmax), the bounds 6,(p) and 6,(p) of
the integral in Eq. 3 are determined numerically. Having
determined the bounds, the integral in Eq. 3 can then be
solved numerically (i.e. using the five-point Gaussian
approximation).
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Fig. 2a, b Ellipse and circle contact with the major axis of the ellipse
along (a) the x and (b) the y axes

3. Material removal profile for aspheric surfaces

To determine each point of a material removal profile
requires a numerical search for the bounding values ppin,
Pmax> 01(p) and 6,(p) in Eq. 3 and p;, and pg, in Fig. 1b.
Computing the profile along a tool path could be rather
computationally intensive.

For finishing aspheric surfaces, an obvious choice of tool
paths are circular rings on the surface that are perpendicular
to the axis of the surface, and the tool axis is co-planar with
that axis. This results in the major axis of the contact ellipse
between the tool and the surface either along the meridians
of the surface (¢=0°) or along the parallels of the surface
(#»=90°). This section considers an analytic approach to
determine those bounds of the integral.

3.1. Circle and ellipse contacts

The equations for a circle and an ellipse in contact (Fig. 2a)
are given by:

(r+ R+ =7 (5)
and:

x2 y2

2Tr=! ©

such that the major axis of the ellipse is along the axis and
the centre of the circle is on the negative x -axis. When a, b

Fig. 3a—c Radii of the material g y \
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and R are fixed, the radius 7 of the circle and the location of
contact (x, y) can be deduced from these two equations and
a third equation is obtained by requiring dy/dx of both
equations to be equal at the contact, i.e.:

—b’x a’R

—(x+R
(y L:ayﬁx:‘;—ﬁ @

One then has y from Egs. 6 and 7 as:

yib1/1—(az“2_1222)2 8)

and » from Egs. 5, 7 and 8 as:

R2
r==at 1_7a2—b2 )

Equation 8 is valid only for:

2p2 2 _p2
- >0=R< (10)
(@~ 1) a
This also implies that Eq. 9 is restricted to:
b2
> — 11
> (1)

It is noted that the radius of curvature of the ellipse is
smallest at (—a, 0), which is exactly b*/a. One concludes
that, for 0<R<(a’—b?)/a, the circle and the ellipse contact at
two locations and Eqgs. 7, 8, 9 can be used to calculate (x, y,
7). For R=(a*~b*)/a, the radius r is b*/a and the circle and
the ellipse contact at one location only, i.e. at (—a, 0). For
(a*—b*)la<R<a, the contact location remains unchanged at
(—a, 0) and r=a—R.

For the circle and ellipse contact in Fig. 2b such that the
major axis of the ellipse is along the y axis, the equation of
the circle is the same as in Eq. 5 and the ellipse in Fig. 2b
assumes the form:

2 2
X Y
=1 (12)
y C N
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Fig. 4a—¢ Radii pmin and pmax of the materfal removal profile with ¢=90° for (a) a < /2b, (b) R>(a>b>)/b>b and (¢) (@>~b*)/b>R>b

Through a similar analysis, one obtains:

b’R
Y= (13)
b2R?
y= :l:a 1 — (az _ b2)2 (14)
and:
R2

for the contact locations (x, y) and the radius of circle r.
Again, Eq. 14 is valid only for:

2p2 2 12
PR g r<®Th (16)
(a® — b2)* b
which restricts:
2
r< % (17)

by Eq. 15. One observes that the radius of curvature of the
ellipse is largest at (b, 0), which is exactly a?/b. Thus, for
0<R<(a*-b*)/b, the circle and the ellipse contact at two
locations and Eqs. 13, 14, 15 can be used to calculate (x, y,
7). For (R=(a®~b*)/b, r is a*/b; the circle and the ellipse
contact at (b, 0). For R>(a’~b*)/b, the contact location

a b y

/

Pout
- <Pin

T

/ ‘{out

remains unchanged at (b, 0) and r=R+b. Also, the centre of
the circle is outside (or inside) the ellipse if R=(a’—b*)/b>b
(or <b), which implies a > v/2b (or < v/2b).

3.2. Major axis of the contact ellipse along the meridians
The major axis of the contact ellipse is along the x direction

when ¢=0°. In this case, (m, n, [)=(b*, a*, 0) for Eq. 2.
Equation 4 becomes:

f(0) = \/a2b2 — b(pcos — R)* — a2p? sin 62 (18)

Point O lies outside the ellipse when R>a, as illustrated in

Fig. 3a. The range of p in Eq. 3 is within (Pmin, Pmax)»

where ppin=R—a and p,..=R+a are the radii of the circles

centred at O and they touch the ellipse at one point only.
Equation 1 can be written as:

(a* — b*)p*(cos 0)” + 2b°pRcos 0 (19)
+(a’b* —a*p* — P’R*) =0

which is quadratic in cosf. For p,in<p<pmin, there is only
one solution of cosf within (—1, 1) and the integral in Eq. 3
becomes:
(3
2 f(0)dé (20)
0

where 6,<(0, 1) corresponds to that solution of Eq. 19.
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Fig. Sa—c Radii p;, and poy of the material removal profile with ¢=90° for (a) b>R>(a’~b?)/b, (b) b>(a’~b*)/b>R and (¢) a > \/2ba
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Point O lies inside the ellipse when R<a, as illustrated in ~ Equation 1 can be written as:

Fig. 3b,c. Based on the previous section, p;, and py: of
Fi - . " o (¢ — b*)p*(cos 0)* — 2a*p R cos O

ig. 1b are given by: (29)

when a > R > “Za;bz (Fig.3b)

a—R
Pin = by /1 — 2 whena > €=E > R (Fig. 3¢)

(21)
and:
Pous =R +a (22)
For 0<p=<p,, the integral in the equation is given by:
2 / £(6)d6 (23)
0

For pin<p<pous, there may be either one or two solutions of
cosf within (-1, 1). The integral is given by the expression
in Eq. 20 for the case of one solution. For the case of two
solutions, it is given by:

0,') T
2 [ £(6)d6+ / f£(6)d 01 (24)
0 0

where 6,! and 6,> correspond to those solutions with
0<0, <6 <.

3.3. Major axis of the contact ellipse along the parallels
The major axis of the contact ellipse is along the y direction

when ¢=90° and (m, n, [y=(a*, b, 0) for Eq. 2. Equation 4
becomes:

f0) = \/azb2 — a*(pcosf — R)* — b2p? sin 6 (25)

When R>b, point O lies outside the ellipse, as shown in
Fig. 4. Based on the results of the last section:

Poin =R — b (26)
Ifa < V2b:
Pmax = R+ b (Fig. 4a) (27)
Ifa>/2b:

when R > “za;bz > b (Fig. 4b)

R+b
Pmax = ay/1+ £ when “=2° > R > b (Fig. 4c)

(28)

(@ — PR — 1Pp?) = 0

For pmin<p<pmax, there can be either one or two
solutions of cosf within (-1, 1). For the case of one
solution, the integral can be represented by the expression
in Eq. 20. For the case of two solutions, it is represented by:

2 [ ro)as (30)
9[

where 6,' and 6,% correspond to those solutions and
0<0, <6, <m

When R<b, point O is within the ellipse, as shown in
Fig. 5. In this case, pj,;=b—R. If a < V2b, pout =_b
when b>R>(a>-b%)/b (Fig. 5a) and p,, = a\/1 + L%y
when b>(a’~b*)/b>R (Fig. 5b). If a > \/2b (Fig. 5c), one
simply has Dot = a /1 Jr%.

For p<p;,, the integral in Eq. 3 is given by the expression
in Eq. 23. The evaluation of the integral for p;,<p<p,u 1S
similar to that for p,,;,<p<pmax- Specifically, the integral is
given by Egs. 20 and 30, respectively.

4. Finishing of aspheric surfaces

The material removal profile computation of the last section
is applicable to the planning of aspheric surface finishing.
The strategy is to remove a given thickness of material from
the surface through abrasives. Circular paths perpendicular
to the axis of the aspheric surface would be the natural
choice of tool paths. For these paths, the axis of the tool is
co-planar with the axis of the surface.

Material removal is affected by the normal force F,,, the
spindle speed V; the tool feed rate along the path Vy and the
distance between adjacent tool paths. In the present
consideration, V is assumed to be constant and F,, is set
according to Hertzian contact so that the maximum pressure
within the tool-surface contact is constant. When F,, is
fixed, the width of the material profile is known for a path
point. Thus, the distance between adjacent tool paths is

@ Springer
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Fig. 7a—c Polishing of a convex paraboloid surface: (a) surface cross-
section; (b) path locations and feed rate; (c¢) material removal

assumed to be a pre-set faction of the material removal
profile. In this way, the tool path locations can be fixed.

Let P; for j=1,..., n be points of the tool paths which line
up on the same meridian of the aspheric surface (Fig. 6) and
the material removal profile associated with the tool path
point P;. Suppose d=[d|,..., d,]" represent the desired
amount of material removal along m equally spaced points
along the meridian ( may be a large number so that the
distance between adjacent points is very small; for uniform
material removal, all elements of d assume the same value).
Surface finishing planning may be formulated as:

mine’e (31)
where:
e=Hx—d (32)

represents the error of material removal at the m points, x=
[X1,..., x,]" such that 1/x; is the desired feed rate along the
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distance from the bottom edge along a meridian (mm)

Fig. 8a—c Polishing of a ring inner surface: (a) surface cross-section;
(b) path locations and feed rate; (¢) material removal

tool path going through point P; and H=[h;] is the mxn
matrix such that [Ay,..., hmj]T represents the removal profile
at the m points due to the tool path at P; assuming unity
feed rate. The solution to this quadratic optimisation
problem is simply the solution of:

(H'H)x=H"d (33)

subject to the constraint x>c>0 (i.e. so that the permissible
feed rates do not exceed 1/c for practical reasons), which
can be easily obtained from an optimisation problem solver.

5. Examples

Three aspheric steel surfaces are presented to illustrate the
proposed surface finishing computation. The surfaces are
expressed in parametric form 0<u, w<l. All units of the
surfaces are in mm. The material properties of the tool and
those of the surfaces are the same as those in [11]. During
processing, the tool axis is set perpendicular to the tool
path. The spindle speed is adjusted according to the tool
size so that the linear speed of the tool relative to the is
surface V=942 mm/s.
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Fig. 9a—c Polishing of a concave paraboloid surface: (a) surface
cross-section; (b) path locations and feed rate; (¢) material removal

For these surface finishing examples, the target removal
depth is 5 pm. The maximum feed rate is set at 20 mm/s.
The maximum pressure within the contact ellipse is set at
2 N/mm®. The distance between adjacent tool paths are
selected to be either a pre-set faction of the width of the
removal profile or a pre-set value, depending on which is
smaller.

The first surface is a convex paraboloid (Fig. 7a):

X 12w cos (27u)

y | =1 12wsin (27u) (34)
z 14.4 — 0.1 (12w)?

The tool is cylindrical with a 6.5-mm radius. For this
example, the major axes of the tool-surface contact ellipse
always line up along the meridians of the surface.
Calculations of the removal profiles follow Fig. 3a for tool
paths away from the top of the surface. The geodesic radius
of curvature becomes small and the centre of geodesic
curvature falls within the contact ellipse as the tool paths
become close to the top of the surface, where the removal
profiles follow Fig. 3b. Based on the proposed computa-
tion, the location and feed rate of the tool paths for

finishing the surface are shown in Fig. 7b and the material
removal in Fig. 7c.

The second surface is the inner surface of a ring
(Fig. 8a):

X 5 — 4cos(F + T¥)|cos(2mu)

y | =|1[5—4cos(Z+¥)]sin(2mu) (35)

z 4 sin (% + %)
The tool is cylindrical with a 3-mm radius. For this surface,
the removal profiles follow Fig. 4; the major axes of the
contact ellipse are always along the parallels of the surface.
Calculations of py,x follows Fig. 4b for tool paths close to
the bottom edge, otherwise, pm.x follows Fig. 4c. The
location and feed rate of the tool paths as calculated are
shown in Fig. 8b and the resulting material removal in
Fig. 8c.

The third surface is a concave paraboloid (Fig. 9a):

X 15w cos (27u)

y | = | 15wsin (27u) (36)
z 0.05 (15w)>

The tool is spherical with a 7.5-mm radius. The major axes
of the contact ellipse are again along the parallels of the
surface. The geodesic radius of curvature is small for tool
paths close to the bottom of the surface, where calculations
of p;, and p,, follow Fig. 5a. Otherwise, calculations of the
profile follow Fig. 4b. The location and feed rate of the tool
paths as calculated are shown in Fig. 9b and the resulting
material removal in Fig. 9c.

The simulation results indicate that the depth of removal
(Figs. 7c, 8c and 9c¢) are close to the desired depth of 5 um.
The depth for the first and third surfaces are within +0.2/—
0.35 um and +0.3/~0.6 um, respectively. The peaks and
valleys of the removal curves are consistent with the gaps
between adjacent tool paths.

The depth for the second surface varies within +0.5/—
1.2 um, which is less consistent than the other two surfaces
but is still acceptable. The main reason is that the length of
the meridian is much smaller for this surface—the width of
removal profile for some of the tool paths are actually
comparable to that length; the number of tool paths that can
be fitted on the surface cannot be large.

6. Conclusion

A method for finishing aspheric surfaces using fixed
abrasives has been presented in this paper. The strategy is
to remove a specified amount of material from the surface
during finishing. The method assumes concentric tool paths
perpendicular to the axis of the surface. While not
imperative, the method also assumes constant spindle speed
and the normal force is set such that the maximum pressure
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at the tool-surface contact is constant. Efficient computa-
tion of the material removal profile for the tool paths is
achieved by recognising that the major axis of the contact
ellipse is along the direction of either the meridian or the
parallel of the surface. The feed rate for the tool paths are
obtained through solving a quadratic optimisation problem
with linear inequality constraints. The method was applied
to compute tool path feed rates for finishing a convex, a
concave and a ring surface. The results suggest that the
method can facilitate the path planning of abrasive tools.
Potential applications of the method are surface finishing
processes for the removal of machine marks and the
improvement of surface roughness.
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