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Abstract A new approach to analyze the stability of cutting pro-
cesses when considering the deformation of the workpiece is pro-
posed in this article. In past studies, the workpiece was assumed
to be rigid and no deformation was considered. In those studies,
the stability of the cutting process was analyzed by merely the
dynamic equation of tools. However, the workpiece does have de-
formation when there is external force exerting on it. Such de-
formation will change the chip thickness and have an effect on
the critical chip thickness of stability. To describe the cutting in
turning process, partial differential equations are used and a set
of dynamic equations will be considered based on the interac-
tion between the tool and the workpiece. After performing the
Laplace transformation, stability can be analyzed based on the
length, radius, natural frequency, deflection, aspect ratio and ma-
terial stiffness of the workpieces. The effect of the critical chip
width under different spindle speed will also be discussed in this
article. By considering the deformation of the workpiece under
different conditions, the results show that the critical chip width of
the deformed case is always larger than the rigid body case.
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1 Introduction

Turning is a single-point machining process which is used in ma-
chine castings, forgings and in other components which require
precision dimensional tolerance and good surface finish. In order
to increase the cutting speed, the chip thickness and chip width
are often increased, which will result in forced vibration and an
extremely large cutting force at the contact point. The result of
violent chatter causes numerous adverse effects, such as low-
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ering the life span of tools, inaccurate dimensions, low surface
quality, unacceptable noise and tool damage.

The vibration in the cutting process is a dynamically unsta-
ble phenomenon [1, 2] which has been studied for a long time.
Dynamics, structural and limiting stability have been studied in
the past [1, 3], where mathematical models considered the dir-
ect cutting behavior in common. Other studies have focused on
the choice of controlling parameters in order to avoid unexpected
vibrations [4–9]. In addition, some researchers have established
the fundamental principle of vibration phenomena. However, the
vibration cannot be observed in real-time, and the control to
compensate the vibration cannot be made either [10–16].

Regenerative and non-regenerative chatters are two kinds of
machine tool chatter that are widely accepted in modern re-
search. Regenerative chatter results from cutting on the previous
surface of waves; and non-regenerative chatter occurs in some
special circumstances, as described in [6]. In the past studies, the
workpiece was assumed to be rigid, and only the tool vibration
was considered. However, since the tool will exert force on the
workpiece, there will be workpiece deflection and the chip thick-
ness will be changed. Therefore, they have a great effect on the
cutting behavior.

In this article, we focus on the regenerative chatter where
a flexible workpiece is considered rather than a rigid assumption.
To fully describe the vibration behavior, two models are used
for the workpiece and the tool, which correspond to a second
order partial differential equation and a second order ordinary
differential equation, respectively. The interaction between the
workpiece and the tool can be discussed and analyzed based on
these models. This article is organized as follows: the introduc-
tion of cutting models is presented in Sect. 2, a stability analysis
is presented in Sect. 3, simulation results and discussions are of-
fered in Sect. 4, and in Sect. 5 we offer our conclusions.

2 Dynamic cutting model

The dynamic cutting model will be discussed into two parts: first,
the deflection of the tool will not be taken into consideration; sec-
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ond, the deflection produced by the tool force will be considered,
hence the effect of the deflection on the stability can be included.

To clearly formulate the problem, a simplified cutting system
is adopted and only one dimensional second order dynamic orth-
ogonal cutting model, as shown in Fig. 1, is used in the analysis.
In the process of orthogonal cutting, considering the end point
cutting of the workpiece, the chip overlapping factor, µ, is taken
as 1, and the governing equation [17, 18] is represented by:

mÿ (t)+ cẏ (t)+ ky (t) = F (t) cos θ. (1)

where y(t) is the offset chip thickness, which represents the fluc-
tuation of the depth of cut at the time t; m is the equivalent mass
of the tool system; c and k are the equivalent damping and stiff-
ness, respectively; θ is a fixed cutting angle; and F is the cutting
force. The cutting force is taken to be proportional to the chip
area bh(t) with a coefficient C being the proportional constant
and can be written as follows:

F(t) = Cbh(t). (2)

After the cutting process, the surfaces of the workpiece are all
in the shape of waves, as shown in Fig. 1a, where y(t − T) is the
previous offset chip thickness of a cycle; h0 is the nominal chip
thickness resulting from the feed mechanism; T is the period of
successive passages of the tool; and y(t)− y(t − T) represents the
produced regenerative character.

Fig. 1a,b. Orthogonal cutting diagram a Orthogonal cutting diagram con-
sidering a rigid-body workpiece b Deflection of workpiece considering
deflection

Part I: Rigid workpiece. From Fig. 1a, the instant chip thickness
can be written as follows:

h(t) = h0 − y(t)+ y(t − T ). (3)

Combining Eqs. 1–3 and performing the Laplace transformation
we obtain the following:

Y(s)

H0(s)
= bCG(s)

1+bCG(s)(1− e−Ts)
, (4)

where G(s) = cos θ
ms2+cs+k

, and the block diagram of the system is
shown in Fig. 2a.

Part II: Flexible workpiece. Consider a workpiece that is clamped
at one side and free on the other side [1], just like the cantilever
beam shown in Fig. 1b. When cutting is performed at the free
end, the deflection of the workpiece will be generated due to
the exerting force. Such deflection will affect both the real chip
thickness and the cutting force, so Eq. 3 should be rewritten as:

h(t) = h0 − y(t)+ y(t − T)−u(x, t), (5)

where u(x, t) represents the workpiece deflection. Neglecting the
torque and moment produced in the z-direction, the dynamic
equation of the workpiece [19] now becomes

∂2

∂x2

[
EI

∂2u(x, t)

∂x2

]
+ρAc

∂2u(x, t)

∂t2

= Cb [h0 − y(t)+ y(t − T)−u(x, t)] δ(x − L) cos θ, (6)

where E is the Young’s modulus; I is the moment of inertia;
ρ is the weight density; Ac is the cross section of a workpiece
where these coefficients are fixed values; and δ(x − L) represents
an impulse function. By means of the separation of variables, let

Fig. 2a,b. Block diagram of system a Block diagram of system considering
a rigid workpiece b Block diagram of system considering deflection of the
workpiece
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u(x, t) = φ(x)q(t) and assume the boundary conditions are

u(0, t) = 0,
∂u(x, t)

∂x

∣∣∣∣
x=0

= 0,
∂2u(x, t)

∂x2

∣∣∣∣
x=L

= 0,

∂3u(x, t)

∂x3

∣∣∣∣
x=L

= 0,

the results can be obtained as

φn(x) = An

[
sin αn x − sinh αnx

+ sin αn L + sinh αn L

cos αn L + cosh αn L
(cosh αn x − cos αnx)

]
, (7)

q̈n(t)+ω2
nqn(t)

= 1

mn

L∫
0

φn(x)Cb [h0 − y(t)+ y(t − T )−u(x, t)] cos θ dx,

(8)

where u(x) =
∞∑

n=1
φn(x)qn (t), mn = ∫ L

0 ρAcφ
2
n(x)dx ,αn L =

4
√

ω2
nρAc L4

EI in Eq. 7 represents the characteristic value which is
the solution of 1+ cos αL cosh αL = 0, with ωn representing the
natural frequency of the workpiece. Since only the end point cut-
ting is considered, therefore the equivalence “x = L” is assumed.
When the natural frequency of the workpiece is much higher than
the spindle speed, only the first mode dynamics is significant and
will be taken into consideration. The results can be shown as
follows:

φ1(L) = A1

[
sin α1 L − sinh α1L

+ sin α1L + sinh α1L

cos α1L + cosh α1L
(cosh α1 L − cos α1L)

]
,

(9)

q̈1(t)+ω2
1q1(t) = 1

m1

L∫
0

φ1(x)Cb

× [h0 − y(t)+ y(t − T )−φ1(x)q1(t)] δ(x − L) cos θ dx,

(10)

Applying the Laplace transformation on Eqs 1 and 10, we get:

Y(s)

H0(s)
= bCG1(s)G(s)

1+bCG1(s)G(s)(1− e−Ts)
, (11)

where

G1(s) = s2 +ω2
1

s2 +ω2
1 + Ab

A = Cφ2
1(L) cos θ

ρAc
∫ L

0 φ2
1(x)dx

.

In Eq. 11, G(s) is the same as in Eq. 4 for the rigid work-
piece case. The transfer function of the system can be treated as

adding a pair of poles and a pair of zeros. Due to the relationship
of ω2

1 < ω2
1 + Ab in G1(s), those poles will be in the left hand

side of zeros. From the stability analysis of a dynamic control
system, it is apparent that this effect will increase the system sta-
bility. Considering H0 as an input and Y as an output, the block
diagram of the system is shown in Fig. 2b.

3 Stability analysis

Figure 2 shows the structure in equilibrium for this system when
y = 0. If the chip thickness is well distributed, then the vibra-
tion will not be generated and the cutting force F will remain un-
changed. In addition, the deflection is kept fixed in the cutting
process. When an impact occurs or a notch is passed, a small dis-
turbance will exist, and the output will become small and close to
zero. Such equilibrium is called “stable” or “asymptotically sta-
ble”. The stability will be analyzed by the characteristic equation
of the system. When considering the system stability, the I/O rela-
tionship of N and b will be discussed where N represents spindle
speed (rev/s), and b represents chip width. In addition, N and b rep-
resent the parameters which can be controlled in turning process.

Part I: Rigid workpiece. Equation 4 is linear and its characteristic
equation is:

1+bC

(
1− e−Ts

)
cos θ

ms2 + cs + k
= 0, (12)

let s = jω and substitute into Eq. 12 and separate the real and the
imaginary parts, the following critical parametric values [17] can
be obtained:

b∗
1 = (mω2 − k)2 + (cω)2

2C(mω2 − k) cos θ
, (13a)

T ∗
1 = 1

ω

{
(2n +1)π +a tan

2cω(mω2 − k)

(mω2 − k)2 − (cω)2

}
. (13b)

From the above equation (assuming the spindle speed is fixed), it
can be concluded that only the chip width is lower than b∗

1, and
stable cutting can be obtained.

Part II: Flexible workpiece. Equation 11 is linear and its charac-
teristic equation is as follows:

1+bC
s2 +ω2

1

s2 +ω2
1 + Ab

(1− e−Ts) cos θ

ms2 + cs + k
= 0, (14)

where ω1 is the natural frequency of the workpiece in the first
mode. Substituting s = jω into Eq. 14 and separating the real and
imaginary parts, the following critical parametric values will be
obtained:

b∗
2 = (mω2 − k)2 + (cω)2

2C(mω2 − k) cos θ

ω2
1 −ω2 + Ab∗

2

ω2
1 −ω2

= b∗
1 R (15a)
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T ∗
2 = 1

ω

{
(2n +1)π +a tan

2cω(mω2 − k)

(mω2 − k)2 − (cω)2

}
, (15b)

where R = ω2
1−ω2+Ab∗

2
ω2

1−ω2 . In both Eqs. 13b and 15b, the period

of successive passages of the tool T ∗
1 and T ∗

2 are the same.
Comparing Eq. 13a to Eq. 15a, the difference is R, where
ω1 > ω and R > 1 is produced due to the deflection of a work-
piece. Hence, in terms of workpiece deflection, it can be
concluded that a large deflection which corresponds to the
large value of Ab∗

2 results in a large allowable critical chip
width.

When the workpiece is pressed by the tool, the workpiece
will deflect along the direction of force and the real chip thick-
ness will be changed. The value of R is also related to ω1. When
the deflections are assumed to be the same, the lower the natural
frequency, the larger of the value R. Hence, the allowable critical
chip width becomes larger.

4 Simulation results and discussion

The parameters of the tool and the workpiece used in simula-
tion are listed in Table 1. From Fig. 3a , the length and radius
of steel workpiece are 0.5 m and 0.06 m, respectively. The solid
line represents the flexible case, while the dashed line represents
the rigid case. The results show that there exists a larger criti-
cal chip width for each spindle speed in the deflection case. In
Fig. 3b, the difference between these two cases is shown. Each
lobe of Fig. 3b has a minimum value at the location closed to
center point. Figure 3c shows the results of the critical chip width
difference – the percentage difference between b∗

2 and b∗
1. From

the results in Fig. 3c, it can be found that the largest percentage
of critical chip width difference is over 100%, and the smaller
the value of n, the larger the percentage of critical chip width
difference.

Figure 4 shows the results of steel workpiece with a length of
less than 0.5 m with four different radius values. The lateral axis
represents the spindle speed and the longitudinal axis represents
the percentage of critical chip width difference. From the results
in Fig. 4, the smaller the radius, the larger the percentage of crit-
ical chip width difference. This can be explained by the fact that
the smaller the radius, the larger the deflection, which results in
a larger critical chip width.

Figure 5 shows the results of steel workpiece with a radius of
0.06 m for two different values in length. From these results, it
can be seen that the longer the length, the larger the percentage

Tool m (kg) c (kg/s) k (N/m) C (N/m2) θ (deg)
50 2×103 2×107 2×109 70

Workpiece steel Es(Gpa) ρs(kg/m3) L (m) r (m)
180 7 600 0.5,0.25 0.035,0.0357,0.06,

0.07,0.08,0.10,0.14

bronze Eb ρb L (m) r (m)
100 8 600 0.5 0.07

Table 1. The parameters of tool and work-
pieces

Fig. 3a–c. Comparative figure with and without deflection of a steel work-
piece a The critical chip width with and without consideration of deflection
of a steel workpiece b The difference of the critical chip width with and
without consideration of deflection of a steel workpiece c The differen-
tial percentage of the critical chip width with and without consideration of
deflection of a steel workpiece
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Fig. 4. Differential percentage of critical chip width for same length (0.5 m)
and different radii of steel workpieces

Fig. 5. Differential percentage of critical chip width for same radius and
different length of steel workpieces

Fig. 6. Differential percentage of critical chip width for the same deflection
of steel workpieces

of critical chip width difference. The reason is due to the fact that
the longer the length, the larger the deflection, which results in
the larger critical chip width.

Fig. 7. Differential percentage of critical chip width for the same natural
resonance frequency of steel workpieces

Fig. 8. Differential percentage of critical chip width for the same slenderness
ratio of steel workpieces

Figure 6 shows the results of steel workpieces under the
same deflection for two different workpiece conditions. The first
has a length of 0.5 m, a radius of 0.06 m and a natural fre-
quency 2020 Hz; the second one has a length of 0.25 m, a radius
of 0.0357 m and a natural frequency of 4805 Hz. The results
show that the smaller ω1, the larger value of R. The value of

R can be calculated from R = ω2
1−ω2+Ab

ω2
1−ω2 and R > 1. There-

fore, the critical chip width is larger for smaller radii and larger
lengths. The simulation results are consistent with the theoretical
analysis.

Figure 7 shows the results under the same natural frequency
with two different steel workpieces conditions. The first has
a length of 0.25 m and a radius of 0.035 m; the second has
a length of 0.5 m and a radius of 0.14 m. Comparing the values
of R, it can be concluded that the larger the deflection, the larger
value of Ab, which corresponds to the larger critical chip width.
The simulation results are also consistent with the theoretical
analysis.

Figure 8 shows the results with the same slenderness ratio
with two steel workpieces conditions. The first has a length of
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Fig. 9. Differential percentage of critical chip width for the same length and
radius, different material

0.25 m and a radius of 0.035 m; the second has a length of 0.5 m
and a radius of 0.07 m. Under these assumptions, the 0.25 m
case has both a larger deflection and a larger critical chip width
than the other case. In addition, the 0.5 m case has lower natu-
ral frequency and larger critical chip width than the other case. In
comparing the allowable chip width in these two cases, only the
numerical value of R is decisive. The results in Fig. 8 show that
the 0.25 m case has a larger R than the 0.5 m case.

When considering the effect of different materials such as
steel and bronze under the same lengths and radii, bronze has
a larger deflection and a lower natural frequency than steel. The-
oretically, the critical chip width of bronze should be larger
than steel, which coincides with the simulation results shown in
Fig. 9.

*Remark: the results shown in Figs. 4–9 are computed with
n = 0.

5 Conclusion

In this study, we considered a flexible body workpiece that can
be bent when a force is exerted on it. Such flexibility will affect
the cutting force due to workpiece deflection and will result in
a smaller real chip thickness and larger critical chip width. Under
the same natural frequency, both the workpiece deflection and
the critical chip width will become larger. Under the same work-
piece deflection, the smaller the natural frequency, the larger the
critical chip width.

For the case of a relatively slender workpiece being ma-
chined at a high spindle speed, the deformation will increase,
having a great effect on the stable analysis. The method proposed
in this article is helpful in solving such problems.

Nomenclature

b chip width (m)
C cutting force coefficient

c equivalent damping (kg/s)
F cutting force magnitude (N)
h instantaneous chip thickness (m)
h0 nominal chip thickness (m)
j imaginary unit
k equivalent stiffness (N/m)
m equivalent mass (kg)
N spindle speed (rps)
n number of full waves
y offset chip thickness (m)
θ cutting force angle (deg)
T the period of successive passages of the tool (s)
µ overlapping factor
u deflection (m)
φ,φ1 . . . φn eigen function
E modulus of elasticity (Pa)
I moment of inertia (m4)
ρ density (kg/m)
Ac cross section area (m2)
A1, . . . , An coefficient of eigen function
ω1, . . . , ωn natural frequency of the workpiece (Hz)
L length of workpiece (m)
α, α1, . . . , αn eigen value
δ impulse function
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