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Abstract Remote welding opens new possibilities for the
highly productive and qualitative joining of metal
structures, especially in the automotive industry. This
work first summarises the different types of remote
welding systems (RWSs) based primarily on the different
features of the laser beam scanning systems that RWSs
implement. A generalised two-mirror scanning system is
geometrically analyzed in order to evaluate the irradiated
laser intensity on the workpiece as it changes due to the
inclinations with which the laser beam impinges to the
processing plane. The study discusses the limitations that a
two-mirror scanning system enforces in remote welding,
and sets the foundation for further theoretical and
experimental investigation of this process.

Keywords Laser scanning systems . Remote welding .
Remote welding systems . Laser welding .
Inclined laser welding

Abbreviations RWS: Remote welding system . N/P: Not
possible to initiate keyhole welding, at such conditions,
even at normal incidence

Nomenclature

φ the supplementary angle to the laser beam’s
incidence angle on the processing plane.

ω the orientation angle of the major semi-axis of the
laser’s elliptical beam spot on the processing plane.

y0 the coordinate of the first reflecting mirror’s
revolution axis along the y axis of the universal
coordinate system, {U}.

z0 the coordinate of the first and the second re-
flecting mirrors’ centres along the z axis of the
universal coordinate system, {U}.

c the minimum allowable distance of the focus lens
from the first reflecting mirror.

rf0 the Gaussian laser beam radius at the focal plane,
defined as the beam radius at which the laser
intensity has decreased to 1/e2 of its maximum
value located at the beam’s centre.

rf0
0 φð Þ the major semi-axis of the laser’s elliptical beam

spot.
rf0

00 zrð Þ the laser beam’s radius as a function of distance,
zr.

zr the distance from the focal plane along the laser
beam axis.

M2 1.2, the laser beam’s quality parameter.
λ 10.6 μm, the laser’s wavelength.
δf the position of the focal plane in respect to the

processing plane. Negative values for δf are used
for focal planes below the processing plane.

I(r) the laser intensity distribution on a cyclic laser
beam spot.

I0 the maximum laser intensity of the beam on a
cyclic laser beam spot.

IE(r,θ) the laser intensity distribution on an elliptical
laser beam spot.

I0E the maximum laser intensity of the beam on an
elliptical laser beam spot.

r the position length of an arbitrary point within a
laser beam’s spot in respect to the centre of the spot.

θ position angle of an arbitrary point within a laser
beam’s spot in respect to the centre of the spot.

rE the position length of an arbitrary point of the
elliptical beam spot’s boundary.

xE, yE the coordinates of an arbitrary point of the
elliptical beam spot’s boundary.

P the laser power.
zr0 the depth of focus.
Ikeyhole the critical laser intensity to initiate keyhole

welding.
u the welding speed.
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1 Introduction

Sheet metal working industries, such as the automotive
industry, pose high efficiency and flexibility demands
when it comes to joining systems. These demands resulted
in the conception [1] and development of remote welding
systems (RWSs) [2]. Based on the process of laser welding
[3], RWSs integrate a number of sub-systems, including:

1. High-power, high-quality CO2, Nd:YAG or disk laser
sources,

2. Long focal lengths (up to 1.6 m),
3. Rapid xyz laser beam scanning/positioning systems (up

to 230 m/min, 10 g [4]),
4. Rapid xy workpiece moving tables (1 m/min) for large

field stations,
5. Robot coupling for small field stations,
6. Off-line programming software for path planning and

process parameters selection and
7. Process monitoring systems.

Such configurations generate three-dimensional-shaped
working volumes, which may reach nearly 2 m3 [5] and
allow the joining of bulky, three-dimensional components,
in multiple processing planes, with minimized positioning
times between subsequent welding locations (up to 60 ms
for a distance of 100 mm [5]).

A key issue in a RWS is the laser scanning system,
which guides the laser beam in the generated working
volume. Two basic types of systems have been introduced
so far [2, 4–10]. The first type concerns large-field, gantry-
type RWSs that use high-power, high-quality CO2 slab
lasers, coupled with a two- or one-mirror scanning systems
(Fig. 1). A high-acceleration (10 g) moving device is also
implemented in order to translate linearly the focus lens
and generate a three-dimensional working volume. Focal
lengths in such systems typically range between 1 and
1.6 m. Small-field CO2 RWSs have also been reported,
however, so far with only limited applicability [6, 7].

The second type of RWS involves smaller field stations
with two-mirror scanning systems, coupled usually with F-
theta optics, which follow the second reflecting mirror for
the realisation of a plane image field with small variance in
the laser beam incidence (max. variance ca. 6° [7]). Such a
configuration is coupled with a robot station and a fibre
optic (e.g. 400 μm core diameter) guided, high-quality,
diode-pumped Nd:YAG laser [6, 7]. Although the presence
of the F-theta optic in the case of a robot RWS considerably
restricts the variance of the incidence angle, the kinematics
of the robot provides the potential rotation of the whole
scanning system with respect to the processing plane,
which can result in an angle φ of even less than 50°.

An experimental study on 1018 steel with a two-
mirrored, large-field, gantry RWS revealed that in inclined
welds, the difference between the inline penetration depth
(dimension of weld boundaries along the weld axis) and the
vertical penetration depth (Fig. 2) is gradually increasing
for a reduced laser beam incidence angle, reaching a
maximum of 10% of the full penetration depth for the
investigated joint [4]. For the case of butt welding, tests on

3-mm and 0.9-mm-thick sheets, have shown that a
maximum offset distance between the sheet metals’ edges
of 0.4 mm is the boundary to achieve a full-penetration
welding. In [7], the major differences met between Nd:
YAG (small field) and CO2 (large field and small field)
laser-based RWS and their subcomponents were presented.
Issues such as motion axes and optical components, control
requirements, path planning and process-simulation soft-
ware, and requirements for clamping and process monitor-
ing were discussed. Two small-field RWSs, one coupled
with a CO2 slab laser and the other with a diode-pumped
Nd:YAG laser were presented. Experimentation with these
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systems has shown that the presence of the F-theta optic in
the Nd:YAG-based system was beneficial in terms of
welding penetration depth reduction (up to 55%).

The operating principle of a scanning system introduced
by a RWS implies that the laser beam impinges onto the
material’s surface with different inclinations. This leads to
elliptical beam spot areas, distorted laser intensity distri-
bution, and lower laser intensity, with respect to normal
incidence. Since the keyhole formation mechanism re-
quires a specific material, for a critical laser intensity,
Ikeyhole, in order to induce material vaporisation [11, 12],
the inclinations of the laser beam primarily affect the
keyhole initiation, and if achieved, the resulting keyhole
and molten pool shape as well. Keyhole formation allows
the laser beam to intrude into the materials’ mass along the
direction of impingement and transfer its energy to a deeper
region of the workpiece with respect to conduction welding
where no vaporisation occurs. Thus, the laser beam
inclinations also affect the directionality of the keyhole
cavity and, consequently, the direction that melting and
joining occur.

This study investigates the geometrical and optical
limitations of a generalised two-mirror scanning system
and the way that these are reflected on the case of remote
welding. The presented geometrical analysis is generalised

and can be potentially applied to all processes in which
such scanning systems have been utilised (e.g. stereolithog-
raphy, 3D digitizing,), however, remote welding is chosen
as the process that is most affected by the optical limi-
tations of the scanning system: i.e. extreme inclination,
results in laser intensities below the critical laser intensity,
Ikeyhole, under which joining is not possible at all, especially
when lap joints are performed (e.g. automotive, applica-
tion). The presented analysis can be utilized for the
development of scanning systems for remote welding (and
other processes) instead of costly and time-consuming
trial-and-error methods that have been used extensively so
far, as part of the development of RWSs. The parameterized
geometrical measures provided are necessary for the
development of process modelling of remote welding
[13], which is of major importance considering the
industrial potential of this new process and the consequent
requirements of off-line programming (i.e. process param-
eters’ selection) and process monitoring and control.

The study also discusses the effects that the particularity
of the laser inclinations introduce to conventional laser
welding and presents welding angle limitations on different
materials, using a typical large-field RWS with a two-
mirror scanning system as an example.

Fig. 3 Typical RWS with a
two-mirror scanning system
(schematic is not to scale)
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2 Geometrical analysis of a two-mirror RWS
scanning system

A typical RWS that implements a two-mirror scanning
system provides the mirrors’ rotation about two vertical
(skew) axes. The focus lens seats on a stage that can be
linearly translated so as to provide a three-dimensional
working volume (Fig. 3). The laser beam can impinge onto
a horizontal processing plane with a normal incidence, only
to the points that belong to the z-axis of the universal
coordinate system of Fig. 3. In any other location, the
beam’s incidence (angle φ) is less than 90°.

In any case of inclination, the beam’s spot is only
distorted along the direction of the linear segment (P8P7).
Although a constant horizontal processing plane is not met
exclusively in real-life applications, the investigation of
this case is considered as a reference for the geometrical
analysis of a scanning system and the effects it introduces
during welding.

The dynamical behaviour of remote welding is enhanced
by the fact that not only the incidence but also the
orientation (angle ω in Fig. 3) of the elliptical beam spots’,
varies from point to point. This orientation remains
constant along a seam whose trajectory lies on the x or y
axes. Such trajectories are also not used exclusively in real-
life applications, but they can be used to ease the RWS’s
and the investigation of the process (Fig. 4).

In order to evaluate the effects that the laser beam
inclinations introduce, and to study the limitations of
RWSs, the geometrical analysis of the implemented scan-
ning system is performed (see Appendix). The analysis
derives analytical expressions of the angle, φ, and the
orientation angle, ω, of the elliptical beam spots’ major
semi-axis. Through this analysis the major semi-axis, r0f0, of
the beam spots and the laser’s intensity distribution,
IE(r,θ), are calculated as functions of the co-ordinates of
the laser beam’s centre, P7, on the processing plane.

Although the RWSs presented so far pose quite simple
construction with rotating mirrors about only two vertical
axes and a steady laser source (Fig. 3), the analysis

presented in the Appendix considers a more generalised
case where:

1. The laser direction towards the first reflecting mirror
can be altered, and

2. The second reflecting mirror can be rotated about three
vertical axes, which provide an arbitrary orientation of
this reflecting mirror in space.

The generality of the problem is also enhanced by
the fact that an arbitrary oriented processing plane is
considered.

Despite the fact that the presented analysis is dedicated
to two-mirror scanning systems of large- or small-field
RWSs, in its simplified form it can be applied to:

1. RWSs that implement one-mirror scanning systems,
and

2. small-field RWSs that implement F-theta optics,
usually after the second reflecting mirror.

In order to produce the equations of case (1), the analysis
is simplified by eliminating the rotation of the first
scanning mirror and by eliminating the rotation of the
second scanning mirror about the axis y′′′. For the case (2),
the presented analysis is supplemented by the ratio of the
incidence angle in the input over the angle, on the output
window of the F-theta optics, a factor that is provided by
the F-theta optics manufacturer. Since in a small-field RWS
the scanning head is coupled with a robot arm, the robot
kinematics also has to be considered in order to derive the
final incidence and orientation angles provided by the pre-
sented analysis.

Considering the angles φ, ω, as given from the
geometrical analysis, the major semi-axis of the elliptical
beam spot is provided:

r0f0 ¼
zr

cosφ
(1)

The laser beam radius, rf0
00 , as a function of distance, zr,

from the focal plane is provided by the following
equations:

rf0
00 ¼ zr tanφ (2)

rf0 zrð Þ ¼ rf0 1þ M2 λ zr þ δf
� �
πr2f0

 !2
2
4

3
51=2

(3)

By solving Eqs. (2), (3) for δf=0, distance zr is calculated,
which plugged into Eq. (1) derives the major semi-axis of
the elliptical beam spot:

r0f0 φð Þ ¼ rf0

cosφ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2 φ� M2λ

πrf0

� �2r (4)
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Fig. 4 Radius of an inclined laser beam at depth zr from the focal
plane
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3 Laser beam intensity distribution

The Gaussian laser beam intensity distribution for a cyclic
laser beam spot is:

I rð Þ ¼ I0 exp
�2r2

rfφ
002

 !
(5)

The maximum intensity of the beam, I0, is calculated from
the total laser beam power, P:

P ¼ 4

Z π
2

0

Z 1

0
I0 exp

�2r2

rfφ
002

 !
rdrdθ ¼ πrfφ

002

2
I0 (6)

Due to the elliptical beam spots that are formed from the
inclined incidence of the laser beam onto the material, the
Gaussian laser beam intensity profile differs from the one
of Eq. (5). An absolute even distortion of the beam’s
intensity is achieved when the focal point lies onto the
workpiece (see Fig. 5). In any other case the distortion is
uneven, producing maximums and minimums within the
elliptical spot.

In real-life applications, such a condition is possible with
the application of autofocus systems. Thus, it can be
assumed that while the processing plane will be within the
range defined by the depth of focus, no major laser
intensity unevenness will be posed at the workpiece. This is
justified by the fact that the depth of focus in a RWS, is
relatively higher in respect to conventional welding
systems, due to the longer focal length (see Table 1).

Following the basic form of Eq. (5), the laser intensity
distribution on an elliptical beam spot will be:

IE ¼ I0E exp
�2 x 5f g2 þ y 5f g2
� �
x2E þ y2Eð Þ

2
4

3
5 ¼ I0E exp

�2r2

r2E

� �

(7)

By using the polar coordinates and the general ellipse
equation, the following relation occurs:

r2E ¼ r0f0
2r2f0

r2f0 cos
2 θþ r0f02 sin

2 θ
(8)

Thus, the laser intensity profile on the elliptical spot will
be:

IEðr; θÞ ¼ I0E exp
�2r2 r2f0 cos

2 θþ r0f0
2 sin2 θ

� �
r0f0

2r2f0

2
4

3
5 (9)

The maximum intensity of the beam, I0E, is calculated
from the total laser beam power, P:

P ¼ 4

Z π
2

0

Z 1

0
I0E exp

�2r2 r2f0 cos
2 θþ r0f02 sin

2 θ
� �

r0f0
2r 2f0

2
4

3
5rdrdθ

¼ πr0f0rf0
2

I0E

(10)

Equations (5), (6) are provided by Eqs. (9), (10) for
rf0 ¼ r0f0 (the case of a circular beam spot) (Fig. 6).
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Table 1 Properties of laser
beam and scanning system for
different focal lengths

Focal length
(mm)

rf0 (μm) Depth of
focus (mm)

zr0 (mm) y0 (mm) c (mm) Max. working
volume image
field x × y (mm2)

1,000 182 6 627 127 159 582×425
1,240 210 7.5 727 127 159 974×833
1,600 267 10 1,111 127 159 1,190×826
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The calculated laser intensity distribution is presented in
Fig. 7 for various φ angles along the major semi-axis of the
elliptical beam spots that are formed.

4 Application of the analysis on a large-field CO2 RWS

For the application of the presented study, a prototype
large-field RWS as shown in Fig. 3, coupled with a CO2

slab laser of 3.5 kW nominal output was utilised. Due to the
relatively long focal lengths (1–1.6 m), a magnification of
two is utilised prior to focusing, in order to provide typical
beam spots at the focal plane for laser keyhole welding.

As a typical example, the case of the 1,000-mm focal
length at the processing plane z=0 is presented. The
maximum laser intensity variation is also calculated within
the formed working volume for three different cases of
focal length (Figs. 8, 9, 10, 11).

Table 2 provides the minimum φ angles and other
characteristics of the investigated RWS that can be
achieved for the three different focal lengths, considering
a horizontal processing plane. The angle values are
calculated in the most distant corner (point S on Fig. 3)
of the working volume quadrant, considering as limit the
laser beam path to be, at the most, equal to the applied focal
length.

5 Remote welding limitations of a large-field CO2 RWS

In order to calculate the minimum angle φ at which
welding is possible with the referred RWS, the critical laser
intensity required to initiate the keyhole welding, Ikeyhole,
of different materials was used, from the data referred to
mainly in [11] and from the authors’work with a large field
CO2 RWS. All referenced data has resulted from the
application of CW, CO2 laser sources for typical produc-
tion welding speeds, at normal laser beam incidence and
with beam spots varying between 80–250 μm.

The values of Ikeyhole in Table 3, do not refer to the actual
laser power absorbed by the material, but to the maximum,
nominal laser power output. Moreover, in the calculations
of the inclinations no loss of power absorption from the
material has been taken into consideration, due to the beam
inclination, as stated in [4]. Thus, the presented minimum
angle figures may pose a slight underestimation, which
according to data from [4], cannot be greater than 10% for
angles φ ≥40°.

Despite the fact that some angle limits of Table 3 are
lower than the minimum φ angles achieved by the RWS at
a horizontal processing plane (Table 2), the angle limits of
Table 3 could be used (e.g. for off-line programming
reasons) for cases where the processing plane is not
horizontal, thus lower values than the ones of Table 2 could
be reached. It should be noted that although in some cases
the minimum φ angles at which keyhole welding can be
initiated are quite low (less than 40°), the vertical
penetration achieved will be lower than the one referred

Fig. 7 Laser Intensity profile for different φ angles

Fig. 9 Orientation angle for a 1,000-mm focal length

Fig. 10 Major semi-axis of the elliptical beam spots’ for a 1,000-
mm focal lengthFig. 8 Angle φ for a 1,000-mm focal length
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to in Table 3, a fact that in production applications would
require lower welding speeds and/or repositioning of the
workpiece inside the working volume, so as to achieve
greater angle φ, consequently greater vertical penetration.

6 Conclusions

This study discusses the particularities and limitations
presented by two-mirror scanning systems as they are
reflected upon RWSs and on the process itself. For this
reason, the geometrical analysis of a generalised two-
mirror scanning system was realised and the different
geometrical parameters were calculated in order to derive
the laser intensity distribution for the different incidences
of the laser beam within the formed working volume.
Based on this analysis and on experimental data, the
minimum angle φ limits to which laser keyhole welding is
possible were calculated for different materials, informa-
tion which is necessary for the off-line programming of a
RWS but also for any further detailed theoretical and
experimental investigation of the process. The main results
of this study can be summarised as follows:

– The application of the geometrical analysis on a typical
large-field RWS have revealed that depending on the
focal length applied, φ angles of down to approx. 50°
can be formed between the laser beam axis and a
horizontal (to the universal coordinate system) proces-
sing plane. At such an incidence, the beam spot’s
radius is stretched by approx. 30%, forming an
elliptical spot in which the maximum laser intensity
is decreased approx. by 22.5% compared to the

intensity achieved at normal incidence. Naturally,
lower incidences are possible, inducing much lower
maximum laser intensities (Fig. 7) at non-horizontal
processing planes, however, the keyhole initiation and
if achieved, the penetration efficiency, are questionable
(Table 3).

– Depending upon the focal length and the trajectory
orientation of a certain seam weld, the incidence for a
typical 30-mm seam weld, poses a variance of approx.
2–3°. The beam spot’s orientation can vary by more
than 40° near the region of the origin of the universal
coordinate system falling down to 3° at the working
volume’s corner points along a typical 30-mm seam
weld. Such a phenomenon contributes to the dynamic
behaviour of the process and is anticipated to affect the
weld width for great variances within a certain seam.

– The maximum laser intensity decreases for decreasing
φ angles, more steeply at shorter focal lengths since the
same incidences for increasing focal lengths are
achieved at greater distances from the origin of the
universal coordinate system.

– Although some of the non-possible welding cases of
Table 3 could be realised with lower welding speeds or/
and lower focal lengths, such a fact is in contrast with
the industry’s continuous requirements for increasing
productivity (referring to processing and non-process-
ing times) and flexibility (greater focal lengths),
necessitating the development of even higher laser
power outputs with advanced quality, suitable for
remote welding applications.

Acknowledgement The reported work was partially supported by
the project: G1RD-2000-00332, “Highly Efficient & Flexible
Remote Welding Systems for Advanced Welded Structures-
REMOWELD”.

1 Appendix

The geometrical analysis of a two-mirror scanning system
is based on the rotation of the reflecting mirrors’ planes (E1,
E2) and on the laser beam’s axis about the axes of local
coordinate systems parallel to the universal Cartesian
coordinate system {U}: Oxyz (Fig. 4). The determination of
the laser beam’s axis direction, due to the interference of
the two reflecting mirrors and the angle φ on the processing
plane, are calculated through the law of reflection.

Fig. 11 Maximum laser intensity for three focal lengths

Appendix

Table 2 Calculated characteristics at point S and their deviations against point O

Focal length (mm) Min. ϕ (Degrees) Dev. of ϕ (%) rf0 0 (μm) Dev. of rf0 0 (%) Max. laser intensity
(104 W/mm2)

Dev. of max. laser
intensity (%)

1,000 62.7 −30.33 205 12.53 5.978 −11.1
1,240 50.7 −43.67 271 29.23 3.910 −22.6
1,600 58.6 −34.89 313 17.16 2.668 −14.6
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Four local Cartesian coordinate systems are defined,
Af g : P1x

0
y
0
z
0
, Bf g : Qx00y00z00, Cf g : Rx000y000z000; Df g : P8

x 4f gy 4f gz 4f g as parallel to, and distant from {U} along
distances xrl, yrl, zrl, where l=A-D, respectively. All local
coordinate systems are steady, except for {D}, whose
location depends on the trace of point, P5, on the processing
plane, E3. To simplify the analysis, the initial positions of
points that define the reflecting planes E1, E2 are chosen to
belong to the x′′ z′′ and x′′′ z′′′ planes of {B} and {C}
respectively. The laser beam axis is defined by the known

points P1ðxP1; yP1 ; zP1Þ;P0
2ðx0P2

; y0P2
; z0P2

Þ that belong to the

x′ axis of {A}. Linear segment (P1P2′) can be rotated
about the z′ axis of {A} at angle ΔθA, and is reflected at
point P3 in the first reflecting mirror plane. Plane E1 can be
rotated about the z" axis of {B} at angleΔθB, to form a new
plane E1′, which reflects the laser beam axis towards the
second reflecting mirror plane, at point P5. Plane E2 can
be rotated about axes x′′′, z′′′,y′′′ of {C} at angles ΔθCx′′′ ,
ΔθCz′′′ and ΔθCy′′′ respectively, to form a new plane E2′.
After the second reflection, the laser beam axis impinges on
the processing plane, E3, at point, P7, with an angle, φ, and
an orientation angle, ω, as shown in Fig. 12.

1. Each of the three planes Ei, i = 1–3 is defined at

{U} by the triad of points: X
Uf g
iþj xiþj; yiþj; ziþj

� �
;

X
Uf g
iþjþ1ð Þ x iþjþ1ð Þ; y iþjþ1ð Þ; z iþjþ1ð Þ

� �
and X

Uf g
iþjþ2ð Þ

x iþjþ2ð Þ; y iþjþ2ð Þ; z iþjþ2ð Þ
� �

, for the three respective

combinations of i, j: i = 1 and j = 0, i = 2 and j = 2, i = 3
and j = 4:

Ei :

x y z 1
xiþj yiþj ziþj 1

x iþjþ1ð Þ y iþjþ1ð Þ z iþjþ1ð Þ 1
x iþjþ2ð Þ y iþjþ2ð Þ z iþjþ2ð Þ 1

��������

�������� ¼ 0 (11)

Table 3 Minimum φ angles to initiate keyhole welding for different focal lengths

Material type u (m/min) Ikeyhole
(104 W/mm2)

Penetration at normal
incidence (mm)

Minimum angle φ to initiate keyhole
welding (degrees)

Focal length
1,000 mm

Focal length
1,240 mm

Focal length
1,600 mm

Mild steel [11] 7.5 2.1 0.8 18 25 42
DC04 (FePO4) steel 4 2.9 1 25 35 67
Zinc-coated 600DP
high-strength steel

2 3.9 1.6 35 50 N/Pa

Mild steel 1018 [4] 2 1.2 1 14 18 31
AISI 304 stainless 5 4.0 1.2 37 53 N/P
12SR stainless [11] 1.3 1.5 2 13 17 29
Aluminium 1100 [11] 1 3.1 1 27 38 83
Aluminium 2017 [11] 1 2.7 1 24 32 60
Aluminium 2024 [11] 7.8 4.7 1 44 68 N/P
Aluminium 7N01 [11] 1 2.9 1 26 35 68
Aluminium 5083 [11] 1 2.3 1 20 27 47
Aluminium 5182 [11] 7.8 4.7 1 44 68 N/P
Aluminium 5000× [11] 5 3.5 1 31 44 N/P
Aluminium 5754 [11] 4 2.8 1.5 25 34 64
Aluminium 6000× [11] 5 2.0 1 17 23 40
Aluminium 6016 [11] 6 3.7 1 33 47 N/P
Aluminium 6082 [11] 7.8 4.7 1 44 68 N/P
Copper [11] 5 5.2 1 51 N/P N/P
Vanadium [11] 7.5 3.2 1 28 39 N/P
aN/P: Not possible to initiate keyhole welding, at such conditions, even at normal incidence

Fig. 12 Geometrical analysis of the RWS scanning system
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which concludes to the general plane equations, for i =
1–3:

Ei : aixþ biyþ cizþ di ¼ 0 (12)

2. The rotation of linear segment P1P2′ about the z′ axis
of {A} at an angle ΔθA, results to a new point, P2,
which position vector, U p!P2

, at {U} is provided, by the
following relations, for, l = A, m = P2, z = z′, and
n = P2′:

U p!m ¼U Transl �l Rotz � UTransl
� ��1 �U p!n (13)

where UTransl is the transformation matrix of coor-
dinate system {l}, in respect to the universal coordinate
system {U}:

UTransl ¼
1 0 0 xrl
0 1 0 yrl
0 0 1 zrl
0 0 0 1

2
664

3
775 (14)

and lRotz is the rotation matrix about the z axis of
coordinate system {l}, at angle Δθl:

lRotz ¼
cosΔθl � sinΔθl 0 0
sinΔθl cosΔθl 0 0

0 0 1 0
0 0 0 1

2
664

3
775 (15)

3. The rotation of plane E1 and its defining points
Xi

{U}
, i = 1–3 about the z″ axis of {B} at an angle

ΔθB, results to a new triad of points X Uf g0
i x

0
i; y

0
i; z

0
i

� �
;

X
Uf g0
iþ1ð Þ x0 iþ1ð Þ; y

0
iþ1ð Þ; z

0
iþ1ð Þ

� �
and X

Uf g0
ðiþ2Þ x0ðiþ2Þ; y

0
iþ2ð Þ;

�
z0 iþ2ð ÞÞ; i ¼ 1 which define the new reflecting plane,

E1′. The position vectors of the resulting points of
plane E1′ are calculated by Eqs. (13), (14), (15), for
l=B,m=Xi

{U}′, z=z″, n = Xi
{U} and i=1–3. According to

Eq. (11), for xi=xi′, yi=yi′, zi=zi′ with i=1–3, the plane
equation of E1′ is defined, which results to the
following general form, for i=1:

E0
i : a

0
ixþ b0iyþ c0izþ d0i ¼ 0 (16)

4. The laser beam axis represented by the linear segment
(P1P2) impinges on plane E1′ at point P3. The position
vector of point P3, U p!P3

, is derived by the solution of
the following relations, for i=1, j=1 and k=1:

U p!P iþ2ð Þ ¼U p!Pi þ U p!Pi �U p!P iþ1ð Þ
� �

tj (17)

where

tj ¼

1 1 1 1
xk 0 x0kþ1ð Þ x0kþ2ð Þ xPi

yk 0 y0kþ1ð Þ y0kþ2ð Þ yPi

zk 0 z0kþ1ð Þ z0kþ2ð Þ zPi

��������

��������
1 1 1 1
xk 0 x0kþ1ð Þ x0kþ2ð Þ xP iþ1ð Þ � xPi

yk 0 y0kþ1ð Þ y0kþ2ð Þ yP iþ1ð Þ � yPi

zk 0 z0kþ1ð Þ z0kþ2ð Þ zP iþ1ð Þ � zPi

��������

��������

(18)

5. The impinging point, P5, of the laser beam axis on the
second reflecting plane, is calculated through the
position vector of point P4 that belongs to the reflecting
vector, r1

! . Point P4 is provided by the unit vectorbn10 of the normal vector n!0
1 ¼ a01 b

0
1 c

0
1

	 
T
, for i = 1

and j = 1:

U p!P iþ3ð Þ ¼ r!j þU p!P iþ2ð Þ

¼ PiP
�!

iþ2ð Þ � 2 PiP
�!

iþ2ð Þ � bn0j� �
� bn0j (19)

6. The sequential rotation of plane E2 and its defining
points Xi

{U}
,i=4–6 about the x′″, z′″, y′″ axes

of {C} at angles ΔθCx000 , ΔθCz000 and ΔθCy000 res-

pectively, result in a new triad of points X
Uf g
i

0

x
0
i; y

0
i; z

0
i

� �
;X

Uf g
iþ1ð Þ x0 iþ1ð Þ; y

0
iþ1ð Þ; z

0
iþ1ð Þ

� �
and X

Uf g
iþ2ð Þ

0

x0 iþ2ð Þ; y
0
iþ2ð Þ; z

0
iþ2ð Þ

� �
, i= 4, which define the new

reflecting plane, E2′. The position vectors of the
resulting points of plane E2′ are calculated by Eqs.
(13) and (14), for l=C, m=Xi

{U}′, z=x′″z′″ y′″, n =
Xi

{U} and i=4-6. The rotation matrix URotx000z000y000
that results from Eq. (13) with the above substi-
tution, is provided by the following relation and for
x=x′″, y=y′″ and z=z″′:

URotxzy ¼
c��Cyc��Cz s��Cxs��Cy � c��Cxc��Cys��Cz c��Cxs��Cy þ s��Cxc��Cys��Cz 0

s��Cz c��Cxc��Cz �s��Cxc��Cz 0
�s��Cyc��Cz s��Cxc��Cy þ c��Cxs��Cys��Cz c��Cxc��Cy � s��Cxs��Cys��Cz 0

0 0 0 1

2
664

3
775 (20)
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where c=cos and s=sin.
According to Eq. (11), for xi = xi′, yi=yi′, zi=zi′ with
i=4–6, the plane equation of E2′ is defined, which
results in the general form of Eq. (16), for i=2.

7. The laser beam axis represented by the linear segment
(P3P4) impinges on plane E2′ at point P5. The position
vector of point P5, U p!P5

, is provided by Eqs. (17),
(18), for i=3, j=2 and k=4.

8. The impinging point, P7, of the laser beam axis on the
third (processing) plane, is calculated through the
position vector of point P6 that belongs to the reflecting
vector, r!2 . Point P6 is provided by the unit vector bn02
of the normal vector n!0

2 ¼ a02 b
0
2 c

0
2

	 
T
, from Eq. (19),

for i=3 and j=2.
9. The laser beam axis represented by the linear segment

(P5P6) impinges on plane E3 at point P7. The position
vector of point P7, U p!P7

; is provided by Eqs. (17),
(18), for i=5, j=3, k=7 and x′=x, y′=y and z′=z.

10. The requested angle, φ, is the supplementary angle of

angle, θ3,imp. between the vector P5P6
��!

and the normal
vector n!3 ¼ a3 b3 c3½ �T of plane E3:

φ ¼ π
2
� θ3;imp: ¼ π

2
� cos�1 P5P6

��! � n!3

P5P6
��!��� ��� n!3

�� ��
0
B@

1
CA (21)

11. Point P8 is the projection of point P5 onto the
processing plane E3. The coordinates of point P8
xP8 ; yP8 ; zP8ð Þ are calculated through the parallelism

among the vectors P5P8
��!

and n!3 and the fact that point
P8 belongs to plane E3, for i=5 and j=8:

PiPj
��!� n!3 ¼

bi bj bk
xPj � xPi yPj � yPi zPj � zPi

a3 b3 c3

�������
������� ¼ 0

!

a3xPj þ b3yPj þ c3zPj þ d3 ¼ 0

9>>>=
>>>;

) xPj ¼
a3
b3

yPj � yPi

� �þ xPi

(22)

yPj ¼
b3

a23 þ b23 þ c23
�a3xPi þ

a23 þ c23
b3

� �
yPi � c3zPi � d3

� 

(23)

zPj ¼
c3
b3

yPj � yPi

� �þ zPi (24)

12. Point P9 is defined as the endpoint of the unit vector,bi 4f g ¼ 1 0 0½ �T; along the x{4} axis of {D}, and its
position vector, U p!P9

is provided through the trans-
formation matrix of Eq. (14), for l=D.

13. Point P10 is defined as the projection of point P9 onto
the processing plane E3. The coordinates of point P10
xP10; yP10; zP10ð Þ are calculated through the parallelism

among the vectors P9P10
���!

and n!3 and the fact that
point P10 belongs to plane E3, according to Eqs. (22),
(23), (24), for i=9 and j=10.

14. The orientation angle, ω, is defined by the dot product

of vector P8P7
��!

with vector P8P10
���!

:

ω ¼ cos�1 P8P7
��! � P8P10

���!
P8P7
��!��� ��� P8P10

���!��� ���
0
B@

1
CA (25)
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