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Abstract In this paper, the development of hidden semi-
Markov models (HSMMs) for equipment health diagnosis
and prognosis is presented. An HSMM is constructed by
adding a temporal component into the well-defined hidden
Markov model (HMM) structures. The HSMM method-
ology offers two significant advantages over the HMM
methodology in equipment health diagnosis and prognosis:
(1) it overcomes the modeling limitation of HMM due to
the Markov property and therefore improves the power in
diagnosis, and (2) it can be directly used for prognosis. The
application of the HSMMs to equipment health diagnosis
and prognosis is demonstrated with the fault classification
application of UH-60A Blackhawk main transmission
planetary carriers and prognosis of a hydraulic pump health
monitoring application. The effectiveness of the HSMMs is
compared with that of the HMMs. The results of the ap-
plication testing have shown that the HSMMs are capable
of identifying the faults under both test cell and on-aircraft
conditions while the performance of the HMMs is not
comparable with that of the HSMMs. Furthermore, the
HSMM-based methodology can be used to estimate the
remaining useful life of equipment.

Keywords Hidden semi-Markov model . Condition-based
maintenance . Diagnosis . Prognosis

1 Introduction

Condition-based maintenance (CBM) increases system ef-
ficiency and availability through elimination of unneces-
sary maintenance. The economic ramifications of CBM are
manifold since they affect labor requirements, replacement
part costs, and the logistics of scheduling routine mainte-
nance [4]. A prerequisite to deployment of CBM is effec-
tive diagnostics and prognostics.

Recently, a probabilistic approach called hidden Markov
models (HMMs) has become increasingly popular and quite
effective in some applications such as speech processing
and handwritten word recognition. There are two major
reasons for this. First, the models have a rich mathematical
structure and can form the solid theoretical foundation for
use. Second, the models have many successful applications
in practice [14]. An added benefit of employing HMMs is
the ease of model interpretation in comparison with pure
“black box” modeling methods such as artificial neural
networks that are often employed in advanced diagnostic
models [2]. However, there is an inherent limitation asso-
ciated with the HMMs. That is, by the assumption of Mar-
kovian property, the state duration follows an exponential
distribution. For example, an HMM does not provide
adequate representation of temporal structure of speech and
segmental structure of handwritten words.

Researchers have proposed a number of techniques to
address these limitations. Ljolie and Levinson [12] used
continuous variable duration HMM in speech recognition.
They compared the explicit duration model with the stan-
dard HMM. The results showed that the absence of a correct
duration model increases the error rate by 50%. The exper-
imental evidence [10, 12, 13] demonstrates that explicit
duration models, even if only specifying the longest and the
shortest duration allowed for a speech segment, can be ben-
eficial to the performance of the recognizer. As indicated by
Chen et al. [5, 6], because of the inherent ambiguity related
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to the segmentation process in handwritten words, it is
practical to use the variable duration model for the states in a
HMM-based HWR system.

There has been limited use of HMMs by the CBM
diagnostics community. However, literature does suggest
the applicability of these types of models for carrying out
diagnostics. Recently, some researchers have applied HMMs
in diagnostics of machining processes [1, 3, 8, 9, 15–17].
However, in their applications, only ordinary HMM tech-
niques are adopted. Therefore, the inherent limitation within
HMMs as mentioned above still exists in their models.
Literature on prognostic methods is extremely limited but the
concept has been gaining importance in recent years. Unlike
numerous methods available for diagnostics, prognostics is
still in its infancy, and literature is yet to present a working
model for effective prognostics [2]. Bunks et al. [4] and
Baruah and Chinnam [2] first pointed out that HMM-based
models could be applied in the area of prognostics in
machining processes. However, only standard HMM-based
approaches were proposed in their studies.

In this paper, hidden semi-Markov models (HSMMs) for
equipment health diagnosis and prognosis are developed.
An HSMM is constructed by adding a temporal component
into the well-defined HMM structures. The performance
evaluation of the developed HSMMs for machinery di-
agnosis and prognosis is carried out through two real-world
application case studies: fault diagnosis of UH-60A Black-
hawk main transmission planetary carriers and prognosis of
a real hydraulic pump health monitoring application. This
paper is organized as follows: Sect. 2 provides a general
theoretical background. HSMM-based modeling framework
for diagnosis and prognosis is presented in Sect. 3. The
basic principle of HSMM-based methodology for diagno-
sis and prognosis is explained in Sect. 4. Section 5 gives
two real-world application case studies of the HSMM-
based diagnosis and prognosis method. Finally, Sect. 6
draws conclusions.

2 Theoretical background

2.1 Elements of an hidden Markov model

An HMM represents stochastic sequences as Markov chains
where the states are not directly observed, but are associated
with a probability function. The generation of a random
sequence is then the result of a randomwalk in the chain and
of an observation (also called an emission) at each visit of a
state.

An HMM has the following elements [14]:

(1) The state transition probability distribution A={aij}
where

aij ¼ P stþ1 ¼ j st ¼ ij½ � 1 � i; j � N :

(2) The observation probability distribution in state i,
B={bi (k)}, where

bi kð Þ ¼ P vk st ¼ ij½ � 1 � i � N ; 1 � k � M :

(3) The initial state distribution π={πi} where

�i ¼ P s1 ¼ i½ � 1 � i � N :

(4) N, the number of states in the model, i.e., 1, 2, ..., i, j, ...,
N. Although the states are hidden, there is often some
physical signal attached to the states of the model. In
this study, we also denote the hidden states as H={h1,
h2, ..., hN}, and the state at time t as st.

(5) M, the number of distinct observations for each state.
The observation symbols correspond to the physical
output of the system being modeled. The individual
observation symbols are denoted as V={v1, v2, ..., vM}.

It can be seen that a complete HMM λ requires the
specifications of A, B, π and N, M. For convenience, a
compact notation is often used in the literature to indicate
the complete parameter set of the model:

� ¼ �;A;Bð Þ

2.2 Durational measure of standard HMMs

The durational behavior of an HMM is usually character-
ized by a durational probability density function (pdf) P(d).
For a single state i, the value P(d) is the probability of the
event of staying in i for exactly d time units. This event is in
fact the joint event of taking the self-loop for (d−1) times
and taking the outgoing transition (with probability 1-aii)
just once. Given the Markovian assumption, and from
probability theory, P(d) is simply the product of all the
d probabilities:

Pi dð Þ ¼ ad�1
ii 1� aiið Þ (1)

Here, Pi(d) denotes the probability of staying in state i for
exactly d time steps, and aii is the self-loop probability of
state i.

It can be seen that this is a geometrically decaying func-
tion of d. It has been argued [18] that this is a source of
inaccurate duration modeling with the HMMs since most
real-life applications will not obey this function.

2.3 Hidden semi-Markov models (HSMM)

Unlike a state in a standard HMM, a state in an HSMM
generates a sequence of observations, as opposed to a single
observation in the HMM. Let st be the hidden state at time
t and O be the observation sequence. Characterization of an
HSMM is through its parameters. The parameters for an
HSMM are defined as: the initial state distribution (denoted
by π), the transition model (denoted by A), state duration
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distribution (denoted by D), and the observation model (de-
noted byB). Thus, anHSMMcanbewritten asλ= (π,A,D,B).

3 HSMM-based modeling framework for diagnostics
and prognostics

For a component, it usually evolves through several distinct
health states prior to reaching failure. For example, mechan-
ics of drilling processes suggest that a typical drill bit may
go through four health states: good, medium, bad, and worst.
In general, for a component, we can identify N distinct
sequential states for a failure mechanism. That is, determi-
nation of health status of a component: no-defect (i.e., health
state 1, denoted by h1), level-1 defect (denoted by h2), level-2
defect (denoted by h3), ... ..., level-(N-1) defect (denoted by
hN). Here, the level-(N-1) defect means failure. Let di be the
duration staying at a health state hi and T be the lifetime of a

component. Then, T ¼ PN
i¼1

di:

Unlike a state in a standard HMM, a state in an HSMM
model generates a segment of observations, as opposed to a
single observation in the HMM. Each health state consists
of several single states, which are normal states. Suppose
that a health state sequence S has N segments, and let qn be
the time index of the endpoint of the nth segment (1≤n≤N).
The segments are as follows:

Time units 1; � � � ; q1 q1 þ 1; � � � ; q2 � � � qN�1 þ 1; � � � ; qN
Observations o1; � � � ; oq1 oq1þ1; � � � oq2 � � � oqN�1þ1; � � � ; oqN
Normal states s1; � � � ; sq1 sq1þ1; � � � ; sq2 � � � sqN�1þ1; � � � ; sqN
Durations d1=q1 d2=q2−q1 � � � dN=qN−qN−1
Health states h1 h2 � � � hN
Segments 1 2 � � � N

For the nth health state, the observations are oqn�1þ1; � � � ;
oqn ; and they have the same normal state label:

sqn�1þ1 ¼ sqn�1þ2 ¼ � � � ¼ sqn � hn

The proposed HSMM-based modeling framework for
component diagnostics and prognostics is given in Fig. 1.

4 HSMM-based methodology for diagnosis and prognosis

4.1 Inference procedures

To facilitate the computation in the proposed HSMM-based
diagnosis and prognosis framework, in the following, new
forward-backward variables are defined and a modified
forward-backward algorithm is developed. A dynamic pro-
gramming scheme is employed for the efficient computa-
tion of the inference procedures. To implement the inference
procedures, a forward variableαt (i) is defined as the prob-
ability of generating o1o2...ot and ending in state i:

�t ið Þ ¼ P o1o2 � � � ot; i ends at t �jð Þ (2)

Assume that αt−d (i) has been determined, the duration
in state j is d. Then o1o2...ot is generated by a state
sequence ending at state j if and only if the following
conditions are satisfied: (1) o1o2...ot−d is generated ending
in state i (i.e., αt−d (i)); (2) the transition from i to j is chosen
(i.e., aij); (3) the duration in state j is chosen (i.e., P(d|j)); and
(4) ot−dot−d+2...ot is emitted in state j. Summing over all
states s and all possible state durations d, we get the
recurrence relation [14]:

�t jð Þ ¼
XN
i¼1

XD
d¼1

�t�d ið ÞaijP d jjð Þ
Yt

s¼t�dþ1

bj osð Þ (3)

where D is the maximum duration within any state.
It can be seen that the probability ofO given model λ can

be written as:

P O �jð Þ ¼
XN
i¼1

�T ið Þ: (4)

This is the case since, by definition,

�T ðiÞ ¼ P o1o2 � � � oT ; qT ¼ i �jð Þ (5)

and hence P(O|λ) is just the sum of the αT (i)'s.

……  hN h1

d1=q1 time units 
s1= s2=  sq1=h1

 h2

d2 = q2 -q1 time units 
sq1+1= s q1+2=  sq2=h2

…

DN= qN –qN-1 time units 
s(N-1)+1= s(N-1)+2=  sqN=hN

Health-states 

s1 s2 sq1… sq1+1 sq2…sq1+2 sq1+3

o1 o2 oq1… oq1+1 oq2…oq1+2 oq1+3

s(N-1)+1

o(N-1)+1
oqN…

sqN

Fig. 1 HSMM-based modeling framework for component diagnostics and prognostics
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4.2 Modified forward-backward algorithm
for HSMMs

Similar to the forward variable, assume that backward
variable βt+d (j) has been determined and the duration in
state j is d, summing over all states s and all possible state
durations d, we have the recurrence relation (see Fig. 2):

�t ið Þ ¼
XN
j¼1

XD
d¼1

aij P d jjð Þ
Ytþd

s¼tþ1

bj ðOsÞ�tþd ðjÞ (6)

In order to obtain re-estimation formulae for all variables
of the HSMM, three more segment-featured forward-
backward variables are defined.

�t;t0 i; jð Þ¼Pðo1o2 � � � ot0 ; t ¼ qn; st
¼ i; t0 ¼ qnþ1;st0 ¼ j �j Þ

(7)

i.e., the probability of the partial observation sequence,
o1o2...ot′, and state i at time t′ and state j at time t′ (t′=t+d).

�t;t0 ði; jÞ ¼
XD
d¼1

�
P d ¼ t0 � t jjð Þ

�P Ot0
tþ1 t ¼ qn; st ¼ i; t0 ¼ qnþ1; st0 ¼ j; �j

� ��
(8)

i.e., the mean value of the probabilities of the system being
in state i for d (d=1,...,D) time units and then moving to the
next state j. Here, Ot+1

t′=ot+1ot+2...ot′.

�t;t0 i; jð Þ¼ P t ¼ qn; st ¼ i; t0 ¼ qnþ1; st0 ¼ j OT
1 ; �

��� �
(9)

i.e., the probability of the system being in state i ford (t′= t+d)
time units and then moving to the next state j, given the
observation sequence, o1o2...oT. Here, O1

T′=o1o2...oT.

αt,t′(i, j) can be described, in terms of �t,t′(i, j), as
follows:

�t;t0 i; jð Þ ¼ P o1o2 � � � ototþ1 � � � ot0; t ¼ qn; st ¼ i; t0 ¼ qnþ1; st0 ¼ j �jð Þ
¼ P o1o2 � � � ot; t ¼ qn; st ¼ i �jð ÞP Ot0

tþ1; t
0 ¼ qnþ1; st0 ¼ j Ot

1; t ¼ qn;
�� st ¼ i; �

� �
¼ �t ið ÞP Ot0

tþ1; t
0 ¼ qnþ1; st0 ¼ j t ¼ qn; st ¼ i; �j

� �
¼ �t ið ÞP t0 ¼ qnþ1; st0 ¼ j t ¼ qn; st ¼ i; �jð ÞP Ot0

t¼1 t ¼ qn; st ¼ i; t0j ¼ qnþ1; st0 ¼ j; �
� �

¼ �t ið Þaij
XD
d¼1

P d ¼ t0 � t jjð ÞP Ot0
tþ1 t ¼ qn; st ¼ i; t0 ¼ qnþ1; st0 ¼ j; �j

� �
¼ �t ið Þaij�t;t0 i; jð Þ

(10)

…

…

…

. 

. 

. 

…
i 

Pi(d=qn-qn-1) 

tp= qn-1 t’ = qn+1

…
j

…

…

…

. 

. 

.

t = qn

Pj(d=qn+1 -qn)

αt (i) βt’ (j) 

tn= qn+2

Fig. 2 Illustration of the sequence of operations required for computation of the joint event that the process is in level j at time t+d and level
i at time t

(7)
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The relationship between αt(i) and αt,t′(i, j) is given in
the following:

�t0 jð Þ ¼ P o1o2 � � � ot0 ; t0 ¼ qnþ1; st0 ¼ j �jð Þ

¼
XN
i¼1

XD
d¼1

P d ¼ t0 � t jjð ÞP o1o2 � � � ototþ1 � � � ot0 t ¼ qn; st ¼ i; t0 ¼ qnþ1; st0 ¼ j �jð Þ

¼
XN
i¼1

XD
d¼1

P d ¼ t0 � t jjð Þ�t;t0 i; jð Þ

(11)

From the definitions of the forward-backward variables,
we can derive ξt,t′(i, j) as follows:

�t;t0 i; jð Þ ¼
PD
d¼1

�t ið Þaij�t;t0 i; jð Þ�t0 jð Þ
�0 i ¼ }START}ð Þ (12)

here, we assume that the state s0 at time t=0 is a special state
“START.”

The forward-backward algorithm computes the follow-
ing probabilities:

Forward pass: the forward pass of the algorithm com-
putes αt(i), αt,t′(i, j) and ϕt,t′(i, j).

Step 1 Initialization (t=0)

�t¼0ðiÞ ¼ 1; if i ¼ }START}
0; otherwise

�

Step 2 Forward recursion (t>0). For t=1, 2,..., T; 1≤i, j≤N;
and 1≤d≤D.

�t;t0 i; jð Þ ¼
XD
d¼1

½P d ¼ t0 � t jjð Þ�

PðOt0
tþ1 t ¼ qn; st ¼ i; t0 ¼ qnþ1;j st0 ¼ j; �Þ�

�t;t0 i; jð Þ ¼ �t ið Þaij�t;t0 i; jð Þ

�t0 jð Þ ¼
XN
i¼1

XD
d¼1

P d ¼ t0 � t jjð Þ�t;t0 i; jð Þ

Backward pass: the backward pass computes βt(i) and
ξt,t′(i, j).

Step 1 Initialization (t=T and 1≤i, j≤N)

�T ið Þ ¼ 1

Step 2 Backward recursion (t<T). For t=1, 2, ..., T; 1≤i,
j≤N; and 1≤d≤D.

�t ið Þ ¼
XN
j¼1

XD
d¼1

aijP d jjð Þ
Ytþd

s¼tþ1

bj Osð Þ�tþd jð Þ

¼
XN
j¼1

aij�t;t0 i; jð ÞBt0 jð Þ

�t;t0 i; jð Þ ¼
XD
d¼1

�t ið Þaij�t;t0 i; jð Þ�t0 jð Þ=�0 i ¼ }START}ð Þ

(13)

Let Di be the maximum duration for state i. The total
computational complexity for the forward-backward algo-

rithm is O(N2LT), where L ¼ PN
i¼1

Di:

4.3 Likelihood equation

Let λ be the set of parameters of a segmental HSMM. For
an observation sequence O, and the corresponding state
sequence S, the likelihood equation can be written as:

P O; S �jð Þ ¼
YN
n¼1

P sn sn�1jð Þ

�
YN
n¼1

P di ¼ qn � qn�1 �di; i ¼ snjð Þ

�
YN
n¼1

P o qn�1;qnð Þ �fi ; i ¼ sn
��� �

(14)

where �di and �fi are the set of parameters for the cor-
responding distributions.

It is assumed that for each data point o there is a hidden
variable s. In an expectation-maximization (EM) algo-
rithm, assume we have λ and estimate the probability that
each s occurred in the generation of O. The EM algorithm
finds the λ that maximizes the log likelihood P(O, S|λ). It

�
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starts from some initial guess λ(0) of λ, and then iterates over
the following two steps:

E-step: compute the distribution P(s| o, λ(0)) for each
data point o and the corresponding hidden state s.

M-step: set λnew to the λ that maximizes the expected
full log likelihood:

�new ¼ arg max
�

X
0

X
s

P s o; �old
��� �

log P o; s �old
��� �

(15)

In the following, we decompose the expected full log
likelihood in the M-step above into three parts, each with
its own subset of parameters:X

o

X
s

Pðsjo; �oldÞ logPðo; sj�oldÞ

¼
X
o

X
s

Pðsjo; �oldÞ �
"XN

n¼1

log Pðsqn jsqn�1; �
oldÞ

þ
XN
n¼1

logPðd ¼ qn � qn�1jsqn ¼ i; �oldÞ

þ
XN
n¼1

logPðoqnqn�1þ1jsqn ¼ i; �oldÞ
#

¼
X
o

X
s

Pðsjo; �oldÞ
XN
n¼1

logPðsqn jsqn�1; �
oldÞ

þ
X
o

X
s

Pðsjo; �oldÞ
XN
n¼1

logPðd¼ qn � qn�1jsqn¼ i; �oldÞ

þ
X
o

X
s

Pðsjo; �oldÞ
XN
n¼1

logP oqnqn�1þ1jsqn ¼ i; �old
� �

(16)

4.4 Parameter re-estimation for HSMM-based
framework

4.4.1 Initial state distribution

The re-estimation formula for initial state distribution is the
probability that state i was the first state, given O.

�i ¼
�i

PD
d¼1

�d ið ÞP d ijð Þbj Od
1

� �� �
P O �jð Þ (17)

4.4.2 State transition probabilities

The re-estimation formula of state transition probabilities is
the ratio of the expected number of transitions from state i
to state j, to the expected number of transitions from state i.

aij ¼
PT
t¼1

�t ið Þaij
PD
d¼1

P d jjð Þbj Ot0
tþ1

� �
�t0 jð Þ

PT
t¼1

PN
i¼1

PN
j¼1

�t ið Þaij
PD
d¼1

P d jjð Þbj Ot0
tþ1

� �
�t0 jð Þ

¼
PT
t¼1

�t;t0 i; jð Þ
PT
t¼1

PN
i¼1

PN
j¼1

�t;t0 i; jð Þ

(18)

4.4.3 Observation distributions

The re-estimation formula for segmental observation dis-
tributions is the expected number of times that observation
ot=vk occurred in state i, normalized by the expected

Fig. 4 Planetary carrier schematic and crack (Keller and Grabill
[11])

h1: health state 1 (i.e., no-defect), h2: health state 2 (Level-1 defect) 
, ……,  

hN: health state N (Level-(N-1) defect), aij: transition probability

h1

a11

a12
h2

a22

a23
h3

a33

a34 …….
hN

aNN

Life time of a system = D(h1)+D(h2)+ D(h3)+…+D(hN) 
D(hi): duration of a system staying at state hi. 

Fig. 3 HSMM-based prognostics
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number of times that any observation occurred in state i.
Since αt(i) accounts for the partial observation sequence
o1o2...ot and state i at t, while βt(i) accounts for the partial
observation sequence ot′ot′+1...oT′, given state i at t. The
remainder of the observation sequence otot+1...ot′ given
state i at t and state j at t′ is accounted by P(Ot+1

t′|t=qn,st=i,t′
=qn+1,st′=j). Therefore, the re-estimation of segmental
observation distributions can be calculated as follows:

bi kð Þ ¼

PT
s:t:Ot¼vk

t¼1

�t ið ÞP Ot0
tþ1 t ¼ qn; st ¼ i; t0 ¼ qnþ1; st0 ¼ jj� �

�t ið Þ

PT
t¼1

�t ið ÞP Ot0
tþ1 t ¼ qn; st ¼ i; t0 ¼ qnþ1; st0 ¼ jj� �

�t ið Þ

¼

PT
s:t:Ot¼vk

t¼1

�t ið Þ �t;t0 i;jð ÞPD
d¼1

P d¼t0�t ijð Þ

2
64

3
75�t ið Þ

PT
t¼1

�t ið Þ �t;t0 i;jð ÞPD
d¼1

P d¼t0�t ijð Þ

2
64

3
75�t ið Þ

(19)

4.4.4 State duration probability distributions

The re-estimation problem is more difficult for HSMMs
than for the standard HMM. One proposal to alleviate some
of these problems is to use a parametric state duration
density instead of the nonparametric duration density. A
parametric model requires far less training and generalizes
better results. In this study, Gaussian distribution is adopted.
Gaussian distributions have many convenient properties, so
random variates with unknown distributions are often
assumed to be Gaussian. It is often a good approximation
due to a surprising result known as the central limit theorem.
This theorem states that the mean of any set of variates with
any distribution having a finite mean and variance tends to
the Gaussian distribution. In this paper, state duration
probabilities are estimated directly from the training data.

The mean μ(i) and the variance σ2(i) of duration prob-
ability of health state i are determined by

� ið Þ

¼

PT
qn�1¼1

PT
qn¼qn�1

1ffiffiffiffi
2�

p
	
e
� qn�qn�1ð Þ��½ �2

2	2

n o
� qn � qn�1ð Þ

PT
qn�1¼1

PT
qn¼qn�1

1ffiffiffiffi
2�

p
	
e
� qn�qn�1ð Þ��½ �2

2	2

n o (20)

	2 ið Þ

¼

PT
qn�1¼1

PT
qn¼qn�1

1ffiffiffiffi
2�

p
	
e
� qn�qn�1ð Þ��½ �2

2	2

n o
� qn � qn�1ð Þ2

PT
qn�1¼1

PT
qn¼qn�1

1ffiffiffiffi
2�

p
	
e
� qn�qn�1ð Þ��½ �2

2	2

n o � �2 ið Þ

(21)

Table 1 Accelerometers

No. Name Location Axis

1 ACC1 Left accessory module Vertical
2 ACC2 Right accessory module Vertical
3 Input1 Left input module Vertical
4 Input2 Right input module Vertical
5 PortRing Main module, left side Radial
6 StbdRing Main module, right side Radial

Fig. 5 UH-60A transmission and sensor locations [11]

744



4.4.5 Classification using HSMMs

For diagnostics, the goal is to develop trained HSMMs to
recognize N different states of a component for a given
failure mode. That is, the task is to develop a diagnostics
model for classifying the health states of a component.
Therefore, for the diagnosis of the fault, it is necessary that
a separate HSMM be trained for all possible fault types in
addition to the HSMM for normal conditions.

Given these N groups of observation sequences, N dif-
ferent HSMMs (i.e., HSMM1, HSMM2, ..., HSMMN) are
modeled for characterization of each group, which cor-
responds to a health state.

The classification of a failure mode given an observation
sequence is done by presenting each of the N trained

HSMMs with the same observation sequence. The HSMM
that gives the highest log likelihood value represents the
type of fault that is hidden in the observation sequence.

4.5 HSMM-based prognosis

The objective of prognostics is to predict the progression of
a fault condition to system failure and estimate the remain-
ing useful life (RUL) of the system. In the following, the
HSMM-based prognosis procedure is described (Fig. 3).

Step 1 From the HSMM training procedure (i.e., parameter
estimation), we can obtain the state transition probability
of the HSMM.

Table 2 Diagnosis results of
input1 and input2 based on
HSMM

Transmission Input1 Input2

HSMM1 HSMM3 HSMM1 HSMM3

1 26.4093 −Inf 22.6181 −63.6801
1 26.4093 −Inf 22.6137 −66.2003
1 20.5733 −102.098 23.9286 −242.4071
1 20.511 −172.443 23.9406 −199.6775
1 20.7164 −106.45 23.9319 −192.5113
1 20.5387 −149.703 22.3184 −201.9975
1 20.5909 −204.083 22.3606 −122.9994
1 20.375 −117.235 22.35 −213.83
2 −166.978 −477.403 −175.3629 −231.995
2 −162.986 −299.425 −124.4743 −158.9221
2 −109.667 −240.366 −240.5964 −415.6203
2 −93.6992 −254.437 −412.9129 −743.0538
2 −103.512 −174.024 −195.6991 −336.2356
2 −122.703 −157.782 −372.4606 −621.1884
3 −229.071 9.0944 −380.4721 9.9441
3 −283.546 8.7355 −354.0287 9.6233
3 −486.871 12.2049 −302.795 10.1132
3 −428.854 12.3552 −313.6242 10.4206
3 −402.364 12.3369 −310.159 11.0638
3 −369.06 12.2157 −317.1094 11.2319
3 −323.981 8.9392 −285.9819 10.4208
3 −369.158 9.1104 −316.8308 10.1274
3 −217.618 9.0602 −167.3965 10.3964
3 −310.124 8.5934 −61.3788 9.7423
3 −255.26 8.6324 −115.6322 10.3859
3 −403.99 12.3078 −95.8976 10.229
3 −311.591 12.3978 −140.0857 10.171
3 −359.93 12.4574 −98.0043 10.3317
3 −195.277 9.0026 −114.3106 9.9223
3 −130.057 8.7274 −122.7489 9.7185
4 −168.759 −66.3279 −250.8073 −297.594
4 −152.863 −49.481 −329.5202 −360.4773
4 −240.705 −13.6603 −119.11 −92.8467
4 −199.522 −15.8828 −161.3985 −108.9714
4 −240.705 −13.6603 −119.11 −92.8467
4 −199.522 −15.8828 −161.3985 −108.9714
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Step 2 Through the HSMM parameter estimation, the du-
ration mean and variance for each state can be estimated.

Step 3 By classification, identify the current health state of
the system.

Step 4 The RUL of the system can be computed by
following backward recursive equations (suppose that the
system currently stays at health state i, RULi indicates the
RUL starting from state i):

At state N−1:

RULN�1 ¼ aN�1;N�1 D hN�1ð Þ þ D hNð Þ½ � þ aN�1;N D hNð Þ½ �

At state N−2:

RULN�2

¼ aN�2;N�2 D hN�2ð Þ þ RULN�1½ � þ aN�2;N�1 RULN�1½ �

At state i:

RULi ¼ aii D hið Þ þ RULiþ1½ � þ ai;Iþ1 RULiþ1½ � (22)

5 Case studies

5.1 UH-60A Blackhawk main transmission planetary
carrier fault

The H-60 main transmission employs a 5-planet epicyclic
gear train. Recent inspections of two Army UH-60A
Blackhawk main transmissions, initiated by indications of
low or fluctuating oil pressure, revealed a crack in the
planetary carriers. This is the first time this problem has
been encountered in approximately 3.6 million UH-60A
flight hours in the Army. The 10-inch crack in the first
carrier, which was later cut apart for material inspection, is
shown in Fig. 4. Since the planetary carrier is a flight
critical part, failure could cause an accident resulting in loss
of life and/or aircraft. This resulted in flight restrictions on
a significant number of Army UH-60As. Manual inspec-
tion of all 1000 transmissions is not only costly in terms of
labor, but also time prohibitive. A simple, cost-effective
test capable of diagnosing this fault is highly desirable.

The U.S. Army Aviation Engineering Directorate,
Aeromechanics Division conducted an investigation to
determine if a fault in the planetary carrier of an H-60
transmission could be successfully detected via vibration
monitoring. Experimental measurements of UH-60A trans-
missions with both faulted and unfaulted planetary carriers
were taken in a test cell and on-aircraft.

Test cell measurements The Helicopter Transmission Test
Facility (HTTF) at the Naval Air Station Patuxent River,

Table 3 Diagnosis results of input1 and input2 based on HMM

Transmission Input1 Input2

HMM1 HMM3 HMM1 HMM3

1 35.3502 −Inf 35.3502 −Inf
1 35.3502 −Inf −208.107 −Inf
1 −Inf −337.964 −267.6859 −Inf
1 −Inf −Inf 35.3502 −Inf
1 −Inf −333.26 −242.2206 −Inf
1 −Inf −617.803 −198.0565 −Inf
1 −Inf −Inf −277.2974 −Inf
1 −Inf −Inf −216.0492 −Inf
2 −Inf −Inf −Inf −Inf
2 −Inf −Inf −Inf −Inf
2 −Inf −Inf −Inf −Inf
2 −Inf −Inf −Inf −Inf
2 −Inf −701.641 −Inf −Inf
2 −Inf −619.024 −Inf −Inf
3 −Inf 34.9448 −Inf 34.6556
3 −Inf −78.9251 −Inf 34.6556
3 −Inf −325.599 −Inf 34.5544
3 −Inf −290.556 −Inf 34.5222
3 −Inf −182.549 −Inf 34.2386
3 −Inf −131.985 −Inf 27.2313
3 −Inf −444.933 −Inf −46.5141
3 −Inf −401.866 −Inf −64.0732
3 −Inf −67.0239 −Inf −265.577
3 −Inf −129.268 −465.0761 −301.767
3 −Inf −88.7317 −Inf −316.175
3 −Inf −205.153 −Inf −319.472
3 −Inf −206.716 −Inf −312.348
3 −Inf −166.377 −Inf −363.797
3 −Inf 35.1458 −Inf −510.351
3 −Inf 35.1458 −705.6241 −Inf
4 −Inf −446.035 −Inf −Inf
4 −Inf 339.772 −Inf −Inf
4 −Inf −271.334 −642.5215 −Inf
4 −Inf −180.838 −Inf −Inf
4 −Inf −271.334 −642.5215 −Inf
4 −Inf −180.838 −Inf −Inf

Table 4 Summary of diagnostic results using both HSMMs and
HMMs

Measurements Accelerometers
and their
locations

HSMM
classification
rate(%)

HMM
classification
rate(%)

Test cell measurements ACC1 100 80
ACC2 100 70
Input1 100 60
Input2 100 73.33
PortRing 100 70
StbdRing 100 60

On-aircraft
measurements

Input1 100 45.83
Input2 100 95.83
PortRing 100 50
StbdRing 100 29.17
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MD was utilized for all test cell measurements. The HTTF
is a unique test facility that uses actual aircraft engines to
provide power to all the aircraft drive systems except the
rotors and is a significant improvement over single
component test rigs. An H-60 test transmission was
instrumented with several sets of accelerometers. The
accelerometers and their locations are included in Table 1
and shown in Fig. 5.

The vibration data was acquired using the US Army’s
Vibration Management Enhancement Program (VMEP)
system. Measurement setups were created to simulta-
neously acquire and synchronize the six input acceler-
ometers to the carrier rotational frequency. The VMEP
system was programmed to calculate and save the raw
time domain data, the time synchronous waveform, and
the condition indicators. Time synchronous vibration data
were measured for each accelerometer at torque settings
ranging from 20 to 100%. Both faulted and unfaulted
planetary carriers were tested. The faulted planetary car-
rier, the second cracked UH-60A carrier discovered during
a field inspection, had a 314-inch crack when installed in
the test transmission. Because of the need for destructive
material testing on the cracked carrier, the amount of run
time was limited. Thus, the transmission was not run for
an extended period. Only “snapshots” of data at each
torque setting were measured.

On-aircraft measurements Similar to the test cell measure-
ments, several UH-60A transmissions were instrumented.
However, for the on-aircraft tests only accelerometers 3
through 6 were used. Time synchronous vibration data
were measured for each accelerometer using the same data
acquisition equipment that was used in the test cell. The
same faulted carrier and main gearbox used in the tests at
the HTTF was installed in a UH-60A at the Corpus Christi
Army Depot (CCAD) and used as a test aircraft. Three
different UH-60As from the Birmingham, Alabama Na-
tional Guard (BNG) with unfaulted carriers were selected as
test aircraft to establish how vibration levels change across
aircraft. Because of safety issues with the cracked carrier
only ground runs were completed. Single and dual engine
data were taken at torque settings of 20%Q and 30%Q. For
each test state, the aircraft was stabilized for 5 min before
vibration measurements were taken. For all tests, winds

were less than 10 knots with the nose of the aircraft pointed
into the wind.

These vibration signals were processed using wavelet
packet with db10 wavelet and five decomposition levels.
The wavelet coefficients obtained by the wavelet packet
decomposition were used as the inputs to the HMMs and
HSMMs. In this test, we wanted to see how the HSMMs
could classify the health conditions of the transmissions in
comparison with the HMMs.

5.2 Diagnostic results

The experiment and collection procedure of experimental
data can be found in [11]. Provided in Table 2 and Table 3
are the diagnostic results of on-aircraft data using HSMMs
and HMMs, respectively. Here, only the results for ac-
celerometers input 1 and input 2 are provided. The values
in both tables are the log likelihood values computed by
either HSMMs or HMMs. When the log likelihood value
approaches negative infinitive, it is represented as “−Inf”
in both tables. As the on-aircraft data were generated
from four different transmissions, four different HSMMs
(HSMM1, HSMM2, HSMM3, HSMM4) and four different
HMMs (HMM1, HMM2, HMM3, HMM4) were obtained.
However, only diagnostic results for transmissions 1 and 3
are provided.

In Table 2, HSMM1 and HSMM3 represent the HSMMs
trained using the data from transmission 1 and transmission
3, respectively. From Table 2, we can see that if we present
HSMM1 with data obtained from each transmission,
HSMM1 gives larger log likelihood values for the data
from transmission 1 than the data from other transmissions.
This indicates that HSMM1 is able to differentiate the
signals from faulted transmission (i.e., transmission 1 in
this case) and unfaulted transmissions. The same inter-
pretations apply to HSMM3 in Table 2.

In Table 3, HMM1 and HMM3 represent the HMMs
trained using the data from transmission 1 and transmission
3, respectively. From Table 3, we can see that if we present
HMM1 with data obtained from each transmission, HMM1

cannot give larger log likelihood values for all the data
from transmission 1 than the data from other transmissions.
This indicates that HMM1 is unable to differentiate the

Table 5 Transition probability
between four health states

States Baseline Contamination1 Contamination2 Contamination3

Baseline 0.8913 0.0454 0.0000 0.0633
Contamination1 0.0000 0.6399 0.3599 0.0003
Contamination2 0.0000 0.0000 0.9167 0.0833
Contamination3 0.0000 0.0000 0.0000 1.0000

Table 6 Mean and variance of
duration time in four health
states

States Baseline Contamination1 Contamination2 Contamination3

Mean of duration 10.4549 9.7923 11.3375 10.4793
Variance of duration 1.9388 0.9792 1.2415 0.1880
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signals from faulted transmission (i.e., transmission 1 in
this case) and unfaulted transmissions. The same inter-
pretations apply to HMM3 in Table 3.

The diagnostic results using both HSMMs and HMMs
are summarized in Table 4. From Table 4, we can see that
the HSMMs have much better performance in diagnosing
the fault of the transmission in comparison with the
HMMs.

5.3 Prognosis for pumps

The prognosis was tested using data from a real hydraulic
pump health monitoring application case study [7]. In this
case study, three pumps (pump 6, pump 24, and pump 82)
were run under four different testing conditions: baseline
(normal state), contamination 1 (20 mg of dust injected into
the oil reservoir), contamination 2 (40 mg of dust injected
into the oil reservoir), and contamination 3 (60 mg of dust
injected into the oil reservoir). The contamination stages in
this hydraulic pump wear test case study correspond to
different stages of flow loss in the pumps. As flow rate of a
pump clearly indicates the heath state of a pump, therefore,
the contamination stages corresponding to different de-
grees of flow loss in a pump were defined as the health
states of the pump in the pump wear test. During the test
run, under each condition, vibration signals were collected.
These signals were processed using wavelet packet with
db10 wavelet and five decomposition levels. The wavelet
coefficients obtained by the wavelet packet decomposition
were used as the inputs to the HMMs and HSMMs.

The lifetime training data from pump 6, pump 24, and
pump 82 were used for prognostics study. By training, an
HSMM with four health states can be obtained. And, the
mean and variance of the duration time in each state are
also available through the training process. The results are
given in Tables 5 and 6. Based on the above information,
the mean value of the RUL of a pump can be calculated as
follows (in terms of Eq. 22 and suppose that the component
currently stays at state “Contamination1”):

Mean RULc1 ¼ 33:4004

Similarly, the variance of the remaining useful life of a
pump can be obtained as follows:

Variance RULcl ¼ 1:9528

That is, if the component is currently at state “Contam-
ination1,” then its expected remaining useful life is
33.4004 time units with a confidence interval of 1.9528
time units.

6 Conclusions

In this paper, we have presented an integrated methodology
for equipment health diagnosis and prognosis. The pre-
sented methodology is developed based on hidden semi-
Markov models (HSMMs). In this proposed HSMM-based
diagnostics and prognostics methodology, health states of
equipment are modeled by state transition probability
matrix and observation probability. The duration of each
health state is described by the state duration probability.

To facilitate the computation of the HSMMs, new for-
ward and backward variables are defined. And correspond-
ingly, the re-estimation formulae based on new variables
are used. A modified forward-backward algorithm is
developed to estimate the parameters of the HSMMs. By
incorporating the explicit temporal structure, the diagnostic
and prognostic power of the HSMMs is improved.

The evaluation of the HSMM-based methodology was
carried out by two real-world application case studies: fault
diagnosis of UH-60A Blackhawk main transmission
planetary carriers and prognosis of a real hydraulic pump
health monitoring application. For test cell measurements,
the correct recognition rate is increased by 45% compared
with the HMMs; for on-aircraft measurements, the correct
recognition rate is increased by 81% compared with
HMMs. These results show the effectiveness of the
HSMM-based diagnostic approach. On the other hand, it
becomes possible for us to use the same HSMMs to predict
the remaining useful life of the equipment.
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