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Abstract Since productivity and product quality are always
regarded as important issues in manufacturing technologies, a re-
liable method for predicting machining errors is essential to
meeting these two conflicting requirements. However, the con-
ventional roughness model is not suitable for the evaluation
of machining errors for highly efficient machining conditions.
Therefore, a different approach is needed for a more accurate
calculation of machining errors. This study deals with the ge-
ometrical surface roughness in ball-end milling. In this work,
a new method, called the ridge method, is proposed for the pre-
diction of the machined surface roughness in the ball-end milling
process. In Part I of this two-part paper, a theoretical analysis
for the prediction of the characteristic lines of the cut remainder
are generated from a surface generation mechanism of a ball-
end milling process, and three types of ridges are defined. The
trochoidal trajectories of cutting edges are considered in the eval-
uation of the cut remainder. The predicted results are compared
with the results of a conventional roughness model.

Keywords Ball-end mill · Characteristic line (ridge) ·
Cut remainder · Surface roughness

1 Introduction

Today, sculptured surfaces are widely used for the design of com-
plex products in the die/mould and aerospace industries. Ball-
end milling is one of the most common manufacturing processes
for these free-form surfaces.

Generally, unwanted machining results are introduced by
a number of sources such as the deflection of tool-work system,
chatter, tool wear, built-up edge, chip flow and the thermal ef-
fect of the cutting process [1–5]. Of these, the cutting forces are
considered important causes of machining errors, and the effects
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of cutter deflection on the machined surface errors have been
studied by many researchers [6–13].

However, the determination of cutting parameters such as
step size and feedrate is usually based on a theoretical surface
roughness. Since optimal machining conditions are essential for
high productivity and product quality, it is necessary to predict
more accurately the geometrical machining errors in ball-end
milling. The geometrical roughness produced by a milling pro-
cesses is normally approximated to a typical scallop profile. In
many studies [14–16], the profiles of the scallop heights have
been analysed for accurate tool path generation and given as
a function of tool radii, path intervals and curvatures of machined
surfaces, etc.

As the feedrate increases in an highly efficient machining
condition, the roughness along the feed direction becomes a no
longer negligible factor. However, only a few researchers have
focused their attention on cutter mark height. Miyazawa and
Takada [17] analysed the geometrical surface roughness when
a curved surface is machined by a ball-end mill and suggested
the micro-milling process. Later, Naito and co-workers [18] car-
ried out an experiment to find a high-efficiency machining strat-
egy in which the feed per tooth is made equal to the pickfeed
to obtain a fine finish in plane surface machining. Kim and
Chu [19, 20] studied the effects of cutter marks and run-out
and predicted the machined surface texture by the superposi-
tion of the cutter marks and the conventional scallop surface.
For a more exact prediction of the geometrical machining error,
Koreta and Egawa [21] investigated the topologies of machined
surfaces for highly efficient cutting conditions by simulating
the envelopes of the cutting edges employing the conventional
Z-map method. It has been noted in their work that the sur-
face roughness for high-efficiency machining conditions cannot
be evaluated by the conventional roughness model. Although
the final shapes and roughness of resultant surface can be pre-
cisely estimated by the Z-map method, the simulation process
unfortunately requires a vast amount of computationally inten-
sive Boolean operations. So it is difficult to analyse explicitly
the effects of various cutting parameters such as feedrate, pick-
feed, tool geometry, cutting configuration, etc. on geometrical
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roughness. Therefore, as an alternative to the simulation method,
the formulation of an analytic form for the prediction of surface
roughness in ball-end milling is helpful for machining condition
optimisation.

This work puts strong emphasis on the prediction of the ge-
ometrical surface roughness produced by the ball-end milling
process. A new method, called the ridge method, is proposed for
evaluating the surface roughness. In Part I of this two-part pa-
per, the characteristic lines of cut remainder are defined as ridges
and their mathematical equations are derived from the surface
generation mechanism of the ball-end milling process. Also, the
conventional roughness models are briefly investigated with re-
spect to the concept of ridges.

2 Methods for prediction
of surface roughness

2.1 Spherical-tool approximation model

The surface roughness of machined surfaces is traditionally pre-
dicted by the spherical-tool approximation model. In this model,
the envelope of the cutting edge is approximated to a hemisphere
on the assumption that the spindle speed is considerably faster
than the feedrate. As shown in Fig. 1a, the final topology of
a machined surface is estimated by the superposition of the semi-
spherical machined surfaces which are separated by as much as
the feed per tooth and the path interval [17, 20].

Furthermore, the maximum surface roughness, Hmax, is sim-
ply calculated by summing the scallop heights and the cut-
ter marks. Therefore, the theoretical roughness in plane cutting
mode can be obtained by

Hmax = Hmax,scallop + Hmax,cuttermark

= f 2
p

8R
+ f 2

t

8R
, (1)

where R, ft and fp denote the cutter radius, the feed per tooth
and the path interval, respectively.

Figure 1b presents the characteristic line of the cut remain-
der, predicted by the conventional roughness model, which rep-
resents the trajectory of the peaks of the cut remainder.

In the conventional roughness model, the ridge is part of
the circle with a radius of R′ and exists in the maximum cut
remainder section, Π . The equation for R′ can be written as
follows:

R′ =
√

R2 −
(

ft

2

)2

. (2)

As shown in Fig. 1a, the maximum cut remainder section,
Π is parallel to the common plane (X Z plane) and is also per-
pendicular to the feed direction, Y . Here, O–XYZ are the coor-
dinates on the surface machined by any arbitrary cutting path.
Furthermore, the ridge is symmetrical to the osculating plane

Fig. 1. Analysis of machined surface by spherical-tool approximation model

(YZ plane) in this roughness model. Hence the height of any ar-
bitrary point P on the ridge HC is obtained by

HC = R −
√

R′2 − r2 = R −
√

R2 − R2
eff,C for 0� r � fp

2
,

(3)

where r is the radius of a cutting edge as shown in Fig. 1b, and
subscript C represents the values predicted by the conventional
roughness model.

From Eqs. 2 and 3 the effective cutter radius, Reff,C , can be
written as

Reff,C = ft

2

√
1+

(
2r

ft

)2

. (4)

Equation 4 can be rewritten as follows:

τReff,C = Reff,C

ft
= 1

2

√
1+ (2τr)

2 , (5)

where the effective cutter radius ratio, τReff, is the ratio of effect-
ive cutter radius to the feed per tooth, Reff/ ft , and τr is the ratio
that represents r/ ft .
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Finally, the trajectory of the ridge of the conventional rough-
ness model, ψC , can be expressed as follows:

ψC =
[

xC

zC

]
=

[±r
HC

]
, (6)

where HC = R −
√

R2 − R2
eff,C .

In addition, the height of the scallop profile generated by the
cutting edge of which the radius is r; HS can be calculated by

HS = R −
√

R2 − r2 = R −
√

R2 − R2
eff,S for 0 ≤ r ≤ fp

2
,

(7)

where subscript S denotes the values corresponding to the scal-
lop profile.

Hence the relationships between τReff,S and τr can be written
as follows:

τReff,S = Reff,S

ft
= τr . (8)

2.2 Disk-tool approximation model

Commonly, the geometrical surface roughness and the final sur-
face texture of ball-end milling are evaluated by the spherical-
tool approximation model due to its simplicity of calculation.
When the machining is performed under the condition where the
feed per tooth is several times smaller than the path interval,
the maximum surface roughness estimated by the conventional
roughness model makes good agreement with that of the actual
machined surface.

Recently, a machining strategy equalising the feed per
tooth and the path interval has been adopted to obtain the
checkerboard-shape machined surface known for more efficient
path planning with respect to both machining and manual polish-
ing time. It has also been found that the conventional roughness
model is inappropriate for the evaluation of surface rough-
ness under a high-efficiency machining condition. In previous
research [21], the cutting simulation was performed with con-
sideration of the actual trochoid paths of cutting edges based on
the disk-tool approximation model, and it has been observed that
the height of the cut remainder formed in the vicinity of the rota-
tional centre of the tool is generally larger than the conventional
cusp height.

In general, the cutting edges of the ball-end mill are com-
posed of flutes with helix angles which vary locally in the ball
part of the cutter. However, the helix angles of the flutes can be
negligible because the depth of cut is very small in a finish cut,
and a cutter with two flutes is commonly used. Thus its profiles
can be approximated to the edges of a half-disc-shaped plane, Γ ,
as shown in Fig. 2a. In this work the plane, Γ , is referred to as the
cutting-edge plane.

The disk-tool approximation model is one of the mathemat-
ical models used for the analysis of milling operations and is
mainly related to the accurate calculation of the uncut chip thick-
ness for the prediction of cutting forces. In this model, both the

Fig. 2. Analysis of ball-end milling process

translational movement and the rotational movement of the cut-
ting edges are considered differently from in the conventional
roughness model, and the three-dimensional trajectory of the
point P on the cutting edge can be expressed by

Φn =

 r cos(θ − (n −1)π)

−r sin(θ − (n −1)π)

R −√
R2 − r2


+


 0

ft
(

θ
π

)
0




for 0 ≤ r ≤ R and n = 1, 2 , (9)

where subscript n represents the cutting edges C1 and C2 and θ

is the rotation angle of the cutter measured from +X axis, CW.
Figure 2b shows the trochoid paths of the cutting edge ex-

pressed by Eq. 9. As apparent from Fig. 2b, the regions where
the trajectories of the cutting edges do not overlap each other re-
main as the cut remainder. Hence the height of the cut remainder
in the right plane of the machined surface is larger than that in the
left plane in the plane cutting mode.

The cut remainder is consequently determined by the rela-
tionship of the radius of the cutting edge and the feed per tooth.
The geometrical cut remainder also increases as the radius of
cutting edge becomes relatively smaller than the feedrate.
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Fig. 3. Analysis of machined surface by disk-tool approximation model

Figure 3a presents the predicted topography of the machined
surface under the following cutting condition: a tool radius of
5 mm, a feed per tooth of 0.5 mm/tooth and a path interval of
0.5 mm. Figure 3b shows the actual machined surface under
the same condition. Compared with the previous expectation in
Fig. 1a, it differs noticeably in Fig. 3a. The maximum rough-
ness expected by the Z-map method is 25 µm, which is twice the
value of 12.5 µm calculated by Eq. 1.

3 Theoretical analysis of ridges

3.1 Surface generation mechanism of ball-end milling

To predict the surface roughness of ball-end milling more easily
and accurately, the characteristic lines of surface texture are ana-
lysed based on the disk-tool approximation model in this study.

In the milling process, the final shapes of machined surfaces
are generated by the superposition of the topographies created
by adjacent cutting paths. Thus an understanding of the texture

Fig. 4. Surface texture and ridges generated by single cutting path

machined by a single cutting path aids in the prediction of the
resultant surface.

Figure 4 shows the surface topology and the characteristic
lines of the cut remainder generated by a single cutting path
predicted by employing the disk-tool approximation model. As
mentioned above, the ridge in the conventional roughness model
is assumed to be part of the circle contained in the maximum cut
remainder section, Π . However, the ridges in the disk-tool ap-
proximation model are classified into three types, as shown in
Fig. 4. In this study, each of the ridges is defined as the left ridge
(ψL), the right ridge (ψR) and the critical-velocity ridge (ψV ),
respectively, from a consideration of their positions and gener-
ation mechanisms. The left ridge and the right ridge exist in the
maximum cut remainder section as in conventional roughness
models. However, the critical-velocity ridge appears continu-
ously along the feed direction in the right plane of the machined
surface.

Fig. 5. Surface generation sequence of ball-end milling process (top view)
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Table 1. Sequence of surface generation

Rotation angle (θ) Tool center position Cutting edge C1 Cutting edge C2

[−π/2 ∼ 0] [E−1 ∼ E0] Generate machined surface RS1
[0 ∼ π/2] [E0 ∼ E1] Generate ridge ψV,1L Generate machined surface LS1

[π/2 ∼ π] [E1 ∼ E2] Generate machined surface LS2 Generate machined surface RS3
Generate ridge ψL,1 Generate ridge ψV,1U

[π ∼ 3π/2] [E2 ∼ E3] Generate machined surface LS3 Generate machined surface RS2
Generate ridge ψV,2L , ψR,1

[3π/2 ∼ 2π] [E3 ∼ E4] Generate ridge ψV,2U Generate machined surface LS4
Generate ridge ψL,2

[2π ∼ 5π/2] [E4 ∼ E5] Generate machined surface RS4
Generate ridge ψR,2

Figure 5 illustrates the surfaces and the ridges formed by the
rotational movements of the cutting edges during the movement
of the centre position of the cutter. The sequence of surface gen-
eration is summarised in Table 1.

3.2 Analytic presentation of ridges

3.2.1 Left ridge (ψL )

The first left ridge, ψL,1, is the intersection line of the machined
surfaces, L S1 and L S2, in Fig. 5. As described in Table 1, the
machined surface, L S1, is generated by the cutting edge C2 as
the centre of the cutter moves from E0 to E1. Similarly, L S2 is
formed by the cutting edge C1 as the tool moves from E1 to E2.

From the geometrical condition described above the gener-
ation mechanism of ψL,1 can be schematised as shown in Fig. 6a.
From Fig. 6a the geometrical constraints at the arbitrary point

Fig. 6. Generation mechanisms of ridges

P(xp, yp, zp) on ψL,1 can be represented mathematically as fol-
lows:

xp = r1Sinφ1 = r2Sinφ2

zp = R −
√

R2 − r2
1 = R −

√
R2 − r2

2 , (10)

where r1 and r2 are the radii of cutting edges C2 and C1 acting
on P.

From the equations above, the relationships between r1 − r2

and φ1 −φ2 are written as follows:

Reff,L = r1 = r2

φL = φ1 = φ2 , (11)

where subscripts L , R and V in this paper denote the values re-
lated to the left ridge, the right ridge and the critical-velocity
ridge, respectively.
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It is also apparent that the triangle PT1T2 is an isosceles trian-
gle (Fig. 6a). So the effective cutter radius of the left ridge, Reff,L

is expressed as

Reff,L = ∆

2
sec φL = ft

(
φL

π

)
sec φL

for 0 ≤ Reff,L ≤ R and 0 ≤ φL , (12)

where ∆ is the length of T1T2, which is calculated as follows:

∆ = δ2 − δ1 = ft

(
θ2

π

)
− ft

(
θ1

π

)

= ft

(
φ1 +φ2

π

)
= 2 ft

(
φL

π

)
. (13)

As shown, Reff,L is given as a function of the feed per tooth,
ft , and the parameter φL denotes the rotation angle of the cutting
edge.

Finally, the equation of the left ridge, ψL , which represents
the heights of the cut remainder in the left plane of the machined
surface, can be represented by the following parametric equation:

ψL =
[

xL

zL

]
=

[
− ft

(
φL
π

)
tan φL

HL

]
, (14)

where HL = R −
√

R2 − R2
eff,L .

3.2.2 Right ridge (ψR)

The first right ridge, ψR,1, is the intersection line of the machined
surfaces, RS1 and RS2, in Fig. 5. The generation mechanisms of
RS1 and RS2 are described in Table 1. Similarly to the left ridge,
the analytic equation of the right ridge, ψR, can be derived from
the generation mechanism shown in Fig. 6b.

Just as in the previous case, the geometrical assumptions can
be written as

Reff,R = r1 = r2

φR = φ1 = φ2 . (15)

The length, ∆, in Fig. 6b is calculated as follows:

∆ = δ2 + δ1 = ft

(
θ2

π

)
+ ft

(
θ1

π

)

= ft

(
2π − (φ1 +φ2)

π

)
= 2 ft

(
1− φR

π

)
. (16)

From Eqs. 15 and 16 the equation of effective cutter radius,
Reff,R, can be obtained by

Reff,R = ∆

2
sec φR = ft

(
1− φR

π

)
sec φR

for 0 ≤ Reff,R ≤ R and 0 ≤ φR . (17)

The equation of the right ridge, ψR, can therefore be ex-
pressed in the following form:

ψR =
[

xR

zR

]
=

[
ft

(
1− φR

π

)
tan φR

HR

]
, (18)

where HR = R −
√

R2 − R2
eff,R.

3.2.3 Critical-velocity ridge (ψV )

The critical-velocity ridge is formed in the regions where the vel-
ocity of translational movement of the cutter is faster than the
rotational velocity. The first lower critical-velocity ridge, ψV,L1,
is the intersection line of the machined surface RS1 and the cut-
ting edge plane Γ , which rotates while the cutter moves from E0
to E1.

Figure 6c is a schematic diagram of the generation mechan-
ism of ψV,L1. The geometrical constraints at point P(xp, yp, zp)

can be written as

xp = r1 sin φV = r2 cos θV

yp = r1 cos φV − ft

(
1

2
− φV

π

)
= −r2 sin θV + ft

(
θV

π

)
. (19)

Since the ridge is tangent to the cutting edge plane Γ at P,
the relationship of r2 and θV is given by

∂yp/∂θV

∂xp/∂θV
= −r2 cos θV + ft

π

−r2 sin θV
= − tan θV . (20)

Rearranging Eq. 20, r2 can be written as follows:

r2 = ft

π
cos θV . (21)

By combining Eqs. 19 and 21, the effective cutter radius of
the critical-velocity ridge, Reff,V , is obtained by

Reff,V = r1 = ft

π

cos2 θV

sin φV
. (22)

The relationship of θV and φV can be expressed as

φV − θV + cos2 θV cot φV + sin θV cos θV = π

2
for 0 ≤ φV , θV ≤ π/2 . (23)

By solving Eq. 23 using a numerical method, Reff,V can be
calculated by Eq. 22. Moreover, Eq. 22 shows that the critical-
velocity ridge is created by cutting edges of radii which are
smaller than ft/π. Hence the width of the critical-velocity ridge
in cross-feed direction, κV , is ft/π.

Consequently, the analytic equation of the lower critical vel-
ocity ridge, ψV,L , can be written as follows:

ψV,L =

xV,L

yV,L

zV,L


 =


 ft

π
cos2 θV

ft
π

(θV − sin θV cos θV )

HV




for 0 ≤ θV ≤ π/2 , (24)
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where HV = R −
√

R2 − R2
eff,V .

The equation of the upper critical velocity ridge, ψV,U , can
be expressed as Eq. 25 because it is geometrically symmetric to
ψV,L :

ψV,U =

xV,U

yV,U

zV,U


 =


 ft

π
cos2 θV

ft − ft
π

(θV − sin θV cos θV )

HV




for 0 ≤ θV ≤ π/2 . (25)

4 Predicted results

Figure 7a shows the reconstructed characteristic lines of the cut
remainder predicted using Eqs. 14, 18, 24 and 25 for the cut-
ting condition of a tool radius of 5 mm and a feed per tooth of
0.5 mm/tooth.

In Fig. 7b, the profiles of the cut remainder, in section Π pre-
dicted by the proposed method, are compared with the profiles
estimated by the Z-map method and the conventional roughness
model. As shown, the left ridge and the right ridge predicted by

Fig. 7. Analysis of cut remainder by ridge method (R = 5 mm, ft = 0.5 mm)

Fig. 8. Comparison of effective cutter radius (Reff)

the ridge method coincide very well with the profiles calculated
by the simulation method, demonstrating the validity of the ap-
proach described in this paper.

The ridges in the maximum cut remainder section of this
roughness model are discontinuous, and the maximum height of
the cut remainder at the rotational center, H0 can be obtained
from Eq. 18:

H0 = R −
√

R2 − f 2
t . (26)

Figure 8 shows the relationship between the effective cutter
radius, Reff, and the radius of the cutting edge, r . From Fig. 8 it
can be seen that the value evaluated by the conventional rough-
ness model becomes close to the value of the ridge method as
the ratio τr increases. Therefore, if the feedrate is small relative
to the path interval, the conventional roughness model is able to
estimate the surface roughness and texture properly. However,
the theoretical roughness in highly efficient cutting conditions
cannot be predicted satisfactorily by the conventional roughness
model.

5 Conclusions

In this study, a new approach, the ridge method, was proposed for
the effective prediction of the geometrical roughness in the ball-
end milling process. Theoretical analysis of a machined surface
texture was performed on the basis of the disk-tool approxi-
mation model. The characteristic lines of cut remainder were
defined as three types of ridges and their analytic equations were
derived from the surface generation mechanism of the ball-end
milling process. The equations of the ridges were given as func-
tions of the tool radius, the feed per tooth and the rotation angle
of the cutting edges. The agreement between the results pre-
dicted by the proposed method and the values calculated by the
simulation method shows that the analytic equations presented
in this paper are useful for evaluating the geometrical machining
error of ball-end milling process.
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In part II of this paper, the surface roughness and the shapes
of surface texture are investigated using a suggested method
considering the influence of feedrate, path interval and cutting
modes (unidirectional mode and bidirectional mode), and an ex-
perimental verification is carried out.
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